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A NOTE ON GENERALIZED MARCINKIEWICS INTEGRALS
ASSOCIATED TO SURFACE OF REVOLUTION

BASMA AL-SHUTNAWI

ABSTRACT. Along the surface of revolution, this article gives appropriate LP
estimates for generalized Marcinkiewicz integral operators with kernels in L9(S"~1),
q > 1. Through an extrapolation argument, we establish the P boundedness of
the generalized Marcinkiewicz integral operators to these bounds under weaker
kernel assumptions. This not only enlarges the applicability of the operators
but also indicates the functional relationships among various integral trans-
forms. Finally, our findings are a contribution to the ongoing research on
harmonic analysis and applications of partial differential equations.

1. INTRODUCTION AND PRELIMINARIES

Let S*~! be the unit sphere in R” equipped with the Lebesgue normalized measure
do, and let R",n > 2 be the Euclidean space of dimension n. Furthermore, for
s € R"\ {0}, let s’ = s/ |s|. For 1 < k < oo, define £" as the set of all measurable
functions f : R — R satisfying || fl| g+ o) = (oI f(r)|FL)t/m < 1. Assume
that w is a homogeneous function of degree zero in R”, integrable over S*~!, and
satisfies the cancelation property

/ w(s)do(s") = 0. (1.1)
S§n—1

(a)

We examine the generalized Marcinkiewicz operator j, ,

 related to the func-
tion f € S(R™™) for an appropriate mapping ¢ : RT — R.
a 1/a
i)

1 () (s, 8n11) = (/
(1.2)

When ¢(t) = 0,f = 1 and o = 2, we denote /ULS:)OJ by 4., which is the

classical Marcinkiewicz operator that Stein introduced in [12]. The LP bound-
edness of i, whenever w € Lip(S"™!) for (1 < p < 2) was examined by the

author of [12]. The L? boundedness of y, whenever w € L(logL)Y/?(S"!)

1

- sS—Uu,S — Uu wuf(’u‘)u
R RO

Date: Received: Mar 11, 2025; Accepted: Apr 6, 2025.
* Basma AL-Shutnawi.
2020 Mathematics Subject Classification. Primary 42B20; Secondary 40B25, 47G10.
Key words and phrases. Generalized Marcinkiewicz integrals; boundedness; Triebel-Lizorkin
space; rough kernels; extrapolation.
200



201

was later obtained by Walsh in [26]. Furthermore, Walsh verified that the as-
sumption w € L(logL)Y?(S"~!) is optimal, that is u, will not be bounded on
L2(R™) if it is substituted with any weaker assumption w € L(logL)?(S™!) for
v € (0,1/2). This result highlights the critical nature of the logarithmic weight
in the context of boundedness, emphasizing that deviations from this optimal
condition can lead to significant changes in the behavior of the associated Hardy-
Littlewood maximal operator. Further exploration of the implications of these
findings may yield deeper insights into the structure of singular integrals and
their boundedness properties. In [7], Al-Salman and Al-Qasem extended this
finding by demonstrating the boundedness of ,, for any p € (1,00). The bound-
edness of LP of p, for any p € (1,00) was later demonstrated by the authors
of [19] if w € B 2)(S"_1) for some ¢ > 1. Furthermore, they demonstrated
that assumption w € B2 (S"1) is optimal. When w € L(logL)/*(S)"
f € Vx(RT), the authors in [18] established the L boundedness of ,u((j?p,f with
k> 1and ¢ € Hy for all [1/p—1/2| < min{1/k’,1/2}. Many authors have
studied the integral operator ,LL((jL’ s under several assumptions in w, ¢ and f. The
readers are referred to ([1], [°}, [7], [3], [9], [11], [0], [21]-[5]).

