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APPLICATIONS OF m−FOLD−p−VALENT SYMMETRIC
FUNCTIONS ASSOCIATED WITH A GENERALIZED

RIEMANN−LIOUVILLE FRACTIONAL INTEGRAL OPERATOR

ZAINAB E. ABDULNABY1∗ and RABHA W. IBRAHIM2

Abstract. This work addresses a new definition of a fractional integral op-
erator that acts on functions which are m−fold−p−valent symmetric in the
unit disk. We provide examples of the considered geometric functions of the
m−fold−p−valent symmetric type. Also, using the Hadamard product, we
prove several results, including the fractional integral operator associated with
the well-known Fox-Wright function. Finally, some properties based on the
Briot-Bouquet differential subordination are investigated.

1. Introduction

When we discuss analytic functions, we use the term ”m-fold symmetry” to
describe functions that display a particular kind of rotational invariance in the
complex plane. If, for every z in its domain, the value of an analytic function
f(z) = f(e2πi/mz), m ∈ N := {1, 2, 3, ...} remains unchanged when the input z
is rotated by an angle of 2π/m radians, then it is said to have m-fold symmetry.
For example, f(z) = zκ is m−fold whenever κ is a multiple of m. Another con-
cept in this investigation is a p−valent, also called a p−fold, analytic function
in complex analysis, which is a function that, when multiplicities are taken into
account, requires on each value exactly p times in a given domain where it is
analytic (holomorphic). These functions expand the idea of univalent functions
when the equation f(z) = u has exactly p elements of a domain D placed at
every specific value of the range, counting multiplicities. For each u in the range
of f , an analytic function f(z) generated on a domain D ⊂ C is said to be
p−valent. Fractional integral operators of analytic functions offer a foundation
for exploring classical integral operators to non-integer orders, providing valuable
insights for theoretical and applied mathematics. Numerous areas of mathemat-
ics, including fractional calculus, complex dynamics, and the study of fractional
iterations of analytic functions, employ fractional integral operators of analytic
functions(see [1, 2, 4, 5, 7, 11, 19]). We will combine these concepts to study a
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class of analytic functions acting on the fractional integral operator. This pa-
per introduces a new fractional integral operator that includes functions of type
m−fold−p−valent symmetric in D . For example, we present several prominent
geometric functions of the m−fold−p−valent symmetric correlated with this new
operator. Furthermore, we investigate the substances of this operator in various
geometric contexts, including its applications with the widely known Fox-Wright
function and the subordination of the Briot-Bouquet differential.

2. The class of m−fold symmetric

Let the set of all functions defined analytically on the unit disk D = {z ∈ C :
|z| < 1} symbolized by H (D). And A indicates the subclass of H (D) that has a
Taylor-Maclaurin series expansion as follows:

f(z) = z +
∞∑
w=2

awz
w, (z ∈ D) (2.1)

while S is said to be the subclass of A containing the univalent functions in D
and satisfying (2.1). Let S (p), (p = 1, 2, 3, · · · ) be the class of p-valent functions
in D satisfies the following structure:

f(z) = zp +
∞∑
w=1

aw+pz
w+p (2.2)

where z ∈ D . A domain D is said to be m-fold symmetric if a rotation of D
about the origin through an angle 2π/m, (m ∈ N) carries D on itself. For m ∈ N,
a function f holomorphic in D is said to be m−fold symmetric if

f(ei(2π/m)z) = ei(2π/m)f(z)

this demonstrates that each function f ∈ S , can be presented as

g(z) = [f(zm)]1/m = z

(
f(zm)

zm

)1/m

which is univalent and maps the unit disk into a region with m−fold symmetry.
let Sm denote the subclass of S whose functions are normalized defined by the
m−fold symmetric formula:

χm(z) = z +
∞∑
w=1

amw+1z
mw+1, (z ∈ D) (2.3)

and represents the class of m−fold symmetric univalent functions in D . Note
that the class S functions are 1−fold symmetric.
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Fig. 1: Magnitude of χm(z) in the Unit Disk
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Figure 1 illustrates the magnitude |χm(z)| in D , where the coefficients are stated
as a1 = 1, a2 = 0.5, along with a3 = 0.25, etc. The sum has been simplified at
w = 3.

Example 2.1. For m ≥ 1, let z ∈ D and

Tm(z) =
1 + zm

1− zm
(2.4)

in the class Sm.

Proof. To prove that the function Tm is univalent (one−to−one) in D , we need
to prove that Tm(z1) = Tm(z2) ⇒ z1 = z2. By assuming that there exist z1 and
z2 ∈ D , such that

1 + zm1
1− zm1

=
1 + zm2
1− zm2

.

