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ROBUST GOODNESS-OF-FIT TEST FOR COPULAS BY THE
MAXIMUM MEAN DISCREPANCY ESTIMATOR

N’DRI HUBERT BIAN'*, SERGE-HIPPOLYTE ARNAUD KANGA!, GUEI CYRILLE
OKOU? and OUAGNINA HILI*

ABSTRACT. This paper discusses the robustness of suitability tests using the
empirical copula process. It compares the empirical copula with a paramet-
ric estimate of the copula obtained under the null hypothesis. Fitting tests
using Kendall inversion and maximum likelihood estimation methods may be
less effective, especially at the sight of outliers. We recommend to establish
a goodness-of-fit procedure with the Maximum Mean Discrepancy (MMD) es-
timator, a robust estimator, in order to assess the empirical size and power
of the test under several families of alternative copulas. Then a comparative
large-scale simulation study on contaminated and uncontaminated data sam-
ples is conducted to analyze the power and also the robustness of test. This
approach using the MMD estimator may offer a valid alternative for goodness-
of-fit tests. It is also robust in the presence of perturbations and outliers in
the observations of joint distributions.

1. INTRODUCTION

Assume a random vector Y = (Y7, ..., Yy) with continuous marginal distribution

functions F, ..., F'y. In his work, [27] proved that the joint distribution function
H of Y can be defined by
H(y) = C{E,(1), - Eq(ya)}, ¥y = (41, 9a) € RY, (1.1)

where the copula C : [0,1]¢ — [0, 1], is a multivariate distribution function with
uniform margins. Copula functions contain all the necessary information about
the dependence structure that exists between the components of the random
vector. In addition, they represent a tool for modeling dependency between vari-
ables over time [28]. Representation (1.1) allows statisticians to model marginal
behavior and the dependency pattern represented by the joint distribution func-
tion separately. Copulas have also become more and more widely used to model
multivariate distributions in a wide diversity of applications : finance [10, 23],
hydrology [16, 17], actuarial sciences [11].

Here, we assume that the unknown copula C belongs to a family of parametric
copulas B = {C,: 0 € O C RP}, p non null integer. The next step is to estimate
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the parameter vector § = (6, ...,6,) from a random sample. For bivariate copu-
las with one real-valued parameter, a popular approach is to apply the method of
moments based on the inversion of association measurements, that is, Spearman’s
rho or Kendall’s tau. Again, as studied in [18, 21, 22|, the pseudo-likelihood ap-
proach is a natural estimation method in the multi-parameter and multivariate
case. However, both of these estimation methods have their disadvantages. In-
deed, they lack robustness from a statistical point of view. Specifically, consider
a perturbed copula of the form £ = (1 — ()C + (D, where ¢ € [0;1] repre-
sents the contamination level and D # C' is a disturbing copula. Therefore, the
semi-parametric inference procedure for copulas requires an efficient estimator
that is consistent, robust to outliers, and can also be applied in the case of high
dimensions.

To address this concern, [2] developed a semi-parametric inference approach
for parametric copulas through mixture copulas. They proved its robustness
in the presence of outliers. The procedure may be used in the event of model
misspecification. This method would then be independent of the particular choice
of models. Thus, this minimum distance estimator is based on the distance of
the maximum mean discrepancy from two arbitrary probability distributions. It
should also be noted that other distances are well known in the literature to
induce robustness, for example total variation distance [33], Hellinger distance
[1]. However, the estimation methods proposed in these articles are not explicit
for the calculations.

A crucial question that is presently the subject of active investigation is whether
the hypothesis C € B = {C, : 0 € O C RP}, on which the copula parameter esti-
mation step discussed above is relied upon is really valid or not. More specifically,
we want to test

Hy:C e BversusHy : C ¢ B

A fairly large number of goodness of fit tests have been developed in the litera-
ture. Among others, [20, 5, 7] have shown the performance of fit tests for several
families of copulas, even copulas with singular components, through simulations.
However, to test Hy the marginal distributions are handled as unknown nuisance
parameters and are replaced by the pseudo-observations. This procedure illus-
trates that better fit tests can also be obtained from the empirical copula process

C.(t) = Va{C, )= Cp (8}, t=(tn ot €010 (12)
where C,, is the empirical copula [ 1] of the data Y1, ...,Y,, generally defined by

) = 13 T[0E < 1) te (13)

i=1 j=1

where 1(.) is the indicator function, which is equal to 1 if the statement in paren-
theses is true and zero otherwise.

