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ELLIPTIC CURVES OVER THE RING F,[e], e® = ¢?

A. BOULBOT'*, A. CHILLALI' AND A. MOUHIB!

ABSTRACT. Let F, be a finite field of g elements, where ¢ is a power of a prime
number p greater than or equal to 5. In this paper, we study the elliptic curve
denoted E, ,(F,[e]) over the ring Fy[e] where €3 = e? and (a,b) € (Fyle])?. In
a first time, we we study the arithmetic of the ring F,[e],e? = 2. In addition,
using the Weierstrass equation, we define the elliptic curve E, ,(F,[e]). The
study of this elliptic curve helped us to define two elliptic curve over the fi-
nite field ;. We finish this paper by given a classification of the elements in
Bon(Fyle]):

1. INTRODUCTION

Let F, a finite field of order ¢ = p? where d is a positive integer and p > 5
is a prime number. In this paper, our objective is to study the elliptic curve
defined over the ring F,[X]/(X? — X?). In section 2, we define the quotient
ring F,le] := F [X]/(X? — X?) where ¢* = €% we study it’s arithmetic and we
established some useful results which are necessary for the rest of this paper. In
section 3, we define the elliptic curve over Fyle]; the study of it’s discriminant
and it’s Weierstrass equation, allows us to define two elliptic curves over the finite
field F, denoted Er(a)xo)(Fq) and Ex, (a)x @) (Fq) which are necessary to classify
the elements of E,;(F,[e]). m and m are respectively the canonical projection
and the sum projection of coordinates of X € IF [e] defined by:

o Fyle] — T, m : Fyle] o F

and
xo+ T1€ + l’262 — Xy To+ T + x262

q
— 1’0+ZE1+1’2 '

2. THE RING F[e], e® = €?

In this section, we follow the approach in [2] and [0]; F, is a finite field of
order ¢ = p? where d is a positive integer and p is a prime number. The ring
F,le],e* = € can be constructed as an extension of the ring F, by using the
quotient ring of F,[X] by the polynomial X® — X2 An element X € Fe] is
represented by X = xg + x1e + z2¢? where (19, 21, 79) € Fg.
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2.1. Arithmetic operations. The arithmetic operations in F,[e] can be decom-
posed into operations in F, and they are computed as follows:

X + Y = (1'0 + yo) —+ (ZL’l + yl)e + (IL‘Q + y2)62
and
XY = (zoyo) + (zoy1 + 190) € + (w2yo + (21 + 22)y1 + (To + 1 + T2)y2) €7,

where X = x¢ + x1e + 29€? and Y = yy + y1e + y2€2.
One can readily verify the following Lemmas:

Lemma 2.1. (F,[e],+,.) is a finite unitary commutative ring isomorphic to the
quotient ring F,[X]/(X?® — X?).

Lemma 2.2. F [e] is a vector space over F, of dimension 3 and {1,e,e*} is it’s
basis.

Proposition 2.3. The product law in F,le] can be written as:

XY = zoyo + oxve + (w0 + 21 + 22) (Yo + Y1 + Y2) — Toyo — Oxv) €%,
where dxy = (xo + 21)(Yo + Y1) — ToYo — T1Y1 = Toy1 + T1Yo-
Proof. We have:
(2o + @1 + 22) (Yo + Y1 + Y2)) —ToYo—Ixy = Tayo+ (21 + 22) y1+(2o + T1 + T2) Ya.

0
Corollary 2.4. Let X = x¢ + x1e + 29¢* € Fyle]. We have:
X? =af + 0x2e + ((zo + 21 + 29)? — (20 4 71)° + 7)€
and
X% =23 + dxse + (w0 + 21 + 22)° — (w0 + 21)° + 2§ + 32321) €2,

where: dx2> = (zo + 1)° — 22 — 22 and dxs = (xo + 1) — 28 — 23 — 3woa?.
The next proposition characterize the set (F,[e])”* of invertible elements in F,[e].