After simplifying, we have

2zm1 = 2zm2 ⇒ zm1 = zm2 ,

since m ≥ 1, we get z1 = z2e
i(2qπ/m), for some integer q. To ensure uniformity, we

check the derivative of the function Tm using the quotient rule:

{Tm(z)}
′
=

mzm−1(1− z2m)

(1− zm)2
,

since |z| < 1, we obtain |zm| < 1, which means 1 − z2m > 0 and (1 − zm)2 > 0.

Also, for z 6= 0, we have mzm−1 6= 0. Then, the function {Tm(z)}
′
6= 0 for each

z ∈ D \ {0}. Consequently, Tm(z) is a conformal map that is (one−to−one and
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analytic) in D . Since,

R{Tm(z)} =R

{
1 + zm

1− zm

}
=

1

2

[
1 + zm

1− zm
+

(
1 + zm

1− zm

)]

=
1

2

(
1 + zm

1− zm
+

1 + zm

1− zm

)
=

1− |zm|2

|1− zm|2
> 0

for |z| < 1 and Tm(0) = 1. It is clear that Tm introduces a special case of the
Janowski function combined with symmetry m, as follows:

Tm(z) :=
1 + zm

1− zm
=1 + 2zm + 2z2m + ....

=1 + 2
∞∑
w=1

zmw (2.5)

where z ∈ D . �

For p,m ∈ N, let function χm of the form:

χm(z) = zp +
∞∑
w=1

amw+pz
mw+p, (z ∈ D) (2.6)

is said to be in the subclass Sm(p) of S (p) whose function is presented by m−fold
symmetric series, where S (p) is the class of p−valent functions of the form (2.2).
This extension function in the class Sm(p) is widely studied by Koepf [8] and
Mishra and Choudhury [16]. The Hadamard product (or convolution) of two
functions belonging to the class Sm(p) is given by

(χm ∗ ~m) (z) = zp +
∞∑
w=1

amw+pbmw+pz
mw+p, (z ∈ D) (2.7)

where

~m(z) = zp +
∞∑
w=1

bmw+pz
mw+p ∈ Sm(p)

and χm is defined in (2.6).

3. Fractional integration operator

This section investigates a new definition of a generalized fractional operator
specified by the integral form of functions defined in the class Sm(p) in D . Moti-
vated by this new definition, we study some of its univalence properties and given
examples associated with related functions. Some applications involving special
functions in class Sm(p) are also considered.



264 ZAINAB E. ABDULNABY, RABHA W. IBRAHIM

Definition 3.1. For z ∈ D , the new generalized fractional integral operator ℵς,τp
of function χm ∈ Sm(p), is defined by:

ℵςτ,pχm(z) =

( p
τ+1

+ ς
p

τ+1

)
ς(1 + τ)

z1+τ

∫ z

0

(
1− s1+τ

z1+τ

)ς−1

sτχm(s)d(s)

(1 > ς ≥ 0, τ > −1, p ≥ 1, m ≥ 1) (3.1)

where
(
µ
ϑ

)
= (µ)!

(ϑ)!(µ−ϑ)!
.

Under the parameter’s conditions in Definition 3.1, the fractional integral opera-
tor ℵςτ,pχm(z) : Sm(p)→ Sm(p), and the image of the power series

χm(z) = zp +
∞∑
w=1

amw+pz
mw+p

have the following form

ℵςτ,pχm(z) = zp +
Γ( p

τ+1
+ ς + 1)

Γ( p
τ+1

+ 1)

∞∑
w=1

Γ(mw+p
τ+1

+ 1)

Γ(mw+p
τ+1

+ ς + 1)
amw+pz

mw+p, (z ∈ D)

(3.2)

and

ℵ0
0,1χ1(z) = z +

∞∑
w=1

aw+1z
w+1.

Remark 3.2. The fractional integral operator ℵςτ,p fulfills the following recurrence
condition:

z(ℵςτ,pχm(z))
′
=
(
p+ ς(1 + τ)

)
ℵς−1
τ,p χm(z)− ς(1 + τ)ℵςτ,pχm(z). (3.3)

3.1. Some Examples. The geometric investigation of univalent functions in D is
essential in comprehending complex analysis, mathematical physics, engineering
applications, and pure mathematical research. Their effects show deep outcomes
in function theory, conformal mapping, and affiliated fields. Here, we consider
studying the geometric behavior of a fractional integral operator ℵςτ,p with several
m−fold−p−valent symmetric functions belonging to the class Sm(p).

