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ON KATUGAMPOLA-PRABHAKAR FRACTIONAL
INTEGRAL-DIFFERENTIAL OPERATORS

SEBTI KERBAL1∗ and SHOKHZODBEK KHASANOV2

Abstract. This work systematically investigates the Katugampola-Prabhakar
(K-P) fractional operators, introducing rigorous definitions for K-P integrals
and integro-differential operators while establishing their fundamental proper-
ties. We develop analytical solutions to Cauchy problems for fractional ordi-
nary differential equations incorporating K-P and Caputo-type K-P derivatives,
expressed through bivariate Mittag-Leffler functions E2(x, y). The study fur-
ther advances operational calculus for these operators by deriving mp-Laplace
transform relations applicable to: (i) infinite series representations, (ii) K-P
integrals, (iii) left-sided K-P derivatives, and (iv) Caputo-type K-P operators.
As a key application, we analyze an initial-boundary value problem for a sub-
diffusion equation governed by Caputo-type K-P derivatives, demonstrating
the practical utility of these theoretical developments. The obtained results
provide new analytical methods for studying fractional differential equations
with K-P operators and their applications to subdiffusion processes. The de-
veloped techniques significantly expand the possibilities for solving boundary
value problems involving these generalized fractional operators.

1. Introduction

The field of fractional calculus has experienced significant growth in recent
years, with researchers developing increasingly sophisticated operators to model
complex phenomena across scientific disciplines [39]. This expansion comes from
fractional models’ ability to capture non-local effects and memory properties that
classical integer-order models cannot represent [37].

1.1. Theoretical Foundations and Applications Across Disciplines. The
mathematical theory of fractional operators has been established through several
landmark works:

• Fundamental theories of fractional integrals and derivatives were pre-
sented in [39]
• Comprehensive treatments of fractional differential equations appear in

[37] and [21]
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Fractional calculus has found applications in diverse fields: Viscoelastic materi-
als [27], Nanotechnology systems [3], Fractional dynamical systems [42],Continuum
mechanics [2], Financial modeling [22], Biological processes [6], Anomalous diffu-
sion on hyperspheres [7],Nonlinear fractional equations [29].

1.2. Operator Generalizations. Researchers have developed numerous exten-
sions to classical fractional operators. Namely, Prabhakar-type operators origi-
nally formulated by [20], Hilfer-Prabhakar variants [12], k-parameter extensions
[35] (k, s)-generalizations [40], q-analogs [32], Ψ-operators [8, 41, 19, 38].

Katugampola-type operators were introduced in [17], subsequent developments
can be found in [18, 1, 31]. For more applications we refer to [28, 5, 25, 23, 24,
4, 30, 34].

1.3. Current Research Challenges and originality of presented outcomes.
Despite progress, significant limitations remain:

• Solutions often require infinite series with poorly characterized special
functions;
• Key properties (bounds, zeros, monotonicity) remain unverified for many

functions;
• General methods for proving uniqueness are lacking.

Recent particular solutions include: Analysis of bivariate Mittag-Leffler func-
tions [15, 16], Spectral methods for uniqueness proofs [16].

This work makes three primary advances:

• Introduces new K-P fractional operators with complete characterization;
• Develops mp-Laplace transform methods for series solutions;
• Provides general existence/uniqueness proofs for: Initial value problems

for Subdiffusion equations.

2. Preliminaries

Here, we recall some special functions, fractional integrals, and derivatives, a
specific class of functions, and rewrite their auxiliary properties.

Definition 2.1. [21] Let α, β be positive real numbers, and γ, x ∈ R. Then the
function

Eγ
α,β(x) :=

+∞∑
k=0

(γ)k
k!Γ (αk + β)

xk

is called the Prabhakar function, where (γ)k =
Γ(γ + k)

Γ(γ)
is the Pochhammer

symbol.

Definition 2.2. [9] The bivariate Mittag-Leffler function E2(x, y) is defined by

E2(x, y) = E2

(
γ1, α1, β1; γ2, α2

δ1, α3, β2; δ2, α4; δ3, β3

∣∣∣∣xy
)

=

+∞∑
m=0

+∞∑
n=0

(γ1)α1m+β1n
(γ2)α2m

Γ (δ1 + α3m+ β2n)

xm

Γ (δ2 + α4m)

yn

Γ (δ3 + β3n)
.
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Here γ1, γ2, δ1, δ2, δ3, x, y ∈ R, min{α1, α2, α3, α4, β1, β2, β3} > 0 .

Let us give a short description of specific classes of functions as follows:

ACn
δp [a, b] :=

{
f : [a, b]→ R : δn−1

p f(x) ∈ AC[a, b] , δp = x1−p d

dx

}
,

AC[a, b] :=

f : [a, b]→ R : f(x) = c+

x∫
a

ϕ(t)dt, ϕ(t) ∈ L 1 (a, b)

 ,

Lp(a, b) =

‖f‖p =

 b∫
a

|f(t)|pdt


1
p

, 1 6 p 6 +∞ , −∞ 6 a, b 6 +∞

 .

Here AC[a, b] is a class of absolutely continuous functions and Lp(a, b) is a class of
Lebesgue measurable functions [21] and ACn

δp
[a, b] class of the functions defined

in [23].

Let us introduce a new class of functions:

Definition 2.3. A space of the functions Lp1(0, b) is defined as follows:

Lp1(0, b) = {u : (0, b)→ R, u(t)tp−1 ∈ L1(0, b), u(t)tp−1 = g′(t),

g(t) ∈ AC1
δp(0, b]},

‖f(t)‖Lp1(0,b) :=

b∫
0

∣∣tp−1f(t)
∣∣ dt , (0 < p < +∞, 0 < b < +∞) .

If p = 1, then Lp1(0, b) = L1(0, b).

Definition 2.4. [39] Let f(x) ∈ L1 (a, b). The integrals

RLIαa+f(x) :=
1

Γ (α)

x∫
a

f (t)

(x− t)1−αdt, a < x,

RLIαb−f(x) :=
1

Γ (α)

b∫
x

f (t)

(t− x)1−αdt, x < b

are called the left and right-sided Riemann-Liouville fractional integrals of order
α > 0.

Definition 2.5. [39] Let α > 0, 0 ≤ a < b ≤ +∞, and f(x) ∈ L1 (a, b) . The
integrals

HI
α
a+f(x) :=

1

Γ (α)

x∫
a

(
log

x

t

)α−1f(t)dt

t
, a < x,
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HI
α
b−f(x) :=

1

Γ (α)

b∫
x

(
log

t

x

)α−1
f(t)dt

t
, x < b

are called the left and right-sided Hadamard fractional integrals of order α, where
log x

t
= ln x

t
.

Definition 2.6. [20] Let α, β ∈ R+, γ, δ ∈ R , f(x) ∈ L1 (a, b) , for 0 ≤ a < b ≤
+∞. The integrals

P I
α,β,γ,δ
a+ f(x) :=

x∫
a

(x− t)β−1Eγ
α,β (δ(x− t)α) f (t) dt, x > a,

P I
α,β,γ,δ
b− f(x) :=

b∫
x

(t− x)β−1Eγ
α,β (δ(t− x)α) f (t) dt, x < b

are called the left and right-sided Prabhakar fractional integrals, where β is the
order of the integral operators.

Definition 2.7. [23] Let α, p ∈ R+, f(x) ∈ L1(a, b). These integrals

KI
α,p
a+ f(x) :=

p1−α

Γ (α)

x∫
a

tρ−1f (t)

(xp − tp)1−αdt, a < x,

KI
α,p
b− f(x) :=

p1−α

Γ (α)

b∫
x

tρ−1f (t)

(tp − xp)1−αdt, x < b

are the left and right-sided Katugampola fractional integrals, and α is the order
of the integral operators.

Definition 2.8. [17] Let p > 0, α ∈ R, n−1 < α < n, n = [α]+1, and x ∈ [a, b],
p ∈ R. The derivatives

KD
α,p
a+ f(x) =

pα−n+1

Γ (n− α)

(
x1−p d

dx

)n x∫
a

tρ−1f (t)

(xp − tp)α−n+1dt, x > a,

KD
α,p
b− f(x) =

pα−n+1

Γ (n− α)

(
−x1−p d

dx

)n b∫
x

tρ−1f (t)

(tp − xp)α−n+1dt, x < b

are called the left and right-sided Katugampola fractional derivatives, and α is
the order of the derivatives.

Definition 2.9. [43] The function f(t) is completely monotonic in (a, b), if and
only if, f(−t) is absolutely monotonic in (−a,−b) and it satisfies the following
inequalities:

(−1)nf (n) (t) > 0 , n = 0, 1, 2, ...
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Definition 2.10. [26] Let f : [a,+∞) → R (a > 0) be a real-valuable function
for p > 0.Then the mp-Laplace transform of the function f(t) is defined as follows:

F (s) = Lmp{f(t); s} =

+∞∫
a

e−s
tp−ap
p f(t)tp−1dt.

Definition 2.11. [26] For given continuous functions f(x) and g(x) defined on
[a,+∞) (a > 0), the mp-convolution is defined as

(f(x) ∗ g(x))mp =

x∫
a

(
f(xp − tp + ap)

1
p g (t) tp−1dt

)
.

