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APPLICATIONS OF m—FOLD—-p—VALENT SYMMETRIC
FUNCTIONS ASSOCIATED WITH A GENERALIZED
RIEMANN-LIOUVILLE FRACTIONAL INTEGRAL OPERATOR

ZAINAB E. ABDULNABY!* and RABHA W. IBRAHIM?

ABSTRACT. This work addresses a new definition of a fractional integral op-
erator that acts on functions which are m—fold—p—valent symmetric in the
unit disk. We provide examples of the considered geometric functions of the
m—fold—p—valent symmetric type. Also, using the Hadamard product, we
prove several results, including the fractional integral operator associated with
the well-known Fox-Wright function. Finally, some properties based on the
Briot-Bouquet differential subordination are investigated.

1. INTRODUCTION

When we discuss analytic functions, we use the term ”m-fold symmetry” to
describe functions that display a particular kind of rotational invariance in the
complex plane. If, for every z in its domain, the value of an analytic function
f(2) = f(e>™™z), m € N := {1,2,3,...} remains unchanged when the input z
is rotated by an angle of 27 /m radians, then it is said to have m-fold symmetry.
For example, f(z) = 2" is m—fold whenever x is a multiple of m. Another con-
cept in this investigation is a p—valent, also called a p—fold, analytic function
in complex analysis, which is a function that, when multiplicities are taken into
account, requires on each value exactly p times in a given domain where it is
analytic (holomorphic). These functions expand the idea of univalent functions
when the equation f(z) = u has exactly p elements of a domain & placed at
every specific value of the range, counting multiplicities. For each u in the range
of f, an analytic function f(z) generated on a domain ¥ C C is said to be
p—valent. Fractional integral operators of analytic functions offer a foundation
for exploring classical integral operators to non-integer orders, providing valuable
insights for theoretical and applied mathematics. Numerous areas of mathemat-
ics, including fractional calculus, complex dynamics, and the study of fractional
iterations of analytic functions, employ fractional integral operators of analytic
functions(see [1, 2, 4, 5, 7, 11, 19]). We will combine these concepts to study a
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class of analytic functions acting on the fractional integral operator. This pa-
per introduces a new fractional integral operator that includes functions of type
m—fold—p—valent symmetric in . For example, we present several prominent
geometric functions of the m—fold—p—valent symmetric correlated with this new
operator. Furthermore, we investigate the substances of this operator in various
geometric contexts, including its applications with the widely known Fox- Wright
function and the subordination of the Briot-Bouquet differential.

2. THE CLASS OF m—FOLD SYMMETRIC

Let the set of all functions defined analytically on the unit disk 2 = {z € C:
|z] < 1} symbolized by H(Z). And 7 indicates the subclass of H(Z) that has a
Taylor-Maclaurin series expansion as follows:

f(z) =2+ Zawzw, (z € 2) (2.1)

while . is said to be the subclass of &/ containing the univalent functions in &
and satisfying (2.1). Let Z(p), (p = 1,2,3,---) be the class of p-valent functions
in & satisfies the following structure:

f(z) =2+ Z Ay 2P (2.2)
w=1

where z € 2. A domain Z is said to be m-fold symmetric if a rotation of 2
about the origin through an angle 27/m, (m € N) carries Z on itself. For m € N,
a function f holomorphic in & is said to be m—fold symmetric if

f(ei(QTr/m)Z) _ ei(?ﬂ'/m)f(z)

this demonstrates that each function f € ., can be presented as

M)“m

Zm

9(z) = (™ = - (

which is univalent and maps the unit disk into a region with m—fold symmetry.
let ., denote the subclass of . whose functions are normalized defined by the
m—fold symmetric formula:

Xm(2) =24 tp12™ ', (2 € D) (2.3)

w=1

and represents the class of m—fold symmetric univalent functions in . Note
that the class . functions are 1—fold symmetric.
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1.5
1
0.5
Figure 1 illustrates the magnitude |x,,(z)| in &, where the coefficients are stated

as ap = 1, ap = 0.5, along with a3 = 0.25, etc. The sum has been simplified at
w = 3.