Example 3.3. For p, m ≥ 1, let ψm ∈ Sm(p)

ψm(z) = zpez
m

= zp + zm+p +
1

2
z2m+p +

1

6
z3m+p +

1

24
z4m+p + · · ·

= zp +
∞∑
w=1

zmw+p

w!
, (z ∈ D) (3.4)

we define

ℵςτ,pψm(z) = zp +
Γ( p

τ+1
+ ς + 1)

Γ( p
τ+1

+ 1)

∞∑
w=1

Γ(mw+p
τ+1

+ 1)

Γ(mw+p
τ+1

+ ς + 1)w!
zmw+p. (3.5)
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Proof. For z ∈ D , let the fractional integral operator ℵςτ,p define in (3.1) of func-
tion ψm given by (3.4) presented as

ℵςτ,pψm(z) =

( p
τ+1

+ ς
p

τ+1

)
ς(1 + τ)

z1+τ

∫ z

0

(
1− s1+τ

z1+τ

)ς−1

sτψm(s)d(s). (3.6)

By setting σ = s1+τ

z1+τ in (3.6) so that z1+τdσ = (1 + τ)sτds, hence we have

ℵςτ,pψm(z) =
Γ( p

τ+1
+ ς + 1)

Γ( p
τ+1

+ 1)Γ(ς)

∫ 1

0

(1− σ)ς−1 ψm(zpσ
p

1+τ )d(σ) (3.7)

which is equivalent to

ℵςτ,pψm(z) =
1

B( p
τ+1

+ 1, ς)

∫ 1

0

(1− σ)ς−1 ψm(zpσ
p

1+τ )d(σ). (3.8)

Then by utilizing (3.4) in (3.8), we deduce that

ℵςτ,pψm(z) =
1

B( p
τ+1

+ 1, ς)

(∫ 1

0

(1− σ)ς−1

[
zpσ

p
1+τ +

∞∑
w=1

zmw+p

w!
σ

mw+p
1+τ

]
d(σ)

)
,

now applying the Beta function

B(t, c) =

∫ 1

0

%t−1(1− %)c−1d% =
Γ(t)Γ(c)

Γ(t+ c)
. (3.9)

Therefore, the desired result in (3.5) is achieved. �

By following the same methods in proving Example 3.3, we have:

Example 3.4. For p, m ≥ 1 and 0 < p
m
< 1, let Ξm ∈ Sm(p) given by

Ξm(z) =
zp

(1− zm)p/m

= zp +
p

m
zm+p +

p(p+ m)

2m2
z2m+p +

p(p+ 2m)(p+ m)

6m3
z3m+p + ...

= zp +
∞∑
w=1

zmw+p

w!

w−1∏
n=0

( p
m

+ n
)
, (z ∈ D) (3.10)

we define

ℵςτ,pΞm(z) =

( p
τ+1

+ ς
p

τ+1

)
ς(1 + τ)

z1+τ

∫ z

0

(
1− s1+τ

z1+τ

)ς−1

Ξm(s)sτd(s) (3.11)

and by applying (3.10) in (3.11), we obtain

ℵςτ,pΞm(z) = zp +
Γ( p

τ+1
+ ς + 1)

Γ( p
τ+1

+ 1)

∞∑
w=1

Γ(mw+p
τ+1

+ 1)
∏w−1

n=0

( p
m

+ n
)

Γ(mw+p
τ+1

+ ς + 1) w!
zmw+p. (3.12)
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Example 3.5. For p, m ≥ 1 and 0 < 2p
m
< 1, let Ωm ∈ Sm(p) defined by

Ωm(z) =
zp

(1− zm)2p/m

= zp +
2p

m
zm+p +

p(m + 2p)

m2
z2m+p +

2p(m + p)(m + 2p)

3m3
z3m+p + ...

= zp +
∞∑
w=1

zmw+p

w!

w−1∏
n=0

(
2p

m
+ n

)
, (z ∈ D) (3.13)

we define

ℵςτ,pΩm(z) =

( p
τ+1

+ ς
p

τ+1

)
ς(1 + τ)

z1+τ

∫ z

0

(
1− s1+τ

z1+τ

)ς−1

sτΩm(s)d(s) (3.14)

and by involving (3.13) in (3.14), we get

ℵςτ,pΩm(z) = zp +
Γ( p

τ+1
+ ς + 1)

Γ( p
τ+1

+ 1)

∞∑
w=1

Γ(mw+p
τ+1

+ 1)
∏w−1

n=0

(
2p

m
+ n

)
Γ(mw+p

τ+1
+ ς + 1) w!

zmw+p.

(3.15)

3.2. Special function. Researchers continue to focus on the Fox-Wright func-
tion nΨs and its geometrical characteristics within a unit disk D (see [13, 9, 12,
20]). Studying some geometrical characteristics, such as convexity and starlike-
ness, requires an understanding of how to manipulate this function. The basic
definition of this function is expressed as follows:
For complex parameters

κ1 . . . κn (
κi
ai
6= {0, 1, 2, ..}; ai > 0 for all i = {1, . . . , n})

and

ε1 . . . εs (
εi
bi
6= {0, 1, 2, ..}; bi > 0 for all i = {1, . . . , s}).