In addition, €' is an estimate of C'y achieved by supposing that Hy : C € B
holds and the random vector (Tﬂ, o Tid) are the pseudo-observations computed

from Y; by Tij = R;;j/(n + 1), with R;; the rank of Y;; among Y3;,...,Y,;. This
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estimate is derived from a én estimator of @ such as the MMD estimator described
above. As mentioned in [20], the Cramér-von Mises statistic defined by

S.=n /[ . {Qn(t) -, <t>}2 ac, (t) (14)

yielded the best results on the whole. It is also an omnibus statistic, that is,
one that can be applied to all copula functions and involves no strategic choice
in its application. The convergence of this test statistic is proved by [19] under
certain suitable regularity conditions on the prespecified parametric family C,
and the sequence of estimators 0,. They also establish that the test based on S,
is consistent, that is, if C' ¢ B, then as n — oo, the probability of rejecting Hy
when H, is false, tend to 1.

In reality, the limiting distribution of S, relies on the family of copulas under
the null hypothesis, as well as on the value of the unknown parameter 6. There-
fore, the asymptotic relationship of the test statistic can only be tabulated and
estimated p-values for this statistic can be derived using a parametric bootstrap
procedure, validated by [19].

The choice of dependence parameter estimation method in implementing of
this parametric bootstrap procedure is a relevant factor for fit tests using the
empirical copula process. [0] have shown that the estimation approach can sig-
nificantly influence the power of the Cramér-von Mises statistic. Their ability
to detect deviations from Hj is more interesting in the case of fixed alternatives
than in the case of mixtures. Simulation studies also carried out by [20] and [7]
proved that goodness-of-fit tests are well suited to selecting the best parametric
copula. But, these studies are generally based on undisturbed data that are sim-
ulated using a pre-specified parametric copula model. Extending these results
from simulated data to the case of real financial market data, a study by [30]
indicates that the copula adequacy tests investigated no longer identify the best
parametric copula. The author suggests that this lack of power may in fact be
due to a failure in the robustness of fit tests in the face of data contamination,
generally by outliers and measurement errors. It is therefore necessary to know,
which goodness-of-fit test for copulas is robust to such data contamination ? To
remedy this, [31, 32] has introduced goodness-of-fit tests for archimedean and el-
liptical copulas based on the exclusion of outliers after their identification within
the framework of mixture copulas. Although this approach made it easier for the
various goodness-of-fit tests to maintain their nominal level, the power of these
tests is considerably reduced with addition of a second disturbing parametric
copula, and also after the exclusion of outliers. A likely explanation for this loss
of test power is that excluding outliers reduces the average sample size.

Testing the null hypothesis involves first estimating the copula parameters by a
consistent and robust estimator. The objective in this field is to investigate the
finite sample performance of the goodness-of-fit test for copulas with the consis-
tent and robust maximum mean discrepancy estimator. This study also examines
the robustness of test for absolutely continuous copulas to data contamination at
outliers. Fitting test may be better suited to identifying a true underlying copula
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that is perturbed by the combination of another parametric copula through a
mixing copula.

The rest of the document is structured as follows. In the second section, we
present the MMD estimator based on the Gaussian kernel and its asymptotic
representation. The third section provides the theoretical tools to develop the
matching test using the empirical process of the underlying copula and the para-
metric bootstrap procedure. Section 4 firstly introduces simulation results to an-
alyze nominal level and power of the test for four exchangeable copula families.
Next, it describes the influence of outliers on the efficiency of the goodness-of-fit
test using mixture copulas. Section 5 concludes.

2. MAXIMUM MEAN DISCREPANCY ESTIMATOR

In this part, we present the maximum mean discrepancy estimator. We define
the reproducing kernel Hilbert functional space related to the estimator. We
also recall some theories on the minimum distance estimator using the maximum
mean discrepancy. The maximum mean discrepancy is defined in terms of specific
functional spaces attesting to the difference between the distributions [9, 13].

2.1. Maximum mean discrepancy. Let ¢ : 7 x T — R be a positive def-
inite kernel function on 7, and assume the Reproducing Kernel Hilbert Space
(RKHS) Hg4 associated with the kernel ¢, equipped with inner product (., .)s,
and norm ||.||5,. Let F denote the set of Borel probability measures P such that
fT o(y,y)P(dy) < co. We now recall the concept of kernel mean embedding, a
Hilbert space embedding that maps probability distributions into the RKHS H.
Consider I'p € H,, the kernel mean embedding defined by the formula

e = Eplp(Y,)] = /T oy, JB(dy), (2.1)

for a probability measure P.

