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MULTIPLICATION OPERATOR ON WEIGHTED LEBESGUE
SEQUENCE SPACES

RENE ERLÍN CASTILLO1, HÉCTOR CAMILO CHAPARRO2 ∗ AND OSCAR
ALEJANDRO CHAPARRO3

Abstract. In this paper, we study the multiplication operator acting on the
Lebesgue sequence space `p,ω, for 1 ≤ p ≤ ∞, which generalizes the classical
`p spaces by incorporating a weight sequence ωn. We focus on properties such
as continuity, inverse continuity, finite range, compactness and essential norm
of the operator.

1. Introduction and preliminaries

Multiplication operators have been a fundamental object of study in functional
analysis due to their broad range of applications in various function spaces, par-
ticularly in the study of Lebesgue and Bergman spaces. These operators have
also been instrumental in advancing the theory of operators on Hilbert spaces,
where they have been rigorously investigated over the past several decades. For
a comprehensive treatment of these topics, we refer the reader to [1], [4], [9], and
[11].

The study of multiplication operators has been extended to a variety of func-
tional spaces, including Lp spaces [12], [16], Orlicz spaces [13], and Lorentz spaces
[2], [8]. Furthermore, significant contributions have been made in the context of
Lorentz sequence spaces l(p,q) [3] and Lorentz-Orlicz spaces [6]. Particularly rele-
vant to our work are the investigations in Köthe spaces [7] and Köthe sequence
spaces [15]. These studies underscore the versatility of multiplication operators
as a tool for probing the structure and properties of various functional spaces,
making them an active area of ongoing research.

Given the rich interplay between multiplication operators and the structure
of functional spaces, it is both natural and compelling to extend its study to
weighted Lebesgue sequence spaces. Weighted spaces arise naturally in many
areas of analysis, including harmonic analysis, spectral theory, and the study of
differential equations, where they provide a refined framework for understanding
the behavior of operators under varying weight conditions. By investigating mul-
tiplication operators on weighted Lebesgue sequence spaces, we aim to uncover
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new insights into their properties, such as boundedness, compactness and essen-
tial norm, thereby contributing to the broader understanding of operator theory
in weighted settings.

We begin with some basic definitions.

Definition 1.1. We define a weight sequence ω = ωn to be a sequence such that
ωn > 0 for all n ∈ N i.e., a positive sequence.

Definition 1.2. Let 1 ≤ p < +∞. For a fixed p and a fixed weight sequence ωn,
we define the set

`p,ω :=

{
x = (xn)n∈N :

∞∑
n=1

|xn|p ωn <∞, xn ∈ R,∀n ∈ N

}
and its norm is given by

‖x‖p,ω :=

(
∞∑
n=1

|xn|p ωn

) 1
p

.

`p,ω is called the Weighted Lebesgue sequence space.

By setting the sequence ωn as the constant sequence ωn = 1 for all n ∈ N, one
recovers the classical Lebesgue `p sequence space. So, the `p,ω space generalizes
the `p space.

Remark 1.3. Note that for a, b ∈ R, we have

|a+ b|p ≤ 2p(|a|p + |b|p).

Now, we use the inequality above to show that lp,ω is closed under addition and
scalar product. Indeed, let λ ∈ R and x,y ∈ `p,ω, then

∞∑
n=1

|λxn + yn|pωn ≤ 2p

(
|λ|p

∞∑
n=1

|xn|p ωn +
∞∑
n=1

|yn|p ωn

)
<∞.

Thus λx+y ∈ `p,ω. Also, by the usual properties of R, we conclude that `p,ω is
a real vector space. The Weighted Lebesgue sequence space is indeed a separable
Banach space.

Remark 1.4. Let us define the sequence e(n) = {e(n)k }k∈N as follows

e
(n)
k =

{
1 if k = n

0 if k 6= n.

