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P-INTEGRAL BASES AND PRIME IDEAL FACTORIZATION
IN QUINTEC FIELDS

LHOUSSAIN EL FADIL * AND OMAR BOUGHALEB 2

ABSTRACT. Based on Newton polygon techniques, for every prime integer p,
a p-integral basis of Zg, and the factorization of the principal ideal pZ into
prime ideals of Zy are given, where K is a quintic number field defined by an
irreducible trinomial X° + aX? + b € Z[X].

1. INTRODUCTION

Let K be a quintic number field defined by an irreducible trinomial f(X) =
X5 +aX? +b € Z[X], Zk its ring of integers, dx its discriminant, o a complex
root of f(X), A the discriminant of f(X) and ind(f) = [Zk : Z]c]] the index of
Z[a]. In this paper, based on Newton polygon techniques, for every prime integer
p, a p-integral basis is proposed. This method provides also the factorization
of pZk into prime ideals of Zg; The form pZy = []._, p{* and for every prime
factor p;, a p-generator §; of p; is given too; p; = pZyk + BiZyk. A such p-
generator is characterized by v, (8;) = 1 and for every p # p;, v,(8;) = 0.
If the ramification index e; = 1, then the first condition could be replaced by
vy, (Bi) > 1. Let p be a prime integer. It is well known that if p does not divide
ind(f), then thanks to a theorem of Kummer the factorization of pZy can be
derived directly from the factorization of of f(X) modulo p; pZy = [[_, p5,
where every p; = (p, gi(a))% and f(X) =[], g:® is the factorization of f(X) in
F,[X] (see, for example [2, page 257]). In this case, we said that the factorization
of pZy is p-analogous to the factorization of f(X) modulo p. Dedekind gave
a criterion to detect if p does not divide ind(f) or not (see [3]). If p divides
ind(f), then the previous theorem of Kummer failed. In that case, using Newton
polygon techniques, the index v,(ind(f)) is calculated, a p—integral basis, the
form of pZx = [[;_, p;’, and for every prime factor p;, a p-generator of p; are
given. Throughout this paper, the following notations are used: For every prime
D, v, is the p-adic discrete valuation defined in Q, by v,(p) = 1, extended to
Qu[X] by v,(A(X)) := Min{v,(a;), 0 < i < r}, where A(X) = >, a;X". For

every (z,m) € Z*, denote x, = z (mod m) the residue class of x modulo

m and () is the Legendre symbol.
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2. NEWTON POLYGONS

In this section, we briefly review the notions of Newton polygons. Let p be a
prime integer such that p? divides A. Let ¢(X) € Z[X] be a monic polynomial
of degree m such that ¢(X) is an irreducible divisor of f(X) modulo p. Let
F(X) = ag(X)p(X) +a1(X)p(X) "+ -4a,(X) be the ¢(X)-adic development
of f(X) (every a;(X) € Z[X] and dega;(X) < m). To any coefficient a;(X), we
attach u; = vy(a;(X)). If u; < oo, then let P; be the point in the Euclidean plane
defined by (i,u;). The ¢-Newton polygon of f(X) is the lower convex envelope
of the set of points P, = (i,u;), u; < oo, in the Euclidean plane. This open
polygon is denoted by N, f. For instance, for a ¢-development of degree 7 with
u; =0,3,0,00,2,2,4,6 fort=0,1,...,7, the polygon is

Let N be the ¢(X)-Newton polygon of f(X). The length {(N, f) and the height
h(Ny f) of the polygon are the respective lengths of the projection to the horizon-
tal and vertical axis. Clearly, deg f(X) = ml(Ny f)+degag(X), where m = dege.
The ¢-Newton polygon is the union of different adjacent sides Si,...,.S; with in-
creasing slopes A\; < Ay < --- < A\;. We shall write Ny, f = 57 +--- 4+ 5;. The
points joining two different sides are called the wvertices of the polygon. The
polygon determined by the sides of positive slopes of Ny f is called the principal
¢-polygon of f(X) and denoted by N;ﬁ f. The length and the height of N;F f are
respectively the lengths of its orthogonal projections to the horizontal and vertical
axis. For instance, the polygon of the figure has three sides S, S5, .53 with slopes
0<2/3<2and NJ f = S,+4Ss. For every side S of the principal part N f, the
length £(S) and the height h(S), of S, are the respective lengths of the projection
to the horizontal and vertical axis. The slope of S is the quotient h(S)/((S).
The positive integer d(S) := ged(h(S),£(S)) is called the degree of S. Denote
d := d(S) the degree of S, h:= h(S)/d and e := £(S)/d. X := h/e is the slope of
S and e is its ramification index. Let [ = {(Ny f) be the length of N,, f. For any
J = 1.1, let H; € Q be the ordinate of the point of Ny(f) of abscissa j, h; its
a;(X)
ph
Z[X] by reduction modulo p. Note that If P; € S, then t; = 0 and if P; € S, then

integral part and ¢; = red ( , where red is the canonical map defined on
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t; # 0. If ¢ is the abscissa of the initial point of S, let fs(Y") be the residual poly-
nomial attached to S: fg(Y) = ;Y 4+t Y41 4.. F i (d-1)eY Flivae € Fg[Y].
Let f(X) =[], ;" (X) modulo p be the factorization of f(X) in F,[X], where
¢(X) € Z[X] is monic. Let NJ f = S} +--- + S} f(X) is said to be ¢s-regular
if for every j := 1..t, fsi (Y) is square free in F,[Y]. Let N; := Ny f. Define

indy,(f) = m; Y074, hy the Ni-index of f(X), where ¢ = [T, o™ (X), I is

Jj=i4+1
the length of N; and Omi = deg(¢;).
For every j := 0..[; — 1, let q§(X ) be the quotient of the Euclidean division

of f(X) by gbj( ). For every j := 0..[; — 1 and for every k := 0..m; — 1, let
Qijxla) = kqj o) , where h; is the integral part of H; and H; is the ordinate of
the point P; € N of abscissa j. Then we have the following results:

Proposition 2.1. [1, Pr. 2.3 and Th. 2.6]

(1) If f(X) = ¢l1117(X) (mod p) such that H(X) is square free and f(X)
is ¢1(X)-regular, then vy(ind(f)) = my x indy, (f) and {Q1 k()] =
0. — 1, k := 0 .my — 1} is a p-integral basis of Zy .

(2) If f(X) = 122 (mod p) such that for every i :== 1,2, f(X) is ¢;(X)-
reqular, then vp(md(f)) = my xindy, (f)+mexindy, (f) and {Q1;x(c) j =
Z(l)—f-]_ll — 1, k:= O..m1 - 1}U{Q27]‘7k(01)j = Z%+1l2 - 1, k= 0..m2 - 1}
18 a p-integral basis of Zy .

3. MAIN RESULTS

Let K = Q[a] be a quintic number field generated by « a complex root of an
irreducible polynomial f(X) = X° 4+ aX? + b € Z[X]. Note that if there exists
a prime p such that v,(a) > 3 and v,(b) > 5, then K = Q[¢], where § = =,
q := Min(q1, ¢2), ¢1 the quotient of v,(b) by 5 and ¢, is the quotient of v,(a) by
3. Since P(X) = X° + AX? + B is the minimal polynomial of # and v,(A) < 2
and v,(B) < 4, up to replace a by 0, we can assume that v,(a) < 2 or v,(b) < 4.
First, we describe an iterative process that converges, in some special cases, to
an integer s € 7Z such that f(X) is (X — s)-regular. ~ We say that an inte-
ger s is regular if f(X) is (X — s)-regular. Otherwise, we say that s is irreg-
ular.  Let s be an integer, and denote us := v,(f(s)), us := v,(f'(s)), us :=

" (3) 4 (4) (3)
Up(f 2(8))7 Uz = Up<f (S))v uyp = Up(f(2)4(8))70-1 = fp’éS)’ 2 = fp“§S)7 03 =
fpu(«;) , 04 f zgj) , 05 1= p7(f5) .

The (X — s)-adic development of f(X) is f(X) = (X — s)° + %(X —s)t+
%(X — 5%+ @(X —8)2 + f'(s)(X — s) + f(s), and the (X — s)-Newton
polygon of f(X) is the lower convex envelope of the points: (0,0), (1,u), (2,us),

(3,us), (4,uq) and (5, us).

Let us show an efficient way to find a regular s.

Lemma 3.1. For p =3, a*> =4 (mod 9) and vs(—a® — a® +b) > 3, let s = —a.
(1) If vs(f(s)) < 2, then s is reqular, and the process is done.
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(2) If vs(f(s)) =3, v3(f'(s)) =2 and fs(Y) is square free , then s is reqular,
and the process is done too.

(3) If vs(f(s)) > 4, vs(f'(s)) = 2 and 02 — 904 # 0 (mod 3), then s is
reqular, and the process is done too.

(4) Ifvs(f(s)) =3, v3(f'(s)) = 2 and 09Y 3 +03Y? +0,Y +05 is inseparable in
F3[Y], then let t € Z such that t is the square root of oot + o3t® + o4t + 0.
Replace s by s+ 3t and go to the next step.

(5) If v3(f(s)) >4, v3(f'(s)) =2 and 02 — 0304 = 0 (mod 3), then let t € Z
such that t is the root of o9t? + o5t + 4. Replace s by s+ 3t and go to the
next step.

(6) If vs(f(s)) >4, v3(f'(s)) >3, 2uy = us + 1 and 03 — 0305 = 0 (mod 3),
then replace s by s+3“~, where t is a root of ost>+o,t+os5. Compute the
new corresponding us, us , Uy, Uz, 03, 04 and os, and then repeat this step
until to obtain 2uy # us+1 or (2uy = us+1 and 0% — 0305 = 0 (mod 3)).

(7) If v3(f(s)) >4, v3(f'(s)) > 3, 2uy = us + 1 and 03 — 5305 £ 0 (mod 3),
then s is reqular.

(8) If vs(f(s)) >4, vs(f'(s)) >3, 2uy # us + 1, then s is reqular.

Proof. For s = —a, we have up = 0, ug = 1, uy > 2 and us > 1. Thus, we have
the following situations:

(1) If us < 3, then Ny ,(f) = S is one side. If uz < 2, then fg(Y) is of
degree 1, and then s is regular.

If us = 3, uy = 2 and fs(Y') is square free , then s is regular too.

