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P-INTEGRAL BASES AND PRIME IDEAL FACTORIZATION
IN QUINTEC FIELDS

LHOUSSAIN EL FADIL 1∗ AND OMAR BOUGHALEB 2

Abstract. Based on Newton polygon techniques, for every prime integer p,
a p-integral basis of ZK , and the factorization of the principal ideal pZK into
prime ideals of ZK are given, where K is a quintic number field defined by an
irreducible trinomial X5 + aX2 + b ∈ Z[X].

1. Introduction

Let K be a quintic number field defined by an irreducible trinomial f(X) =
X5 + aX2 + b ∈ Z[X], ZK its ring of integers, dK its discriminant, α a complex
root of f(X), 4 the discriminant of f(X) and ind(f) = [ZK : Z[α]] the index of
Z[α]. In this paper, based on Newton polygon techniques, for every prime integer
p, a p-integral basis is proposed. This method provides also the factorization
of pZK into prime ideals of ZK ; The form pZK =

∏r
i=1 p

ei
i and for every prime

factor pi, a p-generator βi of pi is given too; pi = pZK + βiZK . A such p-
generator is characterized by vpi(βi) = 1 and for every p 6= pi, vp(βi) = 0.
If the ramification index ei = 1, then the first condition could be replaced by
vpi(βi) ≥ 1. Let p be a prime integer. It is well known that if p does not divide
ind(f), then thanks to a theorem of Kummer the factorization of pZK can be
derived directly from the factorization of of f̄(X) modulo p; pZK =

∏r
i=1 p

ei
i ,

where every pi = (p, gi(α))ei and f̄(X) =
∏r

i=1 ḡi
ei is the factorization of f̄(X) in

Fp[X] (see, for example [2, page 257]). In this case, we said that the factorization
of pZK is p-analogous to the factorization of f̄(X) modulo p. Dedekind gave
a criterion to detect if p does not divide ind(f) or not (see [3]). If p divides
ind(f), then the previous theorem of Kummer failed. In that case, using Newton
polygon techniques, the index vp(ind(f)) is calculated, a p−integral basis, the
form of pZK =

∏r
i=1 p

ei
i , and for every prime factor pi, a p-generator of pi are

given. Throughout this paper, the following notations are used: For every prime
p, vp is the p-adic discrete valuation defined in Qp by vp(p) = 1, extended to
Qp[X] by vp(A(X)) := Min{vp(ai) , 0 ≤ i ≤ r}, where A(X) =

∑r
i=0 aiX

i. For
every (x,m) ∈ Z2, denote xp = x

pvp(x)
, x (mod m) the residue class of x modulo

m and (
p
) is the Legendre symbol.

Date: Accepted: Oct 24, 2016.
∗ Corresponding author.
2010 Mathematics Subject Classification. 11Y40.
Key words and phrases. p-integral basis, Newton polygons, Quintic fields.

140



P-INTEGRAL BASES AND PRIME IDEAL FACTORIZATION IN QUINTEC FIELDS 141

2. Newton polygons

In this section, we briefly review the notions of Newton polygons. Let p be a
prime integer such that p2 divides 4. Let φ(X) ∈ Z[X] be a monic polynomial
of degree m such that φ̄(X) is an irreducible divisor of ¯f(X) modulo p. Let
f(X) = a0(X)φ(X)r+a1(X)φ(X)r−1+ · · ·+ar(X) be the φ(X)-adic development
of f(X) ( every ai(X) ∈ Z[X] and deg ai(X) < m). To any coefficient ai(X), we
attach ui = vp(ai(X)). If ui <∞, then let Pi be the point in the Euclidean plane
defined by (i, ui). The φ-Newton polygon of f(X) is the lower convex envelope
of the set of points Pi = (i, ui), ui < ∞, in the Euclidean plane. This open
polygon is denoted by Nφ f . For instance, for a φ-development of degree 7 with
ui = 0, 3, 0, ∞, 2, 2, 4, 6 for i = 0, 1, . . . , 7, the polygon is
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Let N be the φ(X)-Newton polygon of f(X). The length `(Nφ f) and the height
h(Nφ f) of the polygon are the respective lengths of the projection to the horizon-
tal and vertical axis. Clearly, deg f(X) = m`(Nφ f)+deg a0(X), where m = degφ.
The φ-Newton polygon is the union of different adjacent sides S1, . . . , St with in-
creasing slopes λ1 < λ2 < · · · < λt. We shall write Nφ f = S1 + · · · + St. The
points joining two different sides are called the vertices of the polygon. The
polygon determined by the sides of positive slopes of Nφ f is called the principal
φ-polygon of f(X) and denoted by N+

φ f . The length and the height of N+
φ f are

respectively the lengths of its orthogonal projections to the horizontal and vertical
axis. For instance, the polygon of the figure has three sides S1, S2, S3 with slopes
0 < 2/3 < 2 and N+

φ f = S2 +S3. For every side S of the principal part N+
φ f , the

length `(S) and the height h(S), of S, are the respective lengths of the projection
to the horizontal and vertical axis. The slope of S is the quotient h(S)/`(S).
The positive integer d(S) := gcd(h(S), `(S)) is called the degree of S. Denote
d := d(S) the degree of S, h := h(S)/d and e := `(S)/d. λ := h/e is the slope of
S and e is its ramification index. Let l = `(Nφ f) be the length of Nφ f . For any
j := 1..l, let Hj ∈ Q be the ordinate of the point of Nφ(f) of abscissa j, hj its

integral part and tj = red

(
aj(X)

phj

)
, where red is the canonical map defined on

Z[X] by reduction modulo p. Note that If Pj 6∈ S, then tj = 0 and if Pj ∈ S, then
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tj 6= 0. If i is the abscissa of the initial point of S, let fS(Y ) be the residual poly-
nomial attached to S: fS(Y ) := tiY

d+ ti+eY
d−1 + · · ·+ ti+(d−1)eY + ti+de ∈ Fφ[Y ].

