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KRONECKER FUNCTION RING OF A RING EXTENSION IN
PULLBACK

ELHOUSSEINE EDDAMANE! and RACHID CHIBLOUN?*

ABSTRACT. In this paper, we study the Kronecker function ring of a ring
extension arising from a pullback diagram of type [0 corresponding to e.a.b.
star operation.

1. INTRODUCTION

In [6], Knebusch and Kaiser introduced the notion of the Kronecker function
ring of a ring extension with respect to a star operation. This approach has
generalized the classical notion of the Kronecker function ring.

Recall that a star operation on a ring extension R C S is a map * : (R, S) —
S(R, S), where (R, S) is the set of all R-submodules of S, satisfying the following
conditions: for all A, B € S(R, S), we have:

(1) AC A* and (A*)* = A"

(2) AB* C (AB)* and if A C B, then A* C B*.

A star operation * on a ring extension R C S is said to be e.a.b. if the following
holds: if A, B, and C' are finitely generated R-submodules of S such that AS = S
and (AB)* C (AC)*, then B* C C* [0, Definition 1].

The Kronecker function ring of a ring extension arising from a pullback diagram
of type J corresponding to R C S Priifer extension was introduced by Paudel
and Tchamna in [9]. According to [0], if the extension R C S is Priifer, the star
operation * on the extension R C S is e.a.b. star operation. The purpose of this
paper is to study the Kronecker function ring corresponding to the e.a.b. star
operation in pullback. We provide a more general result showing the relation
between commutative diagrams and Kronecker function rings, which, unlike in
[9, Theorem 2.12], does not assume that R C S is an extension of Priifer.

2. PRELIMINARIES

In this paper, all rings are assumed to be commutative with identity. Through-
out the paper, for any ring R, we denote by Jac(R) the Jacobson radical of R.
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Let R C S be a ring extension, and let X be an indeterminate over S. For any
g € S[X], and any ring A between R and S, we denote by ca(g) the A-submodule
of S generated by the coefficients of g.

Definition 2.1. ([7, Definition 1]) An R-submodule I of S is called regular in S
(or S-regular) if IS = S.

Lemma 2.2. ([9, Remark 1.3]) Let S be a ring, and let X be an indeterminate
over S. Let a = 5 € S(X) with f,g € S[X] and cs(g) = S. Then a =0 if and

only if f=0.

By the definition of localization and the fact that cg(g) = S ensures g is not a
zero divisor.

Lemma 2.3. ([5, Proposition 33.1]) Let S be a ring, and X be an indeterminate
over S. Let {Mgs}gep be the set of maximal ideals of S, and T = {g € S[X] :
cs(g) = S}t. Then the following statements hold:

(1) If for each B € B, Mg|X]| denotes the ideal of S[X] generated by Mg, then

T = S[X] — (U Mﬂ>.

BeB
(2) T is a multiplicative system in S[X| containing only reqular elements;
S(X) denotes the quotient ring (S[X])r.

(3) {Mp[X]|S(X)} = {MpS(X)} is the set of maximal ideals of S(X).
Definition 2.4. ([0, Definition 3]) Let R C S be a ring extension, and let x
be a star operation on the extension R C S. We denote by Kr(x) the set of
all quotients % € S(X) such that f,g € S[X], cs(g) = 5, and (cgr(f)H)* C
(cr(g)H)* for some finitely generated S-regular R-submodule H of S. The ring
Kr(x) is called the Kronecker function ring of R C S with respect to .

Lemma 2.5. ([9, Remark 2.1]) Let R C S be a ring extension. Then for each
e.a.b. star operation x on the extension R C S, we have

Kr(s) = {g € S(X): f.g € SIX], csg) = S, enlf) € cR<g>*} |

We now define what a pullback diagram is, which is the main tool in this paper.

