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ESTIMATES OF SOME ENTROPIES AND THEIR RELEVANCE
IN FINANCIAL MARKET

DHIRAJ KUMAR SINGH1∗ and HIMANSHU BHATT2

Abstract. Using various types of bivariate beta priors such as bivariate beta
type - I prior, Conner and Mosimann bivariate beta prior and bivariate beta
type - III prior, the Bayesian estimate of the entropy of type - (α) and entropy
of type - (α, β) are derived for multinomial likelihood. Bayesian estimates of
Shannon entropy for different bivariate beta priors can be represented as a
limiting function of Bayesian estimates of entropy of type - (α). In this paper,
the parameters of the bivariate beta type-III prior under multinomial likelihood
in Moody’s corporate bond default rates data are selected using the Bayesian
estimate of the entropy type -(α).

1. Introduction

For m = 1, 2, . . .; let Γm =

{
(p1, . . . , pm) : pi ≥ 0, i = 1, . . . ,m;

m∑
i=1

pi = 1

}
denote the set of all m-component complete probability distributions with
nonnegative elements. For any probability distribution, the entropies

Hm(p1, . . . , pm) = −
m∑
i=1

pi log2 pi (1.1)

are known as Shannon entropies [21], where Hm : Γm → R, m = 1, 2, . . .;
0 log2 0 := 0. The entropies (1.1) are known as additive entropy. Havrda and
Charvat [12] defined the entropies of degree α, α > 0, α 6= 1, α ∈ R as

Hα
m(p1, . . . , pm) = (1− 21−α)−1

(
1−

m∑
i=1

pi
α

)
(1.2)

where Hα
m : Γm → R, (p1, . . . , pm) ∈ Γm, m = 1, 2, . . .. The entropies H

(α,β)
m :

Γm → R, m = 1, 2, . . ., of type (α, β) by Behara and Nath [2], defined as

H(α,β)
m (p1, . . . , pm) =


(21−α − 21−β)−1

(
m∑
i=1

pi
α −

m∑
i=1

pi
β

)
if α 6= β

−2β−1
m∑
i=1

pi
β log2 pi if α = β

(1.3)

where 0α := 0, 0β := 0, 0β log 0 := 0, 1α := 1, 1β := 1 and α > 0, β > 0.
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The use of the multinomial distribution and Bayesian methods for entropy
estimation has found extensive application across diverse fields such as ecology,
genetics, linguistics, survey analysis, marketing, and credit risk analysis. A
significant body of literature explores Bayesian approaches to estimate Shannon
and Rényi entropies, utilizing various likelihood functions tailored to specific
distributions. Notable contributions include works by Bodvin [3] on the
Shannon entropy estimation using bayesian method for the bivariate beta
distribution, Ren [20] discussing Bayesian entropy estimates for the Inverse
Weibull Distribution, and Al-Omari [1] addressing a bayesian approach to
determine the Shannon entropy of generalized inverse exponential distribution.
Hassan [11] focused on the Bayesian estimate of Shannon entropy for the Lomax
distribution based on upper record values, while Chacko and Asha [6] explored
estimation of Shannon entropy using maximum likelihood and Bayesian
estimation method for generalized exponential distribution. Other studies by
Liu and Gui [17] and Shrahili [22] delved into entropy estimation for the
two-parameter Lomax distribution and log-logistic distribution and Kumar [13]
focused on estimating Tsalli’s Entropy for exponential distribution and Tahlan
[23] introduced the entropy for doubly truncated random variables known as
generalized entropy of order (α, β) respectively. These works collectively
demonstrate the adaptability of statistical techniques in capturing the
intricacies of different data sets, reflecting a nuanced understanding of entropy
in real-world applications.

Traditionally, entropy estimation methods, often based on frequency counts,
can exhibit significant bias, particularly with limited data. This can lead to
inaccurate assessments of the true entropy. Bayesian methods offer a valuable
alternative by incorporating prior knowledge about the underlying probability
distribution. This prior information can significantly improve the accuracy and
robustness of entropy estimates, especially when dealing with noisy or limited
data. Accurate parameter estimation is crucial for many distributions, and
entropy estimates often play a key role in this process, motivating the pursuit of
accurate Bayesian entropy estimates. As we know, the conjugate prior for
multinomial likelihood is the Dirichlet distribution and for the bivariate case,
Dirichlet distribution reduces to the bivariate beta type - I distribution.

In this paper, Section 2 is devoted to discussing the Bayesian estimate of
entropy of type - (α) and type - (α, β) for different types of priors, such as
bivariate beta type - I prior, Conner and Mosimann bivariate beta prior and
bivariate beta type - III prior with multinomial likelihood function. Section 3
discusses parameter estimation for bivariate beta type - III distribution on
corporate bond default rate data using the Bayesian estimate of the entropy of
type - (α) for α = 2 as the measure of certainty. In the last section, we discuss
the findings of the paper.
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2. Bayesian Estimator of Entropy of Type - (α) and type - (α, β)

Let x = (x1, x2, x3) denote the frequency data generated from the multinomial
distribution MultN (p1, p2, p3). Then, the likelihood function is given by

f(x|p1, p2) =
n!

x1!x2!x3!
p1
x1p2

x2(1− p1 − p2)
n−x1−x2 (2.1)

where x1 + x2 + x3 = n; 0 < pi < 1 for i = 1, 2, 3 and 0 < p1 + p2 < 1,
p3 = 1− p1 − p2.

The Loss functions are derived from Bayesian decision theory and try to
quantify the loss caused by estimating parameters. It is observed that less loss
occurs with better estimators. Martz and Waller [19]; and Lee [16] established
that if we assume the quadratic loss function, then for any specified prior
distribution, the Bayesian estimate of entropy of type - (α) and entropy of
type - (α, β) can be given by the expected value of entropy under the posterior
distribution, respectively.