We claim that e(n) ∈ `p,ω for all weight sequences ω and e(n) · x ∈ `p,ω for all
x ∈ `p,ω. In fact,

∞∑
k=1

|e(n)k |
pωk = |e(n)n |pωn = 1pωn = ωn <∞.
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Therefore e(n) ∈ `p,ω and e(n) · x ∈ `p,ω for all x ∈ `p,ω, since `p,ω is a Banach
space. Also,

‖e(n)‖p,ω =

(
∞∑
k=1

|e(n)k |
pωk

)1/p

= (ωn)1/p. (1.1)

The use of weights allows the convergence of some sequences which otherwise
diverge. In other words, there exist sequences belonging to `p,ω which do not
belong to `p, as the following example shows.

Example 1.5. The sequence an =
1

n1/p
does not belong to `p, since

∞∑
n=1

|an|p =
∞∑
n=1

(
1

n1/p

)p

=
∞∑
n=1

1

n
=∞.

However, if we set the weight sequence ωn =
1

n
, then

∞∑
n=1

|an|pωn =
∞∑
n=1

(
1

n1/p

)p
1

n
=
∞∑
n=1

1

n2
<∞.

so an ∈ `p,ω.

For a fixed weight, we would like to compare `p,ω and `q,ω. The following
example shows that this is not possible.

Example 1.6. Let ω = ωn =
1

n3
and an = n. Then an ∈ `1,ω but an /∈ `2,ω.

If we set an additional condition on the weight ωn, then it is possible to compare
`p,ω and `q,ω. The result is as follows.

Theorem 1.7. Let 1 ≤ p < q < ∞. Then `p,ω ⊆ `q,ω if and only if the weight
sequence ω satisfies the condition

ωn ≥ 1 (n ∈ N).

We now define the multiplication operator acting on `p,ω to itself.

Definition 1.8. Let 1 ≤ p < ∞ and u = (u1, u2, u3, . . .) a fixed sequence such
that u·x ∈ `p,ω for all x = (x1, x2, x3, . . .) ∈ `p,ω, where u·x = (u1x1, u2x2, u3x3, . . .).
Then the multiplication operator induced by u is defined as

Mu : `p,ω → `p,ω

x 7→ u · x.

As we stated in the Introduction, multiplication operators have been exten-
sively studied, and it is our goal to extend its study to weighted sequence spaces.
In the coming sections, we study properties such as boundedness, finite range,
compactness and essential norm of this operator defined on `p,ω.
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2. Continuity and continuous inverse

In this section, we characterize the boundedness of the multiplication operator
Mu, which is given by the boundedness of the symbol u, as the next result shows.

Theorem 2.1. Let u be a real sequence. The multiplication operator Mu is
continuous on `p,ω if and only if u ∈ `∞. Moreover,

‖Mu‖ = ‖u‖∞.

Proof. We prove first sufficiency, let Mu continuous multiplication operator on
`p,ω (therefore bounded), then there exists K > 0 such that

‖Mu(x)‖p,ω ≤ K‖x‖p,ω
for all x ∈ `p,ω. Let n ∈ N fixed, and define

e(n) =
e(n)

‖e(n)‖p,ω

remember that we defined e(n) and its norm in (1.1), hence
∣∣∣∣∣∣e(n)

∣∣∣∣∣∣
p,ω

= 1 and so

e(n) ∈ `p,ω. Thus ∣∣∣∣∣∣Mu(e(n))
∣∣∣∣∣∣
p,ω
≤ K

∣∣∣∣∣∣e(n)

∣∣∣∣∣∣
p,ω
,

hence ∣∣∣∣∣∣Mu(e(n))
∣∣∣∣∣∣

p,ω
=
∣∣∣∣∣∣u · e(n)

∣∣∣∣∣∣
p,ω

=
1

‖e(n)‖p,ω
‖u · e(n)‖p,ω

and

‖u · e(n)‖p,ω =

(
∞∑
k=1

|uke(n)k |
pωk

)1/p

= (|un|pωn)1/p

= |un|‖e(n)‖p,ω.

Therefore

‖Mu(e(n))‖p,ω = |un|

≤ K‖e(n)‖p,ω
= K,

we conclude that |un| ≤ K for all n ∈ N, hence u ∈ `∞ as we wanted.
Now, we prove necessity. For x ∈ `p,ω, we have

‖Mu(x)‖pp,ω = ‖u · x‖pp,ω =
∞∑
n=1

|unxn|pωn ≤ ‖u‖p∞‖x‖pp,ω.