Beginning with [15], the authors of the study of the generalized Mincinkiewicz

integral u s demonstrated that if w € LI(S"~ D), o(t) =t, and f =0, then

|

for p,a € (1,00). The author in [16] improved this result under weaker conditions
that w € L(logL)(S"™") and f € V0510’ 2y (RT). These findings were expanded
upon and enhanced in [17]. Recently, the authors in [241] proved the boundedness

)

iy < Ol (1.3)

of u((f;)p? s under the same assumptions as in [15] with the replacement of o = 2 by
a > 1. For more results, the readers are referred to ([21]-[3]).

In this paper, we build on the work of the authors in [21] by establishing a
series of theorems that demonstrate the boundedness of the operator uff};m s in
various function spaces, given certain conditions on the weights function w, the
function f, and the function P,. Remember that F;*(R") is the homogeneous
Triebel-Lizorkin space defined by the space of all tempered distributions. for
1 <pa<ooandscR. feS (R satisfying

<0}

FooRm) = H( E 27 [y x| )
LP(R™)
(1.4)

KEZL
where () = ©(27") for & € Z and ¢ € CP(R") is a function that meets the
following requirements:
(a) ¢ € [0,1],
(b) supp o € {n: |n| € [1/2,2]},
(c) ¢(n) = ¢ >0, if |n| € [3/5,5/3],
(d) >p(27) =1, n#0.

JEZ

Fre®") = {y € SR : |yl
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Furthermore, the space F,>*(R") is known to satisfy the following:
(i) LP(R") — FO2(R™)

(i) Fyor(R™) C Fpo2(R") if ar < a.

(iii) S(R") is dense in F7*(R™).

Our findings are summarized as follows:

2. THEOREMS AND COROLLARIES

Theorem 2.1. Suppose that w € LY(S"™') for some q € (1,2] has the cancelation
property (1.1) and that ||w|[ ;1 g1y < 1. Consider 7,(R*) for some r € (1,2]
and P,(s) to be a polynomial of real value on R with positive coefficients and
P,(0) = 0. Then for every p satisfying |1/p — 1/2| < min{1/2,1/x'}, there exist
a constant C,, > 0 such that:

foralla <p < —=£2

a—kra+k ’

< Cyplg=1) 7" (5=1) 7" |lwll paggn1y 1l gy 19l o s
0 @)
(2.1)

(@)
Nw,Pn,f(y>‘ Lo(Rn+)

’ !

[k, ]|, g < ol =05 5= )% [l 1l ey Dol
(2.2)
for all a’ij, <p<a;and
(a) na-&-;@l noz+/r:/
[ s O], sy < Oola=D) =5 ()= ol 1 g o
(2.3)

for all ﬁ < p < «, where Cy, is an independent positive constant that is not
affected by f,a,q, and w.

Using Yano’s extrapolation arguments and the result of the previous theorem,
we derive the following corollaries.

Corollary 2.2. Suppose that P, is given as in the previous theorem, and that
[ € Va(RY) for some k € (1,2]. Fora <p < e
(a) if w € L(logL)!/*(S"™!), then

@ Gl gy (U 19l ogryprmens) Wl ey - (2:4)

Le(Rn+1)

(b) if we BSO’Efl)(S”_l) for some q > 1, then

|

Corollary 2.3. Suppose that P, is given as in the previous theorem and that
f € Vx(RT) for some k € (1,2]. For

11 W) < Gl fllgniny A+ 190l o ) Wl gy (25)
q

Lp(Rn+1) Ygn-1)

/
ii/<p<oz

«
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(a) if w € L(logL) , then

(b) if w € Béo’a_;)(Sn_l) for some q > 1, then
’ < Gl fll gy X+ @l oz ) 19l g @neny  (27)

Corollary 2.4. Suppose that P, is given as in the previous theorem and that
f € Vu(RT) for some k € (1,2]. For 2% < p <«

@) <G gy CHI9 s ) Dellggegny - (26)

Le(Rm+1) L(logL) ar’ (87~1)

