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SOME PROPERTIES OF BESOV-FOFANA TYPES SPACES
SEKOU COULIBALY!, DOMION DOUYON?* and MOUMINE SANOGO?

ABSTRACT. In this paper, we define a Banach Besov-Fofana type space and we
give some of its properties which allows us give some relationship with other
well-known spaces.

1. INTRODUCTION AND PRELIMINARIES

Let d be a natural number or zero and assume that R? is equipped with its
usual Euclidean structure and its Lebesgue measure. For any subset A of R, y 4
and |A| denote the characteristic function and the Lebesgue measure of A, re-
spectively. Let L° denote the set of equivalence classes (modulo equality almost
everywhere) of measurable complex functions on R?, endued with its usual al-
gebra structure on C. Let Lj,, denote the set of all elements f of LY for which
| fxk|li < oo for any compact subset K of R

For 1 < a < oo, L will be the classical Lebesgue space on R?, endued with its
usual norm ||.|[o and o denotes the conjugate exponent of a: + + L =1 with
the convention é =

Suppose 1 < ¢ < o < p < 0o. We let, for every element f of L°

p

2}, 0<p<oo.

1l = sup 2G| Pxopmlles where Q(y,p) = H[ ~ Lo+

yeRY,p>0 j=1

The Morrey space M is characterized as the vector subspace {felL|fl Mg < 0o} .
(MG, [[fllmg) is a complex Banach space introduce in 1938 by C. B. Morrey
(see [14]), it is used in the study of regularity problems in the theory of partial

differential equations and the calculation of variation.
We let, for any f € L°

q,p

(-1
Hqu,Iwé = Sli%)p © q)p“f
P
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where )
P
S O llfxellr | if p<oo
PHqu,p = kezd
sup | Flly i p = oo,
y€ERd
. d d
with Ig = [1{kip: (k; +1)p) and J7 =TT (vj — 595 +5),
J= Jj=

k= (ki ks, ....ka) € 2%y = (y1, Y2, ..., ya) € R and p € R%. The space (L4, 1P)~
is defined as being the vector subspace
{fe L’ |[fllypa < oo} of L° endowed with its norm f +— || f|l4p.a-

Functional spaces have been broadly used in various fields of analysis such as
harmonic analysis, partial differential equations, Navier-Stokes equations, and
others.

Over the past few years, there has been an increase of interest in a new fam-
ily of functional spaces that generalize Morrey’s spaces [1, 16, 18]. The spaces
(L2, 1P)* (1 < ¢ < a < p < o0o) has been introduced in 1988 by I. Fofana in
connection with the problem of Fourier multipliers in Lebesgue spaces. It is well
known that (L4, [P)* is a complex Banach space [5, 0, 8] and these spaces turned
out to be a good framework for the study of the properties of the Fourier transfor-
mation [3, 4, 7, 12, 17].These spaces generalizes Lebesgue spaces since (for a = p
or « = ¢, we have (L9,[P)* = L* and L* C (L9,[?)* if ¢ < a < p) and Morrey
spaces when p = oo, (L9,IP)* = M.

For a while now, there has been some interest in smoothness spaces associ-
ated with Morrey spaces, specifically Morrey-type Besov spaces and Morrey-type
triebel Lizorkin spaces [2, 13, 21, 23], which use a potent harmonic analysis tech-
nique like the Fourier transform.

We define the Fourier transform and its inverse by

ry _d
2

Ff(t) = f(t) = (2m)
) = () = (2m)”

f(z)e ™ tdx, te R
d

2 f(x)e™tdr, te R
d
for f € L.
We equip the Schwartz space S (rapidly decreasing infinitely differentiable
functions on R?) with the topology defined by the family of norms (Py)xso with

Py(¢) = sup(1+ [z )Y |0%6(2)], ¢S (1.1)
TR IBI<N
where N € N and 97 = (;2)%. ..(a%d)ﬁd, for all 8 = (B4, ..., 84) € N<.

It is important to note that L' contains the Schwartz space S of test functions.
Moreover, the restriction of F to S has an extension, in the sense of duality, to the
space S’ of tempered distributions on R¢. This extension is a linear operator alsAo
called Fourier transform and denoted again by F such that F : T — F(T) =T.
Some common properties of this operator are reported below.
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Proposition 1.1. ([9],[11],[20]).
(1) The space L* is contained in S" (1 < a < 00).
(2) For 1 < a <2, F maps L into LY and there exists a real constant M,
not dependent on f such that

HJ?Ha’ < My flla, f €LY (Hausdorff —Young inequality).
(3) F is an isometry on L?, namely

Ifllz=Ifll2, f€L? (Plancherel identity).

