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EXTENDED CENTROID OF HYPERRINGS
HASRET YAZARLI**, BLJAN DAVVAZ? AND DAMLA YILMAZ3

ABSTRACT. In this paper, the notation of extended centroid is applied to hy-
perring. We show that the extended centroid C' of a hyperring is a hyperfield.
Also, we show that if a, b € S such that axb = bxa for all z € R, then there
exists ¢ € C' such that qa = b where R is a prime hyperring and S be the cen-
tral closure of R. Finally we give some relations between the extended centroid
and derivation in hyperring.

1. INTRODUCTION

The concept of hyperstructures was introduced by Marty in 1934 at the 8th
Congress of the Scandinavian Mathematicians [ 1] and has been studied in the
following decades by many mathematicians. The theory of hypergroups appears
in [3]. Krasner [9] introduced the notion of hyperrings and hyperfields. The basic
results of hyperstructures and hyperrings are found in [1] and [5]. Also, we refer
the reader to see [0, 7, 8, 12, 13, 14, 15, 16, 17, 18]. A well-known type of a
hyperring is called the Krasner hyperring. Krasner hyperring is an essential ring
with approximately modified axioms in which addition is hyperoperation, while
the multiplication is an operation. This type of hyperrings has been studied by a
variety of authors. The notion of Martindale rings of quotients, jointly with the
notion of the extended centroid, play an important role in the study of prime rings
satisfying a generalized polynomial identity, see [10]. The study of derivations in
rings got interested after Posner [19], who give remarkable results on derivations of
prime rings. Then the notion of derivations has been developed by many authors.
There exist many results concerning the relationship between the quotient ring
and the existence of certain specific types of the derivation of the ring. In [1],
Asokkumar studied derivations in Krasner hyperrings and gives examples. In this
paper, the notation of extended centroid is applied to hyperring. We show that
the extended centroid C' of a hyperring is a hyperfield. Also, we show that if a,
b € S such that azb = bza for all x € R, then there exists ¢ € C' such that qa = b
where R is a prime hyperring and S be the central closure of R. Finally we give
some relations between the extended centroid and derivation in hyperring.
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2. PRELIMINARIES

A mapping o : H x H — P*(H) is called a hyperoperation, where P*(H)
is the set of nonempty subsets of H. An algebraic system (H,o) is called a
hypergroupoid.

For any two nonempty subsets A and B of H and x € H, we define

AoB = Uaob,on:Ao{m} and x o B = {z} o B.
acA
beB

A hyperoperation “o” is called associative if ao(boc) = (aob)oc for all a,b,c € H,

which means that
U aou= U voec.

u€boc vEaob

A hypergroupoid with the associative hyperoperation is called a semihypergroup.

A hypergroupoid (H, o) is a quasihypergroup, whenever ao H = H = H oa for
alla € H. If (H, o) is semihypergroup and quasihypergroup, then (H, o) is called
a hypergroup.

Definition 2.1. [5] A Krasner hyperring is an algebraic structure (R, +, -) which
satisfies the following axioms:

(1) (R,+) is a canonical hypergroup, i.e.,

(i) (r+vy)+2z=ax+ (y+ z2) for every z,y,z € R,

(ii) x +y = y + x, for every z,y € R,

(iii) For all = € R, there exists 0 € R such that 0 + = = {x},

(iv) There exists an unique element denoted by —z € R for every x € R such
that 0 € z + (—x),

(V) z€x+yimpliesy € —z + z and z € z — y, for every z,y, z € R,

(2) (R,-) is a semigroup having zero as a bilaterally absorbing element, i.e.,

(i) (z-y)-z=x-(y-z), for every z,y,z € R,

(ii) Forallz €e R, z-0=0-2 =0,

(3) The multiplication is distributive with respect to the hyperoperation +, i.e.,
forevery ,y,2 € R,z - (y+2)=z-y+ax-zand (x+y) - z2=2-2+y- 2.

Since —A is the defined by the set {—a | a € A}, we have —(—z) = z and
—(x 4+ y) = —x — y. In definition, for simplicity of notations we write sometimes
xy instead of z -y and in (iii), 0 + = x instead of 0 + z = {x}.

If there exists an element 1 € R such that la = al = a for every a € A in a
hyperring R, then the element 1 is called the identity element of the hyperring R.
The hyperring R is called a commutative hyperring, if ab = ba for every a,b € R.