Thus,

‖Mu(x)‖p,ω ≤ ‖u‖∞‖x‖p,ω,
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and by definition of the norm of an operator

‖Mu‖p,ω = sup
x∈`p,ω
x6=0

‖Mu(x)‖p,ω
‖x‖p,ω

≤ ‖u‖∞. (2.1)

Since u ∈ `∞, we conclude that the linear operator Mu is bounded and therefore
continuous.

Now let ε > 0, then there exists N ∈ N such that

sup
n∈N
|un| − ε ≤ |uN |

since u ∈ `∞ again.
Hence ∣∣∣∣Mu

(
e(N)

)∣∣∣∣
p,ω

=
∣∣∣∣u · e(N)

∣∣∣∣
p,ω

=

(
∞∑
n=1

|une(N)
n |pωk

)1/p

= |uN |(ωN)1/p

≥
(

sup
n∈N
|un| − ε

)
(ωN)1/p

=

(
sup
n∈N
|un| − ε

)
‖e(N)‖p,ω

= (‖u‖∞ − ε) ‖e(N)‖p,ω
therefore ,

‖Mu‖p,ω ≥
‖Mu

(
e(N)

)
‖p,ω

‖e(N)‖p,ω
≥ ‖u‖∞ − ε

for all ε > 0, thus
‖Mu‖p,ω ≥ ‖u‖∞. (2.2)

By inequalities (2.1) and (2.2), we conclude that

‖Mu‖p,ω = ‖u‖∞.
�

Our next result deals with the inverse operator of Mu.

Theorem 2.2. Let u ∈ `∞. The multiplication operator Mu : `p,ω → `p,ω has
continuous inverse if and only if there exists δ > 0 such that

|un| ≥ δ for all n ∈ N.
Proof. Necessity, suppose that Mu : `p,ω → `p,ω has a continuous inverse, we claim
that un 6= 0 for all n ∈ N. In fact, suppose that there exists n0 ∈ N such that
un0 = 0. Then e(n0) = (0, 0, . . . , 1︸︷︷︸

n0
th

, 0, 0, . . .) and Mu(e(n0)) = u·e(n0) = un0 = 0.

So e(n0) ∈ ker (Mu) and ker (Mu) 6= ∅. Therefore, Mu is not injective, a contra-
diction.
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Hence, we can consider the following sequence

v = vn =
1

un
, n ∈ N.

and Mv(Mu(x)) = v · (u · x) = x for all x ∈ `p,ω. We conclude that Mv is
the inverse operator of Mu and by hypotheses continuous. By Theorem 2.1, we
conclude that v ∈ `∞. Then there exists M > 0 such that

|vn| ≤M for all n ∈ N,
then ∣∣∣∣ 1

un

∣∣∣∣ ≤M for all n ∈ N.

We conclude
|un| ≥ δ for all n ∈ N

where δ = 1
M

as we wanted to show.
For the reverse direction, Let δ > 0 such that

|un| ≥ δ for all n ∈ N
then

1

δ
≥
∣∣∣∣ 1

un

∣∣∣∣ = |vn| for all n ∈ N.

We conclude that v ∈ `∞, and we show above that Mv is the inverse of Mu and
Mv is continuous by Theorem 2.1. �

3. Finite range and compactness

Our coming result gives us a necessary and sufficient condition for Mu to have
a finite range.

Theorem 3.1. Let u ∈ `∞. The multiplication operator Mu : `p,ω → `p,ω has
finite range if and only if N c

u = {n ∈ N : un 6= 0} is a finite set.

Proof. We shall proceed by contrapositive. So let us suppose thatN c
u = {n1, n2,...}

is a infinite set, then for each m ∈ N we define the sequence e(m) as we did in
definition 1.8, so e(m) ∈ `p,ω and define bm = u · e(m) = Mu(e(m)), so bm ∈
Ran (Mu).