(4) The Fourier transform F : 8" — S’ is a linear, continuous, bijective,
and inverse continuous transformation

The aim of this paper is to define Besov-Fofana types spaces and give some of
these properties.

We organize the remainder of this paper as follows: Section 2 is devoted to
the construction and properties of Ul, k € Z% and r > 0, which is a partition
of unity on R?. Section 3 contains the definition and some properties of our new
spaces X (¢, p, @) and we devoted section 4 to the construction of the besov space
and to the completeness of the space X(q,p, @).

2. PARTITION OF UNITY ON R¢

— 1 i 11
It is well-known that ¢ — 0y(t) = Y < (3-t) (t+§)> i€ (-23),

0 ifte(—oo,—%}u[— oo),
is a non negative and continuous function on R such that

/eg(t)dt =y € (0, OO)

Moreover, it is well-known that 6, € C>* = C*(R) of infinitely differentiable
functions on R (see Section 1.2 in [10]).

Let u = ¢, 1)([072] x 0y where * is a convolution. The function u defined above
satisfies the following properties

i)

(u € C™
u(t) > 0, te (—%g) and supp(u) — {_%g} | o
\u(t) =1, te€ B, g]
if)
wt) +ult—2) =1, te [gg] (2.2)
i)
wt)> L tefo,2). (2.3)



PROPERTIES OF BESOV-FOFANA TYPES SPACES 99

It is easy to verify that, for any element (k,7) of (0, co) x Z, we have
r r r T
hr—Z 2k+r+z|= U [p-g a+r-3]. @)
1€{2k,2k+1,2k+2}

Definition 2.1. For any element (r, k) of (0, o) x Z%. We let

d
Ui (z) = Hu(r‘lxj —2k;), x€R

j=1
It is easy to see that U} inherits properties of u. Thus, we have

(U7 € ¢ = C=(RY) (the set of all elements of C*

with compact support in R?), positive on P,: and supp(U}) = P},
Uilz) =1, =€y

Ui(z) >27% zelr (2.5)
ZU;:(Z‘):L r € R
kezd

| #{keZ Uj(x)#0} <27, zeR,

where
- iff)e )
- (Y (o3)]

[
Il
—

A consequence of (2.4) is,

d
= UTI [(2kj+zj)r—g,(zkj+zj+1)r—g}

lez?d j=1
0<1;<2

= [g,m—% where w = (1, 1,..., 1). (2.6)
lezd
0<l;<2
Therefore, P is the union of 3d[_,:.
For any real r > 0, {Uj : k € Z%} is a partition of unity on R? composed of
positive elements of C2° and locally finite. The following remark will be used in
the proof of the Proposition 3.1.

Remark 2.2.
d
(i) Let U(z) = [] uw(x;), =€ R
=1

=
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It’s clear that:
U € C=, positive on Q(w,3) and supp(U) = Q(w, 3) therefore inherits properties of w.
Ul)=1 onQw,1l).
(i) Let
Y(@)=U(x+w), zeR%L (2.7)
It follows immediately from (i) that:

¢ € C® and positive on Q(0, 3)
$(a) =1 on Q(0,1).

We are now going to define and give some properties of our new functional
space.

3. DEFINITION AND BASIC PROPERTIES OF X (¢, p, «)

Consider an element f of S'.
For any real 7 > 0, {U;Ff: k€ Z%} is a countable family of distributions
with compact support, such that

Y UiFf=Ff
kezd

and therefore

Y. FNGFNH =1

kezd
We define for, 1 < ¢,p,a < 00
Alxan = IFCFEDIH, = [1F CFDl b - 7B
1 lxrer = supr®E) 1 lxem

r>0

X(g,p) = {f €S fllxwn = 1lfllx@n < oo}
X(g:p,a) = {fe€S :|fllx@pa <0}
The following proposition proves that the space Mza given by Nakamura-
Sawano (see [15]) is a particular case of X (g, p, ).