Theorem 2.12. [33] The Prabhakar function tβ−1Eγ
α,β(−tα) is completely mono-

tonic for 0 < α 6 1, 1 > β > αγ > 0 and t > 0.

Theorem 2.13. [23] If n− 1 < α < n, n = [a] + 1, n ∈ N, p > 0, KI
n−α,p
a+ f(x) ∈

ACn
δp

[a, b], then

KI
α,p
a+ KD

α,p
a+ f(x) = f(x)−

n∑
j=1

1

Γ(α− j + 1)

(
xp − ap

p

)α−j [
lim
x→a+

(
x1−p d

dx

)n−j
KI

n−α,p
a+ f(x)

]
,

KI
α,p
b− KD

α,p
b− f(x) = f(x)−

n∑
j=1

(−1)n−j

Γ(α− j + 1)

(
bp − xp

p

)α−j [
lim
x→b−

(
x1−p d

dx

)n−j
KI

n−α,p
b− f(x)

]
.

Lemma 2.14. [23] Let 0 6 a < b < +∞, p > 0 and n ∈ N. The space ACn
δp

[a, b]

consist of those and only those functions f(t) which can be represented in the
form of

f(x) =
n−1∑
k=0

ck
Γ (k + 1)

(
xp − ap

p

)k
+

1

Γ (n)

x∫
a

(
xp − sp

p

)n−1

ϕ(s)ds (2.1)

or

f(x) =
n−1∑
k=0

ck
Γ(k + 1)

(−1)k
(
bp − xp

p

)k
+ (2.2)

(−1)n−1

Γ (n)

x∫
a

(
sp − xp

p

)n−1

ϕ(s)ds ,

where ck (k = 0, 1, ..., n− 1) are arbitrary real constants and ϕ ∈ L1[a, b].
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Lemma 2.15. [43] If f(t) is completely monotonic on c < t < +∞, then for any
number a > c the sequences{

(−1)nf (n)(a)
}+∞
n=0

,
{

(−1)nf (n)(a)
}+∞
n=1

are positive.

Lemma 2.16. [16] If α3 > −α4, α3 > 0 , β2 > −β3, β2 > 0, then the following
Euler-type integral representation holds true:

E2

(
γ1, α1, β1; 1, 0

δ1, α3, β2; δ2, α4; δ3, β3

∣∣∣∣ xy
)

=

1
Γ(γ1)

1∫
0

+∞∫
0

ξ
δ1
2
−1ηγ1−1(1− ξ)

δ1
2
−1e−ηe

δ1
2
, δ2

α3,−α4
(xηα1ξα3)×

e
δ1
2
, δ3

β2,−β3

(
yηβ1(1− ξ)β2

)
dξdη.

Here eµ,δα,β(z) =
+∞∑
n=0

zn

Γ(αn−µ)Γ(δ−βn)
, (α > β, α > 0) is the Wright-type function.

Lemma 2.17. [16] If all conditions of the Lemma 2.16 and δ1
2
> α3θ,

δ1
2
>

β2θ, γ1 > θ (α1 + β1) , 0 6 θ < 1
2
are valid, then the following holds true:∣∣∣∣E2

(
γ1, α1, β1; 1, 0

δ1, α3, β2; δ2, α4; δ3, β3

∣∣∣∣xy
)∣∣∣∣ 6

C̃

(−x)θ(−y)θ
Γ
(
δ1
2
− α3θ

)
Γ
(
δ1
2
− β2θ

)
Γ (γ1 − θ (α1 + β1))

Γ (δ1 − θ (α3 + β2))
.

In the following sections, we will present the main results related to the K-P
fractional integrals and derivatives.

3. Properties of the K-P fractional integral operators

In this section, we define the K-P fractional integral operators and some prop-
erties of these operators.

Definition 3.1. Let α, β, p ∈ R+, γ, δ ∈ R and f(x) ∈ Lp1 (a, b) where 0 ≤ a <
b ≤ +∞ . The integrals

KP I
α,β,γ,δ,p
a+ f(x) :=

x∫
a

(
xp − tp

p

)β−1

Eγ
α,β

(
δ

(
xp − tp

p

)α)
tp−1f (t) dt, x > a,

KP I
α,β,γ,δ,p
b− f(x) :=

b∫
x

(
tp − xp

p

)β−1

Eγ
α,β

(
δ

(
tp − xp

p

)α)
tp−1f (t) dt, x < b

are called the Katugampola-Prabhakar fractional integrals. Here, β is the order
of the integrals.
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Lemma 3.2. If α, β, p ∈ R+ and γ, δ ∈ R, f(x) ∈ Lp1 (a, b) , then for x > a, the
following relations are valid:

KP I
α,β,0,δ,1
a+ f(x) = RLIβa+f(x) , where p = 1, γ = 0,

lim
p→+0

KP I
α,β,0,δ,p
a+ f(x) = HI

β
a+f(x) , where γ = 0,

KP I
α,β,γ,δ,1
a+ f(x) = P I

α,β,γ,δ
a+ f(x) , where p = 1,

KP I
α,β,0,δ,p
a+ f(x) = KI

β,p
a+ f(x) , where γ = 0,

lim
p→+0

KP I
α,β,γ,δ,p
a+ f(x) = HP I

α,β,γ,δ
a+ f(x) .

Here HP I
α,β,γ,δ
a+ f(x) is the Hadamard-type Prabhakar fractional integral.

Proof. Here, we show the proof of only the fifth equality based on the locally
uniform convergence of the Prabhakar function [20], Definition 3.1, and using
the L’Hospital rule. The proofs of the other equalities are easy for the reader to
recognize. In addition, the L’Hospital rule is used to calculate the value of the
limit when p→ +0 in the proof of the second equality.

lim
p→+0

KP I
α,β,γ,δ,p
a+ f(x) = lim

p→+0

x∫
a

(
xp − tp

p

)β−1

Eγ
α,β

(
δ

(
xp − tp

p

)α)
tp−1f (t) dt =

x∫
a

lim
p→+0

(
xp − tp

p

)β−1

lim
p→+0

Eγ
α,β

(
δ

(
xp − tp

p

)α)
tp−1f (t) dt =

x∫
a

(
ln
x

t

)β−1

lim
p→+0

Eγ
α,β

(
δ
(

ln
x

t

)α) f (t)

t
dt = HP I

α,β,γ,δ
a+ f(x).

�

Lemma 3.3. If α, β, p, µ ∈ R+,γ, δ ∈ R and f(x) ∈ Lp1 (a, b) , then the following
equality holds between Katugamola and Katugampola-Prabhakar integrals.

KI
µ,p
a+ KP I

α,β,γ,δ,p
a+ f(x) = KP I

α,β,γ,δ,p
a+ KI

µ,p
a+ f(x) = KP I

α,β+µ,γ,δ,p
a+ f (x) . (3.1)

Proof. Using Definition 2.7, Definition 3.1 and Definition 2.1, we rewrite

KP I
α,β,γ,δ,p
a+ KI

µ,p
a+ f(x) = KP I

α,β+µ,γ,δ,p
a+ f (x) as follows:

KI
µ,p
a+KP I

α,β,γ,δ,p
a+ f(x) =

1

Γ (µ)

x∫
a

(
xp − tp

p

)µ−1

tp−1

t∫
a

(
tp − sp

p

)β−1

Eγ
α,β

(
δ

(
tp − sp

p

)α)
sp−1f (s) ds dt =

1

Γ (µ)

x∫
a

sp−1f (s) ds

x∫
s

(
tp − sp

p

)β−1

Eγ
α,β

(
δ

(
tp − sp

p

)α)(
xp − tp

p

)µ−1

tp−1 dt.

Now we continue calculating by using the following remarks:

y = tp−sp
xp−sp , dy = ptp−1dt

xp−sp , t
p = (xp − sp) y + sp, tp−1dt = xp−sp

p
dy in the inner
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integral of the last line. After certain calculations, we have

x∫
a

(
xp − sp

p

)β+µ−1 +∞∑
n=0

(γ)n
Γ (αn+ β + µ)

δn
(
xp−sp
p

)αn
n!

f (s) sp−1ds =

x∫
a

(
xp − sp

p

)β+µ−1

Eγ
α,(β+µ)

(
δ

(
xp − sp

p

)α)
f (s) sp−1ds = KP I

α,β+µ,γ,δ,p
a+ f (x) .

�

Lemma 3.4. If n−1 < β 6 n , n = [η]+1, p > 0, α > 0, β > µ, f(x) ∈ Lp1 (a, b) ,
then

KD
η,p
a+KP I

α,β,γ,δ,p
a+ f(x) = KP I

α,β−η,γ,δ,p
a+ f (x) . (3.2)

If β > n, then

(
d

dx

)n
KP I

α,β,γ,δ,p
a+ f(x) =

(
xp−1

)n
KP I

α,β−n,γ,δ,p
a+ f (x) ,(

x
d

dx

)n
KP I

α,β,γ,δ,p
a+ f(x) = (xp)nKP I

α,β−n,γ,δ,p
a+ f (x) ,(

x1−p d

dx

)n
KP I

α,β,γ,δ,p
a+ f(x) = KP I

α,β−n,γ,δ,p
a+ f (x) .