Let f̄(X) ≡
∏r

i=1 φ̄i
li(X) modulo p be the factorization of f̄(X) in Fp[X], where

φ(X) ∈ Z[X] is monic. Let N+
φ f = Si1 + · · · + Sit . f(X) is said to be φi-regular

if for every j := 1..t, fSij(Y ) is square free in Fp[Y ]. Let Ni := Nφ f . Define

indNi
(f) := mi

∑li−1
j=ii0+1

hj the Ni-index of f(X), where ii0 =
∏

k 6=i φ̄k
lk(X), li is

the length of Ni and mi = deg(φi).
For every j := 0..li − 1, let qij(X) be the quotient of the Euclidean division

of f(X) by φji (X). For every j := 0..li − 1 and for every k := 0..mi − 1, let

Qi,j,k(α) = αk
qij(α)

phj
, where hj is the integral part of Hj and Hj is the ordinate of

the point Pj ∈ Ni of abscissa j. Then we have the following results:

Proposition 2.1. [4, Pr. 2.3 and Th. 2.6]

(1) If f̄(X) ≡ φ̄l11 H̄(X) (mod p) such that H̄(X) is square free and f(X)
is φ1(X)-regular, then vp(ind(f)) = m1 × indN1(f) and {Q1,j,k(α) j :=
0..l1 − 1, k := 0..m1 − 1} is a p-integral basis of ZK.

(2) If f̄(X) ≡ φ̄l11 φ̄
l2
2 (mod p) such that for every i := 1, 2, f(X) is φi(X)-

regular, then vp(ind(f)) = m1×indN1(f)+m2×indN2(f) and {Q1,j,k(α) j :=
i10 +1..l1−1, k := 0..m1−1}∪{Q2,j,k(α) j := i20 +1..l2−1, k := 0..m2−1}
is a p-integral basis of ZK.

3. Main results

Let K = Q[α] be a quintic number field generated by α a complex root of an
irreducible polynomial f(X) = X5 + aX2 + b ∈ Z[X]. Note that if there exists
a prime p such that vp(a) ≥ 3 and vp(b) ≥ 5, then K = Q[θ], where θ = α

pq
,

q := Min(q1, q2), q1 the quotient of vp(b) by 5 and q2 is the quotient of vp(a) by
3. Since P (X) = X5 + AX2 + B is the minimal polynomial of θ and vp(A) ≤ 2
and vp(B) ≤ 4, up to replace α by θ, we can assume that vp(a) ≤ 2 or vp(b) ≤ 4.
First, we describe an iterative process that converges, in some special cases, to
an integer s ∈ Z such that f(X) is (X − s)-regular. We say that an inte-
ger s is regular if f(X) is (X − s)-regular. Otherwise, we say that s is irreg-
ular. Let s be an integer, and denote u5 := vp(f(s)), u4 := vp(f

′(s)), u3 :=

vp(
f ′′(s)

2
), u2 := vp(

f (3)(s)
6

), u1 := vp(
f(4)(s)

24
), σ1 := f (4)(s)

pu2
, σ2 := f (3)(s)

pu2
, σ3 :=

f ′′(s)
pu3

, σ4 := f ′(s)
pu4

, σ5 := f(s)
pu5

.

The (X − s)-adic development of f(X) is f(X) = (X − s)5 + f(4)(s)
24

(X − s)4 +
f (3)(s)

6
(X − s)3 + f ′′(s)

2
(X − s)2 + f ′(s)(X − s) + f(s), and the (X − s)-Newton

polygon of f(X) is the lower convex envelope of the points: (0, 0), (1, u1), (2, u2),
(3, u3), (4, u4) and (5, u5).
Let us show an efficient way to find a regular s.

Lemma 3.1. For p = 3, a2 ≡ 4 (mod 9) and v3(−a5 − a3 + b) ≥ 3, let s = −a.

(1) If v3(f(s)) ≤ 2, then s is regular, and the process is done.



P-INTEGRAL BASES AND PRIME IDEAL FACTORIZATION IN QUINTEC FIELDS 143

(2) If v3(f(s)) = 3, v3(f
′(s)) = 2 and fS(Y ) is square free , then s is regular,

and the process is done too.
(3) If v3(f(s)) ≥ 4, v3(f

′(s)) = 2 and σ2
3 − σ2σ4 6≡ 0 (mod 3), then s is

regular, and the process is done too.
(4) If v3(f(s)) = 3, v3(f

′(s)) = 2 and σ2Y
3+σ3Y

2+σ4Y +σ5 is inseparable in
F3[Y ], then let t ∈ Z such that t̄ is the square root of σ2t

3 +σ3t
2 +σ4t+σ5.

Replace s by s+ 3t and go to the next step.
(5) If v3(f(s)) ≥ 4, v3(f

′(s)) = 2 and σ2
3 − σ2σ4 ≡ 0 (mod 3), then let t ∈ Z

such that t̄ is the root of σ2t
2 +σ3t+σ4. Replace s by s+ 3t and go to the

next step.
(6) If v3(f(s)) ≥ 4, v3(f

′(s)) ≥ 3, 2u4 = u5 + 1 and σ2
4 − σ3σ5 ≡ 0 (mod 3),

then replace s by s+3u4−1t, where t is a root of σ3t
2+σ4t+σ5. Compute the

new corresponding u2, u3 , u4, u5, σ3, σ4 and σ5, and then repeat this step
until to obtain 2u4 6= u5 + 1 or (2u4 = u5 + 1 and σ2

4−σ3σ5 ≡ 0 (mod 3)).
(7) If v3(f(s)) ≥ 4, v3(f

′(s)) ≥ 3, 2u4 = u5 + 1 and σ2
4 − σ3σ5 6≡ 0 (mod 3),

then s is regular.
(8) If v3(f(s)) ≥ 4, v3(f

′(s)) ≥ 3, 2u4 6= u5 + 1, then s is regular.

Proof. For s = −a, we have u2 = 0, u3 = 1, u4 ≥ 2 and u5 ≥ 1. Thus, we have
the following situations:

(1) If u5 ≤ 3, then N+
(X−s)(f) = S is one side. If u5 ≤ 2, then fS(Y ) is of

degree 1, and then s is regular.
If u5 = 3, u4 = 2 and fS(Y ) is square free , then s is regular too.
If u5 = 3, u4 = 2 and σ2Y

3 +σ3Y
2 +σ4Y +σ5 is inseparable in F3[Y ], then

let t ∈ Z such that t̄ is the square root of fS(t). Let s0 = −a, s1 = s+ 3t
and for every i, f(X−si) = X5−5siX

4+10s2iX
3+AiX

2+BiX+Ci. Then
A1 = −10s31 +a ≡ A0 (mod 9), B1 = s1(5s

3
1− 2a) ≡ B0 + 9.2tσ3 (mod 27)

and C1 = C0 + 27tσ4 + 27t2σ3 + 27t3σ5. Since t is the square root of fS(t),
f ′S(t) = σ4 + 2tσ3 ≡ 0 (mod 3) and fS(t) ≡ 0 (mod 3). Thus, u5 ≥ 4 and
u4 ≥ 3. Go to the next step.