Fig. 1: Magnitude of x,,(z) in the Unit Disk

Example 2.1. For m > 1, let z € & and

B 1+ 2™
1 —zm

Tn(2) (2.4)

in the class .%,.

Proof. To prove that the function 7}, is univalent (one—to—one) in 2, we need
to prove that T,,(z1) = Ti(22) = 21 = 2. By assuming that there exist z; and
z9 € 9, such that

L+z 14z
L—2 11—z

After simplifying, we have
221" = 223" = 2" = 2y,

since m > 1, we get 2, = 2%/ ™ for some integer q. To ensure uniformity, we
check the derivative of the function 7}, using the quotient rule:

, mszl(l o Z2m)

R

since |z| < 1, we obtain |2™| < 1, which means 1 — 2™ > 0 and (1 — 2™)? > 0.
Also, for z # 0, we have mz™"' # 0. Then, the function {T},(z)} # 0 for each
z € 2\ {0}. Consequently, T;,(z) is a conformal map that is (one—to—one and
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analytic) in 2. Since,

BTy (2)} = { Lt Zm}

1—2zm
1 1—1—,2”‘+ 1+ 2™
211—2zm 1—2zm

1 1+zm+1+z_m
T2 \1l—zm  1—zm
1— 2"
= >0

11— zm|?

for |z| < 1 and T,,,(0) = 1. It is clear that T}, introduces a special case of the
Janowski function combined with symmetry m, as follows:

14+ 2™
To(z) =
(2) =1— o
=142 42" .
=1+4+2) ™ (2.5)
w=1
where z € 9. O

For p, m € N, let function y,, of the form:
Xm(2) = 22+ 2™, (2 € D) (2.6)
w=1

is said to be in the subclass .7, (p) of . (p) whose function is presented by m—fold
symmetric series, where .#(p) is the class of p—valent functions of the form (2.2).
This extension function in the class .7, (p) is widely studied by Koepf [3] and
Mishra and Choudhury [16]. The Hadamard product (or convolution) of two
functions belonging to the class .7,(p) is given by
(O * Bn) (2) = 2"+ ot bonaop2™ 7, (2 € D) (2.7)
w=1

where

hm(Z) =P+ Z bmw+pzmw+p € ym(p)

w=1

and X, is defined in (2.6).

3. FRACTIONAL INTEGRATION OPERATOR

This section investigates a new definition of a generalized fractional operator
specified by the integral form of functions defined in the class .7, (p) in 2. Moti-
vated by this new definition, we study some of its univalence properties and given
examples associated with related functions. Some applications involving special
functions in class .7, (p) are also considered.
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Definition 3.1. For 2z € Z, the new generalized fractional integral operator N7
of function x,, € Zn(p), is defined by:

Lo+ \(l+7) [7 ST\
Nj.’pXm< ) < —Hp >ZIT/O (1 — P S Xm(S)d(S)

T+1
(1>¢>0,7>—-1,p>1, m>1) (3.1)

_ (W)
where (§) = (19)!(/;—19)!-

Under the parameter’s conditions in Definition 3.1, the fractional integral opera-
tor N Xom(2) 1 Sm(p) = Fm(p), and the image of the power series

oo
Xm(2) = 2P + Z amwﬂzmww

w=1
have the following form
Mg +e+1) SN T +1)
N vu(2) = 2P + —FL T+l Uiz, (2 €D
X (2) F<T+1 +1) — p(%tijng 1) +p ( )
(3.2)
and
Noaxi(z) =2+ Z g1 2T
w=1

Remark 3.2. The fractional integral operator R;  fulfills the following recurrence
condition:

2R m(2) = (p+ (L +7))R Nm(2) — (L + TR xm(2).  (3.3)

3.1. Some Examples. The geometric investigation of univalent functions in & is
essential in comprehending complex analysis, mathematical physics, engineering
applications, and pure mathematical research. Their effects show deep outcomes
in function theory, conformal mapping, and affiliated fields. Here, we consider
studying the geometric behavior of a fractional integral operator N; | with several
m—fold—p—valent symmetric functions belonging to the class .7,,(p).