Take scalars α1, α2, . . . , αp ∈ R and suppose
p∑

j=1

αjb
(j) = 0, b(j) ∈ {bm}m∈N.

Let k = 1, 2, . . . , p and consider nk ∈ N c
u . Then

0 =

p∑
j=1

αjb
(j)
nk

=

p∑
j=1

αjunk
e(j)nk

= αkunk

then αkunk
= 0 but unk

6= 0, hence ak = 0 for all k = 1, 2, . . . , p. This shows that
the finite subset of {bm}m∈N, {b(j)}pj=1, is linear independent. Since the subset
is arbitrary, then {bm}m∈N is linear independent and dim({bm}m∈N) = ∞. We
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conclude that dim(Ran (Mu)) =∞.

For the reverse direction, suppose thatN c
u is a finite set, thenN c

u = {n1, n2, . . . , nm}
and consider again the sequence bj = u · e(j), of course {bj}mj=1 ⊆ Ran (Mu). We
are going to show that {bj}mj=1 is a basis for Ran (Mu). Let z ∈ Ran (Mu) then
there exists x ∈ `p,ω such that Mu(x) = z, or u · x = z and define αj = xnj

for
each j = 1, 2, . . . ,m.

Take k ∈ N c
u then k = nj for some j = 1, 2, . . . ,m and

zk = znj
= xnj

unj
= αjunj

= αjunj
· e(j)nj

=
m∑
i=1

αiunj
e(i)nj

=
m∑
i=1

αibik

since e
(i)
nj = 0 for i 6= j.

Now, take k /∈ N c
u then bjk = uk · e(j)k = 0 for all j = 1, 2, . . . ,m. So

zk = ukxk = 0 =
m∑
i=1

αibik .

In any case {bj}mj=1 span Ran (Mu) and the fact that is linear independent is
analogous to the infinite case. Therefore {bj}mj=1 is a basis of Ran (Mu) and
dim(Ran (Mu)) = m <∞. �

We characterize now the compactness of Mu.

Theorem 3.2. Let u ∈ `∞. The multiplication operator Mu : `p,ω → `p,ω is a
compact operator if and only if

lim
k→∞
|uk| = 0.

Proof. To prove necessity, suppose that Mu is a compact operator and let us show
that

lim
k→∞
|uk| = 0.

We need only to observe that Bε := {k ∈ N : |uk| ≥ ε} is a finite set for every
ε > 0. So let ε > 0 and define

`p,ω(ε) := {x ∈ `p,ω : xk = 0 for all k ∈ N \Bε}
We claim that `p,ω(ε) is a subspace of `p,ω. It suffices to show that αx1 + βx2 ∈
`p,ω(ε) for x1,x2 ∈ `p,ω(ε) and α, β ∈ R, so for k ∈ N \Bε we have that

αx1k + βx2k = α · 0 + β · 0 = 0

showing that αx1 + βx2 ∈ `p,ω(ε). Now consider x ∈ `p,ω(ε) then there exists
{x(n)}n∈N ⊆ `p,ω(ε) such that lim

n→∞
‖x(n) − x‖p,ω = 0. Take k0 ∈ N fixed and
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consider the usually sequence e(k0) = (e
(k0)
k )k∈N defined as

e
(k0)
k =

{
1 if k = k0
0 if k 6= k0

then ∣∣∣x(n)k0
− xk0

∣∣∣ e(k0)k ≤
∣∣∣x(n)k − xk

∣∣∣ for all k ∈ N.