(2) If u5 ≥ 4, u4 = 2 and σ2
3 − σ2σ4 ≡ 0 (mod 3), then N+(f) = S1 + S2 such

that fS1(Y ) ≡ σ2Y
2 + σ3Y + σ4 (mod 3) and fS2(Y ) is of degree 1. Let

t ∈ Z such that t̄ is the root of fS1(t) and s1 = s0− 3t. As in the previous
step u3 = 1, u4 ≥ 3 and u5 ≥ 4. Go to the next step.

(3) If u5 ≥ 4, u4 ≥ 3 and 2u4 = u5 + 1, then N+(f) = S1 + S2 such that
fS1(Y ) is of degree 1 and fS2(Y ) ≡ σ3Y

2 + σ4Y + σ5 (mod 3). As σ2
4 −

σ3σ5 ≡ 0 (mod 3), let t ∈ Z such that t̄ is the root of fS2(t). Let s0 = s,
s1 = s0−3tu4−1 and f(X−si) = X5−5siX

4+10s2iX
3+AiX

2+BiX+Ci.
As in the previous, v3(A1) = 1, v3(B1) ≥ u4 + 1 and v3(C1) ≥ u5 + 1.
Replace s by s1, compute the new corresponding u2, u3 , u4, u5, σ3, σ4 and
σ5, and then repeat this step until to obtain 2u4 6= u5 + 1 or (2u4 = u5 + 1
and σ2

4 − σ3σ5 ≡ 0 (mod 3)). Go to the next step.
Remark that for every iteration i, if si+1 is irregular, then ui4 + 2 ≤ ui+2

4

and ui5 + 2 ≤ ui+2
5 . Thus, v3(indNi+2

(f)) > v3(indNi(f)), where Ni :=
N(X−si)(f). As the index v3(ind(f)) is finite, after a finite number of
iterations, this process will done.
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(4) If u5 ≥ 4, u4 ≥ 3 and 2u4 = u5+1, then N+(f) = S1+S2 such that fS1(Y )
is of degree 1 and fS2(Y ) ≡ σ3Y

2 + σ4Y + σ5 (mod 3). As σ2
4 − σ3σ5 6≡

0 (mod 3), then fS2(Y ) is square free. Thus, s is regular.
(5) If v3(f(s)) ≥ 4, v3(f

′(s)) ≥ 3 and 2u4 > u5 + 1, then N+(f) = S1 + S2

such that every i := 1, 2, fSi(Y ) is square free, and then s is regular.
(6) If v3(f(s)) ≥ 4, v3(f

′(s)) ≥ 3 and 2u4 < u5+1, then N+(f) = S1+S2+S3

such that every i := 1, 2, 3, fSi(Y ) is of degree 1, and then s is regular.

�

By analogous, we have the followings:

Lemma 3.2. For p = 5, v5(b) = 0, v5(b
4 − ab− 1) ≥ 2 and v5(5b

3 + 2a) ≥ 2, let
s = −b. Then

(1) If 2u4 = u5 + 1 and σ2
4 − σ3σ5 6≡ 0 (mod 5), then s is regular.

(2) If 2u4 = u5 + 1 and σ2
4 − σ3σ5 ≡ 0 (mod 5), then replace s by s+ 5u4−1t,

where t ∈ Z and t̄ is the root of σ3Y
2 + σ4Y + σ5. Compute the new

corresponding u2, u3 , u4, u5, σ3, σ4 and σ5 and resume the process.

Theorem 3.3. In TableA,B,C and D, vp(4), a p-integral basis of ZK is given,
where K = Q[α] is a quintic number field generated by α a complex root of an
irreducible polynomial f(X) = X5 + aX2 + b ∈ Z[X] such that vp(a) ≤ 2 or
vp(b) ≤ 4.

TableA : vp(a) ≥ 1 and vp(b) ≥ 1

case conditions p p-integral basis

1 vp(b) = 4, vp(a) ≥ 3 6= 5 (1, α, α
2

p ,
α3

p2
, α

4

p3
)

2 vp(b) = 3, vp(a) ≥ 2 (1, α, α
2

p ,
α3

p ,
α4

p2
)

3 vp(b) = 2, vp(a) ≥ 2 (1, α, α2, α
3

p ,
α4

p )

4 vp(b) ≥ 3, vp(a) = 2 6= 2 (1, α, α
2

p ,
α3

p2
, α

4+aα
pr+1 )

r = bvp(b)2 c
5 v2(b) = 2k + 1 ≥ 4,v2(a) = 2 2 (1, α, α

2

2 ,
α3

22
, α

4+aα
2k+1 )

6 v2(b) = 2k ≥ 4,v2(a) = 2 2 (1, α, α
2

2 ,
α3

22
, α

4+aα
2k+1 )

a2 + b2 ≡ 2 (mod 4)

7 v2(b) = 2k ≥ 4,v2(a) = 2 2 (1, α, α
2

2 ,
α3

22
, θ

4+5.2k−1θ3+aθ
2k+2 )

a2 + b2 ≡ 0 (mod 4) t = α− 2k−1

8 vp(b) ≥ 2, vp(a) = 1 6= 2 (1, α, α2, α
3

p ,
α4+aα
pr )

r = bv3(b)2 c
9 vp(b) = 2k, vp(a) = 1 2 (1, α, α2, α

3

2 ,
α4+aα

2k
)

10 vp(b) = 2k + 1 ≥ 3, vp(a) = 1 2 (1, α, α2, α
3

2 ,
α4+aα
2k+1 )

a2 + b2 ≡ 2 (mod 4)

11 vp(b) = 2k + 1 ≥ 3, vp(a) = 1 2 (1, α, α2, α
3

2 ,
θ4+5.2kθ3+aθ

2k+2 )

a2 + b2 ≡ 0 (mod 4) t = α− 2k

12 vp(b) = 1, vp(a) ≥ 1 (1, α, α2, α3, α4)
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TableB : vp(b) = 0 and vp(a) ≥ 1

Let θ = α + b

Case Conditions p p-integral basis of ZK
B1 p 6= 5 (1, α, α2, α3, α4)
B2 vp(b

4 − 1 + ab) = 1 5 (1, α, α2, α3, α4)

B3 v5(b
4 − 1 + ab) ≥ 2, v5(5b

3 − 2a) = 1 5 (1, α, α2, α3, θ
4

5 )

B4 v5(b
4 − 1 + ab) = 2, a ≡ 15b3 (mod 25) 7 (1, α, α2, θ

3

5 ,
θ4

5 )
B5 v5(b

4 − 1 + ab) ≥ 3, a ≡ 15b3 (mod 25) 5 go to TableB5

If a ≡ 15b3 (mod 25) and v5(b
4 − 1 + ab) ≥ 3, then let s be a regular integer

defined by Lemma 3.2.

