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MULTIPLICATION OPERATOR ON WEIGHTED LEBESGUE
SEQUENCE SPACES

RENE ERLIN CASTILLO!, HECTOR CAMILO CHAPARRO? * AND OSCAR
ALEJANDRO CHAPARRO3

ABSTRACT. In this paper, we study the multiplication operator acting on the
Lebesgue sequence space £, ,, for 1 < p < oo, which generalizes the classical
£, spaces by incorporating a weight sequence w,. We focus on properties such
as continuity, inverse continuity, finite range, compactness and essential norm
of the operator.

1. INTRODUCTION AND PRELIMINARIES

Multiplication operators have been a fundamental object of study in functional
analysis due to their broad range of applications in various function spaces, par-
ticularly in the study of Lebesgue and Bergman spaces. These operators have
also been instrumental in advancing the theory of operators on Hilbert spaces,
where they have been rigorously investigated over the past several decades. For
a comprehensive treatment of these topics, we refer the reader to [1], [4], [9], and
[11].

The study of multiplication operators has been extended to a variety of func-
tional spaces, including L, spaces [12], [L6], Orlicz spaces [13], and Lorentz spaces
[2], [8]. Furthermore, significant contributions have been made in the context of
Lorentz sequence spaces [(, ) [3] and Lorentz-Orlicz spaces [0]. Particularly rele-
vant to our work are the investigations in Kéthe spaces [7] and Kéthe sequence
spaces [15]. These studies underscore the versatility of multiplication operators
as a tool for probing the structure and properties of various functional spaces,
making them an active area of ongoing research.

Given the rich interplay between multiplication operators and the structure
of functional spaces, it is both natural and compelling to extend its study to
weighted Lebesgue sequence spaces. Weighted spaces arise naturally in many
areas of analysis, including harmonic analysis, spectral theory, and the study of
differential equations, where they provide a refined framework for understanding
the behavior of operators under varying weight conditions. By investigating mul-
tiplication operators on weighted Lebesgue sequence spaces, we aim to uncover
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new insights into their properties, such as boundedness, compactness and essen-
tial norm, thereby contributing to the broader understanding of operator theory
in weighted settings.

We begin with some basic definitions.

Definition 1.1. We define a weight sequence w = w,, to be a sequence such that
w, > 0 for all n € N i.e., a positive sequence.

Definition 1.2. Let 1 < p < 4o00. For a fixed p and a fixed weight sequence w,,,
we define the set

Cpo 1= {x = (Tp)nen : Z || w, < 00,2, € R, Vn € N}

n=1

and its norm is given by

. :
Il = (Z rxnrpwn) |

n=1

lp ., is called the Weighted Lebesgue sequence space.

By setting the sequence w,, as the constant sequence w,, = 1 for all n € N, one
recovers the classical Lebesgue ¢, sequence space. So, the /¢, space generalizes
the £, space.

Remark 1.3. Note that for a,b € R, we have
la + b|P < 2P(|al? + [b]P).

Now, we use the inequality above to show that [, is closed under addition and
scalar product. Indeed, let A € R and x,y € ¢, then

Z Az, + yn|Pw, < 2P <|/\|pz |20 wn + Z |yn|” wn> < o0.

n=1 n=1 n=1
Thus Ax+y € {,.. Also, by the usual properties of R, we conclude that ¢, is
a real vector space. The Weighted Lebesgue sequence space is indeed a separable
Banach space.

Remark 1.4. Let us define the sequence e™ = {e,(cn)}keN as follows
(n) 1if k=n
€k - .
0 if k£ #n.

We claim that e®™ € ¢, for all weight sequences w and e®™ - x € ¢, for all
x € {p,. In fact,

o
> et g = [ef P, = 17w, = w, < oo.
k=1
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Therefore e® € ¢,, and e®™ - x € (,,, for all x € ¢,,, since £, is a Banach
space. Also,

o 1/p
1€ |pe = <Z|€;§")|”wk> = (wn)'”. (1.1)

k=1

The use of weights allows the convergence of some sequences which otherwise
diverge. In other words, there exist sequences belonging to ¢,, which do not
belong to ¢, as the following example shows.