Example 3.3. For p, m > 1, let ¢, € Z,(p)

1/}771(2) — Zpezm
— Zp _I,_ zm+p + lz2m+p _I_ 123m+p _I._ iz4m+p + e
2 6 24
0 S maw+p
— P
z+z — (€9 (3.4)
we define
¢m( ): 2P 4 7—+1 Z mw+p me-i—p_ (35)
F(r+1 — I'( —l— ¢+ 1w!
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Proof. For z € 9, let the fractional integral operator N  define in (3.1) of func-
tion 1, given by (3.4) presented as

P T z 147\ s—1
RS () = <T+1p+ g)“;: ) /0 (1— ;T) sTYn(s)d(s).  (3.6)

T+1
By setting o = ji: in (3.6) so that z!*7do = (1 + 7)s7ds, hence we have
(25 +c+1) ! v
NS b (2) = —2t / 1— o) b, (2P0 )d(o 3.7
) = FE e (T o) 30

which is equivalent to

p

Ni,pwm@):m / (1= o) (Lo )d0).  (38)

Then by utilizing (3.4) in (3.8), we deduce that

N ptn(2) =gy oy | [ =0 ot + 30 0
m\Z) =————— — 0 2 g+t ag T g ,
TP B(-2; + 1,¢) \ o o= !
now applying the Beta function
' I'(#)l(c)
B(t,c) = 1 - o) do = = ——+ 3.9
R N (Rl (39
Therefore, the desired result in (3.5) is achieved. O
By following the same methods in proving Example 3.3, we have:
Example 3.4. For p, m>1and 0 < 2 <1, let Z,, € .},(p) given by
- 2P
Hm(z) - (1 o Zm)p/m
= P + £Zm+p + p(p + m)ZZerp 4 p<p+ 2m)(p+ m) 23m+p + ..
2m? 6m?
) 00 meer w—1 P
=z +Zl o ljo(a—i—n),(ze.@) (3.10)
we define
- 2+ N\ s(l+71) [7 ST\ .
RS Z,(2) = ( o ) L / -2 ) Eaesds) @)
T+1 0
and by applying (3.10) in (3.11), we obtain
mw—+p w—1 (P
(L +c+1) X T+ Do (—+">
NS E,(2) = 2P + (T“p )Z S M7 ,mesp (3.12)
F(7'_-H+1) p—t I'( p— +¢+1) w!
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Example 3.5. For p, m > 1 and 0 < %p <1, let Q,, € S,(p) defined by

Zp
nl2) = T myaorm
2p p(m+ 2p) 2p(m + p)(m + 2p)
— P L m+p 2m+p 3m+p
A mZ + —m2 z —+ 3 + ...
') w—1
Lmwtp 2
= 2P — , €9 3.13
S po(mm) (€ 2) (3.13)
we define
2+ \s(1+7) [F s\t .
RS0, (2) = ( i )ZT /0 =) s B
T7+1

and by involving (3.13) in (3.14), we get

2
mw-+p w—1 _p
F( F( T4+1 + ]‘) Hn:() (m + TL) ot

+§+1 -

T+1

(-2 Z F(mw+p+ +1) w
T+1 w=1 T+1 S

N> Q(z) = 2P +

(3.15)

3.2. Special function. Researchers continue to focus on the Foz- Wright func-

tion , ¥, and its geometrical characteristics within a unit disk 2 (see [13, 9, 12,
]). Studying some geometrical characteristics, such as convexity and starlike-

ness, requires an understanding of how to manipulate this function. The basic

definition of this function is expressed as follows:

For complex parameters

K1...Kn (%7&{0,1,2,..}; a; >0 foralli={1,...,n})

and

€1...Es (b_l
KA

In the following structure, the function is defined:

% £40,1,2,.): by >0 foralli = {1,...,s}).