TableB5 : a ≡ 15b3 (mod 25) and v5(b
4 − 1 + ab) ≥ 3

Let θ = α− s, A = 10s3 + a, u4 = v5(f
′(s)) and u5 = v5(f(s)).

Case Conditions 5-integral basis of ZK
B5.1 2u4 ≥ u5 + 1 (1, α, α2, θ

3

5 ,
θ4+5sθ32+10s2θ2+Aθ

5µ )
µ = bu5+1

2 c
B5.2 2u4 < u5 + 1 (1, α, α2, θ

3

5 ,
θ4+5sθ32+10s2θ2+Aθ

5u4 )

TableC : vp(a) = 0 and vp(b) ≥ 1

Case Conditions p p-integral basis of ZK
C1 p 6∈ {2, 3} (1, α, α2, α3, α

4+aα
pµ )

µ = bvp(b)2 c
C2 v2(b) = 2k + 1 2 (1, α, α2, α3, α

4+aα
2k

)

C3 v2(b) = 2k, a ≡ −b2 (mod 4) 2 (1, α, α2, α3, θ
4+5.2kθ3+aθ

2k+1 )

θ = α− 2k

C4 v2(b) = 2k, a ≡ 2− b2 (mod 4) 2 (1, α, α2, α3, α
4+aα
2k

)

C5 3 go to TableC5

TableC5 : p = 3, v3(a) = 0 and v3(b) ≥ 1

Let s be a regular integer defined by using Lemma 3.1, A = 10s3 + a, B =
s(2a+ 5s3), C = b+ as2 + s4 and θ = α− s.

Case Conditions a 3-integral basis of ZK
C5.1 v3(−a5 + a3 + b) = 1, v3(b) = 1 (1, α, α2, α3, α4)

C5.2 v3(−a5 + a3 + b) = 1, v3(b) ≥ 2 (1, α, α2, α3, α
4+aα
3µ )

µ = bv3(b)2 c
C5.3 v3(−a5 + a3 + b) ≥ 2, v3(b) ≥ 2 (1, α, α2, α

3−aα2+α−a
3 , α

4−aα3+α2+a
3µ )

a2 6≡ 4 (mod 9) µ = bv3(b)2 c
C5.4 v3(−a5 + a3 + b) ≥ 2, a2 ≡ 4 (mod 9) go to TableC5.6
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TableC5.6 : a2 ≡ 4 (mod 9) and v3(−a5 + a3 + b) ≥ 2

Let s be a regular integer defined by using Lemma 3.1, A = 10s3 + a, θ = α− s,
u4 = v3(f

′(s)) and u5 = v3(f(s)).

Case Conditions 3-integral basis of ZK
1 2u4 ≥ u5 + 1 (1, α, α2, θ

3+aθ2+θ
3 , θ

4+5sθ3+10s2θ2+Aθ
3µ )

µ = bu5+1
2 c

2 2u4 ≤ u5 (1, α, α2, θ
3+aθ2+θ

3 , θ
4+5sθ3+10s2θ2+Aθ

3u4 )

TableD : vp(ab) = 0

Case Conditions p p-integral basis of ZK
D1 p ∈ {2, 3, 5} (1, α, α2, α3, α4)
D2 vp(4) ≤ 1 (1, α, α2, α3, α4)

D3 vp(4) ≥ 2 p ≥ 7 (1, α, α2, α3, θ
4+5sθ3+10s2θ2+(10s3+a)θ

pr )

rbvp(4)
2 c

Proof. (1) vp(b) ≥ 1, vp(a) ≥ 1. All cases, except 3, correspond to a situation
where f(X) is X-regular. In the case 13, f(X) is (X + 2k)-regular.

(2) vp(b) = 0 and vp(a) ≥ 1. If p 6= 5, then f̄(X ≡ X5 + b̄ (mod p) is square
free, and then vp(ind(f)) = 0.
For p = 5, we have f̄(X) ≡ (X + b)5 (mod 5). Let f(X − b) = X5 −
5bX4 + 10b2X3 + AX2 + BX + C and θ = α + b, where A = a − 10b3,
B = b(5b3 − 2a) and C = −b(b4 − 1 + a). It follows that:
(a) If v5(C) = 1, then v5(ind(f)) = 0.
(b) If a 6≡ 15b3 (mod 25), then v5(B) = 1, v5(A) ≥ 1 and v5(C) ≥ 1.

Thus if v5(C) ≥ 2, then v5(ind(f)) = 1 and (1, α, α2, α3, θ
4

5
) is an

integral basis of K.
(c) If a ≡ 15b3 (mod 25) and v5(C) = 2, then v5(ind(f)) = 2 and

(1, α, α2, θ
3

5
, θ

4

5
) is a 5-integral basis of K.

(d) If a ≡ 15b3 (mod 25) and v5(C) ≥ 3, then v5(A) = 1. Let s be a
regular integer defined by Lemma 3.2, f(X + s), A = 10s3 + a and
θ = α− s. It follows that: If 2u4 ≥ u5 + 1, then v5(ind(f)) = 2 + µ,

(1, α, α2, θ
3

5
, θ

4+5sθ3+10s2θ2+Aθ
5µ

) is an integral basis of K and v5(4) =

6 + u5, where µ = bu5+1
2
c.

If 2u4 < u5+1, then v5(ind(f)) = 1+u4, (1, α, α2, θ
3

5
, θ

4+5sθ3+10s2θ2+Aθ
5u4

)
is an integral basis of K and v5(4) = 4 + 2u4.

(3) vp(a) = 0 and vp(b) ≥ 1. Then f̄(X) ≡ X2(X3 + a) (mod p). By Hensel’s
Lemma , f(X) = F1(X)F2(X) in Zp[X], where F̄1(X) ≡ X2 (mod p),
F̄2(X) ≡ (X3+a) (mod p). If p 6= 3, then F̄2(X) is square free, vp(ind(F2)) =
0 and vp(ind(f)) = vp(ind(F1)). Thus,

(a) If p 6∈ {2, 3}, then vp(ind(f)) = r = bvp(b)
2
c and (1, α, α2, α3, α

4+aα
pr

) is

a p-integral basis of K.
(b) If p = 2 and v2(b) = 2k+1, then vp(ind(f)) = k and (1, α, α2, α3, α

4+aα
2k

)
is a 2-integral basis of K.
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If p = 2 and v2(b) = 2k, then let P (X) = f(X + 2k) = X5 +
5.2kX4+5.22k+1X3+AX2+BX+C and θ = α−2k.Then v2(A) = 0,
B = 2k+1(5.23k−1 +a) and C = 22k(23k +a+b2). Thus, v2(B) = k+1
and v2(C) = 2k + r, where r = 1, if a + b2 ≡ 2 (mod 4) and
r ≥ 2, if a + b2v0 (mod 4). Therefore, if a + b2 ≡ 2 (mod 4), then

(1, α, α2, α3, α
4+aα
2k

) is a 2-integral basis of K. If a+ b2v ≡ 0 (mod 4),

then (1, α, α2, α3, θ
4+2kθ3+aθ

2k+1 ) is a 2-integral basis of K.
(c) For p = 3, we have v3(ind(f)) = v3(ind(F1)) +v3(ind(F2)). As in the

previous case, v3(ind(F1)) = r = bv3(b)
2
c.