Proof. Here, we present a proof of Equation (3.2) by using the equality (3.1).
The other equalities can be proved similarly.

KD
η,p
a+KP I

α,β,γ,δ,p
a+ f(x) =

(
x1−p d

dx

)n
KI

n−µ,p
a+ KP I

α,β,γ,δ,p
a+ f(x) =(

x1−p d

dx

)n
KP I

α,β+n−µ,γ,δ,p
a+ f(x) =

(
x1−p d

dx

)n x∫
a

+∞∑
n=0

(γ)nδ
n
(
xp−sp
p

)αn+β+n−µ−1

Γ (αn+ β + n− µ)n!
f (s) sp−1ds =
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(
x1−p d

dx

)n−1
x∫
a

+∞∑
n=0

(γ)nδ
n
(
xp−sp
p

)αn+β+n−µ−2

Γ (αn+ β + n− µ− 1)n!
f (s) sp−1ds =

........................................................................................................

x∫
a

(
xp − sp

p

)β−µ−1 +∞∑
n=0

(γ)n
Γ (αn+ β − µ)

δn
(
xp−sp
p

)αn
n!

f (s) sp−1ds =

x∫
a

(
xp − sp

p

)β−µ−1

Eγ
α,(β−µ)

(
δ

(
xp − sp

p

)α)
f (s) sp−1ds =KP I

α,β−η,γ,δ,p
a+ f (x) .

�

Lemma 3.5. If n− 1 < β, β1 6 n , n = [β] + 1, p > 0, α > 0, β > 0,
β > β1, γ, γ1 ∈ R, then for f(x) ∈ Lp1 (a, b)

KP I
α,β1,γ1,δ,p
a+ KP I

α,β,γ,δ,p
a+ f(x) = KP I

α,β+β1,γ+γ1,δ,p
a+ f (x) . (3.3)

Proof. We present proof of Equation (3.3) by using form of the function Eγ
α,β(x)

and based on the Definition 3.1, as follows:

KP I
α,β1,γ1,δ,p
a+ KP I

α,β,γ,δ,p
a+ f(x) =

x∫
a

(
xp − tp

p

)β1−1

Eγ1
α,β1

(
δ

(
xp − tp

p

)α)
tp−1×

 t∫
a

(
tp − sp

p

)β−1

Eγ
α,β

(
δ

(
tp − sp

p

)α)
sp−1f (s) ds

 dt
x∫
a

sp−1f (s)

 x∫
s

(
xp − tp

p

)β1−1(
tp − sp

p

)β−1

Eγ1
α,β1

(
δ

(
xp − tp

p

)α)
×

Eγ
α,β

(
δ

(
tp − sp

p

)α)
tp−1dt

]
ds.

If we use the following remarks y = tp−sp
xp−sp , dy = ptp−1dt

xp−sp , t
p = (xp − sp) y +

sp, tp−1dt = xp−sp
p

dy on the second integral in the last line, and after some sim-

plifications, we obtain

x∫
a

(
xp − sp

p

)β+β1−1

E
(γ+γ1)
α,β+β1

(
δ

(
xp − sp

p

)α)
sp−1f (s) ds =

KP I
α,β+β1,γ+γ1,δ,p
a+ f (x) .

�

Lemma 3.6. If α, β, p,∈ R+,γ, δ ∈ R, 0 ≤ a < b < +∞, then the Katugampola-
Prabhakar fractional integral operator is bounded on Lp1(a, b) and the following
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inequality holds: ∥∥∥KP Iα,β,γ,δ,pa+ f(x)
∥∥∥
Lp1(a,b)

≤ D‖f(x)‖Lp1(a,b) , (3.4)

where

D =

(
bp − ap

p

)β +∞∑
k=0

|(γ)k|
|Γ (αk + β)| [αk + β]

∣∣∣δ( bp−app

)α∣∣∣k
k!

. (3.5)

Proof. To prove the inequality (3.4), we check the series (3.5) for convergence.
For that we denote by bk the k th term of the series (3.5) as follows

bk =
|(γ)k|

|Γ (αk + β)| [αk + β]

∣∣∣δ( bp−app

)α∣∣∣k
k!

,

bk+1 =

∣∣(γ)k+1

∣∣
|Γ (αk + α + β)| [αk + α + β]

∣∣∣δ( bp−app

)α∣∣∣k+1

(k + 1)!
,

then we use the Ratio (Dalamber) test

lim
k→+∞

∣∣(γ)k+1

∣∣ ∣∣∣δ( bp−app

)α∣∣∣k+1

|Γ (αk + α + β)| [αk + α + β] (k + 1)!

|Γ (αk + β)| [αk + β] k!

|(γ)k|
∣∣∣δ( bp−app

)α∣∣∣k =

lim
k→+∞

|Γ (αk + β)|
|Γ (αk + α + β)|

(
1− α

[αk + α + β]

) |δ|( bp−ap
p

)α
(k + 1)

.

We know from [14] that the Gamma function has the following asymptotics:

Γ (αk + β) =
√

2π(αk)αk+β− 1
2 e−αk[1 + o(1)] , k → +∞ . (3.6)

Here α > 0, β ∈ R . If we use (3.6), then we obtain

lim
k→+∞

|Γ (αk + β)|
|Γ (αk + α + β)|

(
1− α

[αk + α + β]

) |δ|( bp−ap
p

)α
(k + 1)

∼

lim
k→+∞

√
2π(αk)αk+β− 1

2 e−αk[1 + o(1)]
√

2π(αk)αk+α+β− 1
2 e−αk[1 + o(1)]

(
1− α

[αk + α + β]

) |δ|( bp−ap
p

)α
(k + 1)

=

lim
k→+∞

1

(αk)α

(
1− α

[αk + α + β]

) |δ|( bp−ap
p

)α
(k + 1)

= 0 < 1
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Hence, the series (3.5) is convergent, and D is finite. That is why, now we show
that inequality (3.4) is true, by using the norm of the Lp1(a, b):

b∫
a

∣∣xp−1g(x)
∣∣dx =

b∫
a

∣∣∣xp−1
KP I

α,β,γ,δ,p
a+ f(x)

∣∣∣dx =

b∫
a

∣∣∣∣∣∣xp−1

x∫
a

(
xp − tp

p

)β−1

Eγ
α,β

(
δ

(
xp − tp

p

)α)
tp−1f (t) dt

∣∣∣∣∣∣dx ≤
b∫

a

xp−1

x∫
a

(
xp − tp

p

)β−1 ∣∣∣∣Eγ
α,β

(
δ

(
xp − tp

p

)α)∣∣∣∣ ∣∣tp−1f (t)
∣∣ dtdx =

b∫
a

∣∣tp−1f (t)
∣∣ b∫

t

(
xp − tp

p

)β−1 ∣∣∣∣Eγ
α,β

(
δ

(
xp − tp

p

)α)∣∣∣∣ d(xp − tpp

)dt ≤
b∫

a

∣∣tp−1f (t)
∣∣


bp−ap
p∫

0

uβ−1

∣∣∣∣∣
+∞∑
k=0

(γ)k
Γ (αk + β)

(δuα)k

k!

∣∣∣∣∣ du
dt ≤

b∫
a

∣∣tp−1f (t)
∣∣
+∞∑

k=0

|(γ)k|
|Γ (αk + β)|

|δ|k

k!

bp−ap
p∫

0

uαk+β−1du

 dt =

b∫
a

∣∣tp−1f (t)
∣∣+∞∑

k=0

|(γ)k|
|Γ (αk + β)|

|δ|k

k!

 uαk+β

[αk + β]

∣∣∣∣u= bp−ap
p

u=0

 dt =

b∫
a

∣∣tp−1f (t)
∣∣ (bp − ap

p

)β +∞∑
k=0

|(γ)k|
|Γ (αk + β)| [αk + β]

∣∣∣δ( bp−app

)α∣∣∣k
k!

dt.

�

Lemma 3.7. If α, β, p,∈ R+,γ, δ ∈ R, 0 ≤ a < b < +∞, Then the Katugampola-
Prabhakar fractional integral operator is bounded on C[a, b] and the following
inequality holds ∥∥∥KP Iα,β,γ,δ,pa+ f(x)

∥∥∥
C[a,b]

≤ D‖f (x)‖C[a,b] .