(@)
e, me(y)H Lo(®n+1) %>(Sn,1)

(a) if w € L(logL)a::Z , then
‘ (a)

:%,Pn,f(y)‘
(b) if w € B( (S” ) for some ¢ > 1, then

Theorem 2.5. Assume that w € L4(S"') for some q € (1,2] satisfies the
cancelation property (1.1) with ||w| g1y < 1. Let f € u(RT) for some
Kk € (2,00) and let P, be as in the previous theorem. Then for every p satis-
fying [1/p — 1/2| < min{1/2,1/k'}, then a constant C, > 0 exists, such that

‘ < Cyplg = )% Nwll pagsny 1 llg ) 191l oo gnsny  (2:10)
for all K < p < 00; and

| < Colq = 1) @l sy 1l ey 19l g osy — (21)

for all 1 < p < k', where C, is an independant positive constant that is not
affected by o, p,w, and f.

Cp lFllg ey (L 4[] anie' ) Yllpoegnrry -

L”(R"“) L(logL) nx'a (SP=1)
(2.8)

Collhllg, ey 0+ Nl sz o) I8l gy - (29

(@)
:uw,Pn,f(y) ’ LP(RnH)

(a)
Mw»@af(y)‘ Lp(Rn+1)

(@)
Ky, Pn,f<y)‘ Lp(Rn+1)

Using the result of the previous theorem and Yano’s extrapolation arguments,
we get the following corollaries.

Corollary 2.6. Suppose that P, is given as in the previous theorem and that
f € Vu(R*) for some k € (2,00). For k' <p < 0o,
(a) if w € L(logL)Y* (S"=1), then

(b) szEB( =) (S"1) for some q¢ > 1, then

Wk s ) < Cpllfllg ety (L1 g gmry) 19l sy - (2:12)

Lp(Rn+1)

Lr(Rn+1)

1h )] < G lhllgmny U Il o5y g ) gy - (213)

N (Snl
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Corollary 2.7. Suppose that P, is given as in the previous theorem and that
f € 7p(RT) for some k € (2,00) For 1 <p <K,
(a) if w € L(logL)(S™™1), then

(b) if w e BLY(S"Y) for some q > 1, then

<Gy ||f||m(R+) (1+ HWHL(logL)(snfl)) ||y||FZ9‘D‘(R"+1) o (2.14)

(@)
,uw,Pn,f(y)‘ Loty

Mc(jl)%,f(yw <G ”f”v,@(RJr) (1+ ||W||Béo,0>(gn-1)) ||y||F£’a(Rn+1) . (2.15)

Lp(Rn+1)

3. PRELIMINARY LEMMAS

A number of auxiliary lemmas are presented and proven that are necessary to
demonstrate our primary results. We define the family of measures {op, .+ : opy
t € R} and their related maximal operator o s and M s, on R for a > 2
and the appropriate mapping f : RT — C, w:S" ! - R.

1 w(v)f(lv
/ ydop = —/ y(v, Pn(\v]))wm. (3.1)
R+ t Jeja<pl<t |v]
00, (y) = sup [|op| * yl (3-2)
teR+
and -
alt dt
M, ¢4y = sup llosel *yl - (3.3)
i€z Jai
Lemma 3.1. [18] Let w € LI(S™1) for ¢ > 1 satisfy the cancelation property

(1.1) with ||w|| 1 gn-1y < 1, and f € 7x(RT) for & > 1. Consider an arbitrary
function ¢ on R*. Then there is a positive constant C' and § < ﬁ such that

ait1

. dt
/‘. |ah,t<77777n+1‘2 ? : C(ln (l), (34)
al
j+1
¢ . dt _ N
/_ |03t (1, M| 7 < C(lna) ||W||iq(sn71) ||f||2vK(R+) mm{{ajn me |GJ77 et
al