If us = 3, uy = 2 and 02Y >+ 03Y % +0,Y + 035 is inseparable in F3[Y], then
let ¢ € Z such that ¢ is the square root of fg(t). Let s = —a, 57 = s+ 3t
and for every i, f(X —s;) = X° =55, X1 +10s2 X3+ A; X?+ B; X +C;. Then
A; = =108 +a = Ay (mod 9), By = 51(5s} —2a) = By +9.2to3 (mod 27)
and Oy = Cy+ 2Ttoy + 27203 + 27t305. Since t is the square root of fs(t),
f&(t) = 04+ 2to3 = 0 (mod 3) and fg(t) =0 (mod 3). Thus, us > 4 and
uy > 3. Go to the next step.

(2) If us >4, uy = 2 and 02 — 0904 = 0 (mod 3), then N*(f) = S; + S, such
that fs,(Y) = 02Y? + 03Y + 04 (mod 3) and fs,(Y) is of degree 1. Let
t € Z such that ¢ is the root of fs, (t) and s; = sg — 3t. As in the previous
step uz = 1, uy > 3 and us > 4. Go to the next step.

(3) If us > 4, ug > 3 and 2uy = uz + 1, then N*(f) = S; + Sy such that

f5,(Y) is of degree 1 and fg,(Y) = 03Y? + 04Y + 05 (mod 3). As 03 —
o305 = 0 (mod 3), let ¢ € Z such that ¢ is the root of fs,(t). Let so = s,
S1 = 950 —3tu471 and f(X—SZ) = X5 —5SZ‘XV4—F]_0812)(3—f-141)(2—f—BZ)(—I—61z
As in the previous, v3(A;) = 1, v3(B1) > uy + 1 and v3(Cy) > us + 1.
Replace s by s, compute the new corresponding us, us , ug, us, 03, 04 and
05, and then repeat this step until to obtain 2uy # us+1 or (2uy = us+ 1
and 02 — 0305 = 0 (mod 3)). Go to the next step.
Remark that for every iteration i, if s;,; is irregular, then u} + 2 < u’t?
and ul + 2 < wug. Thus, vs(indy,,,(f)) > vs(indy,(f)), where N; =
Nix—s)(f). As the index ws(ind(f)) is finite, after a finite number of
iterations, this process will done.
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(4) Tfus >4, uy > 3 and 2uy = us+1, then NT(f) = S; + S5 such that fs, (V)
is of degree 1 and fs,(Y) = 03Y? + 04Y + 05 (mod 3). As 07 — 0305 %
0 (mod 3), then fg,(Y) is square free. Thus, s is regular.

(5) If v3(f(s)) > 4, v3(f'(s)) > 3 and 2uy > uz + 1, then N*(f) = S; + S,

such that every i := 1,2, fs,(Y) is square free, and then s is regular.
(6) If Ug(f( )) > 4 U3< ( )) > 3 and 2U4 < 'LL5+1 then N+(f) = Sl+52—|—53
such that every i :=1,2,3, fs,(Y) is of degree 1, and then s is regular.

O

By analogous, we have the followings:

Lemma 3.2. Forp =15, v5(b) =0, vs(b* —ab—1) > 2 and vs(5b* + 2a) > 2, let
s = —b. Then
(1) If 2uy = us + 1 and 02 — 0305 # 0 (mod 5), then s is reqular.
(2) If 2uy = us + 1 and 02 — 0305 = 0 (mod 5), then replace s by s + 5“7 1¢,
where t € Z and t is the root of o3Y? + 04Y + 05. Compute the new
corresponding us, Uz , Uy, Us, 03, 04 and o5 and resume the process.

Theorem 3.3. In TableA, B,C and D, v,(A), a p-integral basis of Z is given,
where K = Qo] is a quintic number field generated by o a complex root of an
irreducible polynomial f(X) = X° + aX? 4+ b € Z[X] such that v,(a) < 2 or
v,(b) < 4.

TableA : vy(a) > 1 and vy(b) > 1

case conditions P p-integral basis
2 3 z
1wl =tw@=3  [#5] (e 55
2 0,0)=3, vl =2 (Lo, % 2 &)
3 vp(b) =2, vp(a) > 2 (1,a,a?, 0]‘3 ,%)
2 3 4
i wm s @=2 |£2] (L=, 2,20
r = LUPQ(b)J
5| va(b) =2k +1>4d,va(a) =2 | 2 (1o, %, %, Sie9)
6] wa(b) =2k > 4v5(a) =2 2 1a, %, %, o)
as + by =2 (mod 4)
7 Q12(b) :2]/624,1}2(61) =2 2 (170‘7%2706737%)
as 4+ by =0 (mod 4) t=a-—2F1
3 1
S| > =1  |[£2]  (Laa?,=, o
— ngg(b)J
9 vp(b) = 2k, vp(a) =1 2 (1,02, &, @)
10 ’Up(b) _2k+1 >3 UP( ) 2 (170470‘2’%370[;:1116!)
az + by = 2 (mod 4)
11 v(b) =2k +1>3,v5(a)=1| 2 | (L,a a%%ﬂ%’W)
as 4+ by =0 (mod 4) t=a—2
12 vp(b) =1, vp(a) > 1 (1,a,a?,a3,a?)
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TableB : v,(b) =0 and v,(a) > 1

LetO =a+b
Case Conditions P p-integral basis of Zx
B1 #+5 (1,a,a?,a3,a?)
B2 vp(b* —1+ab) =1 5 (1,a,a?, a3, a’)
B3 | vs(b*—1+4ab)>2, v5(563—2a)=1 | 5 (1,a,0?,03, 2)
B |vs(b* —1+ab) =2, a =153 (mod 25) | 7 (1,a,0%, €. 2)
B5 | vs(b* —1+ab) >3, a=15b> (mod 25) | 5 go to T'able B5

If a = 150* (mod 25) and vs(b* — 1 + ab) > 3, then let s be a regqular integer
defined by Lemma 3.2.