Definition 2.6. Let R C S and L C T be two ring extensions, and consider the
following commutative diagram:

R

S

(0%

Y

L

such that

a) ker U is an ideal of R.
b) ¥:S — T is surjective.
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c) The restriction a« : R — L of ¥ is also surjective, and the horizontal
mappings are inclusions.

If ker ¥ is a maximal ideal of S, then the diagram above is called a pullback
diagram of type [.

Pullback diagrams of type O are studied by Gabelli and Houston in [1].

Next, we position ourselves in the following situation. Let R C S be a ring
extension, and let I be a common ideal of R and S. Consider a pullback diagram
of type [I:

R

S

«

v

R/I S/I

Now, we state some important remarks:

Remark 2.7. ([9, Remark 2.4]) Consider a pullback diagram of type 0. If H is
an R-submodule of S such that HS = S, then I C H.

Remark 2.8. ([9, Remark 2.5]) Let R C S be a ring extension, and ¥ : S — T a
ring homomorphism, and A, B two R-submodules of S such that W(A) C U(B).
If W is surjective and ker W C B, then A C B.

Finally, we define the following:

Definition 2.9. If f : A — C, g : B — C are ring homomorphisms, the subring
T :=AxcB:={(a,b) € Ax B| f(a) = g(b)} of the direct product A x B is
called the pullback (or fiber product) of A and B over C.

3. RESULTS

In this section, we study the behavior of Kronecker function rings in pullback
diagrams. Let R C S be a ring extension, and let / be a common ideal of R and
S. Consider a pullback diagram of type [

R

S

« v

R/I

S/I

We prove that Kr(x) and S(X) share the same extension of I, that is I Kr(x) =
IS(X).

Proposition 3.1. Let R C S be a ring extension, and let I be a common ideal
of R and S. Then for each e.a.b. star operation % on the extension R C S, we
have:

IKr(x) =15(X).
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Proof. Since the * star operation is e.a.b., by Lemma 2.5, we have
ki) = { L € 500): 1.9 € SIX], esl0) = 5, enls)” Cento)'}.
so Kr(x) C S(X). This shows that IKr(x) C IS(X).
For the containment [.S(X) C I Kr(x), it suffices to show that each element of

the form
~ f;
a = U;—,

with u; € I and g— € S(X), is also an element of I Kr(x).
Write f; = >0, ai X" and ¢g; = Y7 biX!, with a} € S, bi € Sfor 0 <k <n
and 0 <[ < m. Since c5(g;) = 59, then

1= spby+ -+ s b,
with s} € S.
Then,
fi . fl fz 3 ) fl
w; = = (ugshbly + -+ - + us’ b’ = U Zbl s sy bl =
gi (uisobh + s g g T gi

This expression can be rewritten as:
Uz‘séfiz—é +-+ Uzslmfzij
Since I is an ideal of S and u; € I, s € S, and aj, € S, it follows that u;s}f; € I[X].
For 0 <[ < m, we have b} € S[X]| and cg(b}) = bR C cg(g;) = bhR+ --- + b, R,
SO
cr(b)” C crlg:)"

Since cs(g;) = S, we conclude that b—g € Kr(x). This implies that

é € I[X]Kr(x).
"gi
Notice that if h = 3¢ _ oo XF e I[X] d 4 € Kr(x), then
k

(2)-En ()

Since 4 € Kr(x) and (cR(X"“A)) R(A)*, we have
(cr(X*A))* C cr(B)".

Therefore, XTIfA € Kr(x), and thus

h <g> € IKr(x).

Thus, I[X]|Kr(x) C IKr(x), so ulg— € IKr(x). Therefore, a € I Kr(x).
Thus, we conclude that

15(X) C IKr(%).
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It follows that I Kr(x) = I5(X).