(3.5)
Lemma 3.2. [I1] Let w, f and P, be given as in the previous theorems, and let

a=259_ Then a positive constant C,, exists such that for all p > K,

||Mw,f,a<y)||Lp(Rn+1) < Cplg — 1)_1(k - 1)_1 ||W||Lq(§n71) ||f||v,§(11§+) ”y||LP(R"+1)
(3.6)
and

|

*

Uw,f(y)HLp(RnH) <Gyl — 1)_1/k (k- 1>_1/k HWHLq(Sn—l) |’f‘|vﬁ(R+) HyHLp(RnH) :
(3.7)

We obtain the following lemma using the same logic as in [24].
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Lemma 3.3. Let w, P, and « be given as in the previous theorems. Suppose that

f € Ve(RY) with 2 < k < co. Then for a = 2‘1/’“,, there exist a positive constant
C, such that

(a) If a > K, for all p > K

alt1 dt 1 , ,
' Z/ Ot * g5 ?) <Cp(q - 1)V (b —1)" Y HWHLq(Sn—l)
JGZ Lp(Rn+1)
1
<l || (2 1ol ,
JEZ Lp(Rn+1)
(3.8)
() Ifa <k, forall<p<a,
o diy P
(), Jowexail™ ) <Cylg— D)7 (k= 1) |l gy
]GZ Lp(Rn+1)
1
g [ (D 1931 ,
JEZ Lp(Rn+1)
(3.9)

where {g;}jez is any sequence of functions on R™,

For proof, the readers can refer to Lemma 3 in [2]

Lemma 3.4. Let w, P, and o be given as in the previous theorems. Suppose that
[ € VuRT) with k € (1,2]. Then for a > 2 a positive constant C,, exists, such
that: /

(a) For all a < p < 52—,

—K

al Tt

dt\ =
Z |Uht*gj 7)

JEZ

—1
T

<Cola =17 (k=17 @l ey

Lp(Rn+1)

Q=

<Z|gj|a>

JEZL

X ||f||m(R+)

Lp(Rn+1)

(3.10)

(b) For all a’ii, <p<a,

alt1

Z/ |Uht*gj %)a

JEZ

Q=

K +a
< Cp(lna)-ar ||w||Lq(S"*1) Hf”m(R*)

(jze;gm)

(3.11)

Lr(R7+1) Lr(Rm 1)
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(c¢) For all ”mli/ <p<a,
@t dt\ &
(X lonexal* )

JEZ
Proof. Think about the case where p > «. The existence of a nonnegative func-

tion D due to duality, in L) (R™*1) with ||DHL<§)/(R”H) < 1 such that

(Xlal*)
(3.12)

artk
< Gp(Ina) o= [|w]| pogsn1y 1 fll g, et

Lp (Rn+l)

altl dt 1 altt dt
H |0'h,t*gj|a 7)a / Z/ |Uh,t*gj|aD(Sasn+1)?d3d5n+l'
LP( n+1 Rt
(3.13)
Using Holder’s inequality, we get that
@ < < ' @ dr
|one % gi|" < CHLF ol [ - 195(5 = 1, Snp1 = Pu(r)[" [w(w)] [ f(r)] do(u) -~
: (3.14)
Now, by change of variable, we have
(3.15)
j+1 1 «a
¢ dt\ o TS |
'Z/r%w;) < Gl ol (3.16)
jGZ Lp(Rn+1)

/}RHZ\QJ’ D(=5, =Sp41) M), f1,d5d3,17)

Thus, using Holder’s inequality and Lemma 3.2 in (3.15), letting a = 2‘1/"‘l, we
obtain

a?t! dy ||” =} =
(X[ toneral”F) <Cyla= D7 k=17 [l aerr
JEZ Lp(Rn+1)
1
<l || (2 Il )
JEZ Lp(R+1)
(3.18)

Now for p = «a, applying Holder’s inequality and Lemma 3.2, in (3.14), we get
o aitl

dt\ =
(X tonesal$) swmmw//“//|%
n+ /2 S§n—1

JEZ
Z |9;1°

JEZ

ai+1

l

Lp(Rn+1)