TableB5 : a = 15b* (mod 25) and vs(b* — 1 + ab) > 3
Let 0 = a —s, A=10s*+a, uy = vs(f'(s)) and us = vs(f(s)).

Case | Conditions 5-integral basis of Ly
B5.1 | 2us > us +1 | (1,a,02, &, CEB0 2020710,
po= 2
B5.2 | 2us <us+ 1] (1,a,0%, & CH5s0T2H 100147 )
TableC : vy(a) =0 and vy(b) > 1
Case Conditions D p-integral basis of Zx
C1 p€ {23} (1L,a,0% 0% 2ha0)
b
n=1"]
Cc2 va(b) =2k +1 (1,a,0?, a3, araa)
C3 | wva(b) =2k, a=—by (mod 4) (1,a, 02,03, %W)
0=a—2
C4 | va(b) =2k, a =2 —be (mod 4) 2 (1,a, 02,03, %)
c5 3 go to TableCh

TableCh : p =3, v3(a) =0 and v3(b) > 1

Let s be a reqular integer defined by using Lemma 5.1, A = 10s® + a, B =
s(2a+5s%), C =b+as*+s* and = a — s.

Case Conditions a 3-integral basis of Ly
C5.1 v3(—a® + a3 +b) =1, v3(b) =1 (1,a,a?,a3,a?)
C5.2 v3(—a® + a3 +b) =1, vg(b) > 2 (1,a,02, a3, 0‘4;%)
p=
5 3 2 a3—ao¢2+a—i a*—aa®+a’+a
C5.3 v3(—a® 4+ a” +b) > 2, v3(b) > 2 (1, o, %, 5 , o )
vz (b
a? # 4 (mod 9) p=20
C5.4 | v3(—a® +a® +b) > 2, a®> =4 (mod 9) go to T'ableC5.6
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TableC5.6 : a* =4 (mod 9) and v3(—a® + a® + b) > 2

Let s be a reqular integer defined by using Lemma 3.1, A =10s® +a, § = o — s,
uy = v3(f'(s)) and us = vs(f(s)).

Case | Conditions 3-integral basis of Zx
2 63+a0%+6 6*+556°+10s°62+A0
1 2ug > us + 1| (1, 0,07, 3 ) 30 )
po= [
2 03+af?+0 6*+5s05+10s%0%+ A0
2 2uy < us (1, o, 0, =52, T )

TableD : vy(ab) =0

Case | Conditions D p-integral basis of Zx
D1 p<€{2,3,5} (1,a,0?, a3, a?)
D2 | v(A) <1 (1,a,0%, a3, a)
D3 | vy(L) > 2 p>7 (1,a,02, a3, 64+5893+1082f2+(1083+a)6)
A
2

Proof. (1) vy(b) > 1, vy(a) > 1. All cases, except 3, correspond to a situation

where f(X) is X-regular. In the case 13, f(X) is (X + 2¥)-regular.

(2) v,(b) = 0 and vy(a) > 1. If p # 5, then f(X = X° + b (mod p) is square

free, and then v,(ind(f)) = 0.

For p = 5, we have f(X) = (X 4+ b)® (mod 5). Let f(X —b) = X° —

50X* + 1002 X3 + AX? + BX + C and 0 = o + b, where A = a — 1063,

B = b(5b* — 2a) and C' = —b(b* — 1 + a). It follows that:

(a) If v5(C) = 1, then vs(ind(f)) = 0.

(b) If a # 156 (mod 25), then vs(B) = 1, v5(A4) > 1 and v5(C) > 1.
Thus if v5(C) > 2, then vs(ind(f)) = 1 and (1,a,0% 0% %) is an
integral basis of K.

(c) If a = 15b® (mod 25) and vs(C) = 2, then vs(ind(f)) = 2 and
(1,a,0?, %, %) is a 5-integral basis of K.

(d) If @ = 15b* (mod 25) and vs(C) > 3, then vs(A) = 1. Let s be a
regular integer defined by Lemma 3.2, f(X + s), A = 10s® + a and
6 = o — s. It follows that: If 2uy > us + 1, then vs(ind(f)) = 2 + u,
(1,a,a2, &, O45s0+ 105267440 ig oy integral basis of K and vs(A) =

6 + us, where u = L“T“J

If 2uy < us+1, then vs(ind(f)) = 1+uy, (1, o, a?, %, 94+5503§i25292+“)

is an integral basis of K and v5(A) = 4 + 2uy.