A hyperring R is called a hyperdomain if R does not have zero divisors. In
other words, for z,y € R if xy = 0 then either x = 0 or y = 0.

A Krasner hyperring is called a Krasner hyperfield, if (R\ {0} ,-) is a group.

Throughout this paper, by a hyperring we mean that Krasner hyperring.

Let R be a hyperring. A nonempty subset S of R is called a subhyperring of
R/ifz—yCSandaxyeSforal z,y €S.
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A subhyperring I of a hyperring R is a left (resp. right) hyperideal of R if
ra € I (resp. ar € [ ) forall” € R, a € I. A hyperideal of R is both a left and
a right hyperideal.

Lemma 2.2. [5] A nonempty subset A of a hyperrring R is a left (right) hyper-
ideal if and only if

(1) a—bC A, foralla, be A,

(2)ra € A (ar € A) for alla € A, r € R.

Let A and B be nonempty subsets of a hyperring R
A+B={z|xz€a+0bforsomeac A bec B}

and

AB:{x|x€2aibi,aiEA,biEB,nGZJF}.
i=1
If A and B are hyperideals of R, then A + B and AB are also hyperideals of R.

A hyperideal P of a hyperring R is called prime hyperideal, if for hyperideals I
and J of R, satisfying I.J C P implies I C P or J C P. A hyperring R is called
a prime hyperring if aRb = 0 for all a,b € R implies a = 0 or b = 0.

Example 2.3. Let R = {0, z,y} with the hyperoperation and the multiplication
given in the following tables:

+ 0 x Y . 0 x Y
0 0 x Y 0 0 0 0
x x x R x 0 x Y
y y Ry y |0y oz

Then, R is a prime hyperring.

Definition 2.4. [5] Let R; and Ry be hyperrings. A mapping ¢ from R; into R
is said to be a good (strong) homomorphism if for all a,b € Ry,

p(a+b) = p(a) + ¢(b), p(ab) = p(a)p(b) and (0) = 0.

A good homomorphism ¢ is an isomorphism if ¢ is one to one and onto. If
there exists isomorphism between hyperrings R; and Rs, we write R; = Rs.

Corollary 2.5. Let ¢ be a good homomorphism from Ry into Ry. Then ¢ is one
to one if and only if ker ¢ = {0}.

Let R be a hyperring. A canonical hypergroup (M, +) together with the map
-t Rx M — M is called a left hypermodule over R if for all ri,r7, € R,
my, mg € M the following axioms hold:

(1) ri(ma +ma) = rimy + rimo,

(2) (r1 +12)my = rimy + ramy,

(

(

1
2)
3) (7“17’2)7711 = 7’1(7“27711),
4) ORm1 == OM
A subhypermodule N of M is a subhypergroup of M which is closed under
multiplication by elements of R.
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Definition 2.6. Let M and N be two R-hypermodules. A function f: M — N
that satisfies the conditions:

(1) f(z+y) C flx) + fy),
(2) f(zr) = f(z)r, for all r € R and all z,y € M,
is called to be an right R-homomorphism from M into N.

In definition, if the equality holds, then f is called a good (strong) right R-
homomorphism.

Definition 2.7. Let R be a hyperring. A map d : R — R is said to be a
derivation of R if d satisfies:
(i) d(z +y) C d(z)+d(y)
(1) d(zy) € d(zx)y+ zd(y) for all z,y € R.
If the map d is such that d(z +y) = d(z) + d(y) and d(zy) € d(x)y + zd(y) for
all x,y € R, then d is called a strong derivation of R.

Proposition 2.8. [I] Let d be a derivation of a prime hyperring R and a € R
such that ad(u) =0 (or d(u)a =0) for allu € R. Then either a =0 or d = 0.

3. EXTENDED CENTROID

Let R is a prime hyperring and H = H(R) be the set of all nonzero hyperideal
of R by

H = H(R)={U | {Og} # U is hyperideal of R} .
Let FF = {fy|f:U — Ris a good right R-homomorphism and U € H}. The
relation = is defined by:

fu = gy < there exists K € H and K C U NV such that f = ¢ on K.