Here ‖f (x)‖C[a,b] = max
a≤x≤b

|f(x)| .
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Proof. ∥∥∥KP Iα,β,γ,δ,pa+ f(x)
∥∥∥
C[a,b]

= max
a≤x≤b

∣∣∣KP Iα,β,γ,δ,pa+ f(x)
∣∣∣ =

max
a≤x≤b

∣∣∣∣∣∣
x∫
a

(
xp − tp

p

)β−1

Eγ
α,β

(
δ

(
xp − tp

p

)α)
tp−1f (t) dt

∣∣∣∣∣∣ ≤
‖f (x)‖C[a,b] max

a≤x≤b

∣∣∣∣∣∣
x∫
a

(
xp − tp

p

)β−1

Eγ
α,β

(
δ

(
xp − tp

p

)α)
tp−1dt

∣∣∣∣∣∣ =

‖f (x)‖C[a,b] max
a≤x≤b

∣∣∣∣∣∣
x∫
a

(
xp − tp

p

)β−1

Eγ
α,β

(
δ

(
xp − tp

p

)α)
d

(
xp − tp

p

)∣∣∣∣∣∣ =

‖f (x)‖C[a,b] max
a≤x≤b

∣∣∣∣∣∣∣∣
xp−ap
p∫

0

uβ−1Eγ
α,β (δuα) du

∣∣∣∣∣∣∣∣ ≤

‖f (x)‖C[a,b]

bp−ap
p∫

0

uβ−1
∣∣Eγ

α,β (δuα)
∣∣ du = D‖f (x)‖C[a,b].

�

4. Definitions and properties of the K-P fractional derivatives

4.1. K-P fractional derivatives.

Definition 4.1. Let α, β, p ∈ R+ and γ, δ ∈ R ,n− 1 < β < n, n = [β] + 1, and
f(x) be a given function on [a, b]. The following

KPDα,β,γ,δ,p
a+ f(x) :=

(
x1−p d

dx

)n
KP I

α,n−β,−γ,δ,p
a+ f(x) =(

x1−p d

dx

)n x∫
a

(
xp − tp

p

)n−1−β

E−γα,n−β

(
δ

(
xp − tp

p

)α)
tp−1f (t) dt, x > a ,

(4.1)

KPDα,β,γ,δ,p
b− f(x) :=

(
−x1−p d

dx

)n
KP I

α,n−β,−γ,δ,p
b− f(x) =

(
−x1−p d

dx

)n b∫
x

(
tp − xp

p

)n−1−β

E−γα,n−β

(
δ

(
tp − xp

p

)α)
tp−1f (t) dt, x < b

are called the left and right-sided K-P fractional derivatives. Here, β is the order
of the derivatives.

Below, we present certain properties of these derivatives.
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Lemma 4.2. If α, β, p ∈ R+ and γ, δ ∈ R ,n− 1 < β 6 n, n = [β] + 1, then the
following equalities hold for f(x) ∈ Lp1[a, b]:

KP I
α,β,γ,δ,p
a+ f(x) =

+∞∑
k=0

(γ)kδ
k

k!
KI

αk+β,p
a+ f(x) , (4.2)

KPDα,β,γ,δ,p
a+ f(x) =

+∞∑
k=0

(−γ)kδ
k

k!
KI

αk−β,p
a+ f(x) . (4.3)

Proof. Let us prove (4.3). (4.2) can be proved similarly. Using the definition of
K-P integral and the Prabhakar function, one can get

KPDα,β,γ,δ,p
a+ f(x) =

(
x1−p d

dx

)n
KP I

α,n−β,−γ,δ,p
a+ f(x) =(

x1−p d

dx

)n x∫
a

(
xp − tp

p

)n−β−1

E−γα,n−β

(
δ

(
xp − tp

p

)α)
tp−1f (t) dt =

(
x1−p d

dx

)n x∫
a

+∞∑
k=0

(−γ)k
Γ (ak + n− β)

δk

k!

(
xp − tp

p

)αk+n−β−1

tp−1f (t) dt =

+∞∑
k=0

(−γ)kδ
k

k!

1

Γ (ak − β)

x∫
a

(
xp − tp

p

)αk−β−1

tp−1f (t) dt =

+∞∑
k=0

(−γ)kδ
k

k!
KI

αk−β
a+ f (x) .

Note that the uniform convergence of the infinite series representing the Prab-
hakar function and the regularity of the function f(x) allow us to use term-by-
term integration. �

Lemma 4.3. If α, β, p ∈ R+ and γ, δ, σ, γ1 ∈ R,n− 1 < β, σ, γ1 6 n, n = [β] + 1,
then for f(x) ∈ Lp1[a, b] the following equalities are true:

KPDα,β,γ,δ,p
a+ KP I

α,β,γ,δ,p
a+ f(x) = f(x) ,

KPDα,σ,γ,δ,p
a+ KP I

α,β,γ,δ,p
a+ f(x) = KI

β−σ,p
a+ f(x), σ < β,

KPDα,σ,γ1,δ,p
a+ KP I

α,β,γ,δ,p
a+ f(x) = KP I

α,β−σ,γ−γ1,δ,p
a+ f(x), σ < β, γ1 < γ.

Proof. Here, we give the proof of the last equality of this lemma. The other
equalities can be proved similarly. Using the results of the Lemma 3.4 and (3.3)
one can get easily

KPDα,σ,γ1,δ,p
a+ KP I

α,β,γ,δ,p
a+ f(x) =(

x1−p d

dx

)n
KP I

α,n−σ,−γ1,δ,p
a+ KP I

α,β,γ,δ,p
a+ f(x) =(

x1−p d

dx

)n
KP I

α,n+β−σ,γ−γ1,δ,p
a+ f(x) = KP I

α,β−σ,γ−γ1,δ,p
a+ f(x).
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�

Lemma 4.4. If α, β, p ∈ R+ and γ, δ, λ ∈ R ,n − 1 < β 6 n, n = [β] + 1, then
these equalities hold for x > a

KP I
α,β,γ,δ,p
a+

(
xp − ap

p

)λ
= (4.4)

Γ (λ+ 1)

(
xp − ap

p

)λ+β

Eγ
α,(λ+β+1)

(
δ

(
xp − ap

p

)α)
,

where λ > −1,

KPDα,β,γ,δ,p
a+

(
xp − ap

p

)λ
= (4.5)

Γ (λ+ 1)

(
xp − ap

p

)λ−β
E−γα,(λ−β+1)

(
δ

(
xp − ap

p

)α)
,

where λ > β − 1.

The proof is straightforward. The next statement is connected with the regu-
larity of the function.

Theorem 4.5. If α, β, p,∈ R+,γ, δ ∈ R, 0 < a < b < +∞ and n ∈ N, n =
[β]+1 , n−1 < β 6 n, f(x) ∈ ACn

δp
[a, b], then Katugampola-Prabhakar fractional

derivatives KPDα,β,γ,δ,p
a+ f(x) and KPDα,β,γ,δ,p

b− f(x) exist almost everywhere on [a, b],
and the following equalities are true:

KPDα,β,γ,δ,p
a+ f(x) =

n−1∑
k=0

ck

(
xp − ap

p

)k−β
E−γα,(k−β+1)

(
δ

(
xp − ap

p

)α)
+

x∫
a

(
xp − sp

p

)n−β−1

E−γα,(n−β)

(
δ

(
xp − sp

p

)α)
ϕ(s)ds , (4.6)

KPDα,β,γ,δ,p
b− f(x) =

n−1∑
k=0

ck(−1)k
(
bp − xp

p

)k−β
E−γα,(k−β+1)

(
δ

(
bp − xp

p

)α)
+

(−1)n−1

b∫
x

(
sp − xp

p

)n−β−1

E−γα,(n−β)

(
δ

(
sp − xp

p

)α)
ϕ(s)ds . (4.7)

Proof. Let us first show the proof of (4.6). If we apply the KPDα,β,γ,δ,p
a+ operator

to both-sides of (2.1) equality, then we have
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KPDα,β,γ,δ,p
a+ f(x) =

n−1∑
k=0

ck
Γ(k + 1)

KPDα,β,γ,δ,p
a+

(
xp − ap

p

)k
+

KPDα,β,γ,δ,p
a+

 1

Γ (n)

x∫
a

(
xp − sp

p

)n−1

ϕ(s)ds

 . (4.8)

We calculate each term on the right side of the equality (4.8). If we calculate the
first term by using equality (4.5), then we obtain the following equality:

n−1∑
k=0

ck
Γ(k + 1)

KPDα,β,γ,δ,p
a+

(
xp − ap

p

)k
=

n−1∑
k=0

ck

(
xp − ap

p

)k−β
E−γα,(k−β+1)

(
δ

(
xp − ap

p

)α)
. (4.9)

Now, we calculate the second term on the right side of the equality (4.8) by using
the equality (4.1), as follows:

KPDα,β,γ,δ,p
a+

 1

Γ (n)

x∫
a

(
xp − sp

p

)n−1

ϕ(s)ds

 =

(
x1−p d

dx

)n
KP I

α,n−β,−γ,δ,p
a+

 1

Γ (n)

x∫
a

(
xp − sp

p

)n−1

ϕ(s)ds

 =

(
x1−p d

dx

)n +∞∑
m=0

(−γ)m
Γ (αm+ n− β)

δm

m!Γ(n)
×

x∫
a

(
xp − tp

p

)αm+n−1−β

tp−1 dt

t∫
a

(
tp − sp

p

)n−1

ϕ(s)ds =

(
x1−p d

dx

)n +∞∑
m=0

(−γ)m
Γ (αm+ n− β)

δm

m!Γ(n)
×

x∫
a

ϕ(s)ds

x∫
s

(
xp − tp

p

)αm+n−1−β (
tp − sp

p

)n−1

tp−1dt.