1
Example 1.5. The sequence a,, = 7 does not belong to ¢, since
n

oo 0o 1 p >~ 1

=1

1
However, if we set the weight sequence w,, = —, then
n
o0 o0 (o]
1 \"1 1
p — p— —
Sl = (o) E- 3 L <o
n=1 n=1 n=1

SO Gy, € Ly

For a fixed weight, we would like to compare ¢,, and ¢;,. The following
example shows that this is not possible.

1
Example 1.6. Let w = w, = — and a, = n. Then a, € {,, but a, ¢ lo.
n
If we set an additional condition on the weight w,,, then it is possible to compare

l,. and ¢, . The result is as follows.

Theorem 1.7. Let 1 < p < q < oo. Then €,,, C ., if and only if the weight
sequence w satisfies the condition

w, > 1 (neN).
We now define the multiplication operator acting on £, to itself.

Definition 1.8. Let 1 < p < co and u = (uy, ug,us,...) a fixed sequence such
that ux € ¢, forall x = (21, 3, 23, ...) € {,,, where u-x = (w121, UsT2, U3T3, . . .).
Then the multiplication operator induced by u is defined as

My by =y
X > Uu-X.
As we stated in the Introduction, multiplication operators have been exten-
sively studied, and it is our goal to extend its study to weighted sequence spaces.

In the coming sections, we study properties such as boundedness, finite range,
compactness and essential norm of this operator defined on £, .
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2. CONTINUITY AND CONTINUOUS INVERSE

In this section, we characterize the boundedness of the multiplication operator
M, which is given by the boundedness of the symbol u, as the next result shows.

Theorem 2.1. Let u be a real sequence. The multiplication operator M, is
continuous on Ly, if and only if u € £>°. Moreover,

[ M| = [[uf]oo-

Proof. We prove first sufficiency, let M, continuous multiplication operator on
(). (therefore bounded), then there exists K > 0 such that

[ Mu(x)[[pe < K[%[[pe
forall x € ¢,,. Let n € N fixed, and define

S (n)
om — ¢
le™ |y
remember that we defined e™ and its norm in (1.1), hence H@ =1 and so
—_— p7w
em € ¢,,. Thus
HMU@> <K H@
b,w p,w
hence
— — 1
My(em)|| = Hu.e<n> _ e
‘ ’ ( ) pw pw ||e(n) |Ip,w || ||Paw
and
o) 1/p
||u .e® ||p7w — <Z |ukel(€n) |pwk)
k=1
1
= (|un|"wn) w
= ’unwe(n)Hp,w'
Therefore
”Mu(e(n)) paw = |Un|
< Kl[e® |l
= K’

we conclude that |u,| < K for all n € N, hence u € £ as we wanted.
Now, we prove necessity. For x € ¢, ,,, we have

o0
IMu)IE, = - x[2, =D [unalPwn < [l [x]P,.
n=1

Thus,
[ Mu(x) [l < lafloo]x[[pe
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and by definition of the norm of an operator

[ M ()| p.o
[ Mul|pw = sup == < ufls. (2.1)
xezp,w Hx”pvw
x#£0

Since u € /.., we conclude that the linear operator M, is bounded and therefore
continuous.
Now let € > 0, then there exists NV € N such that

sup [ua| — & < [y

neN
since u € /, again.
Hence
N _ N
([ M ()], = [u- e[,
0o 1/p
= (Z |“n€51N)|pwk)
n=1
= [un](wn)"?
> (suplun] ~ ) (o)
neN
= (suplunl = ) o™
neN
= (lulloc —¢) ||e(N)”p,w
therefore ,
My (™) [l
| Mallpw > = 2> |lufls — ¢
’ 1™
for all € > 0, thus
[Mullpe > [[ul- (22)

By inequalities (2.1) and (2.2), we conclude that
[ Mallpe = [l
O
Our next result deals with the inverse operator of M,.

Theorem 2.2. Let u € (*. The multiplication operator M, : l,., — €. has
continuous inverse if and only if there exists 6 > 0 such that

|un| > 6 for all n € N.