Since e(k0) ∈ `p,ω and the inequality above∣∣∣x(n)k0
− xk0

∣∣∣p ∣∣∣e(k0)k

∣∣∣p ωk ≤
∣∣∣x(n)k − xk

∣∣∣p ωk for all k ∈ N.∣∣∣x(n)k0
− xk0

∣∣∣p ∞∑
k=1

∣∣∣e(k0)k

∣∣∣p ωk ≤
∞∑
k=1

∣∣∣x(n)k − xk
∣∣∣p ωk∣∣∣x(n)k0

− xk0
∣∣∣ ‖e(k0)‖p,ω ≤ ‖x(n) − x‖p,ω

0 ≤
∣∣∣x(n)k0

− xk0
∣∣∣ω 1

p ≤ ‖x(n) − x‖p,ω

Taking n→∞ we conclude that |x(n)k0
− xk0 | → 0 for all k0 ∈ N. Particularly for

every k0 ∈ N \ Bε, we have that lim
n→∞

x
(n)
k0

= xk0 and x
(n)
k0

= 0 for all n ∈ N thus

xk0 = 0 and x ∈ `p,ω(ε), this means that `p,ω(ε) is a closed subspace of `p,ω.

We now show that `p,ω(ε) is a Mu − invariant subspace of `p,ω. Of course, let
z ∈ Mu (`p,ω(ε)) then z = u · x for some x ∈ `p,ω(ε). So zk = ukxk for all
k ∈ N. If k ∈ N/Bε is clear that zk = uk · 0 = 0, hence z ∈ `p,ω(ε) and `p,ω(ε) is
Mu− invariant of `p,ω. Therefore Mu �`p,ω(ε) is compact since Mu is compact and
`p,ω(ε) is a Mu − invariant subspace of `p,ω.

Take x ∈ `p,ω(ε) and define the sequence z = (zk)k∈N as follows

zk =

{
xk

uk
if k ∈ Bε

0 if k /∈ Bε.

Note that if k ∈ Bε then uk 6= 0 due to |uk| ≥ ε. So x = u · z, let us show that
z ∈ `p,ω(ε). If k ∈ Bε then |uk| ≥ ε and

|zk| =
|xk|
|uk|
≤ 1

ε
|xk|.

Consequently, if k /∈ Bε then zk = 0. In any case we will have that

|zk| ≤
1

ε
|xk|.

So,

|zk|pωk ≤
1

εp
|xk|pωk for all k ∈ N,
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and
∞∑
k=1

|zk|pωk ≤
1

εp

∞∑
k=1

|xk|pωk <∞.

Therefore z ∈ `p,ω, and we conclude that x ∈ Ran
(
Mu �`p,ω(ε)

)
, hence Ran

(
Mu �`p,ω(ε)

)
=

`p,ω(ε). Note that Mu �`p,ω(ε) is a compact operator with closed range `p,ω(ε), so
we must have that `p,ω(ε) is a finite dimensional subspace.

Now suppose that Bε = {n1, n2, . . .} is a infinite set and consider the sequence
en for each n ∈ Bε, is clear that en ∈ `p,ω(ε) and {en}n∈Bε is linear independent
set, therefore dim(`p,ω(ε)) =∞, a contradiction. Therefore Bε must be finite.

To prove sufficiency, suppose that limk→∞ |uk| = 0 then for m ∈ N define
Am := {1, 2, . . . ,m} and um = u · χAm where

u · χAm = ukχAm(k) =

{
uk if k ∈ Am

0 if k /∈ Am

note that

um = (u1, u2, . . . , um, 0, 0, . . .).

We claim that um ∈ `p,ω. In fact, let m ∈ N, then

∞∑
k=1

|ukχAm(k)|pωk =
m∑
k=1

|uk|pωk <∞.

So um · x ∈ `p,ω for any x ∈ `p,ω. Of course um ∈ `∞ since ‖um‖∞ ≤ ‖u‖∞
and by hypothesis u ∈ `∞, and also it is true N c

um
is a finite set. Therefore, by

Theorem 2.1 and Theorem 3.1, Mum : `p,ω → `p,ω is a bounded multiplication
operator of finite range, then Mum is a compact operator. It remains to show
that Mum →Mu uniformly to conclude that Mu is compact.

Let us show that

lim
m→∞

‖Mum −Mu‖ = 0.

By hypothesis limk→∞ |uk| = 0 so given ε > 0 there exists N ∈ N such that

|uk| < ε for all k > N.