2.1. Bivariate Beta Type - I Prior. Assume a bivariate beta type - I
distribution [4] denoted by BBetaI(u1, u2, u3) as a prior distribution for
parameters in the multinomial distribution MultN (p1, p2, p3) with the
corresponding density function:

f(p1, p2) =
Γ(u1 + u2 + u3)

Γ(u1)Γ(u2)Γ(u3)
p1
u1−1p2

u2−1(1− p1 − p2)
u3−1 (2.2)

where 0 < pi < 1 for i = 1, 2, 3, 0 < p1 + p2 < 1, p3 = 1 − p1 − p2;u1, u2, u3 > 0
and Γ represents the Gamma function.
Using the Bayes theorem, the posterior distribution is given by

f(p1, p2|x) =
f(x|p1, p2)f(p1, p2)∫ ∫

f(x|p1, p2)f(p1, p2)dp1dp2
. (2.3)

From Equations (2.1) and (2.2), we obtain

f(x|p1, p2)f(p1, p2) =
Γ(u1 + u2 + u3)

Γ(u1)Γ(u2)Γ(u3)

n!

x1!x2!x3!

2∏
i=1

pi
ui+xi−1(1− p1 − p2)

u3+x3−1 .

(2.4)
This implies∫ ∫

f(x|p1, p2)f(p1, p2)dp1dp2 =
Γ(u1 + u2 + u3)

Γ(u1)Γ(u2)Γ(u3)

n!

x1!x2!x3!

× [B(u1 + x1, u2 + x2, u3 + x3)] .

(2.5)

From Equations (2.3), (2.4) and (2.5)

f(p1, p2|x) = [B(u1 +x1, u2 +x2, u3 +x3)]−1

2∏
i=1

pi
ui+xi−1(1−p1−p2)

u3+x3−1 (2.6)

where B(α1, α2, α3) = Γ(α1)Γ(α2)Γ(α3)
Γ(α1+α2+α3)

denotes the beta function.
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Theorem 2.1. Under the quadratic loss function, the Bayesian estimate of
entropy of type - (α) (α > 0, α 6= 1) for the multinomial likelihood with respect to
the bivariate beta type - I distribution as prior is given by

ĤI
α =

1

21−α − 1

[
B(ξ1 + α, ξ2, ξ3) +B(ξ1, ξ2 + α, ξ3) +B(ξ1, ξ2, ξ3 + α)

B(ξ1, ξ2, ξ3)
− 1

]
(2.7)

where ξi = ui + xi for i = 1, 2, 3.

Proof. Let the bivariate beta type - I distribution as prior for parameters in
multinomial likelihood, then the Bayesian estimate of the entropy of type - (α)

(α > 0, α 6= 1) under the quadratic loss function denoted by ĤI
α is equal to the

expected value of entropy of type - (α) with respect to the posterior distribution.
Therefore

ĤI
α = Ef(p1,p2|x)[H

I
α]

=

∫ 1

0

∫ 1−p2

0

1

21−α − 1

[
3∑
i=1

pi
α − 1

]
f(p1, p2|x)dp1dp2

=
1

21−α − 1

∫ 1

0

∫ 1−p2

0

[
3∑
i=1

pi
α − 1

]
[B(u1 + x1, u2 + x2, u3 + x3)]−1

× p1
u1+x1−1p2

u2+x2−1(1− p1 − p2)
u3+x3−1dp1dp2 .

If ξi = ui + xi (i = 1, 2, 3), then

ĤI
α =

[B(ξ1, ξ2, ξ3)]−1

21−α − 1

[∫ 1

0

∫ 1−p2

0

p1
ξ1+α−1p2

ξ2−1(1− p1 − p2)
ξ3−1dp1dp2

+

∫ 1

0

∫ 1−p2

0

p1
ξ1−1p2

ξ2+α−1(1− p1 − p2)
ξ3−1dp1dp2

+

∫ 1

0

∫ 1−p2

0

p1
ξ1−1p2

ξ2−1(1− p1 − p2)
ξ3+α−1dp1dp2

−
∫ 1

0

∫ 1−p2

0

p1
ξ1−1p2

ξ2−1(1− p1 − p2)
ξ3−1dp1dp2

]
=

1

21−α − 1

[
B(ξ1 + α, ξ2, ξ3) +B(ξ1, ξ2 + α, ξ3) +B(ξ1, ξ2, ξ3 + α)

B(ξ1, ξ2, ξ3)
− 1

]
.

This completes the proof. �

Corollary 2.2. Under the quadratic loss function, the Bayesian estimate of the
Shannon entropy for the multinomial likelihood with respect to the bivariate beta
type - I prior can be given as limiting function of Bayesian estimate of entropy
of type - (α) i.e. limα→1 Ĥ

I
α = ĤI .

Proof. Let ĤI
α denote the Bayesian estimate of entropy of type - (α) for

multinomial likelihood using bivariate beta type - I prior. Bodvin [3] presented

the Bayesian estimate of Shannon entropy ĤI for multinomial likelihood using
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bivariate beta type - I prior as

ĤI =
1

− log 2

[
3∑
i=1

ξi∑3
j=1 ξj

{
ψ(ξi + 1)− ψ(

3∑
j=1

ξj + 1)

}]

where ξi = ui + xi (i = 1, 2, 3) and ψ(x) = Γ′(x)
Γ(x)

.