Applications and the theoretical features of those embedding have been exten-
sively discussed in [24]. The mean embedding fulfils the formula

Ep[f(Y)] = (f,T'p)2, for all function f € H4 and reduces the metric on Hy gen-
erated by the inner product to define a pseudo-metric on F called the maximum
mean discrepancy M : F x F — [0, 400], that is,

M(P,Q) = |[[Te —Tolln, (2.2)

M(P,Q) = /T oy, YP(dy) — /T oy, )Q(dy)

(2.3)

The squared M has a particularly simple term that can be obtained by apply-
ing of the reproducing property (f(y) = (f, #(y,.))n,) :
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2(P,Q) = ]

)B(dy) - / oty )0l

-
/T/Cb(y,w) (dy)P(dw) + //qby, dy)Q(dw)
—2//¢y7 )Q(dw),

thus giving a closed form statement until the calculation of expectations. MMD
is actually an integral probability pseudo-metric as it may be identified as :

M(P,Q) = ||fﬁ25§1 /T f(W)P(dy) — /T f(y)Q(d

If P — I'p is injective then the kernel ¢ is said to be characteristic. This allows
MMD to be a metric, not just a pseudo-metric.

2.2. Robust maximum mean discrepancy estimator. Given a family of
parametric copulas B, we research the best fitting copula within this family.
Assume Y1, ..., Y, is an i.i.d. random sample from distribution function

Cy(T), T =(Ty,...,T;) where Ty = Fy, ..., Ty = F, are continuous margins and C
is an absolutely continuous copula. Within the framework of copula inference, the
marginal distribution function remains unknown. The copula are therefore not
directly observable. It is convenient to specify a pseudo-observation (Ti)izl ,,,,, "
where T, := (Tﬂ, . ,Tid) and

n

. n 1
Ty = =g F(Y)s Eiyt) = 5;1% <),
for every (i,j) € {1,....,n} x {1, ...,d} and t € R. To compute an estimator de 6,
the MMD criterion to be minimized is then M(Py,P,,) = ||[I'p, — g, [|#,, for some

‘H, Reproducing Kernel Hilbert Space to which a kernel ¢ is attached, where Py
the law driven by C, on the hypercube 7 := [0,1]¢ and P, = (1/n) Z g, Tep-

resents the empirical measure related to pseudo-observations (Tl)l 1..n- Then,

.....

our estimator 6, of the copula parameter 6 can be expressed as follows

0, = argminM?*(Py,P,) (2.4)
0O

0cO

. 2 < .
6, — argmin / /f (b(t,v)IP’g(dt)IP’g(dv)—ﬁizl [r o(t, To)Py(dt). (2.5)

Denoting ¢4, the density of the copula () relative to the Lebesgue measure,
the above expression can be established as follows :

—argropelél//¢tvc(, )eo(v dtdv——Z/gth cp(t (2.6)
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Through this last expression, the estimator 6, depends on the kernel, so its choice
is a crucial issue. The choice of our kernel is based on the Gaussian kernels
o(t,v) == exp(—|lg(t) — g(v)||3/7?) providing excellent results (where g is the
identity application or reciprocal bijection of the distribution function of a stan-
dard gaussian random variable).

The asymptotic normality of the resulting estimator 0, is established by [2]. Using
the regularity conditions of these authors, we illustrate the limit representation
© of O, = \/ﬁ(én — 6) (for more details, see [2]).

Consider @y, measurable and P—integrable functions for all 8 € O, defined as
follows :

_ / d(t, v)Po(dt)Py(dv) — 2 / o(t, z)Py(dt),

Then the theoretical loss function and its empirical expression are respectively of
the following form :

60)= [ enlpz), vl Zso@ )= [ elepaiz)

Let {p9(.);0 € O} be a class of measurable functions and for all z € [0, 1]%, the
application 0 — py(2) is continuous on the compact parameter space O.

Assuming that the estimator 6, is a zero of the loss function 1, (6) and expand
Vo, using the Taylor expansion, we have :

0= V0¢n(én) = v0¢n(8) + veﬂwn(én)(én - 0) (2'7)

where én is between én and 6. Hence, we have :

0= 0= = [Voutn(@)] % Varn(6) (28)

Let’s denote M,, = Vy Q@Dn(én) a d-dimensional Hessian matrix. By definition

of M,, and A = E[V} 404(T)], we obtain M, 98 A as n — +oo.
The function V(. ) being continuous on the right and in addition of bounded
variations, with integration by part, we obtain :

Vi {(Vaun(0) — E[Vapo(T)]} = ﬁ{ Vogo(2)Pa(dz) - vesoe<z>P<dz>}

[0,1]4 [0,1]¢

= Vn Vopos(z) (P, —P)(dz)

[0,1]¢

= (-1 VnVopy(dz)(P, — P)(z)

[0,1]
With condition 7 (see [2]), the continuous application theorem et the weak
convergence of the empirical process /n(P, — P) to n(z) — Z Co(2)m(2) (see
Proposition 3.1 in [20] and under condition 9 see [2]). We deduce that the weak
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limit of \/nVgi),(0) exists, is centered and Gaussian, namely;

/ {n(Z) - ZQk(Z)m(Z)} Vowo(dz).

k=1

Applying the formula (2.8), we get :
\/ﬁ(én —0) = M;'/nVou(0) + 0,(1)
= M, VnVope(dz) (P, —P)(2) + 0,(1)

(0,1]¢
Hence, using Slutsky lemma and the fact that the limit matrix A is invertible,
the limit law © of ©,, is :

o—a [ {n(Z) - ZQku)nk(z)} Vop(dz).