Let U,V € H. Then there exists a {Og} # K € H, since R is a prime hyperring.
AsUCUNUand f = fonU, fy~ fyforall U € H. Let fy,gy € F and
we assume that fy =~ gy. Hence there exists K € H and K C U NV such that
f=gon K. Thus, K € H and K C V NU such that ¢ = f on K. That is,
gv =~ fu. For fu,gv,hw € F, suppose that fy ~ gy and gy = hy. Hence there
exist K1, Ko € Hand K1 CUNV and Ky C VN W such that f = ¢ on K; and
g=hon Ky. Then, {0} #K =K NK, C{UNV)N(VNW)CUNW and
f=hon K, ie., fy = hy. As a result, we have &~ an equivalence relation on

F'. We denote the equivalence class by } and denote by @), set of all equivalence
classes. We define a hyperaddition "+” on @, as follows:

fu+ov="F+9unv

for all f;, gy € Q.,where f +g¢g:UNV — Ris a good right R homomorphism.
Assume that fiy, ~ for, and g1y, = gay,. Then IK (€ F) C U; N U, such that
fi = f2 on K7 and 3K,(€ F) C Vi NV, such that g1 = g2 on K,. Taking K =
KN Ky andso K € D. For any € K, we have (fi +¢1) () = fi(z)+ g1 (x) =
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U{t@) [ tx) € fi (@) + g1 (2)} = [ J{t(@) € fo (@) + 92 (2)} = fo () + g2 (2) =
(f2+ g2) ( ) and 50 f1+g1 = fa+ g2 on K. Therefore fi+g1, v, = f2+ 92y, 00,
which means that the addition in (), is well-defined.

Now we will prove that (), is a canonical hypergroup. Let }U, gy, ;LW be
elements of @,. Since UN (VW) =UNV)NW, forallz e UN(VNW)

(f+9)+h (@)= (f+9)@) +hz)= |J )+ h)

t(z)e(f+9)(x)

= U {k@) | k@) € t(z) + h(2)}

t(z)E(f+g)(z)
:U{k z) | k(x) € (f(z)+ g(x)) + h(z)}
_ U (hia F() + (9(a) + b))
= U {()|/f()€f(l’)+p(fﬂ)}
p(x)eg(z)+h(z)

= U  f@)+pl) =f@)+(g+h)()

p(x)e(g+h)(z)

=[f+g+n]().
Hence (f+g)+h=f+(g+h)on UN(VNW). That is (J_CU—i-g_x/)%—ﬁW:

}U + (gv + hw> . One can easily check that }U +gv =gv+ }U. Taking 9;1 e Q.
where : R — R, x +— Oforallz € R. SinceU C UNR, (0+f)(z) =0(x)+f(x) =
0+ f(x) = f(z) for all x € U. Then we have Op + }U = }U and similarly
f v+ 93 = J_"U for all fU € @,. Hence Q_R is the additive identity in @,. Let

—fU €Q,,where—f:U — R,z — —f(x) = (—f)(x) forallz € U. Since —f(x)
is the unique inverse of f(z) in R, we have 0(z) € f(x) — f(z) = f(x) + (—f)(2)

forall x € U. So 9;3 € }U +(— }U) Finally, let fU, av, hW be elements of (), and

hW € fU+gV So there exists a f; € fU and a g, € gy such that h = f; +g,. For
any r € K(€ F) CUNV, we get h(z) = (fi+g1)(x) = fi(z)+g1(x) € f(z)+g(2).
Since R is a hyperring, h(z) € f(x) + g(x) implies g(z) € —f(x) + h(z) and
f(z) € h(x) — g(x). Thus we have g(z) € (—f + h)(z) and f(x) € (h — g)(z).
That is, gy € —fy + hw and f; € hy — gy. Therefore (Q,,+) a canonical
hypergroup.

2 ’7

Now we define a multiplication on (), as follows: for all ]_CU, gv € Q.

ng_V = EVU

where fg: VU — R is a good right R homomorphism. Assume that fiy, = fou,
and g1y, ~ gov,. Then 3K (€ F) C U; N U, such that f; = f, on K and
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dK,5(e F) C Vi N Vy such that g1 = g2 on Ky, Also ViU NVoU, C (U NU,) N
(VinVy) = (U NVy) N (Uy N V3) and there exists {Og} # K € H such that
K CViUyNnWU, . For any x € K , x € ViU, N VoU,. Thus x € ViU; and
x € VoUy. Then x = > ab;, a; € Vi NVa, by € Uy N U,. Therefore,

finite

(frg1) (x) = f1 (g1 (2)) = fu <91 (Z aibi>>

finite

(o)) s (o)
((zn)) oo 20)