(3) vp(a) = 0 and v,(b) > 1. Then f(X) = X?(X®+a) (mod p). By Hensel’s
Lemma , f(X) = F1(X)Fy(X) in Z,[X], where F1(X) = X? (mod p),
Fy(X) = (X3+a) (mod p). Ifp # 3, then Fy(X) is square free, v, (ind(Fy)) =
0 and v, (ind(f)) = v,(ind(F1)). Thus,

(a) If p € {2,3}, then v,(ind(f)) =r = LUPT(I’)J and (1, o, a?, a3, 0‘4:#) is

a p-integral basis of K.

(b) If p = 2 and v2(b) = 2k+1, then v,(ind(f)) = k and (1, a, a2, a3, ‘ﬁ#)

is a 2-integral basis of K.
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If p = 2 and vy(b) = 2k, then let P(X) = f(X +2F) = X° +
528 X1 45221 X3 4 AX?24+ BX +C and 6 = a—2*.Then v,(A) = 0,
B =2M1(5.23%"1 4+ q) and C = 22*(23* +-a+by). Thus, v5(B) = k+1
and vo(C) = 2k + r, where r = 1, if a + by = 2 (mod 4) and
r > 2, if a + byv0 (mod 4). Therefore, if a + by = 2 (mod 4), then
(1,a, a2, a3, ‘“4;%) is a 2-integral basis of K. If a +byv = 0 (mod 4),

then (1, ,a?, a3, %) is a 2-integral basis of K.
(¢) For p = 3, we have v3(ind(f)) = vs(ind(Fy)) +vs(ind(F3)). Asin the

previous case, vz(ind(Fy)) =r = L%@J

For vs(ind(F3)), let s be a regular integer given Lemma 3.1, and con-
sider f(X + s).

If a*> # 4 (mod 9), then s = —a, v3(A) > 1 and v3(B )
if v3(C) = 1, then v3(ind(F)) = 0 and (1, a,a? a3, 2
integral basis of K.

If v3(C) > 2, then vy(ind(F3)) = 1 and (1,q,a?, @F0% altaay 44 5
3-integral basis of K.

If > = 4 (mod 9), for a regular integer s, uz3 = 1 and ug > 2. It
follows that:

If us = 1, then v3(ind(Fy)) = 0 and (1, o, %, a3, 2 ;;“O‘) is a 3-integral
basis of K.

If us = 2, then v3(b) = 1, v3(ind(f)) = wv3(ind(F)) = 2 and
(1,a, 2, 93“392*9, 94*“23” ) is a 3-integral basis of K.

If us > 3, then v3(b) = 1, v3(ind(f)) = vs(ind(Fz)) = 1 + u, where
1= Min(uy, LU5THJ So, (1, a2, 03+a92+97 94+5503E£05202+A6) is a 3-
integral basis of K.

(4) vy(ab) = 0. Since A = b(5°6% + 22.3%a%), if p € {2,3,5}, then v,(A) =0,
and then Zyx = Z[a]. If p > 7 and v,(A) < 1, then Zy = Z[a]. For p > 7
and v,(A) > 2, using the Euclid’s algorithm, we have 250X —6a* (mod p)
is the greatest common divisor of f(X) and f/(X) (mod p). Let s € Z
such that 25bs = 6a% (mod p»®*1) and P(X) = f(X +5) = X° —
5sX* 4+ 10s2X3 + AX? + BX + C, where A = 10s® + a, B = 5s* + 2as
and C = s° 4 as? +b. Then (250)B = s((6a?)3 + 2a(25b)3) = 10as(5°b® +
22.3%a%) (mod p»@)+1) and , (5°6° + 22.33a°)% — (256)°C' = 4.9(5°b° +
22.3%a%) (mod p*(&)*+1). The fact v,(A) = v,(5°b% + 22.33¢°) implies that
vp(B) = v,(C) = v,(A). As sA — 2B = —as, then v,(A) = 0. It follows
that v,(ind(f)) = r and (1, a, o2, o, 045507 110520° +40) is a p-integral basis

"
of K, where r = L%J

1. Thus,

+ %) is a 3-

O

4. PRIME IDEAL FACTORIZATION

In this section, for every prime integer p, an explicit factorization of the prin-
cipal ideal pZ g into prime ideals of Z is given. Note only the form is given, but
two element generators of each prime ideal factor are given.
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Theorem 4.1. Let p be a prime integer. In the following tables, the form of
pZy as a product of prime ideals of Zy , and for every prime factor P of pZy an
integral element B of K such that P = (p, ) are given.