Proof. Necessity, suppose that M, : ¢, ., — {, ., has a continuous inverse, we claim
that u,, # 0 for all n € N. In fact, suppose that there exists nyg € N such that
Up, = 0. Then e®) = (0,0,..., 1 ,0,0,...) and M,(e™)) = u-e@) =, = 0.
I
not)

So e™) ¢ ker (M,) and ker (M,) # 0. Therefore, M, is not injective, a contra-
diction.
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Hence, we can consider the following sequence
v=uv,=—,néeN.
Unp,

and M,(My(x)) = v-(u-x) = x for all x € {,,. We conclude that M, is
the inverse operator of M, and by hypotheses continuous. By Theorem 2.1, we
conclude that v € £°°. Then there exists M > 0 such that

lon| < M for all n € N,
then
iS]M for all n € N.
Unp,
We conclude
(=) for all n € N

where 0 = % as we wanted to show.
For the reverse direction, Let 6 > 0 such that

|un| >0 for all n € N
then
1 1
= > |—| = v for all n € N.
) Uy,
We conclude that v € ¢°°, and we show above that M, is the inverse of M, and
M, is continuous by Theorem 2.1. O

3. FINITE RANGE AND COMPACTNESS

Our coming result gives us a necessary and sufficient condition for M,, to have
a finite range.

Theorem 3.1. Let u € (*°. The multiplication operator My : L, — €. has
finite range if and only if N¢ = {n € N : u, # 0} is a finite set.

Proof. We shall proceed by contrapositive. So let us suppose that N = {ny,ns__}
is a infinite set, then for each m € N we define the sequence e™ as we did in
definition 1.8, so e™ ¢ . and define by, = u- e™ = My(e™), so by, €
Ran (M,,).

Take scalars aq, g, ..., a, € R and suppose

p
Zajb(j) = 07 b(j) € {bm}mEN-
j=1
Let k=1,2,...,p and consider n, € N¢. Then
0= Z ajbfjg = Zajunkegk) = QU
i=1 j=1
then aju,, = 0 but u,, # 0, hence a;, = 0 for all K =1,2,...,p. This shows that

the finite subset of {bm }men, {b(j)}:;:l, is linear independent. Since the subset
is arbitrary, then {bmy}men is linear independent and dim({bmy }men) = co. We
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conclude that dim(Ran (M,)) = oc.

For the reverse direction, suppose that NV¢ is a finite set, then N¢ = {nq,na, ..., ny}
and consider again the sequence by = u - e%, of course {b;}", C Ran (M,). We
are going to show that {b;}7., is a basis for Ran (My). Let z € Ran (M,) then
there exists x € £, such that My(x) = z, or u-x = z and define a; = x,,, for
each j =1,2,...,m.

Take k € N¢ then k = n; for some j =1,2,...,m and

Zk = Zp; = TpyUp; = Qjlp,

— . - e
= Qjly, - €

m
_ i
= E aiunjeg
i=1
m
= E aibik
i=1

since e%? =0 for 7 # j.
Now, take k ¢ N then b;, = uy - el =0 for all j =1,2,...,m. So

m
2 = upxry =0 = E a;b;, .
i=1

In any case {b;}7L, span Ran (M,) and the fact that is linear independent is
analogous to the infinite case. Therefore {b;}7., is a basis of Ran (M) and
dim(Ran (M,)) = m < co. O

We characterize now the compactness of M.

Theorem 3.2. Let u € (. The multiplication operator My : {,., — L, 05 a
compact operator if and only if

lim |ug| = 0.
k—o0

Proof. To prove necessity, suppose that M, is a compact operator and let us show
that

lim |ug| = 0.
k—ro0
We need only to observe that B, := {k € N : |uy| > €} is a finite set for every
e > 0. So let € > 0 and define
lpw(e) ={x€ly,:x,=0 forall ke N\ B.}

We claim that ¢, ,(¢) is a subspace of ¢, . It suffices to show that ax; + fx2 €
Uy () for x1,%9 € £, ,(¢) and «, 8 € R, so for k € N\ B. we have that

axy, + fry, =a-0+5-0=0

showing that axy + fx2 € €,.,(¢). Now consider x € ¢,,(¢) then there exists
{x™}, cy C 4,,(¢) such that lim ||x™ — x|, = 0. Take ky € N fixed and
n—oo
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consider the usually sequence e(ko) = (e](fo)) ren defined as
(ko) 1 lf k - k‘o
Gk, — .
0 if k# kg
then

-

el < ‘x;”) - xk‘ forall ke N.
Since eko) ¢ ¢, and the 1nequality above

P
,(f(’) wy < ‘x,(g") — xk‘ wy forall ke N.