Now, as α approaches to 1, equation (2.7) gives

lim
α→1

ĤI
α = lim

α→1

1

21−α − 1

×
[
B(ξ1 + α, ξ2, ξ3) +B(ξ1, ξ2 + α, ξ3) +B(ξ1, ξ2, ξ3 + α)

B(ξ1, ξ2, ξ3)
− 1

]
= lim

α→1

d

dα

[
B(ξ1 + α, ξ2, ξ3) +B(ξ1, ξ2 + α, ξ3) +B(ξ1, ξ2, ξ3 + α)

B(ξ1, ξ2, ξ3)
− 1

]
× 1

d
dα

(21−α − 1)

= lim
α→1

[B(ξ1, ξ2, ξ3)]−1

−21−α log 2

[
B(ξ1 + α, ξ2, ξ3)

{
ψ(ξ1 + α)− ψ(

3∑
i=1

ξi + α)

}

+B(ξ1, ξ2 + α, ξ3)

{
ψ(ξ2 + α)− ψ(

3∑
i=1

ξi + α)

}

+ B(ξ1, ξ2, ξ3 + α)

{
ψ(ξ3 + α)− ψ(

3∑
i=1

ξi + α)

}]

=
[B(ξ1, ξ2, ξ3)]−1

− log 2

Γ(ξ1)Γ(ξ2)Γ(ξ3)

Γ(ξ1 + ξ2 + ξ3 + 1)

×

[
3∑
i=1

ξi

{
ψ(ξi + 1)− ψ(

3∑
j=1

ξj + 1)

}]

=
1

− log 2

[
3∑
i=1

ξi∑3
j=1 ξj

{
ψ(ξi + 1)− ψ(

3∑
j=1

ξj + 1)

}]
= ĤI .

Hence, as α→ 1, ĤI
α approaches to ĤI . �

Theorem 2.3. Under the quadratic loss function, the Bayesian estimate of the
entropy of type - (α, β) (α, β > 0, α 6= β) for the multinomial likelihood with
respect to bivariate beta type - I distribution as prior is given by

ĤI
(α,β) =

[B(ξ1, ξ2, ξ3)]−1

21−α − 21−β [B(ξ1 + α, ξ2, ξ3) +B(ξ1, ξ2 + α, ξ3) +B(ξ1, ξ2, ξ3 + α)

−B(ξ1 + β, ξ2, ξ3)−B(ξ1, ξ2 + β, ξ3)−B(ξ1, ξ2, ξ3 + β)]



ESTIMATES OF SOME ENTROPIES 227

where ξi = ui + xi for i = 1, 2, 3 and

ĤI
α = ĤI

(α,1) and lim
(α,β)→(1,1)

ĤI
(α,β) = ĤI .

Proof. Let the bivariate beta type - I distribution as prior for parameters in
multinomial likelihood, then the Bayesian estimate of the entropy of
type - (α, β) (α, β > 0, α 6= β) under the quadratic loss function denoted by

ĤI
(α,β) is equal to the expected value of entropy of type - (α, β) with respect to

the posterior distribution. Therefore using equation (2.6), we have

ĤI
(α,β) =

∫ 1

0

∫ 1−p2

0

1

21−α − 21−β

[
3∑
i=1

pi
α −

3∑
i=1

pi
β

]
f(p1, p2|x)dp1dp2

=
[B(u1 + x1, u2 + x2, u3 + x3)]−1

21−α − 21−β

∫ 1

0

∫ 1−p2

0

[
3∑
i=1

pi
α −

3∑
i=1

pi
β

]
× p1

u1+x1−1p2
u2+x2−1(1− p1 − p2)

u3+x3−1dp1dp2 .

If ξi = ui + xi (i = 1, 2, 3), then

ĤI
(α,β) =

[B(ξ1, ξ2, ξ3)]−1

21−α − 21−β [B(ξ1 + α, ξ2, ξ3) +B(ξ1, ξ2 + α, ξ3) +B(ξ1, ξ2, ξ3 + α)

−B(ξ1 + β, ξ2, ξ3)−B(ξ1, ξ2 + β, ξ3)−B(ξ1, ξ2, ξ3 + β)] .

Put β = 1 in the above equation, we obtain ĤI
(α,1) = ĤI

α.
Let

f(α, β) =B(ξ1 + α, ξ2, ξ3) +B(ξ1, ξ2 + α, ξ3) +B(ξ1, ξ2, ξ3 + α)

−B(ξ1 + β, ξ2, ξ3)−B(ξ1, ξ2 + β, ξ3)−B(ξ1, ξ2, ξ3 + β),

g(α, β) =B(ξ1, ξ2, ξ3)(21−α − 21−β).

Thus, using the L’Hopital’s rule for multivariable function [15], we have

lim
(α,β)→(1,1)

ĤI
(α,β) = lim

(α,β)→(1,1)

∂
∂β
f(α, β)

∂
∂β
g(α, β)

=

∂
∂β
f(1, 1)

∂
∂β
g(1, 1)

=
1

− log 2

[
3∑
i=1

ξi∑3
j=1 ξj

{
ψ(ξi + 1)− ψ(

3∑
j=1

ξj + 1)

}]
.

Hence, as (α, β)→ (1, 1), ĤI
(α,β) approaches to ĤI . �

2.2. Conner and Mosimann Bivariate Beta Prior. Assume Conner and
Mosimann [5] bivariate beta distribution denoted by BBetaCM(u1, u2, u3, d) as
a prior distribution for parameters in multinomial distribution MultN (p1, p2, p3)
with the corresponding density function is

f(p1, p2) =
Γ(u1 + d)Γ(u2 + u3)

Γ(u1)Γ(u2)Γ(u3)Γ(d)

∞∑
l=0

(
d− u2 − u3

l

)
(−1)l

× p1
u1+l−1p2

u2−1(1− p1 − p2)
u3−1
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where 0 < pi < 1 for i = 1, 2, 3; 0 < p1 +p2 < 1; , p3 = 1−p1−p2;u1, u2, u3, d > 0.
Using the above equation, Bodvin [3] established that the posterior distribution
for the parameters in the multinomial likelihood under the Conner and Mosimann
bivariate beta prior is given by

f(p1, p2|x) = K

∞∑
l=0

(
d− u2 − u3

l

)
(−1)lp1

ξ1+l−1p2
ξ2−1(1− p1 − p2)

ξ3−1 (2.8)

where K = Γ(ξ2+ξ3)Γ(u1+x1+x2+x3+d)
Γ(ξ1)Γ(ξ2)Γ(ξ3)Γ(x2+x3+d)

; 0 < pi < 1, (i = 1, 2, 3); 0 < p1 + p2 < 1;

u1, u2, u3 > 0 and ξi = ui + xi (i = 1, 2, 3).