In the following structure, the function is defined:

nΨs

[
(κ1, a1), . . . , (κn, an)
(ε1, b1), . . . , (εs, bs)

|z
]

=
∞∑
w=0

∏n
i=1 Γ(κi + aiw)∏s
i=1 Γ(εi + biw)

zw

w!
. (3.16)

Based on the known asymptotic of the Euler Gamma function, which occurs
across the complex plane C, the series at the right-hand side of (3.16) converges
when

W =
s∑
i=1

bi −
n∑
i=1

ai > −1

and (3.16) converges for every bounded |z| < c and |z| = c if W = −1, provided
that R(d) > 1

2
, (see [13] for further information) where

c :=

(
n∏
i=1

a−aii

)
×

(
s∏
i=1

bbii

)
, d :=

(
s∑
i=1

εi −
n∑
i=1

κi

)
+

(
n− s

2

)
.
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The series (3.16) is not a member of the class A , as the definition above demon-
strates. The Fox-Wright function that we investigate has the following normal-
ization definition:

nΨs

[
(κ1, a1), . . . , (κn, an)
(ε1, b1), . . . , (εs, bs)

|z
]

=

∏s
i=1 Γ(εi)∏n
i=1 Γ(κi)

∞∑
w=0

∏n
i=1 Γ(κi + aiw)∏s
i=1 Γ(εi + biw)

zw+1

w!
. (3.17)

If we set a1 = · · · = an = 1 and b1 = · · · = bs = 1 in (3.17), then we get:

nFs

[
κ1, . . . , κn
ε1, . . . , εs

|z
]

=

∏s
i=1 Γ(εi)∏n
i=1 Γ(κi)

∞∑
w=0

∏n
i=1 Γ(κi + w)∏s
i=1 Γ(εi + w)

zw+1

w!
(3.18)

where nFs is the generalized hypergeometric function.

To study and discuss certain results related to the function (3.17), we used the
Hadamard product method. In what follows, the univalence behavior of the frac-
tional integral operator of a function defined in Sm(p) will be considered.

Theorem 3.6. Let χm(z) ∈ Sm(p) and

Θm(z) = χm(z) ∗ Ξm(z)

where Ξm(z) is given in (3.10). Then

z−pℵςτ,pΘm(z) =

(
2Ψ1

[
(1, p

m
), (1 + p

τ+1
, m
τ+1

)
(1 + ς + p

τ+1
, m
τ+1

)
|·
]
∗ χm

)
(z), (z ∈ D) (3.19)

where

2Ψ1

[
(1, p

m
), (1 + p

τ+1
, m
τ+1

)
(1 + ς + p

τ+1
, m
τ+1

)
| .
]
(z) = 2Ψ1

[
(1, p

m
), (1 + p

τ+1
, m
τ+1

)
(1 + ς + p

τ+1
, m
τ+1

)
| zm

]
=

Γ( p
τ+1

+ ς + 1)

Γ( p
τ+1

+ 1)

∞∑
w=0

Γ( p
m

+ w)Γ(mw+p
τ+1

+ 1)zm

Γ( p
m

)Γ(mw+p
τ+1

+ ς + 1)(w)!
,

is the normalization Fox-Wright function.

Proof. Let Θm(z) ∈ Sm(p) given in (3.10) and the fractional integral operator
ℵςτ,p defined as

ℵςτ,pΘm(z) =

( p
τ+1

+ ς
p

τ+1

)
ς(1 + τ)

z1+τ

∫ z

0

(
1− s1+τ

z1+τ

)ς−1

sτ (Ξm ∗ χm) (s)d(s)

=

( p
τ+1

+ ς
p

τ+1

)
ς(1 + τ)

z1+τ

∫ z

0

(
1− s1+τ

z1+τ

)ς−1

sτ
(

sp

(1− sm)
p
m

∗ χm(s)

)
d(s)
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and when we apply (3.10) to (3.2), we have

ℵςτ,pΘm(z) =zp +
Γ( p

τ+1
+ ς + 1)

Γ( p
τ+1

+ 1)

∞∑
w=1

Γ( p
m

+ w)Γ(mw+p
τ+1

+ 1)

Γ(mw+p
τ+1

+ ς + 1)

amw+p

(w)!
zmw+p

=
Γ( p

τ+1
+ ς + 1)

Γ( p
τ+1

+ 1)

∞∑
w=0

Γ( p
m

+ w)Γ(mw+p
τ+1

+ 1)

Γ( p
m

)Γ(mw+p
τ+1

+ ς + 1)

amw+p

(w)!
zmw+p

=zp2Ψ1

[
(1, p

m
), (1 + p

τ+1
, m
τ+1

)
(1 + ς + p

τ+1
, m
τ+1

)
|zm
]
∗ χm(z).