0
If f=57_,axX" € S[X], write
TS mxt = 3 W) X* € (5/1)x).
k=0 k=0

Let ¥ : S(X) — (S/I)(X) be defined by — L, the extension of the canonical
map ¥ : S — S/I. Let x be a star operatlon ea.b. on R C S, and let %’ be
a star operation e.a.b. on R/I C S/I. We denote by @ : Kr(x) — Kr(x'),

given by § > %, the restriction of ¥ to Kr(*). The maps Kr(x) — S(X) and
Kr(«") < (S/I)(X) are inclusion maps.

Lemma 3.2. Consider a diagram of type 0. Let x be a star operation e.a.b. on
R C S, and let ¥ be a star operation e.a.b. on R/I C S/I such that for any A
in I(R,S), (A = V(A*). Then, ¥ and @ are well-defined.

Proof. Let f = > _,ap X" and g = > 7" by X* with ag, b, € S. Write f =
ShoarXF and g = >, b X"

It is clear that if £ = g—,, with f, g, f', ¢ € S[X], then

¥ is well defined.
Now, let % € Kr(x). Since * is a star operation e.a.b. on R C S, by Lemma 2.5,

we have i € S(X), cs(g) = S, and cr(f)* C crl(g)*. Therefore, f,g € (S/I)[X],
W(es(g )) W(5), and W(cr(f)*) € W(cr(g)). Hence, f,g € (S/1)[X], cs/1(9) =
S/I, and (U(cr(f)))* C (¥(cr(g)))”. This implies that £ € (S/I)(X) and
(cryr(F)" S (cryr(9)), s0 £ € Kr(¥).
It is clear that if 5 = 5—,/ with f, g, f',¢" € S[X], then
« is well defined.

m\l&h\
< \l‘“\

. This shows that

Q||

. This shows that

@l
|
U=

OJ

Proposition 3.3. Consider a pullback diagram of type U, and suppose that 1 C
Jac(R) or I C Jac(S). Let ¥ be a star operation e.a.b. on R/I C S/I, and
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let * be the map from (R, S) to (R, S) defined in the following way: for any
A€ (R, S), we have A* = U~ (W(A)), such that the diagram

Kr(x) — L §(x)

ak v

Kr(wt) — (S/1)(X)

commutes. Then:

(1) * is a star operation e.a.b. on R C S.
(2) For each A € (R, S), U(A)*¥ = U(A*).
(3) Kr(«') = Kr(x)/IKr(x).

Proof. 1) and 2) come from [9], Proposition 2.8.

3) We show that @ is surjective and Ker(@) = [ Kr(x).
Let * € Kr(+'). By Lemma 2.5, * € (S/1)(X) with u,v € (S/I)[X], cs/1(v) =
S/1, and (cryr(u))” C (cryi(v))™.

Write u = Y7 W(a) X" = Y @ XY, and v = Y70 U(b) X7 = Y7 b X7,
where a;,b; € S.

Let f =Y gai X and g = 377" b; X7. We have c1(v) = S/, 50 cgyr(v)S/1 =
S/1. Hence, we can write:

l
1= Zyzs_’u Yi € CR/I(”)? S; € S
=1

Since y; € cryr(v), then y; =31 EE, where by € S and ri € R. Thus:

l m
= Z Z b

i=1 k=0
Now, since 1 — 320 ST bpris; € I C Jac(R) (or I C Jac(S)), we conclude

that S0 S2" beris; is a unit in R (or S). Therefore, there exists 2 € S such
that:

Thus, S C cg(g)S. Since cg(g)S C S, we have cg(g)S = S, and hence
cs(g) = S. This implies that £ € 5(X).