For v3(ind(F2)), let s be a regular integer given Lemma 3.1, and con-
sider f(X + s).
If a2 6≡ 4 (mod 9), then s = −a, v3(A) ≥ 1 and v3(B) = 1. Thus,

if v3(C) = 1, then v3(ind(F2)) = 0 and (1, α, α2, α3, α
4+aα
3r

) is a 3-
integral basis of K.
If v3(C) ≥ 2, then v3(ind(F2)) = 1 and (1, α, α2, α

3+α2

3
, α

4+aα
3r

) is a
3-integral basis of K.
If a2 ≡ 4 (mod 9), for a regular integer s, u3 = 1 and u4 ≥ 2. It
follows that:
If u5 = 1, then v3(ind(F2)) = 0 and (1, α, α2, α3, α

4+aα
3r

) is a 3-integral
basis of K.
If u5 = 2, then v3(b) = 1, v3(ind(f)) = v3(ind(F2)) = 2 and

(1, α, α2, θ
3+aθ2+θ

3
, θ

4+aθ3+θ2

3
) is a 3-integral basis of K.

If u5 ≥ 3, then v3(b) = 1, v3(ind(f)) = v3(ind(F2)) = 1 + µ, where

µ = Min(u4, bu5+1
2
c. So, (1, α, α2, θ

3+aθ2+θ
3

, θ
4+5sθ3+10s2θ2+Aθ

3µ
) is a 3-

integral basis of K.
(4) vp(ab) = 0. Since 4 = b(55b3 + 22.33a5), if p ∈ {2, 3, 5}, then vp(4) = 0,

and then ZK = Z[α]. If p ≥ 7 and vp(4) ≤ 1, then ZK = Z[α]. For p ≥ 7
and vp(4) ≥ 2, using the Euclid’s algorithm, we have 25bX−6a2 (mod p)
is the greatest common divisor of f̄(X) and f̄ ′(X) (mod p). Let s ∈ Z
such that 25bs ≡ 6a2 (mod pvp(4)+1) and P (X) = f(X + s) = X5 −
5sX4 + 10s2X3 + AX2 + BX + C, where A = 10s3 + a, B = 5s4 + 2as
and C = s5 +as2 + b. Then (25b)3B ≡ s((6a2)3 + 2a(25b)3) ≡ 10as(55b3 +
22.33a5) (mod pvp(4)+1) and , (55b3 + 22.33a5)2 − (25b)5C ≡ 4.9(55b3 +
22.33a5) (mod pvp(4)+1). The fact vp(4) = vp(5

5b3 + 22.33a5) implies that
vp(B) = vp(C) = vp(4). As sA − 2B = −as, then vp(A) = 0. It follows

that vp(ind(f)) = r and (1, α, α2, α3, θ
4+5sθ3+10s2θ2+Aθ

pr
) is a p-integral basis

of K, where r = bvp(4)

2
c.

�

4. prime ideal factorization

In this section, for every prime integer p, an explicit factorization of the prin-
cipal ideal pZK into prime ideals of ZK is given. Note only the form is given, but
two element generators of each prime ideal factor are given.
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Theorem 4.1. Let p be a prime integer. In the following tables, the form of
pZK as a product of prime ideals of ZK, and for every prime factor P of pZK an
integral element β of K such that P = (p, β) are given.

TableA : vp(a) ≥ 1 and vp(b) ≥ 1

case conditions p the form of pZK generators

1 vp(b) = 4, vp(a) ≥ 3 P 5 β = α4

p3

2 vp(b) = 3, vp(a) ≥ 2 P 5 β = α2

p

3 vp(b) = 2k + 1 ≥ 4, vp(a) = 2 P 3
1 P

2
2 β1 = α2

p
+ α3+a

p2

β2 = α3

p2
+ α4+aα

pk+1

4 vp(b) = 2k ≥ 4, vp(a) = 2 6= 2 P 3
1 P2 β1 = α4+aα

p
+ α3+a

p2

(
−apbp
p

) = −1 β2 = α3

p2
+ α4+aα

pk+1

5 vp(b) = 2k ≥ 4, vp(a) = 2 6= 2 P 3
1 P2P3 β1 = α4+aα

p
+ α3+a

p2

(
−apbp
p

) = 1 β2 = α3

p2
+ (α3+a)(α+tpk−1)

pk+1 (vp(apt
2 + bp) = 1)

β3 = α3

p2
+ (α3+a)(α−tpk−1)

pk+1

6 v2(b) = 2k ≥ 4,v2(a) = 2 2 P 3
1 P

2
2 β1 = α4+aα

2
+ α3+a

22

a2 + b2 ≡ 2 (mod 4) β2 = α3

22
+ α4+aα

2k+1

7 v2(b) = 2k ≥ 4,v2(a) = 2 2 P 3
1 P2 β1 = α4+aα

2
+ α3+a

22

a2 + b2 ≡ 4 (mod 8) β2 = α3

22
+ θ4+5.2k−1θ3+aθ

2k+1 (t = α− 2k−1)

8 v2(b) = 2k ≥ 4,v2(a) = 2 2 P 3
1 P2P3 β1 = α4+aα

2
+ α3+a

22

a2 + b2 ≡ 0 (mod 8) β2 = α3

22
+ θ4+5.sθ3+aθ+2as

2k+2

(t = α− s, s = 2k−1(1− (2 + 4t), v2(b2 + a2(1 + 8t)) = 3)