Let m ≥ N and x ∈ `p,ω then

| (ukχAm(k)− uk)xk| =

{
0 if k ≤ m

|uk||xk| if m < k

Hence | (ukχAm(k)− uk)xk| ≤ ε|xk| for all k ∈ N. Since `p,ω is a linear space,
x ∈ `p,ω, and ε a scalar, we have that εx ∈ `p,ω then (um−u) ·x ∈ `p,ω. Therefore
‖(um − u) · x‖p,ω ≤ ε‖x‖p,ω, this means that

‖Mum −Mu‖ ≤ ε,

for all m ≥ N . We conclude that Mu is compact. �
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4. Essential norm

In this section, we study the essential norm of Mu denoted by ‖Mu‖e, which is
the distance from Mu to the class of the compact operators on `p,ω, that is,

‖Mu‖e := inf{‖Mu −K‖ : K : `p,ω → `p,ω is compact},

where ‖Mu‖ denote the operator norm of Mu, which depends on `p,ω.

Remark 4.1. Observe that Mu : `p,ω → `p,ω is compact if and only if ‖Mu‖e = 0.

The next result may be found in classical books of Functional Analysis (see
[10], [14]) as a corollary of the Hahn-Banach Theorem for normed spaces.

Theorem 4.2. Let X a normed space, for every x ∈ X we have

‖x‖X = sup
f∈X′, f 6=0

|f(x)|
‖f‖

.

Hence if x0 ∈ X is such that f(x0) = 0 for all f ∈ X ′, then x0 = 0.

We prove a Riesz representation theorem for `p,ω spaces.

Theorem 4.3 (Riesz representation for `p,ω space). Let 1 < p <∞ and 1 < q <
∞ such that 1

p
+ 1

q
= 1. For every bounded linear functional f ∈ (`p,ω)′ there

exists z ∈ `q,ω such that

f(x) =
∞∑
k=1

xkzkωk

for all x ∈ `p,ω and ‖z‖q,ω = ‖f‖.

Proof. Let x = (xn)n∈N ∈ `p,ω, we have shown (1.1) that e(n) ∈ `p,ω, then

lim
n→∞

∥∥∥∥∥x−
n∑

k=1

xke
(k)

∥∥∥∥∥
p

p,ω

= lim
n→∞

∞∑
k=n+1

|xk|pωk = 0.

This shows that each x ∈ `p,ω it has a unique representation of the form

x =
∞∑
k=1

xke
(k),

which means that {e(k)}k∈N is a Schauder basis of `p,ω.
Now, let f ∈ (`p,ω)′, and define the sequence z = (zk)k∈N as follows

zk =
f(e(k))

ωk

.
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Given that f is linear and bounded, it is continuous, and for each x ∈ `p,ω we
have,

f(x) = f

(
∞∑
k=1

xke
(k)

)

= lim
n→∞

f

(
n∑

k=1

xke
(k)

)

= lim
n→∞

n∑
k=1

xkf(e(k))

= lim
n→∞

n∑
k=1

xkzkωk =
∞∑
k=1

xkzkωk.

We claim that z ∈ `q,ω. Indeed, consider the sequence ζ(n) =
(
ζ
(n)
k

)
k∈N

defined
as

ζ
(n)
k =

{
|zk|q
zk

if k ≤ n and zk 6= 0

0 if n < k or zk = 0

then ζ(n) ∈ `p,ω (since it has a finite number of nonzero elements).
So

f(ζ(n)) =
∞∑
k=1

ζ
(n)
k zkωk =

n∑
k=1

|zk|qωk,

and

|f(ζ(n))| ≤ ‖f‖‖ζ(n)‖p.ω

= ‖f‖

(
∞∑
k=1

|ζ(n)k |
pωk

)1/p

= ‖f‖

(
n∑

k=1

|zk|qωk

)1/p

,

hence

|f(ζ(n))| =
n∑

k=1

|zk|qωk ≤ ‖f‖

(
n∑

k=1

|zk|qωk

)1/p

(
n∑

k=1

|zk|qωk

)1−1/p

≤ ‖f‖

(
n∑

k=1

|zk|qωk

)1/q

≤ ‖f‖.