Proposition 3.1. Let 1 < q,a < co. We have

£ x@o00 < Ifllatre < 3UNF I fllx oo f €S,
where 1 satisfies (2.7).
Proof.
Consider an element f of S'.
a) For any element (k,7) of Z? x R*% , we have:
( ) y ) +
— (2k — (2K
U“w:U@4z_%Q:U(£_L_iﬂk+w):¢(£_L_izk)

r r



PROPERTIES OF BESOV-FOFANA TYPES SPACES 101

and therefore

L1y g 11 _ = 2k +w)r
PG F UL F flly = ) ]f : [w (%)] ¥ B Vv
q/
Thus,
I Flxtase = sup G FWEF Ay < 17 laarg-
kezd
(b) Let (c,r) be an element of R* x R* .
We have
supp P <%c> C Q(c,3r) and supp(U}) = Q ((2k +w)r,3r), k€ Z%
So,
# {k e Z%: \supp (;) N supp(UL)| > O} < #ke 7% - |Q(c,3r) N Q ((2k + w)r,3r) | > 0}

3d

IN

and therefore

o) F= 2w (50 v ke

keK(c,r)

{keZ:|Q(c,3r)NQ ((2k + w)r, 3r) | > 0}.

Therefore,

()

< ¥

keK(c,r)

[flw ( - C)] # [FHUFS)]
2 )

— Z ||f_1¢||1||F_1(U£‘Ff)||q’

keK (c,r)
BUF Yl f llx oo
11
£y = Sggrd(“ 7)

s o (52)

1_1
3ol supr ) fllx oo
r>

< 3UF Tl x oo

/ !

q q

IN

q/

|7 (ULFf)
1

IN

Therefore,

!

q

IN

Thus,
£ x@o00) < fllatre < 3NF DIl x 000, f €S
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The following remark shows that the space X(q, p, ) is increasing with respect
to the second index.

Remark 3.2. Tt is well-known that if 1 < p; < py < oo then:
(@) Him < {(ar) Ml < [{(ar) M, (a)rez € R”.
Therefore, if 1 < g, a < oo and 1 < p; < py < 0o then:
1f Lxgo00) < [1flx@pe0) < Nf X (@p10)s fES"
Thus,
X<Q7p17a> CX(q7p27a) CX(QJOO7Q)' (31)
We will use the following lemma to prove the Proposition 3.4.

Lemma 3.3. ([22]) Suppose that 0 < q1 < g2 < oo. Then there exists a real
number C' such that

161 < OG5 ll, (57) ERIXRY, G€S, supp(Fo) C Qla,r).

Proposition 3.4.

a) Suppose that: 1 < q1,qe,,p < 00 and q1 < qo. Then, there exists a real
constant C' such that:

||f||X(q1,p,oz) < CHfHX(qz,p,a)» f s’ (3-2)
b) Suppose that: 1 < q < o < 00. Then exists a real constant C' such that

1fllx@oca) < NF UMl llar, f € Lie NS

Proof. a) Suppose that: 1 < ¢1,¢9, @, p < oo with ¢; < ¢ and consider an
element f of S'.
It is easy to verify that

¢ < q
FIFYWUFH] = UFSf, (kor)eZ’ xRy
supp {F [FUURFH]} € Q(2k+w),3r), (k7)€ 2 x R},

Therefore, by the Lemma 3.3, there exists a real constant C' such that

il < o & IEwEly ®n ez <r:
(ZHF (ULF 1) Hp> < o& ) (ZHF*(U;H)H%) >0
kezd kezd

3=
3 =

RS (an (U Ff) ||p> < orimi) (Z“f Uﬁfw)

kezd kezd

and therefore
HfHX(tn,p,a) < CHfHX(qz,p,Oc))'
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b) Suppose that 1 < ¢ < a < oo.
By a simple calculation, we have

F UL (2)=F U = 2k)] (z) = *(F'U),(x), (k,r)€Z'xR;, z€R?
with
(F7'U) (x) = r?F U (ra).
Consequently,
IF7 U = (FU) L = |F Ul < 0o, (kr) € Z x R,

Hence, by Young’s inequality, we have

IFUE fllar < NF UL Nl (K1) € 29 X R
< [FURNA o
Thus,
Il xtwmein) = 500 rENF VD) # Fllar < IF U] o
keZ
r>0

Moreover, according to the result obtained in a)

£l x(q00.0) < CllLSf @000
where C' is a real number not dependent of f.
O

The following proposition gives the link between X (q, p, «) spaces and that of
Lebesgue.