Theorem 2.4. Under the quadratic loss function, the Bayesian estimate of the
entropy of type - (α) (α > 0, α 6= 1) for the multinomial likelihood with respect to
the Conner and Mosimann bivariate beta distribution as prior is given by

ĤCM
α =

K

21−α − 1

∞∑
l=0

(
d− u2 − u3

l

)
(−1)l [B(ξ1 + l + α, ξ2, ξ3)

+ B(ξ1 + l, ξ2 + α, ξ3) +B(ξ1 + l, ξ2, ξ3 + α)−B(ξ1, ξ2, ξ3)] (2.9)

where ξi = ui + xi (i = 1, 2, 3).

Proof. Let the Conner and Mosimann bivariate beta distribution as prior for
parameters in the multinomial likelihood, then the Bayesian estimate of the
entropy of type - (α) (α > 0, α 6= 1) under the quadratic loss function is denoted

by ĤCM
α is equal to the expected value of entropy of type - (α) with respect to

the posterior distribution i.e.

ĤCM
α = Ef(p1,p2|x)[H

CM
α ]

=

∫ 1

0

∫ 1−p2

0

1

21−α − 1

[
3∑
i=1

pi
α − 1

]
f(p1, p2|x)dp1dp2 .

Now, using equation (2.8), the above equation can be written as

ĤCM
α =

K

21−α − 1

∞∑
l=0

(
d− u2 − u3

l

)
(−1)l

[∫ 1

0

∫ 1−p2

0

(
3∑
i=1

pi
α − 1

)
× p1

ξ1+l−1p2
ξ2−1(1− p1 − p2)

ξ3−1
]

=
K

21−α − 1

∞∑
l=0

(
d− u2 − u3

l

)
(−1)l [B(ξ1 + l + α, ξ2, ξ3)

+B(ξ1 + l, ξ2 + α, ξ3) +B(ξ1 + l, ξ2, ξ3 + α)−B(ξ1, ξ2, ξ3) ] .

This completes the proof. �

Corollary 2.5. Under the quadratic loss function, the Bayesian estimate of the
Shannon entropy for the multinomial likelihood with respect to the Conner and
Mosimann bivariate beta prior can be written as limiting function of Bayesian
estimate of entropy of type - (α) i.e. lim

α→1
ĤCM
α = ĤCM .
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Proof. Let ĤCM
α denote the Bayesian estimate of entropy of type - (α) for

multinomial likelihood using Conner and Mosimann bivariate beta prior. As
Bodvin [3] discussed, the Bayesian estimate of Shannon entropy ĤCM for
multinomial likelihood using the Conner and Mosimann bivariate beta prior is
equal to

ĤCM = − K

log 2

∞∑
l=0

(
d− u2 − u3

l

)
(−1)l

Γ(τ1)Γ(τ2)Γ(τ3)

Γ(τ1 + τ2 + τ3 + 1)

×
3∑
i=1

τi[ψ(τi + 1)− ψ(
3∑
j=1

τj + 1)]

where τ1 = u1 + x1 + l, τ2 = u2 + x2, τ3 = u3 + x3 and ψ(x) = Γ′(x)
Γ(x)

.

From Equation (2.9), we obtain

lim
α→1

ĤCM
α = lim

α→1

K

21−α − 1

∞∑
l=0

(
d− u2 − u3

l

)
(−1)l [B(ξ1 + l + α, ξ2, ξ3)

+B(ξ1 + l, ξ2 + α, ξ3) +B(ξ1 + l, ξ2, ξ3 + α)−B(ξ1, ξ2, ξ3) ]

= lim
α→1

K

−21−α log 2

∞∑
l=0

(
d− u2 − u3

l

)
(−1)l

[
d

dα
B(ξ1 + l + α, ξ2, ξ3)

+
d

dα
B(ξ1 + l, ξ2 + α, ξ3) +

d

dα
B(ξ1 + l, ξ2, ξ3 + α)− d

dα
B(ξ1, ξ2, ξ3)

]
= lim

α→1

K

−21−α log 2

∞∑
l=0

(
d− u2 − u3

l

)
(−1)l

×

[
B(ξ1 + l + α, ξ2, ξ3)

{
ψ(ξ1 + l + α)− ψ(

3∑
i=1

ξi + l + α)

}

+B(ξ1 + l, ξ2 + α, ξ3)

{
ψ(ξ2 + α)− ψ(

3∑
i=1

ξi + l + α)

}

+B(ξ1 + l, ξ2, ξ3 + α)

{
ψ(ξ3 + α)− ψ(

3∑
i=1

ξi + l + α)

}]

=
K

− log 2

∞∑
l=0

(
d− u2 − u3

l

)
(−1)l

Γ(ξ1 + l)Γ(ξ2)Γ(ξ3)

Γ(ξ1 + ξ2 + ξ3 + l + 1)

×

[
(ξ1 + l)

{
ψ(ξ1 + l + 1)− ψ(

3∑
i=1

ξi + l + α)

}

+ ξ2

{
ψ(ξ2 + 1)− ψ(

3∑
i=1

ξi + l + 1)

}
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+ ξ3

{
ψ(ξ3 + 1)− ψ(

3∑
i=1

ξi + l + 1)

}]