�

Corollary 3.7. Upon setting p = 1 and m = 1 in (3.19), it can be observed that
ℵςτ,pΘm(z) is an extension of the fractional integral operator derived by Ibrahim
[6]

V ς
z f(z) =

(
2Ψ1

[
(1, 1), (1 + 1

1+τ
, 1

1+τ
)

(1 + ς + 1
1+τ

, 1
1+τ

))
|z
]
∗ f
)

(z), (z ∈ D).

Also, for z ∈ D , let p = 1,m = 1 and τ = 0 in (3.19), is an extension of the
Riemann-Liouvill fractional integral operator, which Srivastava and Owa [17, 18]
studied in the complex plane as

I ς
z f(z) =

(
2Ψ1

[
(1, 1), (2, 1)
(2 + ς, 1)

|z
]
∗ f
)

(z)

with ς = 1, we present Libra operator, which was showed in [10], as

L f(z) =

(
2Ψ1

[
(1, 1), (2, 1)

(3, 1)
|z
]
∗ f
)

(z).

In fractional calculus, these operators are essential for studying the geometric
functions in complex planes.

Moreover, for z ∈ D , let p = 1,m = 1, τ = 0 and ς = 0 in (3.19), it showed
that ℵςτ,pΘm(z) is a convex function denoted by C and presented as follows:

C (z) =

(
2Ψ1

[
(1, 1), (2, 1)

(2, 1)
|z
]
∗ f
)

(z)

and, we obtain

K (z) =

(
2Ψ1

[
(1, 1), (2, 1)

(2, 1)
|z
]
∗ z(f)

′
)

(z)

which is the normalization Koebe function K defined in D .

Using the same techniques used for proving Theorem 3.6, we obtain:

Theorem 3.8. For z ∈ D , let χm(z) ∈ Sm(p) and

Λm(z) = χm(z) ∗ Ωm(z)

where Ωm(z) is given in (3.13). Then

z−pℵςτ,pΛm(z) =

(
2Ψ1

[
(1, 2p

m
), (1 + p

τ+1
, m
τ+1

)
(1 + ς + p

τ+1
, m
τ+1

)
|·
]
∗ χm

)
(z) (3.20)
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where

2Ψ1

[
(1, 2p

m ), (1 + 2p
τ+1 ,

m
τ+1)

(1 + ς + p
τ+1 ,

m
τ+1)

|zm
]

=
Γ( p

τ+1 + ς + 1)

Γ( p
τ+1 + 1)

∞∑
w=0

Γ(2p
m + w)Γ(mw+p

τ+1 + 1)zm

Γ( 2p
τ+1)Γ(mw+p

τ+1 + ς + 1)(w)!

is the normalized form of (3.17).

Corollary 3.9. Upon setting ς,m, p = 1 and τ = 0 in (3.20), it can be observed
that

V ς
z f(z) =

(
2Ψ1

[
(2, 1), (2, 1)

(3, 1)
|z
]
∗ f
)

(z), (z ∈ D).

4. Subordination properties

Differential subordination is a key technique in geometric function theory that
has been used by several scholars to produce very original results. The idea of
differential subordination was published by Miller and Mocanu ([15] and [14]).
Their goal was to apply the idea of inequality to the complex plane instead of
just the real numbers, which resulted in the theory of differential subordination.
Within the context of geometric function theory, differential subordination is in-
vestigated with particular attention to classes of functions defined in D . The
rotational, reflectional, and inversional symmetries that the unit disk displays
help examine the geometric characteristics of functions in this symmetrical do-
main, such as convexity and starlikeness. This section presents a novel class of
functions defining in Sm(p) associated with the fractional integral operator ℵςτ,p.
The differential subordination technique defines our class.

Let f, ϕ be two analytic functions in H . We state that f is subordinate to ϕ, if
there exists a schwarz function ω, analytic in D with ω(0) = 0 and |ω(z)| < 1
such that f(z) = ϕ(ω(z)) for each z ∈ D . In such a case, we observe that f ≺ ϕ
or f(z) ≺ ϕ(z)(z ∈ D). If ϕ is univalent in D , then f(z) ≺ ϕ(z) ⇔ f(0) =
ϕ(0) and f(D) ⊂ ϕ(D).