Proposition 3.5. Let 1 < a < oo. Then
X(a,00,a) = L¥.
Proof. i) By Proposition 3.4, b),
L*" is included in X (a, 00, a).

ii) Consider an element f of X (a, 00, a).
We have

IFOEFD e < 1 Ixoom <00, 7> 0
IF Y ULF e < I x(asom) <00, k€ Z and 7> 0.
Consider an element kg of Z.
The sequence (F‘l(U,:;]:f))po is bounded in L* = (L®)*. According to Ba-
nach Alaoglu’s theorem, there exists a subsequence (rj,);>o of (r;);>0 and an
element g of L* such that (.7-" _1(U,:;i Ff ))i>0 converges weakly to g in L® when

1 tends to oo.
Moreover, for any element h of S, we have

— ; =177
{g:h) = ignoou: (Ui Ff)s 1)
= lim (f, F(UF'h))

= (f,h).
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Therefore, f is the regular distribution represented by g¢.
In other words f = g € L%
Moreover, we have

1 Fllor = llgllor < T | (U FF) oo < 1 xtemcinr
In conclusion v
fe X(aa O0,0z) = fel” (Rd) and HJril (nglff) Ho/ < HfHX(a,OO,a)a
therefore X (, 00, ) is included in L.
Thus, X (a, 00, a) = L. O
The following proposition shows that X (g, p, a) is a normed vector space.

Proposition 3.6. Let ¢,p and « be elements of [1,00]. X(q,p,a) is a vector
subspace of S on which f || f|x(gp.e) i a norm.

Proof.
a)

It is obvious that the zero of S verifies ||0]|x(gp.a) = 0 and therefore
belongs to X (¢, p, ).
Consider an element f of &' satisfying || f|| x(gp,a) = 0. We have

(FUL) * fllg = |FULF g =0, k ez

Moreover, for any element k of Z¢, F~1U} belongs to S and therefore
(F7XUL) * f is a function of class C* on R%. Thus

FYULFf) = (F'U;) * f =0 (punctually and therefore in S’, k € Z%)
UiFf =08, keZ' = > (UiFf)=0=Ff=0inS.

kezd
This implies, f =0 in §'.
b) It is easy to verify that

1f+9lx@pa) < Nflx@pe) +119lx@pa), fg€S
“)‘fHX(q,p,a) = ’)‘|‘|f"X(q,p7a)v (A f)eCxS.

It follows from the above that X(q,p,«) is a vector subspace of &’ on
which f — || f|lx(gpe) is @ norm.

O

It is well-known that the Fofana space (L?,?)* = {0} when p < a. What
can be said for X (¢, p,a) under the same condition? The following proposition
partially answers this question.

Proposition 3.7. Suppose that 2 < a and p < a. Then X(q,p,a) = {0} for
q=>2.

Proof. Let f € X(q,p, ).
We know that

I cP, ke’ r>0



PROPERTIES OF BESOV-FOFANA TYPES SPACES 105
and for any x € I?", Ur(z) >27% keZ r>0
U Ffle < ULFfl keZh r>0

1 1

274 [Z HXr,gr]:ng] < ) HU;foH’S]

keZd LkeZd

[un

= ZHFl(Uﬁff)Hé”], r>0

Lkezd
2 | Fllzp < ollflxen
@) Gy |F il < 292G )rG3) i fllxy), 7> 0
1F fllzpa < 2G| fllx2pa) < oo.

Therefore,

Ff =0 andthus f =0 because F is an injective application see Proposition 1.1.

Hence, X(2,p, a) = {0}.
On the other hand, according to the Proposition 3.4,

2<q and p<a = X(q,p,a) C X(2,p,a) = {0}.
Therefore, X (q,p,a) ={0}. O

Like the Fofana’s spaces (L4,[P), the following proposition shows that the
space X (q,p, a) becomes trivial when a < g.

Proposition 3.8. Let ¢,p,« € [1,00] such that a < q. Then

X(q,p, o) = {0}.

Proof. Suppose that o < ¢ and consider an element f of X(q,p, @).
According to the definition of X(q,p, ), we have

I{IF UL F Al )

Since o < q, we have

1

d(i—1
L < G flx gy 7> 0.

Tim {17 UL F e 3, = 0.

[ =
It means that:
lim {|FHUEFf)lg} =0 in 17,
Therefore, for any element k of Z4
FHUIFf] — 0 in L7 when r tends to oc.
Consequently, we have for any element k of Z¢
Ui Ff — 0 in 8 when r tends to oc.

Let ¢ be an element of D, (D = C™) there exists a positive real R such that:
d
supp(¢) C [ 3"
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Consider an element 1 of D such that:
oot om )
supp(v) C -3, 2]
We have ¢ = ¢ and for any element 7" of D’
<T ¢ >=<T,p¢p >=< YT, ¢ > .
In addition, for » > R
Y WUIFf= > WULFf
kezd ke{-1,0}4
Therefore, for any element r > R, we have

<Z UL FF, ¢> = <Z VULF S, ¢>

kezd kezd
= (Y. UFf, ¢>> .
ke{—1,0}d

Therefore,

kezd ke{-1,0}4

T1LI§O<Z ULF. ¢> = < Y. lm UFf ¢>
0.