Z )e,(f wi < Z ‘ — T
k=1

le® [l < %™ = x|

p

’xko - $k0

Wk

‘l‘,(;;) — Tk

(n)
‘l’ko - ajko

wr < [x® = x|,

n
0< ’xko — Tk,

Taking n — oo we conclude that ]x,gn) — ok, | = 0 for all ky € N. Particularly for

every kg € N\ B, we have that lim a;; ) = Tg, and a:](;;) = 0 for all n € N thus

n—oo
xr, = 0 and x € £,,(¢), this means that ¢, (c) is a closed subspace of ¢, .

We now show that ¢,,(c) is a M, — invariant subspace of ¢, . Of course, let
z € My({,,(¢)) then z = u - x for some x € £,,(¢). So 2z, = ugry for all
ke N. If k € N/B, is clear that z; = uj - 0 =0, hence z € ¢, ,(c) and £, ,(¢) is
M, — invariant of £, .. Therefore My [y, () is compact since M, is compact and
ly.(€) is a My — invariant subspace of ¢,,,.

Take x € {,,,(¢) and define the sequence z = (2 )ren as follows

j—z if ke B.
2 =
"7 l0 if k¢ B..

Note that if £ € B. then uy # 0 due to |ux| > €. So x = u -z, let us show that
z € ly,,(e). If ke B. then |ug| > ¢ and

e
|zk] = = < =[xl
lup| ~ €

Consequently, if k ¢ B. then z; = 0. In any case we will have that
1
26| < =zl
€

So,

1
|zk]pwk < g_p‘xk‘pwk for all k € N,
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and
[ee] 1 o0
E |2k |Pwr < — E |2k [P, < o00.
ep
k=1 k=1

Therefore z € ¢, and we conclude that x € Ran (M [y ) hence Ran (M [gp,w(a)) =
lyw(€). Note that M, [, po(©) is a compact operator with closed range {p,(€), so
we must have that £, (e ) is a finite dimensional subspace.

Now suppose that B. = {ny,ns, ...} is a infinite set and consider the sequence
e, for each n € B, is clear that e, € {,,(¢) and {ey },ep. is linear independent
set, therefore dim(4,(¢)) = oo, a contradiction. Therefore B. must be finite.

To prove sufficiency, suppose that limy .. |ug] = 0 then for m € N define
A, ={1,2,...,m} and u,, = u- x4, where
. = U _=
X = XA 0 if k¢ A
note that
U = (Ug, Uy .oy Uy, 0,0,...).

We claim that uy, € £, In fact, let m € N, then

o
Z lukx a,, (K)|Pwr = Z [ug [Pu, < 0.
k=1

SO Uy, - x € £, for any x € {,,. Of course u,, € £* since |[umlls < ||ufloo
and by hypothesis u € ¢, and also it is true N is a finite set. Therefore, by
Theorem 2.1 and Theorem 3.1, M, : €,, — {,. is a bounded multiplication
operator of finite range, then M,  is a compact operator. It remains to show
that M, — M, uniformly to conclude that M, is compact.

Let us show that
lim ||M,,, — M| = 0.
m—o0
By hypothesis limy_, |ug| = 0 so given € > 0 there exists N € N such that
lug| < e forall k> N.
Let m > N and x € {,,, then

0 if k<m
|Uk||l’k| if m<k

| (ukXAm(k) - uk) xk| = {

Hence | (ugxa,, (k) — ug) x| < e|zy| for all & € N. Since ¢, is a linear space,
x € {p,, and € a scalar, we have that ex € £, , then (uy, —u)-x € ¢,,. Therefore
|(Um — 1) - x||pw < €l|x]|pw, this means that

[ M., — Myl <,
for all m > N. We conclude that M, is compact. O
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4. ESSENTIAL NORM

In this section, we study the essential norm of M,, denoted by || Myl|., which is
the distance from M, to the class of the compact operators on ¢, ,,, that is,

| Mylle :== inf{||My — K|| : K : ), — ¢, is compact},
where || M,|| denote the operator norm of My, which depends on ¢,,,.
Remark 4.1. Observe that My : €, ., — £, is compact if and only if || My = 0.