To demonstrate the results we obtained in this section, the following lemma
will be needed:

Lemma 4.1. [14] Let Ω be analytic and convex univalent function in D with
Ω(0) = 1, and }(z) = 1 + qwz

w + qw+1z
w+1 + · · · be analytic in D . If

}(z) +
z}′(z)

d
≺ Ω(z), (d 6= 0,R {d} ≥ 0) (4.1)

then

}(z) ≺ d

w
z−d/w

∫ z

0

`d/w−1Ω(`)d(`). (4.2)

For any A and B such that −1 ≤ B < A ≤ 1, we put

Ω(A,B; z) =
1 + Az

1 + Bz
, (z ∈ D) (4.3)

and when −1 ≤ B ≤ 1, the well-known function in (??) is the conformal map of
the unit disk onto the disk symmetrical respect to the real axis having the center



270 ZAINAB E. ABDULNABY, RABHA W. IBRAHIM

(1− AB)(1− B2)−1 and radius (A− B)(1− B2)−1 and the boundary circle cuts
the real axis at the point (1− A)(1−B)−1 and (1 + A)(1 +B)−1.

In this section, we will use the differential subordination technique to ob-
tain certain subordination properties of the fractional integral operator ℵςτ,p of
m−fold−p−valent symmetric function.

Theorem 4.2. For −1 ≤ B < A ≤ 1 and 0 < Λ < 1, let

χm(z) = zp +
∞∑
w=1

amw+p z
mw+p

be a function of class Sm(p) (w ≥ m; p,m ∈ N = {1, 2, 3, ...}), and let

∞∑
w=1

%mw | amw+p |≤ 1 (4.4)

where

%mw =
(1− B)[ς(τ + 1) + p+ mw(1− Λ)]Γ(mw+p

τ+1
+ 1)Γ( p

τ+1
+ ς + 1)

(A− B)(ς(τ + 1) + p))Γ( p
τ+1

+ 1)Γ(mw+p
τ+1

+ ς + 1)
. (4.5)

(i)- If −1 ≤ B < 0, then

(1− Λ)
ℵς−1
τ,p χm(z)

zp
+ Λ
ℵςτ,pχm(z)

zp
≺ Ω(A,B; z). (4.6)

(ii)- If −1 ≤ B < 0 and λ ≥ 0, then

R

{(ℵςτ,pχm(z)

zp

)1/λ
}
>

{
ς(τ + 1) + p

m(1− Λ)

∫ 1

0

t
ς(τ+1)+p
m(1−Λ)

−1

(
1− At

1− Bt

)
dt

}1/λ

(4.7)

the result is sharp.

Proof. To prove (i), we let

∆ = (1− Λ)
ℵς−1
τ,p χm(z)

zp
+ Λ
ℵςτ,pχm(z)

zp

and by applying (3.2), we have

∆ = 1 +
∞∑
w=1

[ς(τ + 1) + p+ mw(1− Λ)]Γ(mw+p
τ+1

+ 1)Γ( p
τ+1

+ ς + 1)

(ς(τ + 1) + p)(Γ( p
τ+1

+ 1)Γ(mw+p
τ+1

+ ς + 1)
amw+pz

mw+1.

(4.8)

For −1 ≤ B < 0 and z ∈ D , it satisfies from (4.5) that
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∣∣∣∣ ∆− 1

A− B∆

∣∣∣∣
=

∣∣∣∣∣∣∣
∑∞

w=1

[ς(τ+1)+p+mw(1−Λ)]Γ(mw+p
τ+1

+1)Γ( p
τ+1

+ς+1)

(ς(τ+1)+p))Γ( p
τ+1

+1)Γ(mw+p
τ+1

+ς+1)
amw+pz

mw+1

A− B + B
∑∞

w=1

[ς(τ+1)+p+mw(1−Λ)]Γ(mw+p
τ+1

+1)Γ( p
τ+1

+ς+1)

(ς(τ+1)+p))Γ( p
τ+1

+1)Γ(mw+p
τ+1

+ς+1)
amw+pzmw+1

∣∣∣∣∣∣∣
≤

∑∞
w=1 %mw|amw+p|

1− B + B
∑∞

w=1 %mw|amw+p|
≤1, (4.9)

which leads to

(1− Λ)
ℵς−1
τ,p χm(z)

zp
+ Λ
ℵςτ,pχm(z)

zp
≺ Ω(A,B; z).

Now to prove (ii), we set

~(z) =
ℵςτ,pχm(z)

zp
, (4.10)

where χm ∈ Sm(p), this leads to ~(z) = 1 + qmwz
mw + qmw+1z

mw+1 + · · · being
analytic in D . By utilizing (3.3) and (4.10), we obtain

ℵς−1
τ,p χm(z)

zp
= ~(z) +

1

(ς(τ + 1) + p)
z~′(z). (4.11)

From (4.6), (4.10) and (4.11), then we have

(1− Λ)
ℵς−1
τ,p χm(z)

zp
+ Λ
ℵςτ,pχm(z)

zp
= ~(z) +

1− Λ

(ς(τ + 1) + p)
~′(z) ≺ Ω(A,B; z).