= − K

log 2

∞∑
l=0

(
d− u2 − u3

l

)
(−1)l

Γ(τ1)Γ(τ2)Γ(τ3)

Γ(τ1 + τ2 + τ3 + 1)

×
3∑
i=1

τi[ψ(τi + 1)− ψ(
3∑
j=1

τj + 1)]

where τ1 = u1 + x1 + l, τ2 = u2 + x2, τ3 = u3 + x3. �

Theorem 2.6. Under the quadratic loss function, the Bayesian estimate of the
entropy of type - (α, β) (α, β > 0, α 6= β) for multinomial likelihood with respect
to Conner and Mosimann bivariate beta distribution as prior is given by

ĤCM
(α,β) =

K

21−α − 21−β

∞∑
l=0

(
d− u2 − u3

l

)
(−1)l

× [B(ξ1 + l + α, ξ2, ξ3) +B(ξ1 + l, ξ2 + α, ξ3) +B(ξ1 + l, ξ2, ξ3 + α)

−B(ξ1 + l + β, ξ2, ξ3)−B(ξ1 + l, ξ2 + β, ξ3)−B(ξ1 + l, ξ2, ξ3 + β)]
(2.10)

where ξi = ui + xi for i = 1, 2, 3 and

ĤCM
α = ĤCM

(α,1) and lim
(α,β)→(1,1)

ĤCM
(α,β) = ĤCM .

Proof. Let the Conner and Mosimann bivariate beta distribution as prior for
parameters in the multinomial likelihood, then the Bayesian estimate of the
entropy of type - (α, β) (α, β > 0, α 6= β) under the quadratic loss function is

denoted by ĤCM
(α,β) is equal to the expected value of entropy of type - (α, β) with

respect to the posterior distribution. Therefore using equation (2.8), we have

ĤCM
(α,β) =

K

21−α − 21−β

[∫ 1

0

∫ 1−p2

0

(
3∑
i=1

pi
α −

3∑
i=1

pi
β

)

×
∞∑
l=0

(
d− u2 − u3

l

)
(−1)lp1

ξ1+l−1p2
ξ2−1(1− p1 − p2)

ξ3−1dp1dp2

]
.

where 0 < p1, p2 < 1, 0 < p1 + p2 < 1, p3 = 1 − p1 − p2 and the infinite series
involved in the above converges uniformly for all (p1, p2, p3) ∈ Γ3. Therefore, we
can interchange the summation and integral sign. Thus, we obtain the equation
(2.10). Put β = 1 in the equation (2.10), we have ĤCM

(α,1) = ĤCM
α . Let

f(α, β) = K
∞∑
l=0

(
d− u2 − u3

l

)
(−1)l [B(ξ1 + l + α, ξ2, ξ3) +B(ξ1 + l, ξ2 + α, ξ3)

+B(ξ1 + l, ξ2, ξ3 + α)−B(ξ1 + l + β, ξ2, ξ3)

−B(ξ1 + l, ξ2 + β, ξ3)−B(ξ1 + l, ξ2, ξ3 + β)] ,
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g(α, β) = 21−α − 21−β.

Using the L’Hopital’s rule for multivariable function [15], we have

lim
(α,β)→(1,1)

ĤCM
(α,β) = lim

(α,β)→(1,1)

f(α, β)

g(α, β)
= lim

(α,β)→(1,1)

∂f(α,β)
∂β

∂g(α,β)
∂β

=

∂f
∂β

(1, 1)
∂g
∂β

(1, 1)

=− K

log 2

∞∑
l=0

(
d− u2 − u3

l

)
(−1)l

Γ(τ1)Γ(τ2)Γ(τ3)

Γ(τ1 + τ2 + τ3 + 1)

×
3∑
i=1

τi[ψ(τi + 1)− ψ(
3∑
j=1

τj + 1)]

where τ1 = u1 +x1 + l, τ2 = u2 +x2, τ3 = u3 +x3. Hence, as (α, β)→ (1, 1), ĤCM
(α,β)

approaches to ĤCM . �

2.3. Bivariate Beta Type - III Prior. Assume that bivariate beta type - III
distribution given by Ehlers [8] as a prior distribution for parameters in
multinomial likelihood MultN (p1, p2, p3) denoted by BBetaIII(u1, u2, u3, c) with
the corresponding density function is

f(p1, p2) =
Γ(u1 + u2 + u3)

Γ(u1)Γ(u2)Γ(u3)
cu1+u2p1

u1−1p2
u2−1(1− p1 − p2)

u3−1

× [1− (1− c)p1 − (1− c)p2]−(u1+u2+u3)

where 0 < pi < 1 for i = 1, 2; 0 < p1 + p2 < 1, u1, u2, u3, c > 0. From the
above equation, Bodvin [3] established that the posterior distribution for the
multinomial likelihood under bivariate beta type - III prior is given by

f(p1, p2|x) = K
∞∑
l=0

l∑
m=0

(
−(u1 + u2 + u3)

l

)(
l

m

)
× (c− 1)lp1

ξ1+l−m−1p2
ξ2+m−1(1− p1 − p2)

ξ3−1

where

K =
Γ(ξ1 + ξ2 + ξ3)

Γ(ξ1)Γ(ξ2)Γ(ξ3)
c(u1+u2+u3)

[
2F1(u1 + u2 + u3, ξ3; ξ1 + ξ2 + ξ3;

c− 1

c
)

]−1

and 2F1(.) represents the Gauss hypergeometric function [10, 18] and ξi = ui +
xi(i = 1, 2, 3) and |c− 1| < 1

p1+p2
.