2 (K1,a1), .. (“nvan } Z Hz 1 D(ki 4 aqw) 2" (3.16)

(1,01), .-+ (g5, HZ (e + byw) w!’

Based on the known asymptotic of the Euler Gamma function, which occurs
across the complex plane C, the series at the right-hand side of (3.16) converges

when

i=1
and (3.16) converges for every bounded |z| < cand |z] = cif 2 = —1, provided
that Z(d) > 1, (see [13] for further information) where

() () (555
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The series (3.16) is not a member of the class .27, as the definition above demon-
strates. The Fox-Wright function that we investigate has the following normal-
ization definition:

[T, T(ki + aw) 2t

(K1,a1), .y (Kn, an) [T, T(e
n\If{ (e1,b1), -, (€5, bs) |Z] [~ T(r ZH, T+ byw) wl (3.17)

Ifweseta; =---=a,=1and by =---=bs,=11n (3.17), then we get:

T(e T'(ki v
nFS Ri,...,Rn |Z Hz 1 ZH@ 1 R +w) (318)
E1,...,Es [T, T(x Hl Tlei+w) w!

where ,, F is the generalized hypergeometric function.

To study and discuss certain results related to the function (3.17), we used the
Hadamard product method. In what follows, the univalence behavior of the frac-
tional integral operator of a function defined in .#,,(p) will be considered.

Theorem 3.6. Let x,,(2) € ,(p) and

Om(2) = Xm(2) * Em(2)
where =,,(z) is given in (3.10). Then

0 = (w0 | (o T ETE L) @ ey a9

T+17 741

where

(LE), 1+, 5) _ (LE), A+ 75) | m
2‘1’1{ <1+§+_ﬂ+) |.](z)—2\111{ (1+§+F;T_T1) |z]

T+17 741
D +a+) i D(E +w)l (7P + 1)z
(D) ZT(2)r(2e 4o+ 1) (w)!

is the normalization Fox-Wright function.

Proof. Let ©,,(2) € Zu(p) given in (3.10) and the fractional integral operator
N, defined as

S H\s+7) (7 SN L
1,000 (7L ) [(1-50) 5 G (10

1

()R [ (-5) o (s e) o
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and when we apply (3.10) to (3.2), we have
D(25 +6+1) KT(E +w)l(2EE 4 1)

a
Ni @m(z) =P + T mw = ot e
» T(L+1) ; P +otl) (W)
D(2 +<c+1) i PG AT D Gty sy
PG +1) S TETEE +o+1) (W)
(1, 7). A+ =45, 285) | m
=20, { (1+¢+ ﬂlir)l 2" # Xm(2)-
T+17 7+1

OJ

Corollary 3.7. Upon setting p = 1 and m = 1 in (3.19), it can be observed that
N: O, (2) is an extension of the fractional integral operator derived by Ibrahim

[0]

1
1+§+1+—T71+—T

Also, for z € Z,let p=1,m =1 and 7 = 0 in (3.19), is an extension of the
Riemann-Liouvill fractional integral operator, which Srivastava and Owa [17, 1¥]
studied in the complex plane as

20 = (20 | G 8 ] 1)
with ¢ = 1, we present Libra operator, which was showed in [10], as
- ([

In fractional calculus, these operators are essential for studying the geometric
functions in complex planes.

Moreover, for z € Z,let p = 1,m = 1,7 = 0 and ¢ = 0 in (3.19), it showed
that NS ©,,(2) is a convex function denoted by ¢ and presented as follows:

a= ([ PG5V ] r)e

vi@ = ([ G ) B ) @ ce

and, we obtain

w0 = (on | B EY 1] )

which is the normalization Koebe function J# defined in Z.
Using the same techniques used for proving Theorem 3.6, we obtain:
Theorem 3.8. For z € 7, let x,,(2) € .7,(p) and
An(z) = Xm(2) * Qn(2)
where Q,,(2) is given in (3.13). Then

- (1’ 2p>7 (1 b ? )
PNS _ m T+17 741 .
2P AL (2) = (2\111 [ o+ L || * Xm | (2) (3.20)
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where

g, [ B30+ 2 m>|zm]_r<£1+<+1>i LR+ w)D(7EE + 1)
2¥1 =

(1+¢+ LT—H’ﬂH_)I (=2 +1) 2p mw+-p !
T TH T+ PTG + o+ D(w)!

w=0 T+1

is the normalized form of (3.17).