(4.12)

Therefore, by using Lemma 4.1, we get

~(z) ≺ ς(τ + 1) + p

m(1− Λ)
z−

ς(τ+1)+p
m(1−Λ)

∫ z

0

s
ς(τ+1)+p
m(1−Λ)

−1

(
1 + As

1 + Bs

)
ds

or

~(z) =
ς(τ + 1) + p

m(1− Λ)

∫ 1

0

t
ς(τ+1)+p
m(1−Λ)

−1

(
1 + Atω(z)

1 + Btω(z)

)
dt (4.13)

where ω(z) is analytic in D and ω(0) = 0, we obtain |ω(z)| < 1 for z ∈ D . Given
−1 ≤ B < A ≤ 1, ς(τ + 1) > −p and from (4.13), we have

R

{ℵςτ,pχm(z)

zp

}
>
ς(τ + 1) + p

m(1− Λ)

∫ 1

0

t
ς(τ+1)+p
m(1−Λ)

−1

(
1− At

1− Bt

)
dt, (z ∈ D). (4.14)

Since R
(
ω1/λ

)
≥ (R ω)1/λ for R ω > 0 and λ ≥ 1, by applying (4.14) then

inequality (4.7) holds.
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Now, we want to prove the sharpness property, first, we take χm(z) ∈ Sm(p) and
define by

ℵςτ,pχm(z)

zp
=
ς(τ + 1) + p

m(1− Λ)

∫ 1

0

t
ς(τ+1)+p
m(1−Λ)

−1

(
1 + Atzm

1 + Btzm

)
dt,

we get

(1− Λ)
ℵς−1
τ,p χm(z)

zp
+ Λ
ℵςτ,pχm(z)

zp
=

1 + Azm

1 + Bzm

and as z → eiπ/m, then we obtain

ℵςτ,pχm(z)

zp
→ ς(τ + 1) + p

m(1− Λ)

∫ 1

0

t
ς(τ+1)+p
m(1−Λ)

−1

(
1− At

1− Bt

)
dt .

Consequently, the proof of Theorem 4.2 has been achieved. �

Next, we derive the following result of partial sums:

4.1. Partial sums.

Theorem 4.3. For −1 ≤ B < A ≤ 1 and 0 < Λ < 1, let

χm(z) = zp +
∞∑
w=1

amw+p z
mw+p ∈ Sm(p), um,0(z) = zp

and its sequence of the partial sums

um,l(z) = zp +
l−1∑
w=1

amw+p z
mw+p, (l ≥ 1).

If the {%mw} is non-decreasing sequence with

%mw ≥
(1− B)[ς(τ + 1) + p+ mw(1− Λ)]

(A− B)(ς(τ + 1) + p)
(m ≥ 1) (4.15)

where %mw is proven by (4.5) and satisfied the following condition

R

{ℵςτ,pχm(z)

um,l(z)

}
> 0. (4.16)

The expression (4.16) is the best possible for l ∈ N.

Proof. To prove the bound in (4.16), we let

}(z) =
ℵςτ,pχm(z)

um,l(z)
(χm ∈ Sm(p); z ∈ D).

By utilizing (3.2), we set

}(z) = 1 +

∑l−1
w=1(kmw − 1)amw+pz

mw +
∑∞

w=l kmwamw+pz
mw

1 +
∑l−1

w=1 am+pzmw
(4.17)

where

kmw =
Γ(mw+p

τ+1
+ 1)Γ( p

τ+1
+ ς + 1)

Γ( p
τ+1

+ 1)Γ(mw+p
τ+1

+ ς + 1)
.
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It is easily noted from (4.5) and (4.15) that %mw > 1 and

kmw =
(A− B)(ς(τ + 1) + p))

(1− B)[ς(τ + 1) + p+ mw(1− Λ)]
%mw ≥ 1. (4.18)

Hence, by using (4.4) and (4.18), we obtain∣∣∣∣~(z)− 1

~(z) + 1

∣∣∣∣ =

∣∣∣∣ ∑l−1
w=1(kmw − 1)amw+pz

mw +
∑∞

w=l kmwamw+pz
mw

2 +
∑l−1

w=1(kmw + 1)amw+pzmw +
∑∞

w=l kmwamw+pzmw

∣∣∣∣
≤

∑l−1
w=1(kmw − 1)|amw+p|+

∑∞
w=l kmw|amw+p|

2−
∑l−1

w=1(kmw + 1)|amw+p| −
∑∞

w=l kmw|amw+p|
≤ 1, (z ∈ D) (4.19)

which readily yields the inequality (4.16).
If we set χm(z) = zp − zml+p, then

χm(z)

um,l(z)
= 1− zml → 0 as z → 1− (4.20)

where the bound of (4.20) is given by 1
l
, for l ≥ 1 and |z| < 1. This indicates

that for any l ≥ 1, the bound in (4.16) is the best possible.
�

4.2. Special integral transform. Now, by utilizing the function χm ∈ Sm(p)
and ε > −p, we consider defining the generalized Bernard-Livera-Livingston in-
tegral operator: Lε,p : Sm(p) −→ Sm(p) by:

Lε,p(χm)(z) =
(ε+ p)

zε

∫ z

0

sε−1χm(s)ds

= (ε+ p)

∫ z

0

(s
z

)ε
(s)p−1ds+ (ε+ p)

∞∑
w=1

amw+p

∫ z

0

(s
z

)ε
smw+p−1ds,

(4.21)

by letting t = s
z

such that zdt = ds in (4.21), we obtain

Lε,p(χm)(z) = (ε+ p)

{∫ 1

0

(u)ε+p−1 zpdu+
∞∑
w=1

amw+p

∫ 1

0

(u)mw+ε+p−1 zmw+pdu

}
and by recalling the definition of the beta function in (3.9), we give the generalized
Bernard-Livera-Livingston integral operator definition:

Lε,p(χm)(z) =

(
zp +

∞∑
w=1

ε+ p

mw + ε+ p
zmw+p

)
∗ χm(z), (z ∈ D). (4.22)

by taking m = 1 in (4.22), we obtain the original integral operator(see[3, 10, 18]).

Theorem 4.4. For −1 ≤ B < A ≤ 1 and 0 < Λ < 1, let

χm(z) = zp +
∞∑
w=1

amw+p z
mw+p



274 ZAINAB E. ABDULNABY, RABHA W. IBRAHIM

be a function of class Sm(p) suppose that

∞∑
w=1

bmw|amw| ≤ 1 (4.23)

where

bmw =
1− B

A− B

[ε+ p+ mw(1− Λ)]Γ(mw+p
τ+1

+ 1)Γ( p
τ+1

+ ς + 1)

(ε+ p+ mw)(Γ( p
τ+1

+ 1)Γ(mw+p
τ+1

+ ς + 1)
. (4.24)

(i)- If −1 ≤ B < 0, then

(1− Λ)
ℵςτ,pχm(z)

zp
+ Λ
ℵςτ,pLε,p(χm)(z)

zp
≺ Ω(A,B; z). (4.25)

(ii)- If −1 ≤ B < 0 and λ ≥ 1, then

R

{(ℵςτ,pLε,p(χm)(z)

zp

)1/λ
}
>

{
ε+ p

m(1− Λ)

∫ 1

0

t
ε+p

m(1−Λ)
−1

(
1− At

1− Bt

)
dt

}1/λ

(4.26)

for z ∈ D , the result is sharp.

Proof. To prove (i), let

∆ = (1− Λ)
ℵςτ,pχm(z)

zp
+ Λ
ℵςτ,pLε,p(χm)(z)

zp

from (3.2) and (4.22), we obtain

∆ = 1 +
∞∑
w=1

[ε+ p+ mw(1− Λ)]Γ(mw+p
τ+1

+ 1)Γ( p
τ+1

+ ς + 1)

(ε+ p+ mw)(Γ( p
τ+1

+ 1)Γ(mw+p
τ+1

+ ς + 1)
amw+pz

mw+1.

Therefore we get the intended result by employing the same methods as in proving
Theorem 4.2 (i).
(ii) From (4.22), we get

(ε+ p)ℵςτ,pχm(z) = εℵςτ,pχm(z) + z
(
ℵςτ,pLε,p(χm)(z)

)′
. (4.27)

Let

}(z) =
ℵςτ,pLε,p(χm)(z)

zp
, z ∈ D . (4.28)

Then, based on (4.28), (4.27) and (4.25), we observe that

(1− λ)
ℵςτ,pχm(z)

zp
+ λ
ℵςτ,pLε,p(χm)(z)

zp
= }(z) +

(1− λ)

ε+ p
z}′(z) ≺ Ω(A,B; z).

Thus, we obtain (4.26), which proves Theorem 4.4, by applying the same method
as in the proof of Theorem 4.2 (ii). �
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5. Conclusion

We investigated the set of analytic functions with m−fold−p−valent symme-
try characteristics in the unit disk and defined a new fractional integral operator.
Several geometric characteristics of this operator are demonstrated. Furthermore,
using differential subordination, the behavior of the fractional integral operator
in the unit disk is described.
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