Proposition 2.5. Let X = x¢ + z1e + x2¢® € F,le]. X is invertible if and only
if vo and xo + 1 + x2 are invertible in F,. The inverse of X 1is given by:

X' =ay' —magPe+ ((mo+ o1 + 22) " 4 iz — 1) €.

Proof. Let X = zo+z1e+a2e and Y = yo+y1e+y26? be two elements of F[e]. We
have X.Y = xoyo + dxye + (o + x1 + 22) (Yo + 1 + ¥2) — Toyo — dxy) € where
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Oxy = Toy1 + x1Yyo. Then:
Toyo = 1
X.Y =1 if and only if Oxy =0
(o + =1 + 22) (Yo + y1 + ¥2) — Toyo — Oxy =0
Toyo = 1

if and only if ¢ xoy; + 21yo =0
(o + o1 +22) (Yo + 31 +y2) =1
Yo =g

if and only if Y1 = —x1$52 )
Yo = (SL’() -+ I —+ 5172)_1 -+ $1$62 — xgl

so X € (Fyle])* if and only if 2y # 0 and x + 21 + 22 # 0. In this case we have:
X 1= :1351 — :plxaQe + ((xo + o Fxy) Tt + x1x52 - mal) 2.
(]

Corollary 2.6. Let X € F[e], then X is not invertible if and only if X = re+ye?
or X =z +ye— (x+y)e* where (x,y) € F,.

Now, we consider the set / U J of non invertible elements in F[e] where I and J
are two ideals of IF,[e] defined by:

I:{:Be+y62| (:B,y)EIFg} andJ:{x+ye—($+y)62| (x,y)elﬁ‘g}.

We have I NJ = {xe —ze? | x € F,}, so I U J is not an ideal, then we have the
following Lemma:

Lemma 2.7. F [e] is a non local ring.
We complete this subsection by the Lemma:
Lemma 2.8. my and m; are two surjective morphisms of rings.

Proof. From the definition of the sum and product law in F[e], we have:

* (X +Y) = zo+yo = mo(X)+m(Y) and mo(X.Y) = .90 = mo(X).m0(Y),
so mp is a morphism of rings.

* (X +Y) =z0+yo+ o1 +y1 + 22+ ys = (2o + 21 +2) + (Yo + 91 +12) =
Wl(X)—i—ﬂ'l(Y) and 7T1(XY> = (SE(]—f—I'l +$2)(y0+y1 +y2) = 7T1(X).7T1(Y)7
so m; is a morphism of rings.

Finally, for all z € F, C F,[e], we have my(z) = m(2) = 2, so mp and m; are two
surjective morphisms. O

2.2. Costs of arithmetic operations. Let s,m and 7 denote the costs of ad-
dition, multiplication and inversion in F, respectively and let S, M and I denote
the costs of addition, multiplication and inversion in [F,[e] respectively. We have
S =35, M = 7s+4m and I = 4s + m + 37 where M is calculated by the
Proposition 2.3.
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3. ELLIPTIC CURVES OVER THE RING F[e], €® = €2

In this section the prime number p is greater than or equal to 5 and X,Y, Z, a
and b are elements of the ring F [e] fixed by X = zq+ z1e +22€%, Y = yo+ y1e+
Yo%, 7 = 20+ z1e + €%, a = ag + are + aze? and b = by + bie + bae?. We denoted
A= 4a® 4+ 270%, Ag := mo(A) and A; := m(A).

Definition 3.1. We define an elliptic curve over the ring F,[e], as a curve in
the projective space P?(F,[e]), which is given by the homogeneous equation of
degree 3, Y?Z = X3 + aXZ? + bZ3 where a and b such that the discriminant
A is invertible in Fy[e]. In this case we denote the elliptic curve over F le] by
E.»(F,le]) and we write:

E.p(Fle]) ={[X :Y : Z) e P*(F,le]) | Y*Z = X° + aX Z* + bZ*}.