Next, we show that % ? Kr(x). Noti,ce that U(cg(f)) = cryr(u) and ¥(cr(g)) =
cry1(v). Since (cryr(u))* C (cryr(v))*, we get:
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/ /

(W(cr(£)))" € (¥(cr(9))",

which implies:

U(cr(f)*) € ¥(cr(g)")-
Since cg(g) is an R-submodule of S satisfying cr(g)S = S, by Remark 2.7, we
have I C cg(g). Therefore, I C cr(g)*, and Ker(¥) = I C cg(g)*. This shows
that:

U(cr(f)") € U(cr(g)®).
Since W is surjective, by Remark 2.8, we conclude that cgr(f)* C cgr(g)*, and
hence € Kr(x). Since @ (g) = % =, we conclude that @ is surjective.
Now, let § € Kr(x) such that a(g) = 0. Then f = )" ;X" and g =
> bi X7, and we have:

f_ Ling@X'
g YrobiXxioo
Therefore, % € Kr(¥') C (S/I)(X). Since cg/1(g) = S/I (if cs(g) = S, then
csy1(g) = S/I), by Lemma 2.2, we have f = 0. Since S/I is a domain, it follows
that @; = 0, so a; € I. Since cs(g) = S, we conclude that:
1 X X"
/ =a—-+a—+- - +a,— € I5(X).
g 9 g

Thus, Ker(@) C I5(X). From Proposition 3.1, we have Ker(a@) C I Kr(x).

For the reverse inclusion I Kr(x) C Ker(@), let f => uzg— € I Kr(x), where
u; € I and % € Kr(x) C S(X). We have u; f; € [[ ].

If + € I, we have v = {, and since z,1 € S[X] with cg(1) = S, we have

cr(x) =2RCIR=1C R =cg(1), so:

cr(x)* Cep(l)”.
Thus, I C Kr(x), and therefore uzﬁ € Kr(x). Moreover, 6<ui§> — ifi

P gi
Since u; f; € I[X] and S/I is a domain, we have u; f; = 0, so:

Thus, @ (u g,) =0, and:
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Therefore, @ (5) =0, and § € Ker(@). Hence, I Kr(x) C Ker(@). This proves
that:

Ker(@) = I Kr(x).
Since @ is surjective, we conclude that:

Kr(x)/Ker(@) = Kr(«').
It follows that:

Kr(x)/IKr(x) = Kr(x).
0
Theorem 3.4. Consider a diagram of type 0. Let %" be an e.a.b. star operation
of R/I C S/I, and let x be the e.a.b. star operation of R C S such that A* =
=YW (A)) for each A € I(R,S). If I C Jac(R) or I C Jac(S), then the

diagram

i1

Kr(x) S(X)
ak U
Kr(¥) —2— (S/T)(X)

is a pullback diagram of type O, and in particular,

KT(*) = KT(*/) X(S/I)(X) S(X)

Proof. Let L € Kr(x) C S(X). We have U(£) = L € (S/I)(X) and a(f) = L €
Kr(+) C (S/I)(X). Thus, ¥({) = a(f).

9
Since % € Kr(x), we have i, () = g, o V(i %)) = 6(5). Since g € Kr(x), we

g
also have 6(%) € Kr(«'). Therefore, iQ(a(g)) = 6(5 , and we conclude that:

wn

@O Zl(§> = ig Oa(g)

This shows that the diagram is commutative. o

Now, we show that S(X)/IS(X) = (S/I)(X). Since V¥ is surjective, we have
S(X)/Ker(T) 2 (S/1)(X).

Let g = Zi‘:l u;li € IS(X), where u; € I and ﬁ € S(X). We have:

9
!
= f) < fi
\II — = \I/ Ui— ),
() =57
where f; = S aiX* € S[X], and wif; = Sor_,uaiX* € I[X]. Since
wal, € I, we get w;al =0, so:
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!
Z wial X* = 0.
k=0
By Lemma 2.2, we then have:
7 (ﬂ) _ D uiaX*
9i gi
U Lowifil ¢ .
Thus, ¥ (Zi:l g—f> = 0, and consequently:

(f)-

This shows that % € Ker(¥), and therefore:

= 0.

IS(X) C Ker(W0).
Next, we prove the reverse inclusion Ker(¥) C IS(X). Let 5 € Ker(¥) C

S(X), with f = 37" ja; X" and g = 377" 1 b; X/, Since v <§> =0, we have:

ToamXt o~
_ Zz:Oa =0.