Considering the following y = tp−sp
xp−sp change of variables in the inner integral of

the last line, after some simplifications, we obtain the following result:
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KPDα,β,γ,δ,p
a+

 1

Γ (n)

x∫
a

(
xp − sp

p

)n−1

ϕ(s)ds

 =

x∫
a

(
xp − sp

p

)n−β−1

E−γα,(n−β)

(
δ

(
xp − sp

p

)α)
ϕ(s)ds . (4.10)

If we substitute (4.9) and (4.10) into (4.8), then we obtain (4.6). The equality

(4.7) can be proved in the same way as the equality (4.6), but here, KPDα,β,γ,δ,p
b−

and equality (2.2) will be used instead of the KPDα,β,γ,δ,p
a+ and (2.1). �

The following statement describes the relation of K-P integral and integral-
differential operators.

Theorem 4.6. If α, β, p,∈ R+,γ, δ ∈ R, 0 < a < b < +∞ and n ∈ N, n =
[β] + 1 , n− 1 < β < n, f(x) ∈ Lp1[a, b] , KP I

α,n−β,−γ,δ,p
a+ f(x) ∈ ACn

δp
[a, b], then for

x > a

KP I
α,β,γ,δ,p
a+

KPDα,β,γ,δ,p
a+ f(x) =

f(x)−
n−1∑
k=0

cn−k

(
xp − ap

p

)k−n+β

Eγ
α,(k−n+β+1)

(
δ

(
xp − ap

p

)α)
(4.11)

holds. Here cn−k = lim
x→+a

(
x1−p d

dx

)n−k
KP I

α,n−β,γ,δ,p
a+ f(x) , k = 0, 1, 2, ..., n− 1 .

In particular, if β = n, then we have

KP I
α,n,γ,δ,p
a+

KPDα,n,γ,δ,p
a+ f(x) =

f(x)−
n−1∑
k=0

cn−k

(
xp − ap

p

)k
Eγ
α,(k+1)

(
δ

(
xp − ap

p

)α)
.

Proof. We know from [23], if KP I
α,n−β,−γ,δ,p
a+ f(x) ∈ ACn

δp
[a, b], then(

x1−p d
dx

)n−1
KP I

α,n−β,−γ,δ,p
a+ f(x) ∈ AC[a, b]. Namely,(
x1−p d

dx

)n−1

KP I
α,n−β,−γ,δ,p
a+ f(x) = cn−1 +

x∫
a

ϕ(s)ds , (4.12)

or

KP I
α,n−β,−γ,δ,p
a+ f(x) =

n−1∑
k=0

ck
Γ (k + 1)

(
xp − ap

p

)k
+

1

Γ (n)

x∫
a

(
xp − sp

p

)n−1

ϕ(s)ds . (4.13)

Here cn−k = lim
x→+a

(
x1−p d

dx

)n−k
KP I

α,n−β,−γ,δ,p
a+ f(x) , k = 0, 1, 2, ..., n− 1 . and ϕ ∈

L1[a, b] . If we apply the
(
x1−p d

dx

)
operator to both-side of equality (4.12), then
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we obtain the following relation:

KPDα,β,γ,δ,p
a+ f(x) = x1−pϕ(x) . (4.14)

Now we apply the KP I
α,β,γ,δ,p
a+ to both-sides of equation (4.14) and use (4.2):

KP I
α,β,γ,δ,p
a+

KPDα,β,γ,δ,p
a+ f(x) = KP I

α,β,γ,δ,p
a+

[
x1−pϕ(x)

]
=

+∞∑
m=0

(γ)mδ
m

m!
KI

αm+β,p
a+

[
x1−pϕ(x)

]
. (4.15)

On the other hand, If we apply the KPDα,n−β,−γ,δ,p
a+ operator to both side of

equality (4.13) and using the first result of the lemma 4.3 and after the some
simplifies we have the following equality:

f(x) =
n−1∑
k=0

cn−k

(
xp − ap

p

)k−n+β

Eγ
α,(k−n+β+1)

(
δ

(
xp − ap

p

)α)
+

+∞∑
m=0

(γ)mδ
m

m!
KI

αm+β,p
a+

[
x1−pϕ(x)

]
. (4.16)

If we substitute equation (4.15) into the second term on the right side of equation
(4.16), then we obtain equation (4.11). �

Let us now present the definition and certain properties of Caputo-type K-P
derivatives.

4.2. Caputo-type K-P fractional derivatives.

Definition 4.7. Let α, β, p ∈ R+ and γ, δ ∈ R ,n− 1 < β ≤ n, n = [β] + 1, also
f(x) ∈ ACn

δp
[a, b]. The operators

CKPDα,β,γ,δ,p
a+ f(x) = KP I

α,n−β,−γ,δ,p
a+

(
x1−p d

dx

)n
f(x) =

x∫
a

(
xp − tp

p

)n−1−β

E−γα,n−β

(
δ

(
xp − tp

p

)α)
tp−1

(
t1−p

d

dt

)n
f (t) dt, x > a ,

(4.17)

CKPDα,β,γ,δ,p
b− f(x) = KP I

α,n−β,−γ,δ,p
b−

(
−x1−p d

dx

)n
f(x) =

b∫
x

(
tp − xp

p

)n−1−β

E−γα,n−β

(
δ

(
tp − xp

p

)α)
tp−1

(
−t1−p d

dt

)n
f (t) dt, x < b

are called left and right-sided Caputo-type K-P fractional derivatives.



KATUGAMPOLA-PRABHAKAR FRACTIONAL INTEGRAL-DIFFERENTIAL 207

Lemma 4.8. If α, β, p,∈ R+,γ, δ ∈ R,n − 1 < β ≤ n, n = [β] + 1 and f(x) ∈
ACn

δp
[a, b], then there is the following relation between the K-P fractional deriva-

tive and the Caputo-type K-P fractional derivative of the f(x):

CKPDα,β,γ,δ,p
a+ f(x) = KPDα,β,γ,δ,p

a+ f(x)−
n−1∑
k=0

(
xp − ap

p

)k−β
E

(−γ)
α,(k−β+1)

[
δ

(
xp − ap

p

)α]
f (k)(a) , (4.18)

where f (k)(a) = lim
x→+a

(
x1−p d

dx

)k
f(x) .

Theorem 4.9. If α, β, p,∈ R+,γ, δ ∈ R,n− 1 < β ≤ n, n = [β] + 1 and
f(x) ∈ ACn

δp
[a, b], then

KP I
α,β, γ,δ,p
a+

CKPDα,β,γ,δ,p
a+ f(x) = f(x)−

n−1∑
k=0

f (k)(a)

Γ(k + 1)

(
xp − ap

p

)k
(4.19)

is valid. Here f (k)(a) = lim
x→+a

(
x1−p d

dx

)k
f(x) .

4.3. Application of the generalized Laplace transform.

Theorem 4.10. Let assume that α, β, p,∈ R+,γ, δ, s ∈ R, a > 0,
F (s) = Lmp{f(x); s}. Then the following equalities are held:

Lmp

{
KP I

α,β, γ,δ,p
a+ f(x); s

}
=

sαγ−β

(sα − δ)γ
F (s), sα > δ, (4.20)

Lmp

{
KPDα,β,γ,δ,p

a+ f(x); s
}

=

sα(−γ)+β

(sα − δ)−γ
F (s)−

n−1∑
k=0

sk

[
lim
x→+a

(
x1−p d

dx

)n−k−1

KP I
α,n−β,−γ,δ,p
a+ f(x)

]
, (4.21)

Lmp

{
CKPDα,β,γ,δ,p

a+ f(x); s
}

=

sα(−γ)+β

(sα − δ)−γ
F (s)−

n−1∑
k=0

sα(−γ)−n+k+β

(sα − δ)−γ

[(
x1−p d

dx

)n−k−1

f (a)

]
, (4.22)

where
[(
x1−p d

dx

)n−k−1
f (a)

]
=
[(
x1−p d

dx

)n−k−1
f (x)

]
x=a

.

Proof. To prove (4.20), we use Definitions 2.10 and 2.11, and rewrite the K-P
fractional integral as follows:

KP I
α,β, γ,δ,p
a+ f(x) =

(
f(x) ∗

(
xp − ap

p

)β−1

Eγ
α,β

(
δ

(
xp − ap

p

)α))
mp

. (4.23)
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Based on the properties of the mp-convolution [26] and (4.23), we have

Lmp

{
KP I

α,β, γ,δ,p
a+ f(x); s

}
=

Lmp


(
f(x) ∗

(
xp − ap

p

)β−1

Eγ
α,β

(
δ

(
xp − ap

p

)α))
mp

; s

 =

Lmp {f(x); s}Lmp

{(
xp − ap

p

)β−1

Eγ
α,β

(
δ

(
xp − ap

p

)α)
; s

}
. (4.24)

Let us find an image of the second multiplier on the formula (4.24):

Lmp

{(
xp − ap

p

)β−1

Eγ
α,β

(
δ

(
xp − ap

p

)α)
; s

}
=

+∞∫
a

e−s
tp−ap
p

(
tp − ap

p

)β−1

Eγ
α,β

(
δ

(
tp − ap

p

)α)
tp−1dt =

+∞∫
a

e−s
tp−ap
p

+∞∑
m=0

(γ)mδ
m

Γ (αm+ β)

(
tp−ap
p

)αm+β−1

Γ (m+ 1)
tp−1dt =

+∞∑
m=0

(γ)mδ
mp−αm−β+1

Γ (αm+ β) Γ (m+ 1)

+∞∫
a

e−s
tp−ap
p (tp − ap)αm+β−1tp−1dt =

+∞∑
m=0

(γ)mδ
mp−αm−β+1

Γ (αm+ β) Γ (m+ 1)

pαm+β−1

s1+αm+β−1
Γ (1 + αm+ β − 1) =

1

sβ

+∞∑
m=0

(γ)m
Γ (m+ 1)

(
δ

sα

)m
=

1

sβ
(−1)m

+∞∑
m=0

(γ)m
Γ (m+ 1)

(
− δ

sα

)m
.