Proposition 3.2. The discriminant A is invertible in Fyle] if and only if Ao and
Ay are invertible in F,.

Proof. We show easily that A = Ag+de+(A; — Ag — ) €* where § = 40,3 +270;2,
then from the Proposition 2.5 we deduce the result. (]

Corollary 3.3. If A is invertible in Fyle], then we can talk about the elliptic
curves Erja)row) (Fq) and Ex () x @) (Fq) defined over the finite field Fy by:

Ero@)mow) (Fq) = {[x cyz] € IP’Q(IFq) | 2 = 2° + aguz® + b023} and

Eri@m) F) = {lz:y:2] € PX(Fy) | v*z = 2° + (ap + a1 + az)xz® + (b + by + b))z} .

Proposition 3.4. [X : Y : Z] is a point of P? (F,[e]) if and only if [mi(X) : m(Y) : mi(Z)]
is a point of P? (F,), where i € {0,1}.

Proof. Suppose that [X : Y : Z] € P? (F,[e]), then there exist (U, V, W) € (F,[e])*
such that UX + VY + WZ = 1. Hence for i € {0,1}, we have: m;(U)m;(X) +
m(V)m(Y) +m(W)mi(Z) = 1, so (my(X), m(Y), m(Z)) # (0,0,0), which proves
that [m(X) : m(Y) : mi(2)] € P2(F,) .
Reciprocally, let [m(X) : m(Y) : m(Z)] € P?(F,) where i € {0,1}. Suppose
that xy # 0, then we distinguish between two case of xg + x1 + xa:
(a): zo+z1+x2 # 0 : then X is invertible in F[e], so [X : Y : Z] € P2 (F,[e]).
(b): xo+x1+22=0:then yo+y1 +y2 # 0 or 2o + 21 + 22 # 0.
(i) If yo + v1 + y2 # 0 then X + €2Y € (F,le])™, so there exist U € F[e]
such that UX + Ue*Y =1, hence [X : Y : Z] € P* (F,[e]).
(ii) If 20+ 21+22 # 0 then X +e2Z € (F,le])*,s0 [X : YV : Z] € P? (F,[e]).

In the case where yg # 0 or 2y # 0, we follow the same proof. O

Proposition 3.5. If the point [X : Y : Z] is a solution of the Weierstrass equa-
tion in Eqp (Fyle]) then [mi(X) : m(Y) : mi(Z)] where i € {0,1} is a solution of
the same equation in Er q)xe) (Fq).



ELLIPTIC CURVES OVER THE RING F[e],e® = ¢? 127

Proof. From the Proposition 2.3 and the Corollary 2.4, we have:
V2 =2+ y2e+ (Yo +y1 +92)° — ¥ — Oyz2) €
2% =23+ dpe+ (20 + 21 + 22)° — 28 — 02) €7
aX = apxo + daxe + ((ao + ay + a2)(xo + 1 + 2) — apxo — dax) €
7% =23+ 6me+ (20 + 21+ 20)° — 25 — 68 €2

2

then
Y?Z = yjz0 + Oy2ze + ((yo +y + y2)2 (20 + 21 + 22) — Y520 — 5Y22> e’
X3 =23 + 0xse + ((xg +x + x2)3 —zp - §Xs) e?
aXZ? = aoatozg + 04x z2€
+ ((ao + ay + az)(xo + x1 + 2) (20 + 21 + z2)2 — agTo2s — 5axz2) e?
bZ? = by + Spzse + ((bo + b1+ b2) (20 + 21 + z2)3 — bozy — 5bzs) e?
hence Y27 = X3 +aXZ% + 0273 if and only if
Yozo = To + agToza + bozi
Oy2z = 0x3 + Oaxz2 + Opz3
(o + 1+ 2)” (20 + 21+ 22) = (%0 + @1 + 22)° + (a0 + a1 + a9) (w0 + @1 + 72) (20 + 21 + 22)°
+ (bo + b1+ by) (20 + 21 + 22)°

which proves that for i € {0, 1}, [m;(X) : m(Y) : m;(Z)] is a solution of the Weier-
strass equation in Er, () s) (Fq). O

