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EXPLICIT INTEGRAL BASIS FOR A FAMILY OF SEXTIC
FIELD

M. SAHMOUDI!*

ABSTRACT. Let L be a sextic number field which is a relative quadratic over
cyclic cubic subfield K. In this paper, we will explicitly construct an integral
basis under appropriate technical hypotheses where L isn’t split arithmetically.
As a consequence of this theoretical result the discriminant dy g of L will be
straightforwardly computed.

1. INTRODUCTION

The search of an integral bases and Monogenity are classical topic of algebraic
number theory c.f. [6], [3], [I1], [12]. Let K C L be algebraic number fields with
[L : K] =n, denote by O and Oy, the rings of integers of K and L, respectively.
The field L is said to possess a power integral basis generator (PBG) if there exists
an element o € O such that: Op = Og.1+Og.a+ ... + Og.a™ ', then the field
L is called monogenic relative over K. Every quadratic number field is monogenic.
There are many algorithms for deciding monogenity and determining generators
of power integral basis. These procedures heavily depend on the degree and other
properties of number fields, see [7]. It has already been proved that if L = KFE
(we say that L split algebraically), without necessarily split arithmetically, with
K = Q(8) and E = Q(«), « satisfying a® € Z, the ring Op, in L admits an
integral basis over the ring Z of rational integers [3]. The purpose of this paper is
to solve the same problem for a family of sextic fields. Namely, we give sufficient
conditions on sextic field, L = K («), which is a relative quadratic over cyclic cubic
subfield K, with o? € Ok \Z, to admits an integral basis. We prove that the L
is relatively monogenic over cyclic cubic subfield K under the conditions stated
above. On the other hand, since K is cyclic cubic field, Gras [3], [9] and Archinard
[1] have given necessary and sufficient conditions for K to be monogenic. In the
present paper we utilize integral basis given in [1], to construct an integral basis
for L. As a consequence, we obtain a straightforward computation of discriminant
dr/g given by the formula

drjo = Njol(dr/x)-(dryg)H "),
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where Nk /g denote the norm from K to Q.

Definition 1.1. Let £ C K C L be a tower of number fields.

(1) We say that L/K/k is algebraically split if there exists an extension F/k
such that L = KFE over k,

(2) We say that L/K/k is arithmetically split if there exists an extension
E/E such that L = KFE and E is arithmetically disjoint from K over k,
or equivalently, (dx/k, dg/i) = Oy and K is linearly disjoint from E over k
see (I11.2.13 [9]).

2. MONOGENICITY OF RELATIVE QUADRATIC EXTENSION

In the following we shall say that an ideal a of a dedekind ring R is a square free
ideal in R if v,(a) < 1 for any prime ideal p in R. An element d of a dedekind
ring R is said a square free element in R if the ideal dR is a square free ideal of
R. This implies that d € R — R% The converse is false.

Let n be an integer (n # 0) and a,b tow elements in a Dedekind ring R. We define
the binary relation: a = b modulo n, if a — b € nR.

For each prime p and each non zero algebraic integer m, v,(m) denotes the
greatest nonnegative integer 1 such that p' divides m.

For any polynomial P, we denote by Sp the set of prime square divisors of
discP:
Sp = {p € specR | p*divides discP }.
The set Sp is very useful to use Dedekind Criterium in order to know whether
the ring of integers of L has a power integral basis generators over K or not.

Hereinafter, we recall the result that gives necessary and sufficient conditions
for L to be monogenic.

Theorem 2.1. Let R be a Dedekind ring, K its quotient field, L a finite separable
extension of K, Oy the integral closure of R in L, o € O a primitive element of
L, and P(X) € R[X] the monic irreducible polynomial of o over R. For a fized

prime ideal p of R, let the decomposition of P into monic irreducible polynomials
in R/p[X] take the form

P(X) = [[ P(X) € R/pIX) 1)
i=1
Fori=1,..,r, let P, € R[X]| be a monic lift of P;, set
GX)= I P, HX) =]]F(X)/G(X), (2.2)
1<i<r,e;>2 i=1

where the empty product is to mean that G(X) =1, and let P(X) = G(X)H(X)+
aT(X) for some T(X) € R[X] and a € p\ p*. Then, If discg(P) is not square
free, then the following are equivalent:
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(1) a is a PBG for Op, over R.