Corollary 3.9. Upon setting ¢,m,p =1 and 7 = 0 in (3.20), it can be observed
that

rer = (an | BB

R f) (2), (z € 9).

4. SUBORDINATION PROPERTIES

Differential subordination is a key technique in geometric function theory that
has been used by several scholars to produce very original results. The idea of
differential subordination was published by Miller and Mocanu ([15] and [11]).
Their goal was to apply the idea of inequality to the complex plane instead of
just the real numbers, which resulted in the theory of differential subordination.
Within the context of geometric function theory, differential subordination is in-
vestigated with particular attention to classes of functions defined in . The
rotational, reflectional, and inversional symmetries that the unit disk displays
help examine the geometric characteristics of functions in this symmetrical do-
main, such as convexity and starlikeness. This section presents a novel class of
functions defining in .#,,(p) associated with the fractional integral operator N .
The differential subordination technique defines our class.

Let f, ¢ be two analytic functions in H. We state that f is subordinate to ¢, if
there exists a schwarz function w, analytic in 2 with w(0) = 0 and |w(z)| < 1
such that f(z) = p(w(z)) for each z € Z. In such a case, we observe that f < ¢
or f(z) < ¢(2)(z € 2). If v is univalent in Z, then f(2) < ¢(2) < f(0) =
v(0) and f(2) C ¢(2).

To demonstrate the results we obtained in this section, the following lemma

will be needed:

Lemma 4.1. [11] Let Q be analytic and convex univalent function in 9 with
Q) =1, and A(2) =1 + quz" + qus12“ + -+ be analytic in 2. If
ﬁ/
h(z) + ZT@ < Q(z2), (d#0,2Z{d} >0) (4.1)
then
d 4
z) < e [ e, (4.2)
w 0
For any A and B such that —1 < B< A <1, we put
1+ Az
Q(A,B;2) = B (z € 9) (4.3)

and when —1 < B < 1, the well-known function in (??) is the conformal map of
the unit disk onto the disk symmetrical respect to the real axis having the center
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(1 —AB)(1 — B?)~! and radius (A — B)(1 — B*)~! and the boundary circle cuts
the real axis at the point (1 — A)(1 — B)~! and (1+ A)(1+ B)™'.

In this section, we will use the differential subordination technique to ob-
tain certain subordination properties of the fractional integral operator N;  of
m—fold—p—valent symmetric function.

Theorem 4.2. For -1 < B<A<land 0< A <1, let

o0
Xm(2) = 2P + Z o 2™ 7P

w=1

be a function of class .7, (p) (w > m; p,m € N ={1,2,3,...}), and let

Z Omuw ’ Amaw+p |S 1 (4'4)
w=1
where
o = L B4 D) 4 p+ muw(l - MITEEE + DT 4o+ 1) (45)
" (A=B)(s(t+ 1) +p))T (5 + (2L 4 ¢+ 1) -

(i)- If =1 < B <0, then

Ni;}Xm(z) +AN§',pX'm(Z) <
2P 2P

(1-4)

QA B; 2). (4.6)

(ii)- If -1 < B<0and A >0, then

NS X (2)\ s(r4+1)+p (' swiviw (1 — At 1/
W— - 7 - m(1—A)
‘%{( 59) e e L () e e

the result is sharp.