From the Propositions 3.2, 3.4 and 3.5, we deduce the theorem:

Theorem 3.6. Lets X,Y and Z in Fyle]. If [X:Y :Z] € E.p(Fle]) then
[7(X) :m(Y) : m(2)] € Ery(a)mp)(Fq) where i € {0,1}.

Corollary 3.7. Fori € {0,1}, the mapping 7; given by:

Eop(Fole]) == Er@mm)(Fo)
(X:Y:Z] — [m(X): mY): m(2)]

Y

1s well defined.

Proof. Let [X : Y : Z] € E,u(F,le]). From the previous theorem, we have
[’ﬂ'l(X) : WZ(Y) : WZ(Z)] € Eﬂ-i(a)’m(b)(Fq) where 7 € {0, 1}.
If[X:Y:Z]=[X":Y":Z'] then there exist U € (F,[e])™ such that: X' = UX,
Y'=UY and Z' = UZ, then:
(XY 7)) = [m(X)) : m (YY) mo(2))]
= [m(U)m(X) : m(U)m(Y) : m(U)mi(2)]

(-

-~

st (U) G]FZ

= [m(X) : m(Y) : m(2)] =, ([X:Y:Z]).
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4. CLASSIFICATION OF ELEMENTS IN E, ,(F,[e])

In this subsection we will classify the elements of the elliptic curve into three
types, depending on whether the third projective coordinate Z is invertible or
not. The result is in the following proposition.

Proposition 4.1. We classify the elements of E,(IF,[e]) into five sets given by:
Eop(Fyle]) = {[X : YV :1]| Y? = X*+aX +b}
U{lze+a'e® :1:ze+2e®] |[z+a' 1 1:2+2 € Exj(a)mm (Fo)}
U{lze+2'e® : 1+ye— (1+y)e’:ze+2'e’]| [z +2":0: 24 2] € Ex,(a),m)(Fq)}
U{lz+a’e—(z+a)e?:1: 242 e—(z+2) €] | [x:1:2] € Enya)mom) (Fo) }
U{lz+2’e—(z+2')e* rye+y'e®: 1+ze— (14+2)€e’] |y+y #0 and [2:0:1] € Ery(a)mom)(Fq)}-

Proof. Let P = [X : Y : Z] € E.u(F,[e]). We have three cases of the third
projective coordinate Z:
(1) If Z is invertible, then: [X : Y : Z] ~ [X : Y : 1].
(2) If Z = z1e + z5€? where (21, 23) € FZ, then mo ([X : Y : Z]) = [o : yo : 0],
so 1g = 0 and yy # 0, hence [X : Y : Z] = [z1e + 22€? : 1 + yre + yoe? :
z1e + ze?| and there are two sub-cases of y; + s € F,:
(a) y1 +ya # —1, then 1 + yye + yoe? is invertible in F,[e], so we have:
(X :Y : Z] ~ [vie+m9€® 1 1: 216+ 20€?], where [w1 415 1 11 21+ 2] €
Ery (a)m ) (Fg)-
(b) y1 + ya = —1, then 1 4+ y1e — (1 4+ 1) €* is not invertible in F,[e], so
we have: [X :Y : Z] = [z1e +22€® : 1 +yre — (1 +y1) €% : z1e + 2267
where (21 + 22 : 01 21 + 22| € Er (a),m ) (Fg)-
(3) If Z = 2z + 216 — (20 + 21) €% Where (2, 21) € F2, then m ([X : YV : Z]) =
[zo+x1+22 : Yo+y1+y2 : 0], 80 zo+x1+22 = 0 and yo+1y;1+y2 # 0, hence
(X 1Y : Z] = [wot+xie— (20 + 1) €% : yotyre+yae® : 2o+21e— (20 + 21) €7,
so we have two sub-cases of yy € [y :
(a) yo # 0, then yo + y1e + yo€? is invertible in Fyle], then: [X : Y :
Z) ~ [xo + e — (g+x1) e 1 1 1 29 + z1e — (20 + 21) €2] where
[CEO c1 ZQ] S Eﬂ.o(a)mo(b) (Fq)
(b) yo =0, then Y = yye+y2€? is not invertible in F[e], so we have: [X :
Y : Z) = [xo+ 16— (20 + 1) €% : Y1+ 126”1 20+ 216 — (20 + 21) €7,
where [zg : 0 : 2] € Erya)mm) (Fq), then necessary zp # 0 and
(XY :Z] = [vo+zie— (20 + 11) €* : yre+1y2e? : 1+ae—(1+ a) €],
where y; + 12 # 0 and [IO 10 1] € Eﬂo(a)ﬂro(b) (Fq)
Which proves the proposition. 0