3. GOODNESS-OF-FIT TEST PROCEDURE

3.1. Asymptotic results. This section introduces a test procedure based on a
non-parametric consistent estimation of a copula by the empirical copula. The
empirical copula is defined by [11] as a distribution function of the sample of
normalised ranks. He proved the low consistency of the empirical process to a
centered gaussian limit under the independence conditions, that is in the specific
case as Cy(a,b) = ab. This outcome has been applied in the context of a general
distribution by [15], [12] and [29]. An idea emitted by [I2] and explored by
[25] and [19] is to base a goodness-of-fit test on a edited copy of C, 4, namely

C,=+vn (Qn — Qén), where 0, is the consistent estimator of §. Under the three
natural assumptions listed below, the asymptotic study of the empirical copula
process C,, has been carried out in [25, (].

Ay : For any 6 € O, the first order partial derivatives of Cy exist and are
_continuous. R

Ay : Forany € O, 6, = \/ﬁ(en — 6) converge to ©.

As : For any 0 € O,

sup  sup |l (t) — Cy(t)] — 0,
|0*—0||<e telo,1]¢

as € — 0, where

. 00, (t 90, (t)\ "
ge<t>=vegez( ggf),..., 52()) e o1
P

Proposition 3.1. Under Ay, Ay and As, the goodness-of-fit process
C, = vn(C, —Cy ) converges weakly in D([0,1]?) to the tight centered Gaussian
process

C(t) = Cy(t) — Gy (1), t € [0,1]7, (3.1)
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d

Cy(t) 2809 s 1t 1,01,

j=1 0t

and where 1y is a tight centered gaussian process on [0, 1] with covariance function
E1o(t)110(v)] = Co(t A v) — Cy(t)Cy(v), t,v € [0,1]". (3.2)
Proof. Let us consider the following decomposition of the empirical process

C,=vn(C,—C;) = Vn(C,—Cy)+vn(Cy—C4.) = vVn(C,,—Cy) —vn(Cy, —Cl).

By putting C,, = C,, y — Z,,¢, this means C, 4 = \/n(C, — Cy) and
Zn,@ = \/ﬁ(gén _~ QG)

As assumption A; is satisfied, the empirical process C,, , converges to C,.

LT A
Next, let us prove that Z, g is close to Cy 0,, for n sufficiently large. It is then
necessary to prove that | Cs — Cy| converges in probability to 0. By applying the

mean-value theorem there exists a 6* such that ||6% — || < ||6, — 0] and

C5,(8) = Co(t)] = [l6, — BIlICs, (t)]
< |[6n = OllC; (8) — Co(E)]] + (160 — OI11C(t)]

Since assumption A, implies that ©,, = /n (én — 9) converges in distribution to
O, under Slutsky’s theorem the secondary term converges of inequality to 0 in
probability. For the first term, design for all 3 > 0 the existence of an M = Mp
so that P(||©,|| > M) < /8 (for the sequence O, is tight). In addition, we have

P {16~ 01Cs,(6) = Co(6) = a} = P {16~ 0]1Cs, (6) = Cy(t)] = v, O] < M}
+P {11, — Ol (6) — Colt)] > a0, O] = M}

Or

P {116 — 0111Cay () — Co(6)] > o, [O0]) > M} < P{O,]| > M}.
Then

te[0,1]¢

P {10, — OllCoy (t) — Co(t)] 2 0} < P{ sup 10 = 011l (£) = Co(6)] = @, 0] < M}
+P(|0,]| = M)

SIP’{ sup sup [Cy. (t) — C. ()I>—}+ﬁ

105 —6ll<N/vm te[o,1]¢

where the latter inequality is caused by the inclusion of the matching events and
from the proper choice of the constant M depending on f.
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Since 8 > 0 may be chosen arbitrarily small, and applying the assumption Asj,
we have :

lim P sup sup |Cy. (t) — Cy(t)] > 2l
n—+oo | gx _g|<M/ym telond M

O

3.2. Test statistic and parametric bootstrap. As the shape of the statistic
(1.4) is not an explicit expression in common use, through [19], it is feasible to
extend it from a parametric bootstrap procedure. It can be presented as follows.

Sun= [ €200t (3.3)
[0,1]4

where C,, ,, = v/n(C,, — C,,) and C, is the empirical copula calculated by equa-
tion (1.3) from an artificial sample of (5 in order to approximate it. The
Cramér-von Mises test statistic was selected due to its full good performance
in the large-scale simulation studies of [5] and [20].