2 b X0

Q||

By Lemma 2.2, we obtain:

> @X' =0,
i=0
which implies that > (@, X* = 0 € (S/I)[X]. Since S/I is a domain, we
conclude that @; = 0, so a; € I. Since cs(g) = S, we then have:

1 X X"
Fat o X e s
g g g 9

Thus, Ker(W¥) C IS(X), and therefore:

Ker(¥) = IS(X).
Consequently, we obtain:

S(X)/IS(X) = (5/1)(X).
Since * is a star operation e.a.b. on R C S, it follows from Proposition 3.1 that
IS(X)is a common ideal of Kr(x) and S(X). Furthermore, by Lemma 2.3, I.5(X)

is a maximal ideal of S(X'). By Proposition 3.3, we have Kr(*') = Kr(x)/I Kr(x),
and thus:

Kr(x') = Kr(x)/15(X).
Therefore, we have a pullback diagram of type [J, and in particular:



KRONECKER FUNCTION RING EXTENSION IN PULLBACK 337
KT(*) = KT(*/) X(S/I)(X) S(X)

Finally, we present an example to illustrate our results.

Example 3.5. ( D + M constructions )

Let T be a valuation domain of the form K + M, where M is the maximal ideal
of T and K is a subring of 7" canonically isomorphic to the field T'//M, and D be
a subring of K with field of quotients F,.(D). Let R := D+ M, and suppose that
D is a Priifer domain.

(1) Let {D4,}q be a family of all valuation overrings of D such that D = N, D,,,
and define the map ' : (D, K) — (D, K), A — Na(D,A). By applying
[8, Proposition 2.2], we know that the map «’ is a star operation on D C K.
Since D is a Priifer domain, by [7, Example 5.17], we have D C K is a
Priifer extension. So by [0, Proposition 5.7], the star operation *' on
D C K is e.a.b. and

Kr(+) = {§ e K(X): f.ge K[X], cx(g9) = K, ep(f)* C cD(g)*’}
={§€KM%ﬂQEMMmﬂﬂ“§@@W}
(2) We want to define a map * : S(R,T) — (R, T) by
A = ! ((\I!(A))*') .

Since M = Jac(T), it follows from Proposition 3.3 that * is a star opera-
tion e.a.b. on R C T. Therefore,

ko) = {L e 7(x) 1 £.9 € TN, enlg) = T, enlr)” C enlo}.

(3) Since M = Jac(T'), by Theorem 3.4, we have the diagram

Kr(x) T(X)
a[ b7
Kr(+) (T/M)(X) = K(X)

is a pullback diagram of type [J and in particular
Kr(x) = Kr(x') X gx) T(X).

(4) Let Q be the set of rational numbers and X an indeterminate over Q,
and set T' = Q[X]x) = Q + XQ[X](x) as a valuation domain of Q(X).
Set M = XQ[X](x) as the maximal ideal of T', and D = Zzy N Zsz) as
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the subring of Q. We then have F,.(D) = Q. Set R = D + M. With the

hypotheses of Theorem 3.4 and D being a Priifer domain, we have

Kr(x) =2 Kr(¥') xqv) QX]x)(Y).

4. CONCLUSION

This work studies Kronecker function rings for ring extensions arising from
pullback diagrams of type [, extending previous work on Priifer extensions to
the context of e.a.b. star operations. It provides a clear definition of key concepts,
such as pullback diagrams and Kronecker function rings, and proves an important
isomorphism result: if  C Jac(R) or I C Jac(S), then an isomorphism

Kr(x) = Kr(x) X (s/1)(x) S(X).

holds, describing the Kronecker function ring in the pullback setting.

The paper also places these results in the context of prior literature, demon-
strating how these findings generalize previous work. Finally, it concludes with a
concrete example illustrating the practical application of the theoretical results
in commutative algebra.
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