The next result may be found in classical books of Functional Analysis (see
[10], [11]) as a corollary of the Hahn-Banach Theorem for normed spaces.

Theorem 4.2. Let X a normed space, for every x € X we have

lzllx =  sup |f ()]
rext g0 |1

Hence if xg € X is such that f(xo) =0 for all f € X', then o = 0.
We prove a Riesz representation theorem for £, spaces.

Theorem 4.3 (Riesz representation for ¢, space). Let 1 <p < oo and 1 < ¢ <
oo such that % + 5 = 1. For every bounded linear functional f & Mp,w)l there
exists z € Ly, such that

f(x) = Z Lk 2EWEk
k=1

for allx € 0, and ||z]|,. = || f]l-

Proof. Let x = (x,)nen € £y, we have shown (1.1) that e®™ € £,,, then

X — Zn: .I'ke(k)

k=1

p

= lim Z |2k |Pwy = 0.

n—00
pw k=n+1

lim
n—00

This shows that each x € ¢, it has a unique representation of the form

[e.9]
X = E xke(k),
k=1

which means that {e®},cy is a Schauder basis of £,
Now, let f € (£,,,)", and define the sequence z = (2;)ren as follows
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Given that f is linear and bounded, it is continuous, and for each x € ¢,,, we
have,

fx)=f (Z xke“‘))
k=1

k=1
n
= lim E . f(e®)
n—00
k=
n 00
= lim E TE2LWE = E T REWE
n—00
k=1 k=1

We claim that z € ¢,,. Indeed, consider the sequence ¢ (n) = <Ckn)) defined
keN
as

C(n)_ %Jq if k<nandz; #0
0 ifn<korz,=0

then (™ € ¢, (since it has a finite number of nonzero elements).

S0
F(¢™) = ZC}gn)kak = lalwr,
) k=1

and
LFEC) < NANC™ s
00 1/p
= |I£] (Z |<;5">|pwk>
k=1
n 1/p
= [I£] (Z \zkr’wk) :
k=1
hence

n n l/p
‘f(C(n)” = Z |2k |Twr < || f]] (Z \zk|qwk>
k=1 k=1
n 1_1/P
(Z lzmk) <|fl
k=1
n 1/‘1
<Z|zk|qwk> <111

k=1



88 RENE CASTILLO, HECTOR CHAPARRO, OSCAR CHAPARRO

By taking the limit as n — oo, we conclude that
2]l g < 11, (4.1)

and so z € (.
It remains to show that ||z||,. = || f]|-
Since f is linear and

[f(2)] =

00
§ TzpWi
k=1

o0
< Z |2k 2k |wi
k=1

< [llpllzllg.

by weighted Holder inequality. Therefore

/()|
< [|zllge ; x # 0.
1%l !
S0
LI < (12l g
and we had recently shown (4.1) that ||z||,. < |/ f||. We conclude that
12llq. = I

O

We arrive to the main result of this section, which tells us how to calculate the
essential norm of M, in terms of u. The result reads as follows.

Theorem 4.4. Let u € (*°. Then

[Myle = limsup |u,|.
n—00

Proof. Since u = {u, },en is a bounded sequence, define Ay := {1,2,3,..., N}
for each N € N and consider the sequence {un}nyen = {tunxay(n)}nen, that is,
un, = (ug,ug, ..., un;,0,0,0,...). Note that

i Junxay (n)] =0
by Theorem 3.2 the operator M, is a compact operator and
HMuHe < ”Mu - MuNH = HMu—uNH
Now, let x = {zy, }nen € p, such that x # 0. If n < N then
|(tn, — unp)Tn| = 0 < sup |ug||zk|.
keN