In the bivariate case, we obtain the expression of the Cramér-von Mises statistic,
the tool for setting up a parametric bootstrap procedure. It is characterized by
the following relationship.

where p V ¢ = max(p, q).

The approximate p-value of the test employing Cramér-von Mises statistic will
be obtained by applying the parametric bootstrap method described below. This
one or two level procedure for testing goodness of fit can be gleaned from the
work of [19], in which the authors proved the algorithm’s validity. It Thus is
a computationally intensive technique that involves generating random numbers
of the assumed copula and estimating the copula parameters. However, it is a
generic re-sampling technique, very simple to implement, employed to perform
goodness-of-fit tests based on (1.2) in a multi-variate framework [3], [19]. For
some large integer N and with an estimator 6, of 6§ based on Y, ..., Y, the
parametric bootstrap consist in iterating the steps for all k£ € {1,..., N}.

To carry out the above task for a chosen family family of copulas C,, the
dependence parameter must be estimated from the available data. We then note
the use of the MMD estimator, implemented in R package (MMDCopula [1]).

4. NUMERICAL EXPERIMENTS

In this section, we illustrate the performance of the simulation-based test. We
consider one dataset with outliers and another without outliers.
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Algorithm 1 Approximation of test p-value
)

(i) : Produce a random sample Y%k” e Y from the null hypothesis copula

C,-
(ii) : Let Qék) and 6 denote the version of Cj, and 0, estimated from the

random sample Y%k), e Yff).

(iii) : Construct an approximate expression for the test statistic under Hy
as
Sflk%l = nf[(md {fo)(t) — Qf:)(t)}th, where Qi:), the approximation
of CW
_en N
(iv) : Assuming that large values of test statistic (3.3) lead to rejec-
tion of Hjy, an approximate p-value for the test is finally obtained by

N _ _
NS (S8 > Sum).
k=1

4.1. Study of power. The most fundamental issue concerns the probability of
first order error : does the test maintain its nominal size ? One interesting
property is the test’s ability to approximate the nominal level or size, usually
chosen at 5%. The aim of this section is to demonstrate the ability of our test to
maintain its nominal level and power under several alternatives.

If a test has a rejection probability lower than or equal to the significance level
a € (0,1), then such a test is called an a-level test. Common values for « are
0.05 and 0.01. As a test of level « is also a test of level & > a, the smallest of
these v is called the test size and stands for the maximum probability of first type
error [3]. Power of a test is the probability of rejecting the hypothesis Hy with
reason, that is, when the alternative hypothesis is "true”. Next, we examine the
power of the test in relation to various alternatives. In terms of distributions, the
four families of 2-dimensional one-parameter copulas considered for the study are
absolutely continuous cumulative distribution functions, namely the Gaussian,
Clayton, Gumbel and Frank distributions. Our simulations are performed on the
basis of the following elements :

e Assumed exchangeable bivariate copula model under Hj (4 choices : Gauss-
ian, Clayton, Gumbel, Frank),

e 2-dimensional copula model from which the data were generated (4 choices
: Gaussian, Clayton, Gumbel, Frank),

e Level of dependency, from Kendall’s tau : 7 € {0.25;0.50;0.75;0.85},

e Size of each sample drawn from copula : n € {100;250; 500},

e Nominal level of the test through the study : a = 5%.

For every test combination, 10000 replicates have been carried out to estimate
the empirical level or power of all the tests considered. In other terms, 10000
random samples are generated and then employed to estimate the rejection per-
centages of the four null hypotheses considered. The estimated rejection rates
of the null hypothesis in the test for a family of Gaussian, Clayton, Frank and
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Gumbel copulas are recorded respectively in tables 1, 2, 3 et 4 for sample sizes
100, 250 and 500. In addition, empirical levels are summarized in italics.

In the light of the values of the various tables concerning empirical levels, we
can state that all tests are overall satisfactory for maintaining their prescribed
nominal level of 5%. There is a good trade-off between the probability of em-
pirical and theoretical error of the first type in the various cases. We notice this
as the sample size and the value of 7 increase. But, this is not entirely true for
certain Kendall’s tau, for example with 7 = 0.85, whose approach remains overly
conservative in certain circumstances.

All the copula models under consideration throughout the investigation have the
independence copula and the Fréchet-Hoeffding upper bound, M (a, b) = min(a, b)
as their limiting copulas at 7 = 0 and 7 = 1 respectively. This is justified by the
results of the various tables, namely, as the value of 7 changes from 0 to 1, the
power of the test grows, steadies and, in some instance, decreases.

For each case, when the sample size becomes significant, our test has reasonably
good power to reveal departures from the null hypothesis when the true copula is
not the same. In addition, the power is also acceptable in several test combina-
tions, with a value of at least 80%. In a nutshell, we can see that the performance
of our various tests improves with the sample size, as it should in order to ensure
the consistency of the approach.