From this proposition we deduce that:

Corollary 4.2. 7 is a surjective mapping.

Proof. Let [z :y : 2] € Er (a)m @) (Fy), then:

x If y £ 0 then [z :y: 2] ~ [z :1: 2] hence [xe? : 1: 2¢?] is an antecedent
of [x:1:2].
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xIfy=0then z#0and [z :y: 2] ~[z:0:1] hence [ze? : 1 —e? : €?] is
an antecedent of [z : 0 : 1].
hence [xe? : 1+ (y — 1) e?: z¢?] is an antecedent of [z : y : z]. O

5. CONCLUSION

In this work, we have given a classification of elements in the elliptic curves
Eqp(Fyle]) using the elliptic curves Erj(q)xo0) (Fq) and Er, ).« ) (Fq) defined over
the finite field F,. For the group law over E,;(F,le]) you can see the explicit
formulas in the article of [1], [pages : 236—238].

6. ACKNOWLEDGMENT

The authors would like to thank Sidi Mohamed Ben Abdellah Univercity
(USMBA), LSI and FP of Taza in MOROCCO for its valued support.

REFERENCES

1. W. Bosma and H.W. Lenstra; Complete System of Two Addition Laws for Elliptic Curves,
Journal of Number Theory, (1995).

2. A. Chillali; Elliptic Curves of the Ring F4le] , €™ = 0, International Mathematical Forum
(2011).

3. N. Koblitz; FElliptic curve cryptosystems, Math. Compute. 48 (1987) 203209.

4. H-W. Lenstra Elliptic Curves and Number-Theoretic Algorithms, Processing of the Inter-
national Congress of Mathematicians, Berkely, California,USA, (1986).

5. J.H. Silverman Advanced topics in the arithmetic of elliptic curves, Graduate Texts in
Mathematics, vol. 151, Springer, 1994.

6. M. Virat; Courbe elliptique sur un anneau et applications cryptographiques, PhD thesis,
Universite Nice-Sophia Antipolis, Nice, France (2009).

'DEPARTMENT OF MATHEMATICS, PHYSICS AND COMPUTING, LSI, FPT, Taza, Box
1223, UNIVERSITY S.M. BEN ABDELLAH FEZ, MOROCCO.

E-mail address: aziz.boulbot@usmba.ac.ma

FE-mail address: abdelhakim.chillali@usmba.ac.ma

E-mail address: ali.mouhib@usmba.ac.ma



	1. Introduction
	2. The ring Fq[e], e3=e2
	2.1. Arithmetic operations
	2.2. Costs of arithmetic operations

	3. Elliptic curves over the ring Fq[e],e3=e2 
	4. Classification of elements in Ea,b(Fq[e]) 
	5. Conclusion
	6. ACKNOWLEDGMENT
	References