Thus in D/, we have
= lim N UIFf=Ff

kezd

it means that
Ff =0 in D" and therefore in S’

Hence,
f=01in &
O

We can describe the boundedness of the Fourier transform on spaces X (¢, p, @).

Proposition 3.9.

a) Suppose that 1 < ¢ < a < p < oo with ¢ < 2 then there exists a real
constant C' such that

[Ffllx@pe) < Cllifllapas [ € (L)
b) If 2 < a < p < 00. there exists two real constants Cy and Cy such that:

Cillfllzpa < IFfllxepa) < Collfl2pa,  f € (L2 19)
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Proof. a) Consider an element f of (L9, 7).
It is easy to see that f = f(—.) is an element of (L%, ?)* such that

[fllgpa = 1Ifllgpa-
For any element (k,r) of Z¢ x R% , we have
IFHOEFF Dl = IFHULA g < MU flly (Hausdorfi-Young inequality)

where M, is a real constant not dependent of f,k and r.
Moreover,

ogngﬁgxu(ﬂ%)mme@ﬁez&RL1@»:@e%%@plg)cm}
leL(k)

Therefore
107l < 32 [y ]| -
q
leL(k)

Thus, if p < co then for any r > 0,

ZHFl[UEf(Ff)HZ]p < M, Z g ﬂ\

kcZd

=
X
m
N
Y
m
h
3 =
Q=

IN

(Holder inequality).

kezd leL(k
Moreover, for any element (/,7) of Z¢ x R*
#({kez: leL(k)}) <3

Therefore, if p < oo then for any real r > 0, we have

1
p|?
q

-y | Y Fw) e
A -)

lezd \ keK(l)

d _d
A fllxan < Mg3Y35 [ZdHM r-7)
leZ

QI
hSA

rw

where K(I) = {kGZd N ([l—7>%@}

It is well-known that:

n B n
if 0 < 8 < oo, then <Zai> §n52af.
i=1 i=1
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From the above, we have

p

Z /fﬁﬂ(ff”zw S 2 ; </Irm (I —12) |f<$)|qu>

keK(l)

QI

Therefore,

p

r”]:fHX(q,p) < Mq3d2q Z Z </I (I |}V(x)|de>
iy -

| €24 keK(l
[
Igﬁ(]lr—%)

3=

-t | S S
kezd | kek(l)
lez?

QI3
RSt
X
Y]
S =

da
< M,3%2q ]f \qdaz
keZd

d
= M;3"27, fllgp
So, if p < co then
dad i 7 dad
H]:fHX(q,pﬂ) < My3%24 Hf“q,p,oc = M,;324 ||f||q7p,a'

We show in an analogous way the case p = oc.
b) Consider an element f of (L% 7)®.
Fix r > 0 and k € Z%.
We have

IFHOFFE N2 = IF TNz = 1T fl2-
We lomow that U} is continuous with support P/, equal to 1 on @)}, positive
on P/ and

Thus,

S =

271 <UL (x), v IF.

Therefore, we have

U7 fll2 = 27 lxzr flla-

Consequently,
W e = {07, 2 2 [ e}, = 2700
27 1lp 27 1lp
and thus
IFFllx e = 27929072 fllpa = 27GF0)| £l2p.
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The following proposition gives the property of the dilation in X (g, p, «).

Proposition 3.10. Suppose that 1 < ¢ < a <p< oo, R Ry, f €S8 and
fr = f(R.) is a tempered distribution on R? defined by:
< fr¢>=<[f,0r>, OES.
Then
|l x@ne) = B 1| x@na)-
Proof. We have for any element (k,7) of Z% x R*.

F0D)  faly) = (fa FUP( =) = o (FUD( — )
= (f BUFUDRT. = y)) = (£, (FUDa(- — By))

= (£.FTPR( — Ry)) = (F1UDm* fI(Ry)
= FUUK(R)) = f(Ry), yeR
| Ur(Rz) = U(r 'Rz — 2k) = UF " (2).
we have:
(FT'UR) * fr = (F'UI™)  f(R).
And therefore
(FUD) * fally = R‘?"W Ui« fllg (Ror) € 20 xRS

1 1

(ZH Uy *fRH) = TRy (ZH FUt *fo}) , >0,

kGZd keZd
Thus,

_d
||fR”X(q7p,a) =R “fHX(q,zw)'
]

Fatou’s property will be useful in the proof of the completeness of the space
X(g.p.a).