Theorem 2.7. Under the quadratic loss function, the Bayesian estimate of the
entropy of type - (α) (α > 0, α 6= 1) for the multinomial likelihood using bivariate
beta type - III distribution as prior is given by
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ĤIII
α =

K

21−α − 1

∞∑
l=0

l∑
m=0

(
−(u1 + u2 + u3)

l

)(
l

m

)
(c− 1)l

×
[
B(ξ1 + l + α−m, ξ2 +m, ξ3) +B(ξ1 + l −m, ξ2 + α +m, ξ3)

+B(ξ1 + l −m, ξ2 +m, ξ3 + α)−B(ξ1 + l −m, ξ2 +m, ξ3)

]
(2.11)

where ξi = ui + xi (i = 1, 2, 3).

Proof. Let the bivariate beta type - III distribution as prior for parameters in
multinomial likelihood, then the Bayesian estimate of the entropy of type - (α)

(α > 0, α 6= 1) under the quadratic loss function denoted by ĤIII
α is equal to the

expected value of entropy of type - (α) with respect to the posterior distribution
i.e.

ĤIII
α =Ef(p1,p2|x)[H

III
α ]

=

∫ 1

0

∫ 1−p2

0

1

21−α − 1

[
3∑
i=1

pi
α − 1

]
f(p1, p2|x)dp1dp2

=
K

21−α − 1

∞∑
l=0

l∑
m=0

(
−(u1 + u2 + u3)

l

)(
l

m

)
(c− 1)l

×
[ ∫ 1

0

∫ 1−p2

0

p1
ξ1+l+α−m−1p2

ξ2+m−1(1− p1 − p2)
ξ3−1dp1dp2

+

∫ 1

0

∫ 1−p2

0

p1
ξ1+l−m−1p2

ξ2+α+m−1(1− p1 − p2)
ξ3−1dp1dp2

+

∫ 1

0

∫ 1−p2

0

p1
ξ1+l−m−1p2

ξ2+m−1(1− p1 − p2)
ξ3+α−1dp1dp2

−
∫ 1

0

∫ 1−p2

0

p1
ξ1+l−m−1p2

ξ2+m−1(1− p1 − p2)
ξ3−1dp1dp2

]
=

K

21−α − 1

∞∑
l=0

l∑
m=0

(
−(u1 + u2 + u3)

m

)(
l

m

)
(c− 1)l

×
[
B(ξ1 + l + α−m, ξ2 +m, ξ3) +B(ξ1 + l −m, ξ2 + α +m, ξ3)

+B(ξ1 + l −m, ξ2 +m, ξ3 + α)−B(ξ1 + l −m, ξ2 +m, ξ3)

]
where ξi = ui + xi for i = 1, 2, 3. Hence, equation (2.11) established. �

Corollary 2.8. Under the quadratic loss function, the Bayesian estimate of the
Shannon entropy for the multinomial likelihood with respect to the bivariate beta
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type - III prior can be written as the limiting function of Bayesian estimate of
entropy of type - (α) i.e. limα→1 Ĥ

III
α = ĤIII .

Proof. Let ĤIII
α denote the Bayesian estimate of entropy of type - (α) for

multinomial likelihood using bivariate beta type - III prior. As Bodvin [3]

discussed, the Bayesian estimate of Shannon entropy ĤIII for multinomial
likelihood using bivariate beta type - III prior is given by

ĤIII =
−K
log 2

∞∑
l=0

l∑
m=0

(
−(u1 + u2 + u3)

l

)(
l

m

)
(c− 1)l

× Γ(η1)Γ(η2)Γ(η3)

Γ(η1 + η2 + η3 + 1)

[
3∑
i=1

ηi

{
ψ(ηi + 1)− ψ(

3∑
j=1

ηj + 1)

}]

where η1 = u1 + x1 + l −m, η2 = u2 + x2 +m, η3 = u3 + x3 and ψ(x) = Γ′(x)
Γ(x)

.

From Equation (2.11), we have

lim
α→1

ĤIII
α = lim

α→1

K

21−α − 1

∞∑
l=0

l∑
m=0

(
−(u1 + u2 + u3)

l

)(
l

m

)
(c− 1)l

× [B(η1 + α, η2, η3) +B(η1, η2 + α, η3) +B(η1, η2, η3 + α)

−B(η1, η2, η3)]

= lim
α→1

K

−21−α log 2

∞∑
l=0

l∑
m=0

(
−(u1 + u2 + u3)

l

)(
l

m

)
(c− 1)l

×

[
B(η1 + α, η2, η3)

{
ψ(η1 + α)− ψ(

3∑
i=1

ηi + α)

}

+B(η1, η2 + α, η3)

{
ψ(η2 + α)− ψ(

3∑
i=1

ηi + α)

}

+ B(η1, η2, η3 + α)

{
ψ(η3 + α)− ψ(

3∑
i=1

ηi + α)

}
− 0

]

=
−K
log 2

∞∑
l=0

l∑
m=0

(
−(u1 + u2 + u3)

l

)(
l

m

)
(c− 1)l

Γ(η1)Γ(η2)Γ(η3)

Γ(η1 + η2 + η3 + 1)

×

[
η1

{
ψ(η1 + 1)− ψ(

3∑
i=1

ηi + 1)

}
+ η2

{
ψ(η2 + 1)− ψ(

3∑
i=1

ηi + 1)

}

+ η3

{
ψ(η3 + 1)− ψ(

3∑
i=1

ηi + 1)

}]

=
−K
log 2

∞∑
l=0

l∑
m=0

(
−(u1 + u2 + u3)

l

)(
l

m

)
(c− 1)l
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× Γ(η1)Γ(η2)Γ(η3)

Γ(η1 + η2 + η3 + 1)

[
3∑
i=1

ηi

{
ψ(ηi + 1)− ψ(

3∑
j=1

ηj + 1)

}]
where η1 = u1 + x1 + l − m, η2 = u2 + x2 + m, η3 = u3 + x3. Thus, we have
concluded that as α→ 1, ĤIII