88 RENE CASTILLO, HÉCTOR CHAPARRO, OSCAR CHAPARRO

By taking the limit as n→∞, we conclude that

‖z‖q,ω ≤ ‖f‖, (4.1)

and so z ∈ `q,ω.
It remains to show that ‖z‖q,ω = ‖f‖.

Since f is linear and

|f(x)| =

∣∣∣∣∣
∞∑
k=1

xkzkωk

∣∣∣∣∣
≤

∞∑
k=1

|xkzk|ωk

≤ ‖x‖p,ω‖z‖q,ω
by weighted Hölder inequality. Therefore

|f(x)|
‖x‖p,ω

≤ ‖z‖q,ω ; x 6= 0.

so
‖f‖ ≤ ‖z‖q,ω

and we had recently shown (4.1) that ‖z‖q,ω ≤ ‖f‖. We conclude that

‖z‖q,ω = ‖f‖.
�

We arrive to the main result of this section, which tells us how to calculate the
essential norm of Mu in terms of u. The result reads as follows.

Theorem 4.4. Let u ∈ `∞. Then

‖Mu‖e = lim sup
n→∞

|un|.

Proof. Since u = {un}n∈N is a bounded sequence, define AN := {1, 2, 3, . . . , N}
for each N ∈ N and consider the sequence {uN}N∈N = {unχAN

(n)}n∈N, that is,
uN1 = (u1, u2, . . . , uN1 , 0, 0, 0, . . .). Note that

lim
N→∞

|unχAN
(n)| = 0

by Theorem 3.2 the operator MuN
is a compact operator and

‖Mu‖e ≤ ‖Mu −MuN
‖ = ‖Mu−uN

‖.
Now, let x = {xn}n∈N ∈ `p,ω such that x 6= 0. If n ≤ N then

|(un − uNn)xn| = 0 ≤ sup
k∈N
|uk||xk|.

If n ≥ N then
|(un − uNn)xn| = |uk||xk| ≤ sup

k∈N
|uk||xk|.

In any case, we have

|(un − uNn)xn| = |uk||xk| ≤ sup
k∈N
|uk||xk|
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and u ∈ `p,ω,uN ∈ `p,ω,x ∈ `p,ω then (u− uN) x ∈ `p,ω. Hence

|(un − uNn)xn|pωn ≤ sup
k∈N
|uk|p|xk|pωn ; n ∈ N, ωn > 0.(

∞∑
n=1

|(un − uNn)xn|pωn

)1/p

≤

(
sup
k∈N
|uk|p

∞∑
n=1

|xk|pωn

)1/p

‖ (u− uN) x‖p,ω ≤ sup
k∈N
|uk|‖x‖p,ω

‖Mu−uN
(x)‖p,ω ≤ sup

k∈N
|uk|‖x‖p,ω.

So,

‖Mu−uN
‖ = sup

x∈`p,ω
x 6=0

‖Mu−uN
(x)‖p,ω

‖x‖p,ω
≤ sup

k∈N
|uk|

then

‖Mu‖e ≤ sup
k∈N
|uk|.

Therefore

‖Mu‖e ≤ lim sup
n→∞

|un|. (4.2)

Consider now the usual sequence e(n) = {e(n)k }k∈N defined as

e
(n)
k =

{
1 if k = n

0 if k 6= n

and also consider

e(n) =
e(n)

‖e(n)‖p,ω
remember that e(n) ∈ `p,ω, ‖e(n)‖p,ω = 1 and ‖e(n)‖p,ω = ω

1/p
n . We are going to

show that

lim
n→∞

‖K(e(n))‖p,ω = 0

where K : `p,ω → `p,ω is a compact operator. Suppose the equation does not hold,

i.e., limn→∞ ‖K(e(n))‖p,ω 6= 0 so there exists δ > 0 and a subsequence {e(nm)}m∈N
of {e(n)}n∈N such that

‖e(nm)‖p,ω ≥ δ for all m ∈ N.