= f2 (92 (7)) = (f292) (%) .
Thus f191 = fage on K. Hence ”.” is well-defined. Now we will prove that (Q,,.)

is a semigroup having zero as a bilaterally element. Let }U, av, h;v € Q,. Since

W(VU) = (WV)U, for all z € W(VU),

[(fg) h] () = (fg) (h(z))
= [ ((gh) (z)) =

Then (fg)h = f (gh) on W(VU). Thus, (ngV) hw = fu (gvhw). Now we

prove that fU HR = HR = GRfU for all fU € Q,. Since RUC RUNR and f0 =20

/(g ( (x)))
(f

on RU, we get fUHR = 6’R Similarly QRfU = QR

Let fU,gV,hW be elements of @Q,. Since (VNW)U C VU NWU, we get for
all z € (VNW)U,

[f(g +Ml(x) = f((g + h)(x)) = flg(x) + h(z))
= [(g(2)) + f(h(2)) = (fg + Fh)(2).

Then f(g+h) = fg+fhon (VAW)U. That is, f,; (g_v + h;v)) = fogv+fuhw.

sivilay, £ + g ) i = Fuh + g
Therefore, (Q,,+,.) be a Krasner hyperring.

Let 1}€Qr,by1:R—>R x +— x for all x € R. Since RU C U, we have
(f1) (z) = f(L(z)) = f(2) and (1f) (z) = 1(f (z)) = f () for all 2 € RU and

fU € @,. Then, fUlR = 1RfU = fU That is, 15 is identity element of @),.

Theorem 3.1. Let R be prime hyperring. Then R may be embedded in Q). as a
subhyperring.
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Proof. Let a € R. We consider the mapping A\, : R — R, \,(r) = ar for all
r € R. Clearly, A, is a good right R -homomorphism. Thus, A\, defines XaRof Q.
Now, we define A : R — @, by A(a) = A, for all a € R. Then ) is well-defined

and A is a good homomorphism. Also,

ker A = {aERM(a):H_R}:{a€R|XaR:9_R}
= {a€R| Ny ~0p}={a€R|aU =0}
= {a€R|a=0}={0}.
That is, A is injective. Thus, R is a subhyperring of @),. 0

We call @, the right quotient hyperring of R. We use ¢ instead of g;; € @), for
purpose of convenience.

Lemma 3.2. Let R be a prime hyperring. For each nonzero q € Q,, there is
nonzero hyperideal U of R such that q(U) C R.

Proof. 1t is obvious. O

Lemma 3.3. Let R is a prime hyperring. Then the quotient hyperring @, of R
18 a prime hyperring.

Proof. Let p,q € Q, and pQ,q = 6. If p £ 6 and g # 0, then there exist nonzero
hyperideals U and V of R such that p(U) C R, ¢(V') C R. Since p # fand q # 0,
there exist nonzero elements u € U and v € V such that p(u) # 0r # ¢(v). Since
R is a subhyperring of @,

p(u)Rq(v) S p(u)Qrq(v) = {0k} .
Hence, p(u)Rq(v) = {Ogr}. Since R is a prime hyperring, we have a contradiction.
Then, p =6 or ¢ = 0. Thus @), is a prime hyperring. |

Definition 3.4. The set

C:={geQ, | gf = fgforal f €Q}

is called the extended centroid of a hyperring R.

Obviously, C' is a subhyperring of @Q,. Let 8 # ¢ € C. Suppose that cf = 6
for any f € C. Thus, gcf = 6 for any g € Q). Hence cgf = 6 and so cQ,f = 0.
Since ¢ # 0, we have f = 0. Therefore, C' is a hyperdomain.

Theorem 3.5. C' is a hyperfield.

Proof. Let 0 # ¢ € C. Since ¢ € Q,, there exists {0} # U € H such that ¢cU C R.
Since R is a prime hyperring, cU # {0}. Let {0} # V = cU. Then V is a
hyperideal of R. Also, d:V — R, ca — a is a good R-homomorphism. Then,
d € @,. Since dc(a) = a = 1(a) for all a € U, dec = 1. Thus, 0 # c € C is
inverse. Moreover, 1 € (), is the multiplicative identity in C'. Therefore, C' be a

hyperfield. 0

Let S = RC, a subhyperring of ),.. We will call S the central closure of R.
One can easily show that S is prime.
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Theorem 3.6. Let R is a prime hyperring and S be the central closure of R. If
a,b € S such that axb = bzxa for all x € R, then there exists ¢ € C such that
qa =b.