TableA : vy(a) > 1 and vy(b) > 1

3 4 kp3
o« 0%+45.2%0°+ab
Bs =% + gz

case conditions p | the form of pZk generators
gy
1 vp(b) =4, vp(a) >3 P® B=%
2 vp(b) =3, vp(a) > 2 P 8= 0‘;
3 Up(b) =2k =+ 1 Z 4, ’Up(a) =2 ]313P)22 61 — a?f + a:;zka
4
B2 = o3 + 25
4] vpb) =2k>4, vp(a) =2 | #2 PP By = aitan a’;ﬂ
—apbpy _ = g ataa
( D ) 1 ﬁ 2 + TpRFL
5| vp(d)=2k>4,vp(a)=2 |#2 PiP:Ps B =2 zaa n ap;a
—a o’ a”+a)(a
( ;bp)zl ﬂQ:FJF%@p(GPtQJFbP):U
3 a3 ta)(a—tpk—1
Bs = %2 + (+L(7+tp>
x
6| va(b) =2k > 4,v2(a) =2 2 P3P} fy = afaa 4 a +a
as 4
az + bz =2 (mod 4) B2 = 22 + 2,31‘11“
7 1}2(6) =2k > 4,’[}2(0,) =2 2 P13P2 51 _ ;aa 4o +a
k
a2 + b2 =4 (mod 8) ' Be = %2 + 01+5. 22k4+1193+a9 gt —a— 21@71)
8 v2(b) = 2k > 4,v2(a) =2 2 PP Ps fy = o-tea y arda
as + b2 = 0 (mod 8) Br= % 464% 50%+a0+2as
t=a—s,s= 2’“71(1 -2+ 4t) vg(bg +a2(1+8t) =3)
B3 = af;’ + 04+5}€s£§+a9
2 2F
9 vp(b) =2, vp(a) > 1 p° B = a;
10| wp(b) =2k >3, vy(a) = 1 PP} B = ? s
@ a4+aa
: /32 - ?4"" Z;k
11 | vp(b) =2k +1 >3, vpa) =1 | #2 PP fr =2 4 ota
(o2t2) — -1 B == 4 alfen
D p4 'I;k
12 | vp(b) =2k +12>3, vp(a) =1 | #2 PP, Ps /5'1:0‘*+an“
(—a;bp)zl Ba = +(O"H;)w&) (apt +b)—1)
B3 = + (? +;i(f1 tp*)
13 | vp(b) =2k +1>3, vp(a) =1 2 PP} 5 al | o’4a
az + bz =2 (mod 4) ﬁ:o‘;+ Ij;r“lg (a_a_gk)
14 | vp(b) =2k4+1>3, vy(a) =11 2 PP, b1 :%+ “ta g — o —2F
az + bz = 4 (mod 8) Br= 2 4 2;3;}9 0=ao—2%)
15 [ vp(b) =2k +1>3, vp(a) =1 2 PP 51774»0‘5“,9:(172]“
a2 + b2 =0 (mod 8) B2 = %3 48 +5~529:i’2¢19+2as
(t =a—85, 8= Qk(l — (2 +4t), ’U2(b2 +CL2(1 —|—8t)) = 3)

16 vp(0) =1, vp(a) > 1 P’ B=a
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TableB : vp(b) =0 and vp(a) > 1

Let =a+b

Case Conditions D the form of pZ generators

B1 p > 7 | p-analogous to f (mod p)

B2 2 PP 51 =a+1
Bo=at+al+aP+a+1

B3 b=1 (mod 3) 3 PP 51 =a+1
Bo=a'—a’+a®—a+1

B4 b= -1 (mod 3) 3 P1P2 ﬂ1 =a—1
Bo=a'+al+aP+a+1

B5 vs(b? — 1 +ab) =1 5 P’ B=a+b

B6 | vs(b*—1+ab)>2, vs(56° —2a) =1 | 5 Pip, By =04 LHEU 2000 g _ 5 0

B7 |vs(b* —1+ab) =2, a=156° (mod 25) | 5 P P2 B =04 SOV 2ab) g, _ &2

B5 | vs(d* — 1+ ab) >3, a = 156 (mod 25) 5 go to TableB5

If a = 15b° (mod 25) and vs(b* — 1+ ab) > 3, then let s be a regular integer defined by Lemma 3.2.

TableB5 : a = 15b° (mod 25) and vs(b* — 1+ ab) > 3

Let@=a—s, A= —55°+a, B=5s"+2as, C = f(s), us = v5(B) and us = vs(C).