Since K : `p,ω → `p,ω is compact and {e(n)} is bounded in `p,ω then we could sup-

pose that {e(nm)}m∈N is convergent in `p,ω and therefore {K(e(nm))}m∈N converge
to some element of `p,ω, namely y ∈ `p,ω. Hence,

lim
m→∞

‖K
(
e(nm)

)
− y‖p,ω = 0.
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Let us see that y = 0. By Theorem 4.2, it sufficient to show that f(z) = 0 for all
f ∈ (`p,ω)′. Let f ∈ (`p,ω)′ then f ◦K ∈ (`p,ω)′ and due to Riesz representation
Theorem for `p,ω, Theorem 4.3, there exists z ∈ `q,ω, where 1

p
+ 1

q
= 1, such that

f ◦K(x) =
∞∑
k=1

xkzkωk

for all x ∈ `p,ω. Particularly for e(nm) ∈ `p,ω. So∣∣∣f ◦K(e(nm))
∣∣∣ =

∣∣∣∣∣
∞∑
k=1

e(nm)

‖e(nm)‖p,ω
zkωk

∣∣∣∣∣
≤ |znm|ωnm

‖e(nm)‖p,ω

=
|znm|ωnm

ω
1/p
nm

= |znm|ω1−1/p
nm

= |znm |ω1/q
nm

then

lim
m→∞

∣∣∣f ◦K(e(nm))
∣∣∣ ≤ lim

m→∞
|znm|ω1/q

nm

and limm→∞ |znm|ω
1/q
nm = 0 since z ∈ `q,ω. We conclude that

lim
m→∞

∣∣∣f ◦K(e(nm))
∣∣∣ = 0.

Hence

|f(y)| ≤
∣∣∣f(y)− f ◦K(e(nm))

∣∣∣+
∣∣∣f ◦K(e(nm))

∣∣∣
≤ ‖f‖‖y −K(e(nm))‖p,ω +

∣∣∣f ◦K(e(nm))
∣∣∣

taking limits, we have

|f(y)| ≤ ‖f‖ lim
m→∞

‖y −K(e(nm))‖p,ω + lim
m→∞

∣∣∣f ◦K(e(nm))
∣∣∣

= ‖f‖ · 0 + 0

then |f(y)| = 0 and it is hold for all f ∈ (`p,ω)′, therefore y = 0. We conclude
that

lim
n→∞

‖K(e(n))‖p,ω = 0.

Now, note that

‖Mu −K‖ ≥ ‖Mu(e(n))−K(e(n))‖p,ω

≥
∣∣∣‖Mu(e(n))‖p,ω − ‖K(e(n))‖p,ω

∣∣∣
=

∣∣∣∣ 1

‖e(n)‖p,ω
‖u · e(n)‖p,ω − ‖K(e(n))‖p,ω

∣∣∣∣
=
∣∣∣|un| − ‖K(e(n))‖p,ω

∣∣∣
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Therefore, taking n→∞ we have

‖Mu −K‖ ≥ lim
n→∞

∣∣∣|un| − ‖K(e(n))‖p,ω
∣∣∣ ≥ lim sup

n→∞
|un|.

Since we take K : `p,ω → `p,ω compact arbitrary then

‖Mu‖e ≥ lim sup
n→∞

|un|. (4.3)

By equations (4.2) and (4.3) we could finally conclude that

‖Mu‖e = lim sup
n→∞

|un|.

�

5. Conclusions

In conclusion, we can highlight the great importance of the space `p,ω, firstly,
as a generalization of the classical space `p and also as the discrete case of the
space Lp,ω. In this article, we have shown the characterizations of continuity, con-
tinuous inverse, finite range, compactness, and essential norm when considering
the multiplication operator defined on the space `p,ω. These results leave the door
open for the study of other properties such as closed range and Fredholm-type
properties. Furthermore, they pave the way for further studies, such as the vari-
able p case and other related sequence spaces (Lorentz sequence spaces or Banach
sequence spaces [5]).
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2 Programa de Matemáticas, Universidad de Cartagena, Cartagena de Indias,
Colombia

Email address: hchaparrog@unicartagena.edu.co

3 Departamento de Ciencias Básicas, Universidad Manuela Beltrán, Bogotá,
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