< Culg—1)"

Lp(RnH1)

Q|-

Lr(Rn+1)

w)l [f(r)] do

Ficas P Eass
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where 5 = (s, s,.1). For the case p < «, according to duality there is a set of

nonnegative functions y; defined on R"™! xR that satisfies H H ;]

LD‘ lad,ai+1], Tt to‘l Lp’(an-‘rl)
J+1 1 ||« J+1
a dty = a _odt
Z/ lone * gj]” 7) / Z/ lone * gj]” yj(s,t)7ds>.
]Rn+1
JEZL Lp(Rn+1)
(3.19)

For a = 2ql, according to duality again a function Q € L/ a/)/(R"H) exists
with [|Q] s sy = 1 such that

J41 ’
a rdt\ 1/«
‘/ Z/ lone * y; (S, )" —) (3.20)
Rn+1 t ,
JGZ Lp (Rn+1)
Qi+l &t
::E:/‘ / one * 453 )17 S0F)d3
jEZ Rn+1
1
S “ i
< G ol ¥ Moy |2 [ wEor S|
JEZ L(%)

/ / Kk to
< GlIAIT lwll™ (g = 1) (k—1> 0l

® /")

nla
for all oy <p <o

{

Now Holder’s inequality with (3.19) and (3.21), we get

@it @

dt\ =
Z ’O—ht*gj 7)

JEL

<Gy HWHLq(Sn—l)

Lp (Rn+1 )

/
K+

Wl (0= D= 1) | (Sl )

To prove part (c¢), we will follow the author’s proofs in [17]. Define the linear
operator 1" on any function

9 =9;(s) by T(g;(s)) = wh,tar * g;(s)- (3.21)
Then, by Lemma 3.3 fors’ < p < 0o, a > k' and x > 2, we have

l

Lp (Rn+1 )

aJ-H

5 o)

JEZ

a dt\ 1/«
Z/ ‘whtaJ * gj(s | )

Lp(Rn+1) H JEZ

Lp (Rn+l)

< Cpwllpagn—y [fllg, @ (g = Dk = 1))

GRS

(Tl
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If1<p<a<k,then p >a'. So, according to duality a function (5, )
exists on R*t! x R such that ‘ < 1,and

L? (Rn+1)
(=

10t gy |,

/
[e% a]+1

_.dt
:/ / (on )k 5, 0)
Rn+1,

ait! 1
U

a

o dt
|wr.e * g4 ?)

JEL Lp(Rn+1)
(%)+1 Oé/ — — o/
< Gllwls ™ IS, @) (k=17 Ha = D7 gllS, @ 5]
Interpolate (3.22) with (3.23), we finish the proof of part (c). O
4. PROOF OF THE MAIN RESULTS
The similar technique found in [17] and [24] will be used to prove our main

results. Assume that w € L7 for some 1 < ¢ < 2 and f € 7.(R") for some
1 < k < 2. By Minkowski’s inequality, one can find that

W) = ([ 15 [ vts = s = Plubpwto lan 5
jez YR ul<t |ul
: dt\ &
< 22_m<|0’f,t*y\ —>
JEZ

“at\Y
Jul” t)

be a smooth partition of unity that satisfies

- o(L

Let a = 279 and let {7}
the following conditions:

1 F(Jul)
- §— U, Spa1 — Pu(lu]))w(u du
I (o

j=—00

T, €C® 0<T; <1, ) Ty=1, (4.1)
J
;1) C
dts | =t
where C' independent of a. Let 1. (n) = Y;(|n))4(1, nus1). So for y € SR,
we have that

a7t <supp Y; <a’ and (4.2)

o 3 o dt\a
M(.(;J,}Jn,f(y> (87 Sn+1) S C/ ) ( ’(TS—F] % O-h’t % y)X[aS,a5+l]’ ?> . (43)
Rn+1 7

To prove our main theorem, it suffices to demonstrate the existence of a positive
constant n to satisfy the following inequalities:

1 1K —~1/K
< Cogr (a=1)7F (h=1) 7% [@llpagenry 11l gy 1] poo nny
(4.4)

(@)
Nw,Pn,f(y>‘ Lo(Rn+1)
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forallozﬁpﬁja ,

—K

!