In table 1, when testing the Gaussian hypothesis against the alternatives, Clay-
ton and Gumbel having non-zero lower and upper tail dependence coefficients re-
spectively, the approach does not fare as well for the smallest size. For example,
for n = 100 , we have 29.78% at 7 = 0.25 and 36.08% at 7 = 0.75 for the Clayton
alternative and for the Gumbel alternative 69.89% at 7 = 0.25. For example, in
Table 2, we note that when the Clayton copula is tested on a random sample of
size n = 250, the rejection rate of the null hypothesis is around 95.31%, when
the data are generated from the Gaussian copula with 7 = 0.25. We also notice
in this table that the powers are higher than for testing the Gaussian, Frank and
Gumbel hypotheses. This illustrates that it is easier to test the Clayton hypoth-
esis. table 3 provides the rates of rejection of the Gumbel hypothesis. We can
also see that our approach achieves very good performance. However, we find low
proportions, namely 09.70%, 04.11%, 22% when the data are drawn from Gauss-
ian and Frank copulas respectively. As dependency increases, the test remains
powerful in detecting deviations from the Gumbel copula. The results in table 4
illustrate the usefulness of our estimator in terms the good performance of our
approach with a significant rejection rate, that is, above 80%. But low power, for
size n = 100, comes from Gaussian copulas with moderate dependency. This is
explained by the fact that these copulas are similar when the dependencies are
moderate.

In summary, the results presented in the various tables show that the method
chosen to estimate the copula family parameter for the null hypothesis has a sig-
nificant impact on the performance of the goodness-of-fit test procedure. Over-
all, the performance of our approach with the MMD estimator is satisfactory for
moderate and large sample sizes that evolve with the level of dependence. The
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empirical level and power of the test are also appreciable. So, this approach may
provide an alternative for fit testing.

TABLE 1. Empirical level and power of test at significance thresh-
old @« = 5% : percentage of rejecting, as estimated from 10000
replications, of the null hypothesis bivariate Gaussian copula un-
der four copula models and four levels of dependance.

alternative sample Kendall tau 7
copula size n  0.25 0.50 0.75 0.85
Gaussian 100 0.08 2.48 5.00  0.48

250 1.89 5.00 5.00 0.93
500 4.92 5.00 5.00 0.11

Clayton 100 29.78 8542 36.08 99.00
250 97.88  100.00 99.49 99.66
500 100.00  100.00 99.97 99.96

Gumbel 100 69.89 9691 85.90 99.96
250 98.79 9790 96.65 99.85
500 80.76 9797 99.86 99.94

Frank 100 7220  83.53  95.12 99.97
250 9547 9552  97.89 100.00
500 99.10 95.84 97.74 99.99

4.2. Robustness to perturbation of the data. In this part, we provide a sim-
ulation study on the robustness of fit test using the empirical process of gaussian,
clayton, gumbel and frank copulas. We are looking at the test’s ability to ap-
proximate its nominal level, as well as its performance to identify alternatives in
the presence of contaminated data.

In a nutshell, we wish to answer the question of whether the fitting test with the
robust MMD estimator is likely to maintain its performance with a data sample
where we note the presence of outliers. We then enjoy the disturbance effect
caused by the mixture of observations coming of a parametric copula with the
original structure. To evaluate the power and nominal level of test, we identify
four kinds of outliers. They come from :

e Gaussian copula with a Kendall’s tau equal to 0.2;
e Clayton copula with a Kendall’s tau equal to 0.5;
e Frank copula with a Kendall’s tau equal to —0.8;
e Frank copula with a Kendall’s tau equal to 0.5.
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TABLE 2. Empirical level and power of test at significance thresh-
old o = 5% : percentage of rejecting, as estimated from 10000
replications, of the null hypothesis bivariate Clayton copula under
four copula models and four levels of dependance.

alternative sample Kendall tau 7
copula size n  0.25 0.50 0.75 0.85
Gaussian 100 89.09 97.36  92.20 100.00

250 95.31 100.00 99.66  99.53
500 98.79  99.95 100.00 99.90

Clayton 100 5.00 5.00 0.17  5.00
250 5.00 5.00 5.00  0.04
500 5.00 5.00 5.00  0.32

Gumbel 100 95.76  100.00 99.56  99.96
250 98.88 99.96  99.70  100.00
500 100.00  100.00 100.00 100.00

Frank 100 98.41  99.27  97.98 100.00
250 97.80 100.00 99.23  100.00
500 99.97  100.00 100.00 100.00

TABLE 3. Empirical level and power of test at significance thresh-
old o = 5% : percentage of rejecting, as estimated from 10000
replications, of the null hypothesis bivariate Gumbel copula under
four copula models and four levels of dependance.