β3 = α3

22
+ θ4+5.sθ3+aθ

2k+2

9 vp(b) = 2, vp(a) ≥ 1 P 5 β = α3

p

10 vp(b) = 2k ≥ 3, vp(a) = 1 P 3
1 P

2
2 β1 = α4

p
+ α3+a

p

β2 = α3

p
+ α4+aα

pk

11 vp(b) = 2k + 1 ≥ 3, vp(a) = 1 6= 2 P 3
1 P2 β1 = α4

p
+ α3+a

p

(
−apbp
p

) = −1 β2 = α3

p
+ α4+aα

pk

12 vp(b) = 2k + 1 ≥ 3, vp(a) = 1 6= 2 P 3
1 P2P3 β1 = α4

p
+ α3+a

p

(
−apbp
p

) = 1 β2 = α3

p
+ (α3+a)(α+tpk)

pk+1 (vp(apt
2 + bp) = 1)

β3 = α3

p
+ (α3+a)(α−tpk)

pk+1

13 vp(b) = 2k + 1 ≥ 3, vp(a) = 1 2 P 3
1 P

2
2 β1 = α4

2
+ α3+a

2

a2 + b2 ≡ 2 (mod 4) β2 = α3

2
+ θ4+aθ

2k+1 (θ = α− 2k)

14 vp(b) = 2k + 1 ≥ 3, vp(a) = 1 2 P 3
1 P2 β1 = α4

2
+ α3+a

2
, θ = α− 2k

a2 + b2 ≡ 4 (mod 8) β2 = θ3

2
+ θ4+Aθ

2k+1 (θ = α− 2k)

15 vp(b) = 2k + 1 ≥ 3, vp(a) = 1 2 P 3
1 P2P3 β1 = α4

2
+ α3+a

2
, θ = α− 2k

a2 + b2 ≡ 0 (mod 8) β2 = α3

2
+ θ4+5.sθ3+aθ+2as

2k+2

(t = α− s, s = 2k(1− (2 + 4t), v2(b2 + a2(1 + 8t)) = 3)

β3 = α3

2
+ θ4+5.2kθ3+aθ

2k+2

16 vp(b) = 1, vp(a) ≥ 1 P 5 β = α
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TableB : vp(b) = 0 and vp(a) ≥ 1

Let θ = α+ b

Case Conditions p the form of pZK generators

B1 p ≥ 7 p-analogous to f̄ (mod p)

B2 2 P1P2 β1 = α+ 1
β2 = α4 + α3 + α3 + α+ 1

B3 b ≡ 1 (mod 3) 3 P1P2 β1 = α+ 1
β2 = α4 − α3 + α3 − α+ 1

B4 b ≡ −1 (mod 3) 3 P1P2 β1 = α− 1
β2 = α4 + α3 + α3 + α+ 1

B5 v5(b4 − 1 + ab) = 1 5 P 5 β = α+ b

B6 v5(b4 − 1 + ab) ≥ 2, v5(5b3 − 2a) = 1 5 P 4
1 P2 β1 = θ + θ4+(5b4−2ab)θ

5
, β2 = 5 + θ4

5

B7 v5(b4 − 1 + ab) = 2, a ≡ 15b3 (mod 25) 5 P 3
1 P

2
2 β1 = θ + θ3+(5b4−2ab)

5
, β2 = θ3

5

B5 v5(b4 − 1 + ab) ≥ 3, a ≡ 15b3 (mod 25) 5 go to TableB5

If a ≡ 15b3 (mod 25) and v5(b4 − 1 + ab) ≥ 3, then let s be a regular integer defined by Lemma 3.2.

TableB5 : a ≡ 15b3 (mod 25) and v5(b4 − 1 + ab) ≥ 3

Let θ = α− s, A = −5s3 + a, B = 5s4 + 2as, C = f(s), u4 = v5(B) and u5 = v5(C).

Case Conditions the form pZK generators

B5.1 2u4 ≥ u5 + 1 P 3
1 P

2
2 β1 = θ3+A

5

u5 = 2k µ = bu5+1
2
c β2 = θ3

5
+ θ4+5sθ3+10s2θ2+Aθ

5k

B5.2 2u4 > 4 P 3
1 P2 β1 = θ3+A

5

u5 = 3, (A5C5
5

) = −1 β2 = θ3

5
+ θ

B5.3 2u4 > u5 + 1 P 3
1 P2 β1 = θ3+A

5

u5 = 2k + 1 ≥ 5, (A5C5
5

) = −1 β2 = θ3

5
+ θ4+5sθ3+10s2θ2+Aθ

5k

B5.4 2u4 > u5 + 1 P 3
1 P2P3 β1 = θ3+A

5

u5 = 2k + 1, (A5C5
5

) = 1 β2 = θ3

5
+ (θ3+5sθ2+10s2θ+A)(θ+tpk)

5k+1 (v5(A5t
2 + C5) = 1

β3 = θ3

5
+ (θ3+5sθ2+10s2θ+A)(θ−tpk)

5k+1

B5.5 2u4 = u5 + 1 P 3
1 P2 β1 = θ3+A

5

u5 = 2k + 1, (
B2

5+A5C5

5
) = −1 β2 = θ3

5
+ θ4+5sθ3+10s2θ2+Aθ

5k

B5.6 2u4 = u5 + 1 P 3
1 P2P3 β1 = θ3+A

5

u5 = 2k + 1, (
B2

5+A5C5

5
) = 1 β2 = θ3

5
+ (θ3+5sθ2+10s2θ+A)(θ+tpk)

5k+1 (v5(A5t
2 +B5t+ C5) = 1

β3 = θ3

5
+ (θ3+5sθ2+10s2θ+A)(θ−tpk)

5k+1

B5.7 2u4 = u5 P 3
1 P2P3 β1 = θ3+A

5

β2 = θ3

5
+ θ4+5sθ3+10s2θ2+Aθ+B

5u4

β3 = θ3

5
+ θ4+5sθ3+10s2θ2+Aθ

5u4

B5.8 2u4 < u5 P 3
1 P2P3 β1 = θ3+A

5

β2 = θ3

5
+ θ4+5sθ3+10s2θ2+Aθ+B

5u4 + 5

β3 = θ3

5
+ θ4+5sθ3+10s2θ2+Aθ

5u4 + 5
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TableC : vp(a) = 0 and vp(b) ≥ 1

Case Conditions p the form of pZK generators

C1 vp(b) = 2k + 1 p 6∈ {2, 3} I.P 2 I is p-analogous to X3 + a

β = α(α3+a)

pk

C2 vp(b) = 2k ≥ 2 p 6∈ {2, 3} I.P I is p-analogous to X3 + a

(
−bpap
p

) = −1 β = α(α3+a)

pk−1

C3 vp(b) = 2k ≥ 2 p 6∈ {2, 3} I.P1P2 I is p-analogous to X3 + a

(
−bpap
p

) = 1 β1 = (α3+a)(α+tpk)

pk
(vp(at

2 + bp) = 1)