Proof. To prove (i), we let

Niglxm(z) LA Ni,pXm(Z>

zP P

A=(1-A)

and by applying (3.2), we have

© [o(T+ 1)+ p+ mw(l — A0t 4 DI(L ¢+ 1
A:1+Z[( ) P ( )] (T+1 mw+) (T+1 )amw+pzmw+1-
o (S(r+1)+p)(P(Z5 + DI(ZE2 + ¢ + 1)
(4.8)

For —1 < B< 0 and z € 2, it satisfies from (4.5) that
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A—-1
A — BA

g [S(T+1)+p+muw(1—A)|T (L2 4 1)T (2 +c+1) S

z
w=1 (s(T+1)+p)) T (L5 + DI (22 46 41) mw-+p

[s(r+1)+p+muw(1— AN (R DD +6+1)

a n meJrl
T4+ +p)T (5 + )T (ZEE 4 +1) a4

A-B+BY »

< 21?:1 Qmwlamw+p|
“1-B+ Bzz,ozl O | Ao 1|

which leads to

Ny, N> Xm
(1 - e Xnl@)  Nopxnle) oy gy
zP zP
Now to prove (ii), we set
N Xm(2)
h(z) = ———, (4.10)

where Y., € Zn(p), this leads to M(2) = 1 + ¢mwz™ + Guws12™ T + - -+ being
analytic in &. By utilizing (3.3) and (4.10), we obtain

Ng—l m(z ’
T Xm(2) B(z) + mzh (2). (4.11)

From (4.6), (4.10) and (4.11), then we have

zp

NIy (2) N Xm(2) 1—-A /
1— A2 AP =h ——h Q(A, B; 2).
(1= W)= 38 AT () e () < AL B 2)
(4.12)
Therefore, by using Lemma 4.1, we get
ST+ 1)+p _stinsr /Z sc+v+p 4 (14 As
m(1—A) m(1—A)
W) < =a—n . 1+ 8s)©
or
s(t+1)+p /1 scanie g (14 Atw(z)
az) = >——~2 & t mI-A) ——— | dt 4.1
G ==a=n 1+ Btw(z) (4.13)

where w(z) is analytic in 2 and w(0) = 0, we obtain |w(z)| < 1 for z € Z. Given
—1<B<A<I1,¢(r+1)>—pand from (4.13), we have

NS Xom(2) ST+ 1) 4+p [P s | (11— At
TP { ma=4) dt . (414
%{ 2P }> m(1—A) /0 (1—Bt>  (2€2). | )

Since Z (w'/*) > (%w)l/)‘ for Zw > 0 and A > 1, by applying (4.14) then
inequality (4.7) holds.
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Now, we want to prove the sharpness property, first, we take x,,(2) € Z,(p) and
define by

RopXm(2) _<(r+1)+p /1tW1 L+ Atemy
2P m(l—A) J, 1+ Btzm)

we get

R n(z) | Nenlz) 14 Asn
2P zP 1+ Bzm
and as z — /™, then we obtain
S 1
NS Xm(2) . o(r+1) +p/ gy (1— A\
2P m(l —A) J, 1— Bt
Consequently, the proof of Theorem 4.2 has been achieved. 0

(1-4)

Next, we derive the following result of partial sums:
4.1. Partial sums.

Theorem 4.3. For -1 < B<A<land 0<A <1, let

Xm(z) = 2P + Z Utp 2P € L(D), Umpo(z) = 2P
w=1
and its sequence of the partial sums
-1
Ung(2) = 22+ oy 2™V, (1> 1),
w=1

If the {omw} is non-decreasing sequence with
(L =B)[s(r+1) +p+ mw( - A)]

mw = >1 4.1
A-BG vy = G
where 9., is proven by (4.5) and satisfied the following condition
NS Xm
%{ui’x—(;)z)} > 0, (4.16)
m,l

The expression (4.16) is the best possible for [ € N.
Proof. To prove the bound in (4.16), we let
N vz
() = X (2)
U, (2)
By utilizing (3.2), we set
Ei}_:ll (Kmw — 1) @mupz™” + szo:l Ko @rmao4p 2™

-1
1+ Zw:1 A p2 ™

(Xm S ym(p);z € -@)

n(z) =1+ (4.17)

where

. :F(%?+1)F(TL;1+§+1)