We know from [14] that the following relation holds:

(1 + z)−γ =
+∞∑
m=0

(−1)m
Γ (γ +m)

Γ (γ) Γ (m+ 1)
zm. (4.25)

Based on (4.25), we have

1

sβ
(−1)m

+∞∑
m=0

(γ)m
Γ (m+ 1)

(
− δ

sα

)m
=

s−β(
1 +

(
− δ
sα

))γ =
sαγ−β

(sα − δ)γ
. (4.26)
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Due to (4.24),(4.26) we obtain (4.20).
Let us now prove (4.21) as follows:

Lmp

{
KPDα,β,γ,δ,p

a+ f(x); s
}

= Lmp

{(
x1−p d

dx

)n
KP I

α,n−β,−γ,δ,p
a+ f(x); s

}
=

sn
s−αγ−n+β

(sα − δ)−γ
F (s)−

n−1∑
k=0

sk

[
lim
x→+a

(
x1−p d

dx

)n−k−1

KP I
α,n−β,−γ,δ,p
a+ f(x)

]
=

sα(−γ)+β

(sα − δ)−γ
F (s)−

n−1∑
k=0

sk

[
lim
x→+a

(
x1−p d

dx

)n−k−1

KP I
α,n−β,−γ,δ,p
a+ f(x)

]
.

Now we show proof of the (4.22) in an analytic way:

Lmp

{
CKPDα,β,γ,δ,p

a+ f(x); s
}

=

Lmp

{
KP I

α,n−β,−γ,δ,p
a+

(
x1−p d

dx

)n
f(x); s

}
=

sα(−γ)−n+β

(sα − δ)−γ
Lmp

{(
x1−p d

dx

)n
f(x); s

}
=

sα(−γ)−n+β

(sα − δ)−γ

[
snLmp {f(x); s} −

n−1∑
k=0

sk
(
x1−p d

dx

)n−k−1

f (a)

]
=

sα(−γ)+β

(sα − δ)−γ
F (s)−

n−1∑
k=0

sα(−γ)−n+k+β

(sα − δ)−γ
(
x1−p d

dx

)n−k−1

f (a) .

Here we have used some properties presented in [26]. �

Lemma 4.11. Assume that, α, β, p,∈ R+,γ, δ, s ∈ R, a > 0, k = 0, 1, 1..., n− 1.

If
∣∣∣( λsβ ) (1− δ

sα

)−γ∣∣∣ < 1. Then the following equalities hold:

Lmp

{(
xp − ap

p

)β−1 +∞∑
m=0

[
λ

(
xp − ap

p

)β]m
×

Eγ+mγ
α,(β+mβ)

(
δ

(
xp − ap

p

)α)
; s

}
=

sαγ−β

(sα − δ)γ − λsαγ−β
, (4.27)

Lmp

{(
xp − ap

p

)k−n+β +∞∑
m=0

[
λ

(
xp − ap

p

)β]m
×

Eγ+mγ
α,(k−n+β+mβ+1)

(
δ

(
xp − ap

p

)α)
; s

}
=

sαγ−(k−n+β+1)

(sα − δ)γ − λsαγ−β
. (4.28)
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Proof. Here we show the proof of the equality 4.27; the equality 4.28 has been
proved similarly. We know from [26] that the following formula holds:

Lmp {(tp − ap)
µ; s} =

pµ

s1+µ
Γ (1 + µ) . (4.29)

Therefore,

Lmp

{(
xp − ap

p

)β−1 +∞∑
m=0

[
λ

(
xp − ap

p

)β]m
Eγ+mγ
α,(β+mβ)

(
δ

(
xp − ap

p

)α)
; s

}
=

Lmp

{
+∞∑
m=0

+∞∑
j=0

Γ (γ +mγ + j)λmδjp−βm−αj−β+1

Γ (γ +mγ) Γ (αj + βm+ β) Γ (1 + j)
(xp − ap)βm+αj+β−1

}
=

+∞∑
m=0

+∞∑
j=0

Γ (γ +mγ + j)λmδjp−βm−αj−β+1

Γ (γ +mγ) Γ (αj + βm+ β) Γ (1 + j)
Lmp

{
(xp − ap)βm+αj+β−1

}
=

+∞∑
m=0

+∞∑
j=0

Γ (γ +mγ + j)λmδjp−βm−αj−β+1

Γ (γ +mγ) Γ (αj + βm+ β) Γ (1 + j)

pβm+αj+β−1

sβm+αj+β
Γ (βm+ αj + β) =

+∞∑
m=0

+∞∑
j=0

Γ (γ +mγ + j)λmδj

Γ (γ +mγ) Γ (1 + j)

1

sβm+αj+β
=

1

sβ

+∞∑
m=0

(
λ

sβ

)m +∞∑
j=0

(−1)j
Γ (γ +mγ + j)

Γ (γ +mγ) Γ (1 + j)

(
− δ

sα

)j
.

Based on the formula (4.25), one can get

1

sβ

+∞∑
m=0

(
λ

sβ

)m +∞∑
j=0

(−1)j
Γ (γ +mγ + j)

Γ (γ +mγ) Γ (1 + j)

(
− δ

sα

)j
=

1

sβ

+∞∑
m=0

(
λ

sβ

)m(
1− δ

sα

)−γ−mγ
=

1

sβ

(
1− δ

sα

)−γ +∞∑
m=0

(
λ

sβ

)m(
1− δ

sα

)−mγ
=

1

sβ

(
1− δ

sα

)−γ +∞∑
m=0

[(
λ

sβ

)(
1− δ

sα

)−γ]m
.
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If
∣∣∣( λsβ ) (1− δ

sα

)−γ∣∣∣ < 1 is valid, then

1

sβ

(
1− δ

sα

)−γ +∞∑
m=0

[(
λ

sβ

)(
1− δ

sα

)−γ]m
=

1

sβ

(
1− δ

sα

)−γ [
1

1−
(
λ
sβ

) (
1− δ

sα

)−γ
]

=

1

sβ

(
1− δ

sα

)−γ [
s−αγ+β

s−αγ+β − λ(sα − δ)−γ
]

=
(sα − δ)−γ

s−αγ+β

s−αγ+β

s−αγ+β − λ(sα − δ)−γ
=

(sα − δ)−γ

s−αγ+β − λ(sα − δ)−γ
=

sαγ−β

(sα − δ)γ − λsαγ−β
.

�

5. Cauchy problems for ordinary differential equations of
fractional order

In this section, we will present the results of our research using the K-P and
Caputo-type K-P fractional derivatives to consider the Cauchy problems for frac-
tional ordinary differential equations.

Let us find a solution that satisfies the following ordinary fractional differential
equation.

KPDα,β,γ,δ,p
a+ u(x)− λu(x) = f(x) , a < x < b, (5.1)

and the following initial conditions:

lim
x→+a

(
x1−p d

dx

)k
KP I

α,n−β,−γ,δ,p
a+ f(x) = Bk , k = 0, 1, 2, ..., n− 1 . (5.2)

Here α, β, p,∈ R+,γ, δ, λ, a, Bk ∈ R, n − 1 < β ≤ n, a > 0 and f(x) is a given
function.

Theorem 5.1. If f(t) ∈ C1 (a, b], then the Cauchy problem (5.1)-(5.2) has a
unique solution represented as follows:

u(x) =
n−1∑
k=0

Bk

(
xp − ap

p

)k−n+β

Γ (γ) ×

E2

(
γ, γ, 1 ; 1, 0

k − n+ β + 1, β, α; γ, γ; 1, 1

∣∣∣∣∣λp−β(xp − ap)β

δp−α(xp − ap)α

)
+

Γ (γ)

x∫
a

(
xp − tp

p

)β−1

E2

(
γ, γ, 1 ; 1, 0

β, β, α; γ, γ; 1, 1

∣∣∣∣∣λp−β(xp − tp)β

δp−α(xp − tp)α

)
tp−1f (t) dt . (5.3)

Proof. To prove the theorem we apply the KP I
α,β, γ,δ,p
a+ operator to both sides of

the equation (5.1), after that we use the equality (4.11) and initial conditions
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(5.2), then we obtain the following second kind Volterra integral equation:

u(x)− λKP Iα,β, γ,δ,pa+ u(x) = g(x) . (5.4)

Here

g(x) = KP I
α,β, γ,δ,p
a+ f(x) +

n−1∑
k=0

Bk

(
xp − ap

p

)k−n+β

Eγ
α,(k−n+β+1)

(
δ

(
xp − ap

p

)α)
. (5.5)

To find a solution to the integral equation (5.4), we use the successive approxi-
mation method as follows:

u0(x) = g(x) ,

un(x) = g(x) + λKP I
α,β, γ,δ,p
a+ un−1(x).