β2 = (α3+a)(α−tpk)
pk

C4 v2(b) = 1 2 P1P2P
2
3 β1 = α+ 1, β12 = α2 + α+ 1

β3 = α

C5 v2(b) = 2k + 1 2 P1P2P
2
3 β1 = α+ 3, β2 = α2 + α+ 3

k ≥ 1 β3 = α4+aα
2k

C6 v2(b) = 2k, a ≡ −b2 (mod 8) 2 P1P2P3P4 β1 = α+ 3, β2 = α2 + α+ 3

β3 = α4+aα
2k

(θ = α− 2k)

β4 = α4+aα
2k

C6 v2(b) = 2k, a ≡ 4− b2 (mod 8) 2 P1P2P3 β1 = α+ 3, β2 = α2 + α+ 3

β3 = θ + 2 (θ = α− 2k)

C7 v2(b) = 2k, a ≡ 2− b2 (mod 4) 2 P1P2P
2
3 β1 = α+ 3, β2 = α2 + α+ 3

β3 = θ4+aθ
2k

(θ = α− 2k)

C8 3 go to TableC5
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TableC5 : p = 3, v3(a) = 0 and v3(b) ≥ 1

Let A = −10a3 + a, B = −a2(2− 5a2), C = b+ a3 − a5 and θ = α+ a.

Case Conditions the form of 3ZK generators

C5.1 v3(−a5 + a3 + b) = 1, v3(b) = 1 P 2
1 P

3
2 β1 = α, β2 = θ

C5.2 v3(−a5 + a3 + b) = 1, v3(b) = 2k + 1 ≥ 3 P 2
1 P

3
2 β1 = α+ α4+aα

3k

β2 = θ

C5.3 v3(−a5 + a3 + b) = 1, v3(b) = 2k ≥ 2 P1P
3
2 β1 = α+ α4+aα

3k−1

(ab3
3

) = −1 β2 = θ

C5.4 v3(−a5 + a3 + b) = 1, v3(b) = 2k ≥ 2 P1P2P
3
3 β1 = α+ (α3+a)(α+3kt)

3k

β2 = α+ (α3+a)(α−3kt)

3k
(v3(at2 + b3) = 1)

(ab3
3

) = 1 β3 = θ

C5.5 v3(−a5 + a3 + b) = 2, v3(b) = 2k + 1 ≥ 3 P 2
1 P

2
2 P3 β1 = α+ α4+aα

3k

β2 = α+ (α3+a)(α−3kt)

3k
(v3(at2 + b3) = 1)

a2 6≡ 4 (mod 9) β3 = θ + θ4−5aθ3+10a2θ2+Aθ+B
3

β4 = θ + θ4−5aθ3+10a2θ2

3

C5.6 v3(−a5 + a3 + b) ≥ 3, v3(b) = 2k + 1 ≥ 3 P 2
1 P

2
2 P3 β1 = α+ α4+aα

3k

β2 = α+ (α3+a)(α−3kt)

3k
(v3(at2 + b3) = 1)

a2 6≡ 4 (mod 9) β3 = θ + θ4−5aθ3+10a2θ2+Aθ+B
3

β4 = θ + 3 + θ4−5aθ3+10a2θ2

3

C5.7 v3(−a5 + a3 + b) = 2, v3(b) = 2k ≥ 2 P1P2P
2
3 P4 β1 = α+ (α3+a)(α+3kt)

3k

β2 = α+ (α3+a)(α−3kt)

3k
(v3(at2 + b3) = 1)

a2 6≡ 4 (mod 9), (ab3
3

) = 1 β3 = θ + θ4−5aθ3+10a2θ2+Aθ+B
3

β4 = θ + θ4−5aθ3+10a2θ2

3

C5.8 v3(−a5 + a3 + b) ≥ 3, v3(b) = 2k ≥ 2 P1P2P
2
3 P4 β1 = α+ (α3+a)(α+3kt)

3k

β2 = α+ (α3+a)(α−3kt)

3k
(v3(at2 + b3) = 1)

a2 6≡ 4 (mod 9), (ab3
3

) = 1 β3 = θ + θ4−5aθ3+10a2θ2+Aθ+B
3

β4 = θ + θ4−5aθ3+10a2θ2

3
+ 3

C5.9 v3(−a5 + a3 + b) = 2, v3(b) = 1 P1P
2
2 P3 β1 = α

a2 6≡ 4 (mod 9) β2 = θ + θ4−5aθ3+10a2θ2+Aθ+B
3

β3 = θ + θ4−5aθ3+10a2θ2

3

C5.10 v3(−a5 + a3 + b) ≥ 3, v3(b) = 1 P1P
2
2 P3 β1 = α

a2 6≡ 4 (mod 9) β2 = θ + θ4−5aθ3+10a2θ2+Aθ+B
3

β3 = θ + θ4−5aθ3+10a2θ2

3
+ 3

C5.11 v3(−a5 + a3 + b) = 2 P 2
1 P

3
2 β1 = α

a2 ≡ 4 (mod 9) β2 = θ + θ4−5aθ3+10a2θ2+Aθ+B
3

C5.12 v3(−a5 + a3 + b) ≥ 3, a2 ≡ 4 (mod 9) go to tableC5.12
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TableC5.12 : a2 ≡ 4 (mod 9) and v3(−a5 + a3 + b) ≥ 3

Let s be a regular integer, A = 10s3 + a, B = f ′(s), C = f(s) θ = α− s, u4 = v3(B) and u5 = v3(C).

Case Conditions the form of 3ZK generators

1 u4 ≥ 3, u5 = 3 P 2
1 P2 β1 = α, β2 = θ

A3 ≡ −C3 (mod 3)

2 u4 ≥ 3, u5 = 3 P 2
1 P2P3 β1 = α, β2 = θ +

(θ2+5sθ+10s2)(θ+3t)
3

(v3(A3t2 + C3) = 1)

A3 ≡ C3 (mod 3) β3 = θ +
(θ2+5sθ+10s2)(θ2+9u)

9
(A3u− C3 ≡ 0 (mod 3))

3 u4 = 2, u5 = 3 P 2
1 P2 β1 = α, β2 = θ

A3B3C3 ≡ −1 (mod 3)

3 u4 = 2, u5 = 3 P 2
1 P2P3 β1 = α

A3 ≡ C3 ≡ B3 ≡ 1 (mod 3) β2 = θ +
(θ2+5sθ+10s2)(θ+3t)

3
(t3 − t2A3 + tB3 − C3 ≡ 0md9)