Proposition 3.11. (Fatou’s property) Suppose that 1 < ¢ < a < p < 0.
Let (f;)j>0 C S converge to f in S’. Then

< lim1 ; .
Hf”X(q,p,a) > hjrggolf ||fj ||X(q,p7a)

Proof.

Note that if (f;) converges to f in &', then
F Y ULFf)(x) = FUL « fj(x) = F UL = f(x) for each x of R, k € Z? and
r > 0.

(fj) converges to f in &' is equivalent to for all ¢ of S,

o fi(x)p(x)dx — f(x)p(x)dx.

R4
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We know that

FAUL « £,(x) /flka— u)f;(w)dy

For any x of R?, the maps y — F U} (z —y) belongs to S.

As (f;) converges to f in &', according to Fatou’s Lemma, for all » > 0, we have

for p < oo

IF7HUEF )l < liminf [ FH(UEFf5)IlG-

Therefore,

kezd

(5% (ZH]—" U,:ff)HP) < n}ggfr aa (ZIIJT Uﬁf;)l!”)

kezd

Thus,

A

(Z |IF‘1(U£Ff)HZ/> < lim inf (Z |F U;;ffJ)Hp)

kezd

A

1

kezd

L A

< hmmfsupr (Z |F! Uk]:fj)Hp>

j‘)OO
r>0 pezd

< lim1i . .
HfHX(q,na) > hjrgg)lf HfJHX(q,na)

For p = oo see ([15]).

O

The following result shows that the space X(q, p, @) is translation invariant.

Proposition 3.12. Suppose that 1 < g < a < p < oo. Then for any y € R? and

f € X(q,p, ), we have

17y fllx@p0) = 1 f X @p)-

Proof. Let y € R? and f € X(q,p, a) we have

1

Iy flx@pey = suprile
r>0

1

= Sup7ﬂ(a

r>0
1

= Su{)rd(a

r>0

= supr’Gd) |||, 7N UpF )],

r>0
1

= sup rd(a

r>0
Therefore,

=) |7 W F )|,
“D || F e *“)yff)

) ||| F e O ED)

|7 rEn|,

. . . . . /
because 7, is translation invariantin L?.
p

17y fllx@p0) = 1 f X @p)-

We prove the following convolution inequality.
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Proposition 3.13. Suppose that 1 < g < a < p < oo. Then there exists C such
that for any g € L' and f € X(q,p,a), we have

lg * Fllxapa) < Cllglhll fllxgpe-

Proof. Let g € L' and f € X(q,p, a), we have

11 1per
lg % Fllxtpey = supr’G= ||| FLULF @@ D),
r>0 p
= suprd(é_%) ||}"71(U,’;]:g]:f) ,
r>0 Tllp
= Suprd(éfé) ||]:_1(U,:]:f)>x<g ’ Young’s inequality in LY
r>0 p

< Cliglhllfllx g
Therefore,
lg * fllx@pa) < Cllgllallflx(gp.0-

O

Remark 3.14. The above proposition proves that the spaces X (q,p,a) is an L!-
module. Therefore constitute a good framework to study the continuity of po-
tentials whose kernel belongs to L!. As an example of an operator whose kernel

belongs to L', we have Bessel’s operator (see [20]). Indeed, if T is an operator
such that T'(f) = k * f with k € L' then T is bounded in X (g, p, a).

Proposition 3.15. Let 1 < g < a<p<oo, 1< ¢ <o <p < and
1 <q < ay < py < oo satisfy

1 1 1 1 1 1 1 1 1
—=—4+—, —=—+— and - =—+ —.
q qi G2 « a1 Qi p pP1 D2

Then there exists a positive constant K such that, for any f € X(q1,p1, 1) and
g € X(q2,p2, z)

1F * 9l xap.e) < Kl Fllx @009 x0202.02)-

Proof. Let f € X(q1,p1,01) and g € X(qz, pa, va).
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It is clear that for any r > 0, Uj = Uy > U where L, = {l € Z¢, supp(Uy) Nsupp(U;') # 0} .