Ly ey

Lp(Rn+1) < Cp2n|]| ||W||Lq(gn71) ||f||v,.€(]R+) HyHFg’O‘(R"H)

(4.5)

ufff?an,f(y)‘

’ !/

—QaK—K
7

for al "‘a, <p<a,and
1 —OLK//—K/
< Cog(a=1) we (k=1) w'e {|w ]l paggn-sy 1 f Il o) 19l mgo iy

(4.6)
for al ”’10‘, < p < «, The positive constant C,, is independent of o, w, and f. We

will follow [17] in their proof to establish (4.4). Let p = a = 2. By Plancherel’s
theorem, we have

()
/J/w,Pn,f(y>‘ Lo(®n+1)

2
1o )

|

2 .5+1 dt
Lp(Rn+1) - Z/%nﬂ/ 5+J*0ht*y)| ?)
J€
s+1
Z/ ) (/ |Ont) | - ’ (n, 77n+1)| dndnn+1
J€ Rt

IN

1
O W q(Sn— 1
(q—l) (k’- ) ” ||L (S ||f||v,i (RT)

X Z/ min |a]

KEZ

IN

7 ot \7“) [91° dndipy

1
< c laonn 11y 2 S [l s
(- D= 1) v 2 ).

ey N 1 PN S ) 1

= (q—1)(k—1) La(sn—1) Vi (RT) L2(RH1)
Therefore,

2 1 1 A
2) 2 2 —nljl 2

‘ Mw,Pn7f7j(y)‘ Lp(RP+1) < C(q _ 1) (k _ 1) ”wHLq(S”—l) HfHVN(R*) 2 ||y||Fg.2(Rn+1) .

(4.7)
It is clear that Lemma 3.4 leads to the following.

< Cyplg=1)"* (k=1)"Y* |l paggny Il gy 191l poe sy
(4.8)

foralla<p<

()
He P, f(y)‘ —

l

, and
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’ ’
k —a—k

(a) 7 7
O], gy < Oola=D) 2 B2 ol 1l I
(4.9)
for all a”:j, <p<a.
(a) 7(11&,711/ — /711/
‘ Mw,Pn,f(y>‘ Lp(Rn+1) S Cp<q_1) KK (k_l) KK « HCL)HLq(Sn—l) HfHVK(R+) ||yHFI?70t(Rn+1)

(4.10)

for all ﬁ < p < a. By interpolation between the previous inequalities, we get
the proof of the first theorem. Lemma 3.3 can be used to establish Theorem 2.5
in the same manner as Theorem 2.1.

5. CONCLUSIONS

In conclusion, this work extends the study of generalized Marcinkiewicz in-
tegral operators, providing significant results concerning their boundedness on
various P spaces under weaker conditions on the kernels, particularly those in
LU(S™ 1) for ¢ > 1, L(logL)(S™!) or in the space B{"*"V(S"~1). By establishing
appropriate LP bounds and utilizing extrapolation arguments, we offer a com-
prehensive framework for understanding the LP boundedness of these operators.
The results also shed light on the optimality of the conditions on the kernels and
the role of the functions involved, such as f and w, in determining the behavior
of the operators in different function spaces. This understanding not only en-
hances the theoretical foundation of the study but also has practical implications
for various applications in harmonic analysis and partial differential equations.
Future research may focus on extending these results to more general settings,
potentially uncovering new relationships between different function spaces and
operator behaviors.
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