Case Conditions the form pZk generators
B5.1 2uy > us + 1 P} P} B = 93’%
us = 2k p=| 4t By = 0% 4 04550 +1}€03292+A9
2 5 5
B5.2 2ug > 4 PP, B = &4
3
us =3, (45%5) = —1 Bo=% +0
3
B5.3 2uq4 > us + 1 P13P2 ﬁl = %
us =2k +1>5, (£255) = 1 By = ? 4 04550 2195292%9
B5./ Qug > us + 1 PP BL = M
us =2k + 1, (4355) = 1 By = ? + (93+5592+1§:j§+14)(9+tp’€) (vs(Ast: Y05 =1
3 3 2 2 B
63 _ % + (6°+5s0 +15D;+91+A)(9 tp”)
3
B5.5 2us =us + 1 PP pr = CFA
us =2k +1, (M) - 1 Bo= 9 4 94+5593+11‘05292+A9
5 5 5k
B5.6 Qus = us + 1 PP B = 9‘°’T+A
2 E 3 2 2 k
us =2k + 1, (Bs+?505) =1 B2 = % + (0" +5s6 +1§1§+€+A)(6+m ) (1;5(A5t2 + Bst+ Cs) =
By = 03 + (03+5592+10510+A)(67tpk)
5
B5.7 2us = us PPP,Ps P = 93**“
By = % + (94+5393+1034 02+ A0+ B
By = ? + 94+599345—129292+A9
B5.8 2u4 < us PP, Ps B = A
By = [ 04+5503+105202+A0+B +5
uq
B3 = 03 + 94+5393+103 0%+ A0 +5
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TableC : vp(a) =0 and vp(b) > 1
Case Conditions P the form of pZk generators
C1 vp(b) =2k +1 p & {2,3} I.P? I is p-analogous to X3 + a
ﬁ _ a(a3k+a)
P
c2 vp(b) = 2k > 2 p ¢ {2,3} .r I is p-analogous to X3 + a
() =1 B = st
P pr—
cs vp(b) =2k > 2 p {23} 1.P P> I is p-analogous to X3 + a
—Opa cx3 a)(a k
( b; L) =1 Bl:( +L(k+tp) (vp(at® +by) = 1)
Bo = <a3+a><kq—tp">
P
7] va(b) =1 2 PP, P% Bi=a+1, fi2=a’+a+1
Bs =«
Cc5 va(b) = 2k + 1 2 PP, P% Bi=a+3, f2=a"+a+3
k>1 Bs = a‘;#
Cc6 v2(b) = 2k, a = —b2 (mod 8) 2 PiP,P3P, Bi=a+3, fa=a’+a+3
Bs = 7064;“"‘ 0 =a-—2%)
4
ﬁ4 — 2+kaa
C6 | va(b) = 2k, a =4 — b2 (mod 8) 2 P PP fr=a+3, Bo=a"+a+3
Bs=0+4+2 (B =a—-2%)
C7 | v2(b) = 2k, a =2 — b2 (mod 4) 2 P PP} fr=a+3, fo=a"+a+3
63 — 0424;:19 (9 = a— 2k;)
C8 3 go to TableCH
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TableC5 : p =3, v3(a) =0 and v3(b) > 1
Let A= —10a® 4+ a, B= —a*(2—5a*), C =b+a® —a® and § = a + a.

Case Conditions the form of 3Zk generators
C5.1 va(—a® +a® +b) =1, v3(b) =1 PEP; fr=a,P2=190
x
C5.2 | v3(—a®+a®>+b) =1, v3(b) =2k +1>3 P2P§ Br = a4 o
B2=10
C5.3 | ws(—a®+a®+b) =1, v3(b) =2k >2 PP} Br = o+ ot
() = -1 fa=0
C5.4 | ws(=a®+a®+0b) =1, v3(b) =2k >2 PP P} B = a+ TEa)arst)
3 _ak
B2 =a+ % (vs(at® +b3) = 1)
(1) =1 Bz =10
C5.5 | wa(—a® +a®+b) =2, v3(b) =2k +1>3 PIP3Ps fr=a+2 +aa
57Q+M(v(at2+b3),l)
a? £4 (mod 9) By =0+ 94—5093+10a292+A9+B
B1=0+ w
C5.6 | va(—a®+a®+b) >3, v3(b) =2k+1>3 P2p2p, B = o+ ofae +aa
B2 _Q+M (U (at +b3)=1)
a® # 4 (mod 9) By =0+ b 5a03+10a292+A9+B
3 2
Ba=0+3+ %
C5.7 | wvs(—a®+a®+0b) =2, v3(b) =2k > 2 PP, P2P, 51_a+w
Ba=a+ % (Uz(czt2+bg) =1)
a2 £ 4 (mod 9)} (%) -1 By =0+ 0*—5a0 +10a 02+ A0+B
4 3 292
Ba = 0 + 21=5a0%+100%%
C5.8 | ws(—a®+a®+b) >3, vs(b) =2k > 2 P P,P:P; B _a+%
B2=a+ % (’U2(a2t2+bg) =1)
a® % 4 (mod 9), (%) =1 By = @ 4 §1=5ab +10a 624+ A64B
Ba =0+ w +3
5.9 va(—a® +a®+b) =2, v3(b) =1 P P;P; B = a
a® # 4 (mod 9) By =0+ 9470a9‘5+10a292+A9+B
Bs =0+ w
C5.10 va(—a® +a® +0b) >3, v3(b) =1 P, P;P; b =a
a® # 4 (mod 9) By =0+ 9470a0‘5+10a292+A9+B
Bs =6+ w +3
¢o.11 vs(—a® +a” +0) =2 PYP} Bi=a
a’ = (mod 9) Bo =0+ 94—5a93+103a292+A9+B
C5.12| wvs(—a® +a®*+b)>3,a>=4 (mod 9) | go to tableC5.12
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TableC5.12 :

a® =4 (mod 9) and v3(—a® +a® +b) >3

Let s be a regular integer, A =10s* 4+ a, B = f'(s), C = f(s) 0 = a — s, ua = v3(B) and us = v3(0).