alternative sample Kendall tau 7
copula size n  0.25 0.50 0.75 0.85
Gaussian 100 09.70  53.04 100.00 98.80

250 99.93  93.93 84.85 99.98
500 86.84 9895  98.69 100.00

Clayton 100 96.45 99.99 89.94 100.00
250 99.98 100.00 99.75 100.00
500 100.00  100.00 100.00 100.00

Gumbel 100 5.00 0.04 5.00  0.00
250 2.64 5.00 5.00  0.00
500 5.00 5.00 5.00  5.00

Frank 100 04.11  22.00 83.46 100.00
250 79.75  79.07  97.94 100.00
500 98.00 99.60  99.96 100.00
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TABLE 4. Empirical level and power of test at significance thresh-
old o = 5% : percentage of rejecting, as estimated from 10000
replications, of the null hypothesis bivariate Frank copula under
four copula models and four levels of dependance.

alternative sample Kendall tau 7
copula sizen 0.25  0.50 0.75 0.85
Gaussian 100 68.80 32.46  60.80 97.45

250 82.88 8491 83.63 99.84
500 86.93 99.09  97.15  99.96

Clayton 100 96.03  99.97 100.00 99.58
250 99.58 99.87  97.07  100.00
500 99.82 100.00 97.24  100.00

Gumbel 100 81.69 99.71  99.88  99.99
250 96.00 99.89  79.19 100.00
500 89.81 96.06  93.06 100.00

Frank 100 5.00 5.00 0.57  5.00
250 5.00 5.00 5.00  0.67
500 5.00 5.00 5.00  0.24

We thus considered perturbed models in which a quantity of observations has

been substituted by random observations generated from another parametric cop-
ula. We set the proportions equal to ¢ = 5% and ¢ = 10% outliers. As bivariate
mixing copulas, we propose the following models :

® EGF - (1 - C)QGaussian + CDFTank;
o ‘CCF = (1 - C)chayton + CDFrank;
b ‘CGG = (1 - g)QG’umbel + CDG’aussian;
b ‘CGC = (1 - Q)QGumbel + CDC’layton-

The data is selected from the desired copula and sampled on [0;1]?. In order
to encompass a wide field of dependence structure, our four choices of mixing
copulas are focused on mixing various types of tail dependence.

To highlight the effect of the mixture two parametric bivariate copulas, scatter
plots of four mixing copulas are shown in Figures 1 and 2 (sample size n = 500,
contamination proportions ¢ = 5% and ¢ = 10% respectively for the perturbing
bivariate copula).
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DaT[.2)
DaT[.2]

DaT[,2)
DaT[,2)

FIGURE 1. Scatter diagrams of random samples of size 500 from
four bivariate mixture copulas. Data from the raw sample (the
"true” copula, 7 = 0.25) are indicated in black (circle), while data
samples drawn from the parametric copula perturbing the mixture
(proportion ¢ = 5%) are indicated in red color (triangles). The
mixture distribution is composed of Gaussian copula perturbed by
Frank copula (7 = —0.8, upper left plot), Clayton copula perturbed
by Frank copula (7 = 0.5, upper right plot), Gumbel copula per-
turbed respectively by Gaussian distribution (7 = 0.2, lower left
plot) and Clayton copula (7 = 0.5, lower right plot).
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DaT[.2)
DaT[.2]

DaT[,2)
DaT[,2)

FIGURE 2. Scatter diagrams of random samples of size 500 from
four bivariate mixture copulas. Data from the raw sample (the
"true” copula, 7 = 0.25) are indicated in black (circle), while data
samples drawn from the parametric copula perturbing the mixture
(proportion ¢ = 10%) are shown in red color (triangles). The mix-
ture distribution is composed of a Gaussian distribution perturbed
by Frank copula (7 = —0.8, upper left plot), Clayton copula per-
turbed by Frank copula (7 = 0.5, upper right plot), Gumbel copula
perturbed respectively by Gaussian distribution (7 = 0.2, lower left
plot) and Clayton copula (7 = 0.5, lower right plot).

In this simulation study, four families of absolutely continuous bivariate copulas
are chosen for the null hypothesis, namely the Gaussian, Clayton, Gumbel and
Frank copula, as well as under different alternative mixture copulas. Our proce-
dure has been investigated for three sample sizes, n = 100, n = 250 and n = 500
in order to assess the improvement of the power of the goodness-of-fit test with
increasing sample size. In addition, the approach is implemented with a choice of
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copula parameters under the null hypothesis that corresponds to Kendall’s tau,
7 = 0.25, and with various options of perturbing copula parameters according to
7€ {-0.8;0.2;0.5}.