α approaches to ĤIII . �

Theorem 2.9. Under the quadratic loss function, the Bayesian estimate of
entropy of type - (α, β) (α, β > 0, α 6= β) for the multinomial likelihood using
bivariate beta type - III distribution as prior is given by

ĤIII
(α,β) =

K

21−α − 21−β

∞∑
l=0

l∑
m=0

(
−(u1 + u2 + u3)

l

)(
l

m

)
(c− 1)l

× [ B(ξ1 + l + α−m, ξ2 +m, ξ3) +B(ξ1 + l −m, ξ2 +m+ α, ξ3)

+B(ξ1 + l −m, ξ2 +m, ξ3 + α)−B(ξ1 + l + β −m, ξ2 +m, ξ3)

−B(ξ1 + l −m, ξ2 +m+ β, ξ3)−B(ξ1 + l −m, ξ2 +m, ξ3 + β) ]
(2.12)

where ξi = ui + xi for i = 1, 2, 3 are the parameter of the posterior distribution
and

ĤIII
α = ĤIII

(α,1) and lim
(α,β)→(1,1)

ĤIII
(α,β) = ĤIII .

Proof. Let the bivariate beta type - III distribution as prior for parameters in
multinomial likelihood, then the Bayesian estimate of the entropy of type - (α, β)

(α, β > 0, α 6= β) under the quadratic loss function denoted by ĤIII
(α,β) is equal

to the expected value of entropy of type - (α, β) with respect to the posterior
distribution i.e.

ĤIII
(α,β) =

∫ 1

0

∫ 1−p2

0

1

21−α − 21−β

[
3∑
i=1

pi
α −

3∑
i=1

pi
β

]

×K
∞∑
l=0

l∑
m=0

(
−(u1 + u2 + u3)

l

)(
l

m

)
(c− 1)lp1

ξ1+l−m−1

× p2
ξ2+m−1(1− p1 − p2)

ξ3−1dp1dp2.

Since convergence in the above infinite series is uniform for all for all (p1, p2, p3) ∈
Γ3. Therefore, we can interchange the integral and summation sign. Thus, we
obtain the equation (2.12). Put β = 1 in the equation (2.12) , we have ĤIII

(α,1) =

ĤIII
α . Let

f(α, β) =K
∞∑
l=0

l∑
m=0

(
−(u1 + u2 + u3)

l

)(
l

m

)
(c− 1)l

× [ B(ξ1 + l + α−m, ξ2 +m, ξ3) +B(ξ1 + l −m, ξ2 +m+ α, ξ3)

+B(ξ1 + l −m, ξ2 +m, ξ3 + α)−B(ξ1 + l + β −m, ξ2 +m, ξ3)

−B(ξ1 + l −m, ξ2 +m+ β, ξ3)−B(ξ1 + l −m, ξ2 +m, ξ3 + β) ] ,
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g(α, β) =21−α − 21−β.

Using the L’Hopital’s rule for multivariable function [15], we have

lim
(α,β)→(1,1)

ĤIII
(α,β) = lim

(α,β)→(1,1)

f(α, β)

g(α, β)
= lim

(α,β)→(1,1)

∂
∂β
f(α, β)

∂
∂β
g(α, β)

=

∂f
∂β

(1, 1)
∂g
∂β

(1, 1)

=
−K
log 2

∞∑
l=0

l∑
m=0

(
−(u1 + u2 + u3)

l

)(
l

m

)
(c− 1)l

× Γ(η1)Γ(η2)Γ(η3)

Γ(η1 + η2 + η3 + 1)

[
3∑
i=1

ηi

{
ψ(ηi + 1)− ψ(

3∑
j=1

ηj + 1)

}]

where η1 = ξ1 + l − m, η2 = ξ2 + m, η3 = ξ3. Hence, as (α, β) → (1, 1), ĤIII
(α,β)

approaches to ĤIII . �

3. Corporate Bonds Default Risk

Corporate bonds are debt securities issued by private and public corporations.
There are two kinds of corporate bonds: Investment and Speculative. Investment
Grade bonds are thought to have a lesser risk of default and obtain higher ratings
from credit rating agencies. Speculative Grade bonds often provide higher interest
rates to reward investors for taking on more risk. The likelihood that a firm may
fail to make timely interest or principal installments and consequently default on
its bonds is known as credit or default risk. The corporate bond default rate is
the actual number of corporate bonds that have defaulted out of a total number
of corporate bonds from a certain population of companies.

This section will analyze corporate bond default risks using Bayesian criteria.
We are using the Entropy of type - (α) to choose the prior distribution in the
Bayesian credit risk model calibration technique. In the context of corporate
bonds, it is assumed that there are three events:

• Event 1: Default occurs in investment grade.
• Event 2: Default occurs in speculative grade.
• Event 3: Default does not occur.

We assume that the above three events follow the multinomial distribution as in
equation (2.1) and bivariate beta distribution is followed by the parameters in
the multinomial distribution. As far as the occurrence of default in a particular
grade is concerned, selecting the best accurate bivariate beta distribution for the
parameters in multinomial distribution is critical because it directly impacts a
bond default risk.

3.1. Data. The data for annual volume-weighted corporate bond default rates
in Table: 1 is used for analysis obtained from the Moody’s “Default Trends –
Global Annual Default Study: Corporate default rate will rise in 2023 and peak
in early 2024” [7] and corporate bonds default rate for each year is used from
1994 to 2022.
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For the analysis, default rates of investment grade and speculative grade are
used. It is to be noted that there are a few years in which no default occurred
in investment grade, whereas the assumption in bivariate beta distribution is
p1, p2 > 0. However, it does not violate the assumption because, in practice, it is
believed that a bond can not have a default rate of 0.