If n > N then

|(un = unn)n| = |ugl[zr] < sup fup||zg].

keN

In any case, we have

(U — unp)Tn| = |ug||7g| < sup ugl|z]
keN
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and u € {,,,uN € {p,%x € {,,, then (u —un)x € ¢,,,. Hence

|(Un — Uny) T Py < sup \ug|P|zefw, 5 n e Nw, >0.
S
1/p 0o 1/p
(Z | — UNp xn| wn) S (SUP |uk|p Z |xk|pwn>
keN =

| (0 —un) X”p,w < sup |uk|HX”p,w
keN

Moy ainy (%) [p o < sP [ [[ ][ -
keEN

So,
MU—’LL X w
8| = sup Ien Bl gy
x€Llp,w ||X||p,w keN
x#0
then
[Mulle < sup fug].
keN
Therefore
|| Mylle < limsup |uy,]|.
n—oo
Consider now the usual sequence e® = {ek }keN defined as
(n) 1if k=n
e = '
0if k#n
and also consider
- e(n)
e(l‘l) = —
e[

89

remember that e® € ¢, ,, le® |, = 1 and [[e™],., = wi'”. We are going to

show that
Tim 1K (€)= 0

where K : ¢, , — {,,, is a compact operator. Suppose the equation does not hold,

ie., lim, o ||K(e™)],. # 0 so there exists § > 0 and a subsequence {e®™m)},,

of {eM™}, ey such that
|lemm)||, ., > ¢ forall m e N.

Since K : ¢, — ¢, is compact and {e®™} is bounded in ¢, ., then we could

sup-

pose that {e(™m)}, -y is convergent in ¢, and therefore { K (e(®m))}, cy converge

to some element of ¢, ,, namely y € ¢, . Hence,

Tim || (e0) = |y = 0.
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Let us see that y = 0. By Theorem 4.2, it sufficient to show that f(z) = 0 for all
fe ). Let fe(l,,) then fo K € (¢,,)" and due to Riesz representation
Theorem for ¢, ,,, Theorem 4.3, there exists z € ¢,,,, where Il) + % = 1, such that

oo
X): E TE2pWE
k=1

for all x € ¢,,,. Particularly for e®m) € ¢, ,. So

e(nm)

f @) K nm) ‘ = ZrWk

He e[,
B ”e(nm)Hp,w

- |an‘w1 l/p - |an|w1/q

then
lim ‘foK(e(“m))’ < lim |z, |wM/9
m—0o0

n
m—00 m

and lim,, o0 |2n,, |wi{f = 0 since z € {,;,,. We conclude that

lim ’fo K (etm))| = 0.

m—00

Hence
T < [F(y) = o K@) + | o K (eTm)
< lly = K@)+ | 0 K (e
taking limits, we have
O I Ty = K (e0) |+ Tim|f o K (el
=1f-0+0

then |f(y)| = 0 and it is hold for all f € ({,,,), therefore y = 0. We conclude
that

Jim 1 (€®)|pr = 0.
Now, note that
1M, — K|

v

I Mu(e®) — K ()]

1M (™) e = 1K ()|
1
le™1lp..

= |l = 1K ()]

v

- e™ ] = 1K (™)
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Therefore, taking n — oo we have

My — K| > lim ||| — || K (€™)|lp0] > limsup |u,].
n—oo

n—oo

Since we take K : ¢, , — {,, compact arbitrary then

| My|le > lim sup |u,]. (4.3)

n—oo

By equations (4.2) and (4.3) we could finally conclude that

| Mylle = lim sup |u,|.
n—o0

5. CONCLUSIONS

In conclusion, we can highlight the great importance of the space ¢,,,, firstly,
as a generalization of the classical space ¢, and also as the discrete case of the
space L, . In this article, we have shown the characterizations of continuity, con-
tinuous inverse, finite range, compactness, and essential norm when considering
the multiplication operator defined on the space ¢, ,,. These results leave the door
open for the study of other properties such as closed range and Fredholm-type
properties. Furthermore, they pave the way for further studies, such as the vari-
able p case and other related sequence spaces (Lorentz sequence spaces or Banach
sequence spaces [5]).
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