€Ly

|IFHURF(f )y = Hf (ULFf) = F! (ZUZ"JT9>
=N

< C|FHULFNHIg (Young Inequality)

Z FH U Fg)

leLy

/

0]
< CIF Y ULFHg Y IF U Fg)llg, (Minkowski Inequality)
€Ly
IFTHOEF(f =gl < CPEL)Y |FHULF NI, > |7~ (U Fg)lly, (Holder Inequality)
leLy
) )
XHV%WTUWMWSZW%MW<ZNV%WfME> }jZNf%wamﬂ
kezd kezd keZd leLy,
< #m'p@]vzwww>[Z§Nfcwgﬂ
k:EZd lezd kel
A *gllxgp < CPFLy)Y m" ] 1 f 115 (1) e 191 X (g22)
Therefore,
”f * 9||X(q,p7a) < K||f||X(q1,p1,a1)||g||X(q2,p2,az)
where K = C?)d(HFl’). O

4. PRELIMINARY RESULT ON BESOV SPACES

In this section we define, the Besov space and high ligth some of its relations

with other spaces.
_ 1

(e (e S S
a) The function t —s 6o(t) = { © RO 8<t<8

0 otherwise
belongs to C>* = C*(R) and verifies

11
Solt) > 0, supp(do) = {—g, §1 | / So(t)dt = a0 > 0.
R

Consequently § = ay 'y belongs to C* and verifies
11

5(t) > 0, supp(d) = {—gvg} , /R S(t)dt = 1.

Let be A = %5 (%) Vg = X[1,20 ¥ 0 and vg = X9 * A.
It is clear that v, and v4 belongs to C>° and verifies:

i+32-3] = U = Xigan]
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1 1 t—1
l1--<t<1l+- = vg(t):/ d(s)ds
8 8 1
1 1 §
2—-<t<24 - = () / d(s)ds
8 8 t—2
Nebad] = PS X[ fary]

1
4 t 371 27! o
v, (§ _ 5(s)ds = / 2A(25)ds = A(s)ds (xx)

1
1

Noting that v4 and v, coincide on [1 + i, 2 — }J , we see that the function
1

vy(t) for t <2 — 1

t—v(t) = 1

vg(t) for t > 1+ 1

is of class C* and verifies

Nie3-i] =V S N-an]

Wt+o(L)=1, tel2 Loy !
R Y B 147

b) For any element z of R, we let
V(z) = v(|z])
Vo(z) =V (27"x) for n>1
W=1-> W
n>1

We notice that V is in C* = C>*(R?) and verifies
X[B(o2(1-}))\p(oa+1)] =V S X[B(o2(1+1))\B(01-1))

V(g;)+v(§) —1 for x€§<0,2(1+é>)\B(O,Z(l—é))

Consequently, (V,),>0 is a sequence of functions belonging C* such that

XB(o2(1-4)) S V0 = XB(02(144))
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X[a(oze+ (1=))\B(02r (144))] = Vo = X[B(o2 (1+4))\5 (027 (1)

Vi (z) + V,, (g) ~1 for xe§(0,2”+1 <1+%)> \B(O,Z”“ (1—%)) n >
Y Vilx)=1, zeR”

n>0

—_

Thus, (V,,)n>1 is a partition of unity, each element of which belongs to C*
and with compact support (crown).

Definition 4.1. Suppose that: s € R and 0 < ¢,p < oo. We define

1

[Z (2"S||f_1(Van)||q)p] if p < oo
By =

n>0

1f1

sup 2" || F YV, F )|, if p= o0
n>0
where f € §" and
B, ={fes
Remark 4.2. We find that, for any integer n > 1,

B(0,2""Yc |J B

keKe(n)

Bgyp < OO} .

1 1
with k € K°(n) <= —2""' <2(k; + 1)+ 3 and 2k; — 5 < 2t e {1,2,...,d}
ke K°(n) — -2"-1<k;<2", je{l,2,..,d}

02" )> |J B

keKi(n)

- 7 1 1 7
with k€ K'(n) <= —2”§ < 2k; — 5 and 2(k; +1) + 3 < 2"§, je{L,2,..,d}
ke K'(n) = —2"'<k; <2"'—-1, je{1,2,..d}

and therefore

E<0,2"+1 (1%))\3(0’2” <1__)> ’feg "

with '
K(n) = K(n) \ K'(n)
#K(n) = [2(2" + 1)) = [2(2"71)] < 2070920 — 1)
Moreover,
B(0,2) C U P! with k€ K(0) <= —2§2(kj+1)+%and ij—%SQ

keK(0)
ke K(O0) = —2<k; <1, je{1,2,.,d} = #K(0) =47
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Thus, we have
Vo= > UV, #IK (n) < 2™
keK(n)

with

K(n) = {kezdzp,gmﬁ(o,w“ <1+é)) \B(O,Q" (1-%)) 7&@}.