Proof. We may suppose that a # 0, b # 0. Let U be a nonzero hyperideal of R
such that aU C R and bU C R and V = UaU. We define a mapping f : V — R,

fO- xay;) = > xby;, x;, yi € U. Suppose Y z;ay; = 0. Then
0 = ermayi = Z (br)z;ay; = Z b(rx;)ay;
= Z a(rx;)by; = Z(ar)m,»byi =ar Z x;by;.

Thus aUR(Z z;by;) C aR(Z z;by;) = 0, i.e., (aU)R (Z z;by;) = 0and so Y x;by; =

0 since R is prlme This show that f is well- deﬁned Clearly, f is a goozd right
R -homomorphism. Let ¢ is the element of (), determined by f and let p be any
element of (),, with pK C R for some nonzero hyperideal K of R. For xz,y € U

and z € K, (gp)(zzay) = q((pz)ray) = (pz)aby = p(zaby) = p(q(zzay)) =
(pq)(zxay). Since KU C K NU and pg = gp on KU, we have gp = pq for all
p € @,. This implies that ¢ € C'. In particular,

0 € zby — xby = q(zay) — xby = xqay — xby = x(qa — b)y.
Then U(ga — b)U = 0. Since V = UaU, we get
V(ga — b)V = UaU(gqa — b)UaU = 0.
Since R is prime hyperring, we obtain ga = b. Il
Proposition 3.7. Let dy, dy two non-zero derivation of a prime hyperring R. If
dy(x)dy(y) = da(x)dy(y) for all z,y € R (3.1)
then there ezists A € C' such that dy(x) = Ady(x) for all x € R.

Proof. For x,y € R we have

Replacing = by xz in (3.2), we get 0 € dy(z)zds(y) — do(x)2d;(y) for all z,y € R.
Thus,
dy(x)zdy(y) = da(x)zdy (y) for all z,y € R. (3.3)

Hence, there exists A(z) € C such that do(z) = A(z)dy(x) for all z € R by
Theorem 3.6. Thus by (3.3),

0€ (A@) = Ay))di(x)zdy (y). (3-4)

So, there is t € A(z) — A(y) such that 0 = tdy(x)zd;(y). Since R is a prime
hyperring and d; # 0, we conclude by using Proposition 2.8 that ¢ = 0. This
means that A(z) = A(y) for all z,y € R. Therefore, we show that there exists
A € C such that do(z) = Ady(x) for all x € R. This completes the proof. O
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Proposition 3.8. Let R be a prime hyperring, d, g, h and f be non-zero deriva-
tions of R. Let d(x)g(y) = h(x)f(y) for allz, y € R. If d # 0 and f # 0, then
there exists A € C such that g(z) = Af(z) and h(x) = Xd(z) for all x € R.

Proof. Suppose that d(x)g(y) = h(z)f(y) for all x, y € R and d # 0, f # 0.
Hence,

0 € d(x)g(y) — h(z)f(y). (3.4)
For every z € R, replace y by yz in (3.4),

0 € d(x)g(yz) — h(x)f(yz) € d(x)(g9(y)z +yg(2)) — h(x)(f(y)z + yf(2))
= (d(z)g(y) — h(x)f(y))z + d(x)yg(z) — h(z)y f(2).
Thus,
0 € d(z)yg(z) — h(z)yf(z) (3.5)
for all z,y,z € R. Replacing y by yf(t) for all t € R in (3.5), we get

0 € d@)yf(t)g(z) —h(x)yf(t)f(z) =d(x)yf(t)g(z) — d(x)yg(t)f(2)
= d(x)y(f(t)g(z) — g(t)f(2)).

Since d # 0 and from Proposition 2.8, we have f(t)g(z) = g(t)f(2) for all z,t € R.
Therefore, it follows from Proposition 3.7 that for all z € R, g(z) = Af(z). Then,

0 € d(z)yrf(z) — h(z)yf(z) = (Ad(x) — h(x))yf(2).
Since f # 0, we have h(z) = Ad(x) for all z € R by Proposition 2.8. O
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