(2) For any prime ideal p € Sp, either (P is square free in R/p[X]) or (
P is not square free in R/p[X][X] and in this case T # 0modulop and
w(Res(P,G)) = deg(G).

Proof. See (Theorem 3.1. [2]). O

We begin with a general result in witch we give a sufficient condition to have
PBG for relative quadratic extension.

Theorem 2.2. Let R be a Dedekind ring with quotient field K. Let L = K («) be a
pure quadratic extension of K, where « is a root of a monic irreducible polynomial
P(X) = X?—d € R[X]. Suppose that v,(d) = 1 for all prime divisors p such
that p/2d. Then o is a PBG of L/K.

Proof. Let p € Sp. As discg(P) = 4dR, then p|4d yields vy(2R) +v,(2dR) > 1. It
is clear that v,(2dR) > 1 otherwise, we must have v,(2R) > 1 which contradicts
the fact that p does not divides 2dR and hence p|2d. Now with the supposition
vy(d) = 1, reducing P modulo p yields P(X) = X2. Then, by keeping the notation
of Theorem 2.1, we have, P(X) = G(X)H(X)+d.T(X) withG(X)=H(X) =X
and T'(X) = 1. Moreover, Resgp(X? —d, X) = dR. Then v,(Resp(X*—d, X)) =
Viath frakp(dR) = 1. So a is a PBG of Of, over Ok. O

Corollary 2.3. Let L = K(«), using the notations of theorem 2.2, the discrimi-
nant dr k. of L is gwen by: dp g = 4dR

Proof. The proof is based on the index formula:
diSCR(P) = indR(a)QdL/K

Since v is a PBG, by Theorem 2.2, we have indg(«) = R and therefore discg(P) =
dr Kk, which suffices to show that dr/x = 4dR. O

3. INTEGRAL BASIS OF SEXTIC EXTENSION WITH CYCLIC CUBIC SUBFIELD

Every cyclic cubic field K over the rational field Q, which the prime 3 is ramified
in K can be given in the form

K=Q({), B*—3eB+eu=0 (3.1)
u?43v2

where e = = u = 2mod3, 3 { v, 3u = vmod2,v > 0 and e is equal to
a product of distinct primes congruent to 1 modulo 3 such that the polynomial
P(X) = X3 — 3eX + eu is irreducible in Q[X] and its discriminant is equal to
81e?v?, (Theorem 6.4.6. [1]) and (Corollary 6.4.8. [1]).
The Galois group of K has, apart from its identity element, two other elements
which are inverses. We denote them by o and o' = ¢2, then the conjugates of
B are given by the formulas
_ —2e u+v 112
(o 3 8
v 2v v :
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With our additional assumption on K (3 is ramified in K), which is equivalent to
3t v, the family B, = {1,5,0(8)} form an integral basis of K and the discrimi-
nant of K is equal to (9¢)?.

Let L/K be a relative quadratic extension, we denote the ring of integers of
L and K, by Oy, and O respectively. In this note we obtain an explicit integral
basis of L/Q. More precisely, we prove that under appropriate technical hypothe-
ses, the existence of an integral basis in the upper layer of a tower Q) C K C L
where L cannot be algebraically split and gives an explicit description of this one.

In [3] it was considered sextic fields that are composites of subfields with co-
prime discriminants or not. View as sextic field over cubic subfield. According
to the title in our case the fields we consider L is not composites of subfields i.e.,
not algebraically split.

Let a € O, be a primitive element of L/K (L = K(«a)) with o® € Ox\Z. We

can now formulate our main result.