The values of the numerical experiment on the power of the adequacy test
for parametric 2-dimensional mixture copulas and different contamination rates
are summarized in Tables 5 and 6. In table 5, the results for copulas for the
null hypothesis with the mixing parameter ( = 5% of the perturbation copula
and the three different contaminated sample sizes are reported. Table 6 provides
the percentages of the different copulas with the null hypothesis for an outlier
proportion ¢ = 10%. As we can observe in both tables, the test maintains its
nominal level for the different sample sizes. Rejection rates remain mostly lower
up to 0.01% for the principal component of the composition.

Concerning the influence of data perturbations, the tables 5 and 6 (( = 5%,
¢ = 10%) indicate that the test performance is relatively significant for all choices
of mixture copulas. A few exceptions occur in relation to the smaller sample
size n = 100 (e.g. rejection rates of 8.80%;42.74% and 37.01% respectively for

TABLE 5. Empirical level and power of test at significance thresh-
old a = 5% : rate of rejecting as estimated from 10000 replica-
tions, of the null hypothesis for the contaminated data samples.
The mixture distribution was parameterized with 7 = 0.25 while
the parameters of the disruptive copula were chosen according to
7€ {—0.8;0.2;0.5} and ¢ = 5%.

Copula ¢(=5%
True copula under Hy n = 100 n = 250 n = 500

Gaussian 4.53 0.84  5.00

Gaussian/Frank Clayton  66.41  99.53  99.68
Gumbel  63.20 6743  98.30

Frank 86.73  88.50  60.15

Gaussian  97.15  98.63  99.56

Clayton/Frank Clayton ~ 5.00 5.00 5.00
Gumbel 89.93  99.68  99.97

Frank 96.50 99.19 99.61

Gaussian ~ 97.55  98.33  99.95

Gumbel/Gaussian ~ Clayton ~ 97.85  99.57 100
Gumbel 5.00 5.00 02.63
Frank 96.8 92.74  90.30

Gaussian  88.21  98.29 100
Gumbel /Clayton Clayton  84.26 9791  99.80
Gumbel 04.19 01.09 5.00
Frank 08.80 60.93 95.71
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TABLE 6. Empirical level and power of test at significance thresh-
old v = 5% : rate of rejecting as estimated from 10000 replica-
tions, of the null hypothesis for the contaminated data samples.
The mixture distribution was parameterized with 7 = 0.25 while
the parameters of the disruptive distribution were chosen according
to 7 € {—0.8;0.2;0.5} and ¢ = 10%.

Copula ¢ =10%
True copula under Hg n =100 n = 250 n = 500

Gaussian  0.04 0.66 5.00

Gaussian/Frank Clayton  86.01 86.70  99.36
Gumbel  37.01  69.28  99.73

Frank 61.81 98.64 86.16

Gaussian  33.33  95.56  99.97

Clayton/Frank Clayton  5.00 5.00 4.96
Gumbel 23.76  98.68 100
Frank 55.79  99.96 100

Gaussian  85.21  95.44  97.90

Gumbel/Gaussian ~ Clayton — 55.17  99.25  99.98
Gumbel 5.00 5.00 5.00

Frank 89.95 90.73  94.58

Gaussian  89.88  97.09  98.91

Gumbel /Clayton Clayton  98.62 99.91  99.97
Gumbel 0.01 5.00 5.00

Frank 42.74  84.04  99.62

the Gumbel/Clayton mixture and Frank’s copula as copula in Hy and for the
Gaussian/Frank mixture and in #H, the Gumbel copula).

The proportion of rejection increases as the sample size becomes larger, ob-
served for the uncontaminated data and also with contamination rates from 5%
to 10%. We can see that the rejection percentage for the majority of cases is
greater than 80%, proving the power of the approach with the MMD estimator.
Furthermore, compared with the mixture copula studies of [31, 32], the power
of the test is comparatively high. This perfectly illustrates the robustness of the
goodness-of-fit test with the robust MMD estimator in the presence of outliers.
Finally, the presence of outliers in the distributions had no effect on the power
or empirical level of the adequacy test based on the MMD estimator, a likely
alternative in many situations.

5. CONCLUSION

In this study, we proposed the use of a robust minimum distance estimator, the
MMD estimator, and the Cramér-von Mises statistic on the basis of the empirical
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copula to adequately identify a parametric exchangeable copula. After stating
the asymptotic results of the procedure, we illustrated with the second-level para-
metric bootstrap procedure the capacity of test to approximate its empirical level
and power as sample size increases. The results on the comparative studies of the
powers of the contaminated and non-contaminated samples (0%; 5% and 10%)
showed the stability in the proportions of rejection of the null hypothesis. In a
word, the robustness of the test of fitting the exchangeable parametric copulas
to the contaminations of the data was achieved through the MMD estimator. In
sum, this fitting approach could be a valid alternative for an adequate method
for selecting copula models in the presence of outliers.
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