After some calculations, we obtain

un(x) = g(x) +
n∑

m=1

λm KP I
α,mβ,mγ,δ,p
a+ g(x),

or

u(x) = lim
x→+∞

un(x) = g(x) +
+∞∑
m=1

λm KP I
α,mβ,mγ,δ,p
a+ g(x).

If we change g(x) by using the equality (5.5), then after the some calculations we
obtain the u(x) function in the following form:

u(x) =
n−1∑
k=0

Bk

(
xp − ap

p

)k−n+β

×

+∞∑
m=0

[
λ

(
xp − ap

p

)β]m
Eγ+mγ
α,(k−n+β+mβ+1)

(
δ

(
xp − ap

p

)α)
+

x∫
a

(
xp − tp

p

)β−1 +∞∑
m=0

[
λ

(
xp − tp

p

)β]m
Eγ+mγ
α,(β+mβ)

(
δ

(
xp − tp

p

)α)
tp−1f (t) dt .

(5.6)

If we apply the function E2(x, y) to (5.6), then we obtain (5.3). If we substitute
the function u(x) into (5.1) and (5.2), we know that the f(x) must satisfy f(x) ∈
C1 (a, b]. �

Let us consider another Cauchy problem.

Let us find a solution that satisfies the following ordinary fractional differential
equation:

CKPDα,β,γ,δ,p
a+ u(x)− λu(x) = f(x) , a < x < b (5.7)
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together with initial conditions:

u(k)(a) =

(
x1−p d

dx

)k
u(x)

∣∣∣∣∣
x=a

= Ak , k = 0, 1, 2, ..., n− 1 , (5.8)

where α, β, p,∈ R+,γ, δ, λ, a, Bk ∈ R, n − 1 < β ≤ n, a > 0 and f(x) is a given
function.

The following statement is valid:

Theorem 5.2. If f(t) ∈ C1 [a, b], then the 5.7,5.8 Cauchy-type problem has a
unique solution represented as follows:

u(x) =
n−1∑
k=0

Ak
Γ (k + 1)

(
xp − ap

p

)k
+ λΓ (γ)

n−1∑
k=0

Ak

(
xp − ap

p

)k(
xp − ap

p

)β
×

E2

(
γ, γ, 1; 1, 0

β + k + 1, β, α; γ, γ; 1, 1

∣∣∣∣∣λp−β(xp − ap)β

δp−α(xp − ap)α

)
+

x∫
a

(
xp − tp

p

)β−1

Γ (γ)E2

(
γ, γ, 1; 1, 0

β, β, α; γ, γ; 1, 1

∣∣∣∣∣λp−β(xp − tp)β

δp−α(xp − tp)α

)
tp−1f(t)dt.

(5.9)

6. An initial-boundary problem for sub-diffusion equation with
the Caputo-type K-P fractional derivative.

Let us investigate the following time-fractional diffusion equation

CKPDα,β,γ,δ
0+ u(t, x)− uxx(t, x) = f(t, x) (6.1)

in a domain Ω = {(t, x) : 0 < t < T , 0 < x < 1} .
Here, 0 < β < 1, γ, δ,∈ R , α > 0 and f(t, x)- is a given function.

Problem. To find a solution to the equation (6.1) in Ω, satisfying the following

• regularity conditions:
u(t, x) ∈ C

(
Ω
)
, u(· , x) ∈ C2 (0, 1) , CKPDα,β,γ,δ

0+ u(t, ·) ∈ C (0, T ) ;
• initial condition: u(0, x) = B(x) ,0 6 x 6 1 ;
• boundary conditions: u(t, 0) = u(t, 1) = 0 , 0 6 t 6 T .

Here, the function B(x) is a given function such that B(0) = B(1) = 0.

6.1. The uniqueness of the problem.

Lemma 6.1. If the function u(x) is absolutely continuous on [a, b], a > 0 and
0 < α 6 1, δ < 0, 0 < β < 1, γ > 0, p > 0,T > t > z > a, then the following
inequality holds:

u(t)CKPDα,β,γ,δ
a+ u(t) >

1

2
CKPDα,β,γ,δ

a+ u2(t) , 0 < β < 1 . (6.2)
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Proof. To prove (6.2), we need to prove that

u(t)CKPDα,β,γ,δ
a+ u(t)− 1

2
CKPDα,β,γ,δ

a+ u2(t) > 0

is valid. Let us show the main steps:

u(t)CKPDα,β,γ,δ
a+ u(t)− 1

2
CKPDα,β,γ,δ

a+ u2(t) =

u(t)

t∫
a

(
tp − zp

p

)−β
E−γα,1−β

(
δ

(
tp − zp

p

)α)
zp−1

(
z1−p d

dz

)
u(z)dz−

1

2

t∫
a

(
tp − zp

p

)−β
E−γα,1−β

(
δ

(
tp − zp

p

)α)
zp−1

(
z1−p d

dz

)
u2(z)dz =

u(t)

t∫
a

(
tp − zp

p

)−β
E−γα,1−β

(
δ

(
tp − zp

p

)α)
uz(z)dz−

t∫
a

(
tp − zp

p

)−β
E−γα,1−β

(
δ

(
tp − zp

p

)α)
u(z)uz(z)dz =

t∫
a

(u(t)− u(z))

(
tp − zp

p

)−β
E−γα,1−β

(
δ

(
tp − zp

p

)α)
uz(z)dz =

t∫
a

(
tp − zp

p

)−β
E−γα,1−β

(
δ

(
tp − zp

p

)α)
uz(z)dz

t∫
z

uτ (τ) dτ =

t∫
a

uτ (τ) dτ

τ∫
a

(
tp − zp

p

)−β
E−γα,1−β

(
δ

(
tp − zp

p

)α)
uz(z)dz =

t∫
a

(
tp−τp
p

)−β
E−γα,1−β

(
δ
(
tp−τp
p

)α)
uτ (τ)(

tp−τp
p

)−β
E−γα,1−β

(
δ
(
tp−τp
p

)α) dτ

τ∫
a

E−γα,1−β

(
δ
(
tp−zp
p

)α)
uz(z)(

tp−zp
p

)β dz =

1

2

t∫
a

(
tp−τp
p

)β
E−γα,1−β

(
δ
(
tp−τp
p

)α) ∂

∂τ

 τ∫
a

E−γα,1−β

(
δ
(
tp−zp
p

)α)
uz(z)dz(

tp−zp
p

)β


2

dτ =

−1

2

t∫
a

τ p−1
(
tp−τp
p

)−β
E−γα,1−β

(
δ
(
tp−τp
p

)α)
[(

tp−τp
p

)−β
E−γα,1−β

(
δ
(
tp−τp
p

)α)]2

 τ∫
a

E−γα,1−β

(
δ
(
tp−zp
p

)α)
uz(z)dz(

tp−zp
p

)β


2

dτ .
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Based on the Definition 2.9, Lemma 2.15, and Theorem 2.12, we obtain follow-
ing inequalities: (

tp − τ p

p

)−β
E−γα,1−β

(
δ

(
tp − τ p

p

)α)
> 0 ,

τ p−1

(
tp − τ p

p

)−β−1

E−γα,−β

(
δ

(
tp − τ p

p

)α)
< 0.

Considering these inequalities, based on the last term, one can easily conclude
that (6.2) is valid. �

Theorem 6.2. Let all conditions of the Lemma 6.1 be valid. If there exists a
solution to the Problem, then it is unique.

Proof. Let us assume that the Problem has two solutions. Namely, u1(t, x) and
u2(t, x). According to the properties of the linear operators, the function u(t, x) =
u1 (t, x)−u2 (t, x) will also be the solution to the Problem. Consequently, we have
the following auxiliary boundary problem:

CKPDα,β,γ,δ
0+ u(t, x)− uxx(t, x) = 0 ; (6.3)

u(0, x) = 0 , 0 6 x 6 1 , (6.4)

u(t, 0) = u(t, 1) = 0 , 0 6 t 6 T. (6.5)

At first, we multiply the u(t, x) function by both sides of the equation (6.3) and
integrate the resulting concerning from 0 to 1, then we have

1∫
0

u(t, x)CKPDα,β,γ,δ
0+ u(t, x) dx−

1∫
0

u(t, x)uxx(t, x) dx = 0 . (6.6)

If we apply the technique of integration by parts to the second term on the left
side of (6.6), using the conditions (6.5), then we get the following equality:

1∫
0

u(t, x)uxx(t, x) dx = −
1∫

0

u2
x(t, x) dx . (6.7)

Applying the result of the Lemma 6.1 to the first term of the left side of (6.6),
we obtain the following inequality:

1∫
0

u(t, x)PCDα,β,γ,δ
0t;ψ u(t, x) dx >

1

2
PCDα,β,γ,δ

at;ψ

1∫
0

u2(t, x)dx . (6.8)
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If we substitute (6.7) and (6.8) into 6.6, and using the L2 space norm , we obtain

1

2
CKPDα,β,γ,δ

0+ ‖u (t, x)‖2
L2

+ ‖ux (t, x)‖2
L2
6 0 . (6.9)

Let us assume that ‖ux (t, x)‖2
L2
6 0 . According to the properties of the norm,

we have ux (t, x) = 0 or u (t, x) = g(t). Based on the conditions (6.5), we obtain
that u (t, x) = 0. On the other hand, let us assume that

CKPDα,β,γ,δ
0+ ‖u (t, x)‖2

L2
6 0 . (6.10)

If we apply the integral P Iα,β, γ,δax;ψ to both sides of the inequality (6.10), then we
have

‖u (t, x)‖2
L2
− ‖u (0, x)‖2

L2
6 0.