Theorem 3.1. Let K = Q(B) be a cyclic cubic field in which the prime integer
3 is ramified. Let L = K(«a) be a pure quadratic extension of K, where o is a
root of a monic irreducible polynomial P(X) = X? —d € Og[X]. Suppose that
vp(d) = 1 for all prime p in Oy, such that p/2d. Then the sextic fields L = Q(a; [5)

has an integral basis given by :
{1,8,0(8), o, Ba, o (B)ar}.
To show this theorem, we utilize the following lemma.

Lemma 3.2. Let A C B C C be rings. If B is finitely generated as an A-module,
and C'is finitely generated as a B-module, then C is finitely generated as an A-
module. Moreover if {ay, ..., a, } is a basis for B as an A-module, and {1, ..., Bm }
is a basis for C as a B-module, then {a;fr1 <i<n;1<j<m form a basis of
C as an A-module.

Proof. To show that is finitely generated module over A, see ( 2.3 page 28 [10]).

n

Let Z Z a; jo;3; = 0 for some a; ; in Z, we write Z(Z a; ;a;)p; = 0 then for

i=1 j=1 j=1 i=1

each j Z a; ;0 =0 ({1, ..., Bm} is a basis for C as a B-module) so what a; ; =0
i=1
for all i and j for the same reason. O

Proof. of Theorem 3.1 we know that B, = {1,5,0(8)} is an integral basis of
K over Q. According to the Theorem 2.2 and Lemma 3.2 it is easily seen that
{1,8,0(8), a, Ba, o(B)a} is an integral basis of L. O

Corollary 3.3. under the assumptions and suppositions of Theorem 3.1. The
discriminant of the sextic field L = Q(c; B) over Q is given by:

drjo = 4°Nijg(dR).(9e)”.
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where Nijg(d) = (—gcb® + (1/4)6%)u® + (5¢b® — 2bc + jabe + Scvb? — 2ab® +

13U 4 (303 = 2cb*)v? — Sabe — 3ac)u+ FevPb? + (3abe + 3cb* — Jbc* — Jab® +

3 .3Y,,2 1.2 1 2 3 2
20?4+ (3a*c + jabe — ac®)v + a® — a’c

Proof. To compute discriminant we use (Proposition 13 page 66 [13]), then we
have

drjo = Nijo(dok)-(dro)™ ™ = Nijg(4dR).(9e)?
= 4’ Nk o(dR).(%e)?

In the rest of this proof, we will give explicitly the norm of d, Nk/g(dR). Let
d=a+0bB+co(B), (a,b,c) € Z*. Let my: K — K the left multiplication by d
i.e, a K-linear transformation, we know that Ng,q(dR) = det(mgq). To compute
this norm, we will need in particular to compute explicitly mg4(1), mq(5) and
ma(o(B)). Then by using a computer algebra package (such as Maple) it can be
checked that:

mq(1) = a+bB + co(p)

ma(B) = £ [(—2cuv + 4bv? — 2cv?)o(3) + (dva + 2vbu + 2bv? + 4ce — cu®—

2cuv — cv?) B + (8bev — 4cve)]

ma(o(B)) = (a — ¢+ £b(—2uv — 20?))o(B) + (—c + 5b(—u? — 2uv + de — v?))3

—be

Write now e = @, we check that; det(mgq) = (—gcb® + (1/4)0%)u® + (5cb* —
3bc? 4 1abe + 3cvb? — 2ab® + 1) u? 4 (30 — 2cb?)v? — Labe — La*c)u + Jcvb? +
(Sabe + 3cb? — 2bc? — 2ab* + 3¢ )v? + (3a%c + 3abe — ac?)v + a® — a’c -

Remark 3.4. (1) The calculation of the discriminant of a composite of couple
of fields is known when the discriminants of fields are coprime. In the
above corollary, we compute the discriminants of field L, without the
need for the coprimeness of discriminants of Q(«) and Q(f),

(2) By considering d € Z we see that the expression of discriminant simplifies
to dr, o = 4*.d*.(9¢)? which was proved in other article.

4. CONCLUSION

In this work, we have extended the results of existence of an integral basis of
sextic extension L, which split arithmetically. we have explicitly construct an
integral basis where L is not split algebraically.
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