β3 = θ +
(θ2+5sθ+10s2)(θ2+9)

3
3 u4 = 2, u5 = 3 P 2

1 P2P3 β1 = α

A3 ≡ C3 ≡ −1 (mod 3), B3 ≡ 1 (mod 3) β2 = θ +
(θ2+5sθ+10s2)(θ+3t)

3
(t3 − t2A3 + tB3 − C3 ≡ 0md9)

β3 = θ +
(θ2+5sθ+10s2)(θ2+9)

3
3 u4 = 2, u5 = 3 P 2

1 P2 β1 = α, β2 = θ

A3 ≡ C3 ≡ −1 (mod 3), B3 ≡ 1 (mod 3)

4 u4 = 2, u5 = 3 P 2
1 P2P3 β1 = α,β2 = θ +

(θ2+5sθ+10s2)(θ+3t)
3

(v3(A3t2 + C3) = 1)

A3 ≡ C3 (mod 3) β3 = θ +
(θ2+5sθ+10s2)(θ2+9u)

9
(A3u− C3 ≡ 0 (mod 3))

A3B3C3 ≡ −1 (mod 3) β3 = θ +
(θ2+5sθ+10s2)(θ2+9u)

9
(A3u− C3 ≡ 0 (mod 3))

1 u4 ≥ 3, u5 = 3 P 2
1 P2 β1 = α, β2 = θ

A3 ≡ −C3 (mod 3)

3 2u4 > u5 + 1 P 2
1 P2P3 β1 = α, β2 = θ + θ3+5sθ2+10s2θ+A

3

u5 = 2k + 1 ≥ 5, A3C3 ≡ −1 (mod 3) β3 = θ + θ3+5sθ2+10s2θ
3

+ 3

4 2u4 > u5 + 1 P 2
1 P2P3P4 β1 = α, β2 = θ + θ3+5sθ2+10s2θ+A

3

u5 = 2k + 1 ≥ 5, A3C3 ≡ 1 (mod 3) β3 = θ +
(θ2+5sθ+10s2)(θ+t3k)

3k
(v3(A3t2 + C3) = 1)

β4 = θ +
(θ2+5sθ+10s2)(θ−t3k)

3k

5 2u4 ≥ u5 + 1 P 2
1 P2P 2

3 β1 = α, β2 = θ + θ3+5sθ2+10s2θ+A
3

u5 = 2k ≥ 4 β2 = θ + θ4+5sθ3+10s2θ2

3k

6 2u4 − 1 = u5 ≥ 5 P 2
1 P2P3 β1 = α, β2 = θ + θ3+5sθ2+10s2θ+A

3

β3 = θ + θ3+5sθ2+10s2θ
3

+ 3

TableD : vp(ab) = 0

For p ≥ 7 and vp(4) ≥ 2, let s ∈ Z such that 25bs ≡ 6a2 (mod pvp(4)+1), A = 10s3 + a, B = f ′(s) and

C = f(s).

Case Conditions p the form of pZK generators

D1 p ∈ {2, 3, 5} p-analogous to f̄(X)

D2 vp(4) = 0 p ≥ 7 p-analogous to f̄(X)

D3 vp(4) = 1 p ≥ 7 IP 2 I is p-analogous to X3 + 5sX2 + 10s2X +A
β = θ

D4 vp(4) ≥ 2 p ≥ 7 IP 2 I is p-analogous to X3 + 5sX2 + 10s2X +A

vp(4) = 2k + 1 β = θ4+5sθ3+10s2θ2+Aθ
pk

D5 vp(4) ≥ 2 p ≥ 7 IP I is p-analogous to X3 + 5sX2 + 10s2X +A

vp(4) = 2k, (
−ACp

p
) = −1 β = θ4+5sθ3+10s2θ2+Aθ

pk−1

Let pZK =
∏r

i P
ei
i . If r = 1, then it suffices to find an integral element β

such that vP1(β) = 1. If r ≥ 2, then for every i 6= j, an element βi ∈ K such
that vPi = (βi) = 1 and vPj = (βi) = 0 will be calculated. If vp(ab) = 0,

vp(4) = 2k and (−ACp
p

) = 1, then pZK = IP1P2, where I is p-analogous to

X3 − 5sX2 + 10s2X + A and for every i := 1, 2, vPi(θ) = k. Let t ∈ Z such that
vp(Cp + t2A) = 1 (up to replace t by t + p, such a t exists), φ = X + tpk and
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consider the φ-adic development of f(X + s), where 25bs ≡ 6a2 (mod p2k). Then

vP1(θ + tpk) = k + 1 and vP2(θ − tpk) = k + 1. Thus β1 = (θ3−5sθ2+10s2θ+A)(θ+tpk)
pk+1

and β2 = (θ3−5sθ2+10s2θ+A)(θ−tpk)
pk+1 .

5. Examples

(1) a = 24.52.11 and b = 27.5.132. As v2(a) = 4 v2(b) = 7, let us re-
place a by 2.52.11, b by b = 22.5.132 and α by θ = α

2
. Then 4 =

28.59.132.109.2038951. For p = 2, we have (1, θ, θ2, θ
3

2
, θ

4

2
) is a 2-integral

basis of K and v2(dK) = 8 − 4 = 4. For p = 5, since v5(b) = 1
and v5(a) ≥ 1, we have (1, θ, θ2, θ3, θ4) is a 5-integral basis of K and
v2(dK) = 9. For p = 13, since v13(a) = 0, v13(b) = 2 and a ≡ 4 (mod 13),

(1, θ, θ2, θ3, θ
4+4θ
13

) is a 13-integral basis of K and v13(dK) = 0. As for every
prime p 6∈ {2, 5, 13}, vp(4) ≤, we have dK = 24.57.132.109.2038951 and

(1, θ, θ2, θ
3

2
, θ

4+4θ
26

) is an integral basis of K.
(2) a = 390 and b = 736. Then 4 = 212.59.23.1489.2621. For p = 2, since

v2(b) = 1 and v2(a) ≥ 1, v2(ind(f)) = 0 and v2(dK) = 212.
For p = 5, we have v5(5b

3 − 2a) = 3 and v5(b
4 − 1 − ab) = 4. Then

(1, α, α2, θ
3

5
, θ

4−5θ3+10θ2+5θ
52

) is a 5-integral basis of K and v5(dK) = 9−6 =
3. The fact that for every prime p 6∈ {2, 5}, vp(4) ≤ 1 implies that

dK = 212.53.23.1489.2621 and (1, α, α2, θ
3

5
, θ

4−5θ3+10θ2+5θ
52

) is an integral
basis of K.
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