Table 1. Moody’s Corporate Bond Default Rates (1994-2022)

Year Investment Grade Speculative Grade Year Investment Grade Speculative Grade

1994 0 0.0213 2009 0.0022 0.1615
1995 0 0.0308 2010 0.0008 0.017
1996 0 0.0234 2011 0.0015 0.0146
1997 0 0.0191 2012 0.0001 0.0205
1998 0 0.0287 2013 0.0004 0.0109
1999 0.0003 0.0588 2014 0.0001 0.0174
2000 0.0014 0.0563 2015 0 0.0348
2001 0.0055 0.1524 2016 0 0.0327
2002 0.0186 0.2156 2017 0 0.0182
2003 0 0.0595 2018 0 0.0192
2004 0 0.0188 2019 0.0022 0.0282
2005 0.0007 0.0379 2020 0.0001 0.0626
2006 0 0.0105 2021 0 0.0031
2007 0 0.0082 2022 0.0014 0.0155
2008 0.0147 0.058

3.2. Analysis. For visualization of default rates, Figure: 1 depicts the
univariate distribution of corporate bond default rates, and the figure conveys a
very high density of the distribution towards the low default rates in the
investment grade. Likewise, speculative-grade data is also highly distributed to
low default rates. From the joint distribution of the corporate bond default

(a) Investment Grade (b) Speculative Grade

Figure 1. Univariate Default Rate Distribution

rates, the linear correlation between the default rates of investment and
speculative grade is positive and equal to 0.6885. Bodvin [3] discussed
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correlations for different types of bivariate beta priors. Here, the correlation
between investment and speculative grade is positive; therefore, bivariate beta
type - III and bivariate beta type - V distributions [9] are suitable priors for the
model. We do not consider bivariate beta type - I and Conner and Mosimann
bivariate beta prior because they induce negative correlation between p1 and p2.

(a) Joint Data Distribution (b) Contour Plot

Figure 2. Joint Distribution of Investment and Speculative Grade
Default Rates

3.3. Bayesian Estimation of Entropy of Type - (α). The proposal is to
use the Entropy of type - (α) for α = 2, available data, and expert judgment to
identify the best values of the parameters for the bivariate beta type - III prior
with the multinomial model having dimension 3. Bayesian priors are typically
generated in the financial industries by utilizing opinions from professionals.
However, for illustration in the study, the prior will be created using default
rate data. Because of the capacity to adjust for positive correlation, bivariate
beta type - III is used as viable prior in this application. The parameters are
determined using the steps outlined below:

• Identify the order of magnitude of the parameters based on the results of
the shape studies for the bivariate beta type - III distribution. As for the
corporate bonds default rate data, the distribution is concentrated toward
small values of investment-grade default rates (p1) and small values of
speculative-grade default rates (p2). This depicts that for the bivariate
beta type - III distribution, the parameters u1, u2 and u3 be smaller than
c.
• Establish parameter bands by applying quantitative analyst expert’s

suggestion and trial and error techniques. For the bivariate beta
type - III distribution, for example, c must be substantially greater than
u1, u2 and u3 to get the required concentration for the default rate data.
• Compute the Entropy type - (α) with the help of Bayesian estimate from

equation (2.11) using grid search method by providing the values of the
parameters of the bivariate beta type - III distributions in the grid and
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multinomial distribution observations and α. As our aim is to select the
prior distribution, therefore, x1 = 2, x2 = 6, x3 = 16 is used for
observations for multinomial distribution and we calculate entropy
type - (α) for α = 2.
• Determine the correlation for each parameter combination in the grid.
• During the selection of the parameters for the prior distribution, we choose

them so that the Entropy of type - (α) and correlation are in the pre-
defined range. A trial-and-error method is used to determine the entropy
range. In the analysis for corporate bond default rate data range for the
entropy of type - (α) for α = 2 is set to be in between 0.2 to 0.3 and as the
observed correlation of default rates between investment and speculative-
grade is 0.6885, therefore, correlation range is set to be in between 0.6 to
0.75.

Table 2. Parameter Selection: Bivariate Beta Type - III
Distribution

Minimum Step Size Maximum Estimated Parameter Value
u1 1 1 10 4
u2 20 1 30 30
u3 1 1 10 6
c 300 10 400 390

Entropy of type - (α) (for α = 2) = 0.25678
Correlation = 0.60348

Figure 3. Bivariate Beta Type-III Fitted Distribution
BBetaIII(4, 30, 6, 390)

The results obtained from the grid search approach for the bivariate beta
type - III distribution are summarized in Table: 2 and Figure: 3. The first three
columns in Table: 2 include information about the parameter boundaries and
the parameter value for the bivariate beta type - III distribution is given in the
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last columns. The parameters appear to represent the features of the observed
distribution very well.

4. Conclusions

This paper investigated methods for estimating type -(α) and entropy type
-(α, β) for multinomial data. We employed various Bayesian approaches,
utilizing bivariate beta Type-I, Connor and Mosimann bivariate beta, and
bivariate beta Type-III distributions as prior distributions. The selection of the
appropriate prior distribution was guided by the correlation observed between
the data points. It was observed that the estimates of entropy type -(α) and
entropy type -(α, β) can be used to derive the Bayesian estimates of Shannon
entropy by approaching α → 1 and (α, β) → (1, 1), respectively. By analyzing
entropy type -(α) and entropy type -(α, β), we determined the optimal
hyperparameter values for the bivariate beta Type-III prior. This methodology
was applied to real-world data on investment-grade and speculative-grade bond
default rates, demonstrating its effectiveness in selecting suitable
hyperparameter values for the chosen prior distribution. Bayesian methods
incorporate prior knowledge or beliefs about the underlying distribution, leading
to more robust estimates. Here estimates were calculated under the quadratic
loss function but for other loss functions such as linear exponential, and
precautionary loss functions, estimates of entropies can be calculated. The
quadratic loss function was employed for these estimations; however, entropy
estimates can also be derived using different loss functions, such as the linear
exponential and precautionary loss functions.
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