Case Conditions the form of 3Zk generators
1 ug > 3, us = 3 PZP, fr=a, B2 =10
Az = —C3 (mod 3)
2 2
2 us >3, us =3 P? PPy B =a, By =0+ EAROLDOL (4312 + C3) = 1)
As = Cs (mod 3) B3 =0+ *559“052“92*9“) (Asu— C3 =0 (mod 3))
3 us =2, us =3 PZp, 5170452*6
Angcg =-1 (mod 3)
3 ug =2, u5 =3 PZP,Ps B =«
2 2
A3 =Cs=Bs =1 (mod 3) By = 0 4 (CABOXI0) 43D (43 _ 42 43 4 B3 — C3 = Omd9)
21 5560+1052)(0%+9)
By =6+ L+ 2
3 ug =2, us =3 PZPyP3 B1=o
2 2
A3 =C3=—1 (mod 3), B3 =1 (mod 3) Bo=0+ w (t° — * A3 + 1By — C3 = 0md9)
B3 =04+ (6 +559+1305 )(0°4+9)
3 ug =2, us =3 PP, Br=a, Ba=0
A; = 03 =-1 (mod 3)7 B3 =1 (mod 3)
2 2
4 us =2, us =3 PPy Py B = a,fy = 0 4 CBHDOE0 (5512 4 Cg) = 1)
2 2
As = C3 (mod 3) By = g 4 (24050510507 49u) 140, — g = 0 (mod 3))
2 2
A3BsC5 = —1 (mod 3) B3 =0+ & +5s0 10T (6749w (430 — C5 = 0 (mod 3))
1 ug > 3, us = 3 PZP, fr=a, B2 =10
Az = —C3 (mod 3)
3 2us > us + 1 PP, P B1 = a, Bp = 0 + L t5s67 41057644
us =2k +1>5, A3C3 = —1 (mod 3) B3 = 0 4 45502410570 4 3
4 2ug > us + 1 PP P3Py Bi=a, By = 0+ C45s074105%044
2 2 k
us =2k +1>5, A3C3 =1 (mod 3) By = 0 + (Aoe0H10s )L ), (A3t2 +03)=1)
2
Ba=0+ (62 +5.s<9+10.5 )(0—1t3 )
5 Qug > us + 1 p12p2p32 B =a, 5279+(93’-*-5992-F+M
us =2k >4 5279+w
[ B - = 3k
6 2us —1=1us > 5 P?P;Ps BL=a, fp = 0+ L t5s07£10s70+4
By =0+ 6345562410520 +3
3
TableD : vp(ab) =0
For p > 7 and vp(A) > 2, let s € Z such that 25bs = 6a? (mod p¥r(A)F1) A = 1083 4+ a, B = f'(s) and
C = f(s).
Case Conditions P the form of pZk generators
D1 p € {2,3,5} | p-analogous to f(X)
D2 vp(A) = p>7 p-analogous to f(X)
D3 vp(A) = p>T7 IP? I is p-analogous to X3 + 5sX?2 4+ 10s2X + A
=0
Dj vp(A) > 2 p>T IP? I is p-analogous to X3 + 5sX? + 10s2X + A
vp(A) = 2k + 1 8= 64+5503+1k05262+A6
oF
D5 vp(A) > 2 p>T7 IP I is p-analogous to X3 + 5sX2 4+ 10s2X + A
vp(D) = 2k, (F2%2) = —1 B = 9L+550°1105%0% 1+ A0
) p p~7
Let pZgx = [[; P*. If r = 1, then it suffices to find an integral element /3

such that vp (8) = 1. If r > 2, then for every ¢ # j, an element ; € K such

that v
UP(A)

ro= (5i)
= 2k and (=

AC)

1 and vp, = (B;) = 0 will be calculated.

If v,(ab) = 0,

1, then pZyx = I[P P, where I is p-analogous to

X3 —55X%2410s2X + A and for every i := 1,2, vp (#) = k. Let t € Z such that
v,(C, + t2A) = 1 (up to replace ¢t by ¢ + p, such a t exists), ¢ = X + tp* and
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consider the ¢-adic development of f(X + s), where 25bs = 6a? (mod p**). Then
vp, (0 +tp*) = k+ 1 and vp, (0 — tp*) = k + 1. Thus B, = (93_5592+12,fi€+’4)(9+tpk)

_ (63—550% 410520+ A) (0—tp*)
and Oy = PR .

5. EXAMPLES

(1) @ = 225211 and b = 27.5.13%. As wvy(a) = 4 vy(b) = 7, let us re-
place a by 2.5%.11, b by b = 22.5.13% and o by § = §. Then A =
28.59.13%.109.2038951. For p = 2, we have (1,0,62 2, %) is a 2-integral
basis of K and vy(dgx) = 8 —4 = 4. For p = 5, since vs(b) = 1
and vs(a) > 1, we have (1,6,6% 6% 60%) is a 5-integral basis of K and
ve(dr) = 9. For p = 13, since vi3(a) = 0, v13(b) = 2 and a = 4 (mod 13),
(1,6,6% 63, 94;@)49) is a 13-integral basis of K and v13(dx) = 0. As for every
prime p € {2,5,13}, v,(A) <, we have dx = 2*.57.13%.109.2038951 and
(1,6,6% %, 94;%49) is an integral basis of K.

(2) a = 390 and b = 736. Then A = 2'2.5%.23.1489.2621. For p = 2, since

va(b) = 1 and ve(a) > 1, va(ind(f)) = 0 and vy(dg) = 2'%
For p = 5, we have vs(5b® — 2a) = 3 and vs(b* — 1 — ab) = 4. Then
(1,a, 0, %, %) is a b-integral basis of K and vs(dx) =9—6 =
3. The fact that for every prime p & {2,5}, v,(A) < 1 implies that
di = 2'2.5%.23.1480.2621 and (1,q,a? &, C=00H050) s ap integral
basis of K.
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