P + DR + o+ 1)
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It is easily noted from (4.5) and (4.15) that g, > 1 and
A-B 1
(1=B)ls(r+1) +p+mw(l —A)
Hence, by using (4.4) and (4.18), we obtain
-] S s — Dltmsp=™ & 55 K12
M)+ 11 124 30 (Koo + D@motpz™ + 300 Koy G2 ™
Ziu_:ll (kmw — Dl @motp| + Doy Koo |G|

— 1— 00
2— Zw:ll (kmw + 1)‘amw+p‘ - Zw:l kmw’amw—i—p’
<1l (z€92) (4.19)

kmw =

which readily yields the inequality (4.16).
If we set xm(z) = 2P — 2™*P_ then
Xm(2)
U, (2)

where the bound of (4.20) is given by 1, for I > 1 and |z| < 1. This indicates
that for any [ > 1, the bound in (4.16) is the best possible.

=1-2" 30asz— 1" (4.20)

OJ

4.2. Special integral transform. Now, by utilizing the function x,, € .%,,.(p)
and € > —p, we consider defining the generalized Bernard-Livera-Livingston in-
tegral operator: .Z. , : S(p) — Lm(p) by:

Zep(Xm)(2) = L /0 7 Xm(s)ds

26

= (e +p) /Oz (Z)E (s)P~'ds + (e +p) f:amwﬂj /OZ (Z)E smMtPlds,

v (4.21)

by letting ¢ = 2 such that zdl = ds in (4.21), we obtain

1 00 1
on,p(Xm) (Z) = (E + p) {/ (u)ﬁerfl 2Pdu + Z amw+p/ (u)mw+e+p71 me-i—pdu}
0 0

w=1

and by recalling the definition of the beta function in (3.9), we give the generalized
Bernard-Livera-Livingston integral operator definition:

Zep(Xm)(2) = (zp +)° %zmﬂ) xxm(2), (2€92). (422

w=1

by taking m = 1 in (4.22), we obtain the original integral operator(see[3, 10, 18]).
Theorem 4.4. For -1 < B<A<land 0<A <1, let

o0
Xm(z) = 2P + Z Up 2P

w=1
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be a function of class .%,,(p) suppose that

> bl @l <1 (4.23)
w=1
where
; _1_B[e+p+mw(1—A)]r(%+lp+1)F(TL;1+<+1) (4.24)
"™ A=B  (e+p+ mw)(T(Z + DI(EAEL 4+ 1) '
(i)- If =1 < B <0, then
I m N "%&‘ m
(1 - ) eml®) | R Zenban) ) gy gy (4.25)

P zP

(ii)- If -1 < B<0and A > 1, then

1/ 1 1/
R N‘gl',p"g&p(xm) (2) S €E+p / tm(elt”A)—l 1— At dt
2P m(1—A) J, 1—-Bt

(4.26)

for z € 9, the result is sharp.
Proof. To prove (i), let

N;pXm(z) LA Ni,p%,p<Xm) (2)

zP P

A=(1-A)

from (3.2) and (4.22), we obtain

. [e+p+ mw(l— A)]F(%Jgp + 1)F(T%l +¢+1)

A=1+ o
Z (e+p+mu) (L + DI +o+1) ™7

mw—+1

Therefore we get the intended result by employing the same methods as in proving
Theorem 4.2 (i).
(i) From (4.22), we get

!

(€ + PIR; xm(2) = X5 xm(2) + 2 (R, 22 (xm) (2)) - (4.27)
Let
h(z) = Ni,piﬂs,zi)(m)(z)7 2 € 9. (4.28)

Then, based on (4.28), (4.27) and (4.25), we observe that

Repnl®) | R lan)) (=)

(1-=X) g jor P zh (2) < Q(A, B; z).

Thus, we obtain (4.26), which proves Theorem 4.4, by applying the same method
as in the proof of Theorem 4.2 (ii). O
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5. CONCLUSION

We investigated the set of analytic functions with m—fold—p—valent symme-
try characteristics in the unit disk and defined a new fractional integral operator.
Several geometric characteristics of this operator are demonstrated. Furthermore,
using differential subordination, the behavior of the fractional integral operator
in the unit disk is described.
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