Since the condition (6.4) and the properties of the norm, we get u(t, x) ≡ 0.
Therefore, u1 (t, x) ≡ u2 (t, x). This means that the solution to the Problem is
unique. �

Now we prove the existence of the solution to the Problem.

6.2. The existence of the problem.

Theorem 6.3. If 0 6 θ < 1
2
, β

2
> αθ, γ > θ

1−θ , β > θ(β − α), δ < 0, ∂
3f(t,x)
∂x3

∈
C(Ω), f(t, 1) = f(t, 0) = ∂2f(t,1)

∂x2
= ∂2f(t,0)

∂x2
= 0, B′(x) ∈ L2(0, 1), B(3)(x) ∈

L2(0, 1), B(5)(x) ∈ L2(0, 1), B′′(0) = B′′(1) = B(4)(1) = B(4)(0) = 0, f(t, x) ∈
C(Ω), f(·, x) ∈ C(1)[0, T ], then there exists a solution to the Problem, represented
as

u(t, x) =
+∞∑
m=1

[
Bm − (πm)2Γ (γ)Bm

(
tp

p

)β
×

E2

(
γ, γ, 1; 1, 0

β + 1, β, α; γ, γ; 1, 1

∣∣∣∣∣−(πm)2
(
p−1tp

)β
δ
(
p−1tp

)α
)

+

t∫
0

(
tp − zp

p

)β−1

Γ (γ)×

E2

(
γ, γ, 1; 1, 0

β, β, α; γ, γ; 1, 1

∣∣∣∣∣−(πm)2p−β(tp − zp)β

δp−α(tp − zp)α

)
zp−1fm(z)dz

]
sin πmx . (6.11)

Proof. We search solution to the Problem as follows:

u(t, x) =
+∞∑
m=1

um(t) sinπmx ,

f(t, x) =
+∞∑
m=1

fm(t) sinπmx,

(6.12)

where um(t) are unknown functions to be found and fm(t) = 2
1∫
0

f(t, x) sinmπxdx.
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Substituting (6.12) into (6.1) and considering the initial condition, we obtain
the following Cauchy problem:{

CKPDα,β,γ,δ
0+ um(t)−

[
−(πm)2]um(t) = fm(t) ,

um(0) = Bm .
(6.13)

where Bm are the Fourier coefficients of the given function B(x), defined as

Bm = 2

1∫
0

B(x) sinπmxdx .

Based on the solution of the problem (5.7)-(5.8), we can represent the solution
to the problem (6.13) as follows:

um(t) = Bm − (πm)2Γ (γ)Bm

(
tp

p

)β
×

E2

(
γ, γ, 1; 1, 0

β + 1, β, α; γ, γ; 1, 1

∣∣∣∣∣−(πm)2
(
p−1tp

)β
δ
(
p−1tp

)α
)

+

t∫
0

(
tp − zp

p

)β−1

Γ (γ)×

E2

(
γ, γ, 1; 1, 0

β, β, α; γ, γ; 1, 1

∣∣∣∣∣−(πm)2p−β(tp − zp)β

δp−α(tp − zp)α

)
zp−1fm(z)dz. (6.14)

If we substitute (6.14) into (6.12), then we obtain (6.11).
To prove the uniform convergence of infinite series corresponding to u(t, x),uxx(t, x),

CKPDα,β,γ,δ
0+ u(t, x), we have used the Lemma 2.17 and the following well-known

facts:

2ab 6 a2 + b2,
+∞∑
m=1

|gm|2 6 ‖g(x)‖2
L2(a,b) ,

+∞∑
m=1

1

(πm)2 =
1

6
.

Consequently, we have obtained the following estimates:

|u(t, x)| 6 1

6
+ ‖B′(x)‖2

L2(0,1) +

C1

(
+∞∑
m=1

1

(πm)4+4θ
+ ‖B′′′(x)‖2

L2(0,1)

)
+ C3

+∞∑
m=1

1

(πm)1+2θ
,

|uxx(t, x)| 6 1

6
+
∥∥B(3)(x)

∥∥2

L2(0,1)
+

C1

(
+∞∑
m=1

1

(πm)4+4θ
+
∥∥B(5)(x)

∥∥2

L2(0,1)

)
+ C4

+∞∑
m=1

1

(πm)1+2θ
,

∣∣∣PCDα,β,γ,δ
0t;ψ u(t, x)

∣∣∣ 6 |uxx(t, x)|+ |f(t, x)| .

Here

C1 =
C̃

(−δ)θ
Γ
(
β+1

2
− βθ

)
Γ
(
β+1

2
− αθ

)
Γ (γ − θ (γ + 1))

Γ (β + 1− θ (β + α))
Γ (γ) ,
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C2 =
C̃

(−δ)θ
Γ
(
β
2
− βθ

)
Γ
(
β
2
− αθ

)
Γ (γ − θ (γ + 1))

Γ (β − θ (β + α))
Γ (γ) ,

C3 = C2M1

[
(T

p

p )
β−βθ−αθ

β−βθ−αθ

]
, C4 = C2M2

[
(T

p

p )
β−βθ−αθ

β−βθ−αθ

]
,∣∣∣f (1)

m (t)
∣∣∣ = 2

∣∣∣∣ 1∫
0

∂f(t,x)
∂x

cosπmxdx

∣∣∣∣ 6M1,∣∣∣f (3)
m (t)

∣∣∣ = 2

∣∣∣∣ 1∫
0

∂3f(t,x)
∂x3

cosπmxdx

∣∣∣∣ 6 M2, ∂3f(t,x)
∂x3

∈ C
(
Ω
)
, ∂f(t,x)

∂x
∈ C

(
Ω
)
,

f(t, 1) = f(t, 0) = ∂2f(t,1)
∂x2

= ∂2f(t,0)
∂x2

= 0, β > θ (β − α), B′(x) ∈ L2 (0, 1),

B(3)(x) ∈ L2 (0, 1),B(5)(x) ∈ L2 (0, 1),B′′(0) = B′′(1) = B(4)(1) = B(4)(0) = 0,

f(t, x) ∈ C
(
Ω
)
, f(t, ·) ∈ C(1)[0, 1],

∣∣∣B(3)
m

∣∣∣ = 2
1∫
0

B′′′(x) cosπmxdx,∣∣∣B(1)
m

∣∣∣ = 2
1∫
0

B′(x) cosπmxdx,
∣∣∣B(5)

m

∣∣∣ = 2

∣∣∣∣ 1∫
0

B(5)(x) cosπmxdx

∣∣∣∣ . Hence, the the-

orem has been proved. �

7. Example

In this section, we consider the particular case, present an explicit solution
form, and revise the influence of fractional order compared with the classical
case.

Let, f(t, x) = zp

p
sin πx, B(x) = sin πx . Then solution (6.11) will have the

form

u(t, x) =

[
1− (π)2Γ (γ)

(
tp

p

)β
E2

(
γ, γ, 1; 1, 0

β + 1, β, α; γ, γ; 1, 1

∣∣∣∣ −(π)2(p−1tp)
β

δ(p−1tp)
α

)
+

Γ (γ)
(
tp

p

)β+1

E2

(
γ, γ, 1; 1, 0

β + 2, β, α; γ, γ; 1, 1

∣∣∣∣ −(π)2p−β(tp − zp)β
δp−β(tp − zp)α

) ]
sin πx ,

and f1(t) = tp

p
; B1 = 1, fm(t) = 0; Bm = 0 for all other m. Let us consider the

following cases:
1) p=2 ; β = 0.2 ; γ = 1.3 ; δ = 2 ; 0 < x < 1 ; 0 < t < 1; α = 0.5;
2) p=2 ; β = 0.7 ; γ = 1.3 ; δ = 2 ; 0 < x < 1 ; 0 < t < 1; α = 0.5;
3) p=2 ; β = 1 ; γ = 1.3 ; δ = 2 ; 0 < x < 1 ; 0 < t < 1; α = 0.5;
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3D surface plots of the function u(t, x) for three cases with p = 2, γ = 1.3, δ = 2,
α = 0.5, and β = 0.2, 0.7, 1, over the domain 0 < x < 1, 0 < t < 1.
Each plot highlights the influence of β on the solution profile.
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