Since there is a strong similarity between the Besov space and the space X (¢, p, a).
The following proposition compares the two spaces.

Proposition 4.3. For any element (¢, p) of ((0,0c])*, there is a real number M
(depending only on d and p) such that:

HfHB-pA, < M| fllx@p: f€S.

and therefore X (q,p) continuously injects into B,,

= e

Proof.
Suppose that p < oco.
For any element f of S’, we have

171 s = |2 (2

P
Bq’,p Ln>0

3=

F YV, Ff)

J]

= 2|2 X FUES)

n>0 keK(n) 7

B p

< | %2 S |[(F W)« FUULES)|

n>0 keK(n)

3=

=

q/

By using Young inequality and Holder inequality

1AL g S |2 (2 IF Vol ) RIE @) S IF ULEAI

By n>0 keK (n)

1
p

s

> (2 IF ) 3 IFOEDI

n>0 keK(n)

AN

S 1F WIS 2P U ST I EDIG | (because |F Vol = 171V L)

n>0 keK(n)
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and therefore,

Il 4 S Z Z 17~ URF Il
Bq’,p n>0k€K
1
< Z\Ifl{Uéff)Hf}] Sl xtam (because sup [#{n >0, ke K(n)}] < oo
Lkezd kezd
For p =
llpe = SggT”dHf‘l(anf)qu
= sup2 ™ Z F YV ULFF)
n>0 keK (n) v
< sup2 ™ > |F V) « FHULF )|y
n>0 keK (n)
S sup2 FW Y IF T ULEN g
n=0 keK (n)
< |F 1V||1sup2 ndnd ||\ FHULF )y
< |F 1V||1sup2"< D NNFHULF )y
And so

1550 S I1Fllxoo-

From Proposition 3.9 and Proposition 4.3, we deduce the following result.

Corollary 4.4. Suppose that 1 < ¢ < a < p < 0o and q < 2, there exists a
constant K depending only on d,p,q such that:

IFII —a < Kllfllgpar [ (L71)%

Proof. Tt is immediate from the Proposition 3.9 and Proposition 4.3. 0

Remark 4.5. The previous corollary allows us to find Theorem 4 and Corollary 5
of ([19]) in the framework of Fofana spaces by just taking < z >= c.

Now we will show the completeness of the space X(q,p, @).

Proposition 4.6. For 1 < g < a <p < oo, (X(q,p, a), |].\|X(q,p7a)) is a banach
space.

Proof. a) (X(q,p,a), |- x(gp.e)) is a normed vector space by Proposition 3.6



PROPERTIES OF BESOV-FOFANA TYPES SPACES 117

b) We prove the completeness.

ISR

Let (fn)n>1 be a Cauchy sequence. Since, we have X (¢,p,a) < Bq_,

_d
Then the sequence (f,),>1 converges to an element f of Bq,’; in the sense

of §.
Thus, using Fatou’s property for the space X(q, p, ), we get

If - anX(q,p,a) < limrri}ior(l)f I fn — fn”X(q,p,a)a n > 1.

Let € > 0. There exists n., n > n. and m > m. then || f, — full x(gp.a) < €-
Therefore for any n > n.

liminf || fn = fullx(gpe) <&
Therefore, we have

\f = fallx(@pe) <& 1> ne.

Hence the space X (g, p, ) is complete.
O

Proposition 4.7. Suppose that 1 < ¢ < a <p < oo and f € X(q,p,«). Then,
S = X(g,p, ).

Proof. Let 1 < g < a<p<oo, N bea positive integer and f € S.
By the relation (1.1), we have:

(1+|zDN|f(z)] < Pn(f), z€R?% Therefore
1f(2)] < (1+|z))"VPy(f), z€R% And thus
<

1Fllx o) < Pr(OIE+ 1D xgo00)-

Using Proposition 3.4, we have
1l x@o0c) < Pr(ONIF U@+ D7 o

Since ||(1 +|.|)™¥||os = C(d, N, '), whenever No/ > d.
Therefore

d
| fllx(go00) < CPn(f), N2> et
ThU.S, S = X(Qap7 CY). B

Proposition 4.8. suppose that 1 < ¢ < a <p < oo and f € X(q,p,a). Then,
X(q,p,a) = S

_d
Proof. Let 1 < ¢ < a < p < co. We know that X(q,p,a) — Bq,f]’; (see Proposi-
d

tion 4.3) moreover, B;,Z — &’ (see [22]) . Hence the result. O
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