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FIXED POINT CURVES FOR NON-EXPANSIVE MAPPINGS IN
2-BANACH SPACES
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Abstract. “This paper explores the existence and properties of fixed point
curves for non-expansive mappings in 2-Banach spaces. We introduce the con-
cept of a fixed point curve associated with weakly inward non-expansive map-
pings and provide sufficient conditions for its existence in 2-Banach spaces.
Furthermore, we establish an analogue of Browder’s fixed point theorem within
the context of 2-Banach spaces, thereby extending classical fixed point results
to this broader framework.”

1. Introduction

“Fixed point theory is a fundamental area of nonlinear analysis with wide-
ranging applications in optimization, differential equations, and dynamical sys-
tems [12]. The study of fixed points for non-expansive mappings has been ex-
tensively developed in Banach spaces, culminating in landmark results such as
the Browder–Göhde–Kirk fixed point theorem [12]. In recent years, attention
has shifted towards extending this theory to 2-Banach spaces, a generalization of
classical Banach spaces characterized by a bivariate norm structure [5, 16, 1].

This paper focuses on fixed point curves associated with weakly inward non-
expansive mappings in 2-Banach spaces. We investigate the existence of such
curves and examine their convergence properties. Our findings contribute to the
broader understanding of non-expansive mappings in generalized normed spaces
and enhance the theoretical foundation for fixed point approximation methods
[13, 14].

The concept of a 2-Banach space was first introduced by S. Gähler [5, 7, 8]
and later developed by K. Iseki, a developing body of literature in this area. In
1988, Sam B. Nadler and K. Ushijima introduced the notion of fixed point curves
in the context of linear interpolations of contraction mappings, employing the
Banach contraction principle . Building upon this foundation, our recent work
has focused on weakly inward contractions in 2-normed spaces, leading to the
formulation of fixed point curves in that setting [13, 14]. The notion of accretive
operators and the analogues of the Banach–Alaoglu theorem in linear 2-normed
spaces was explored by Harikrishnan et al. [10].
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In this paper, we extend these ideas to the realm of weakly inward non-
expansive mappings in 2-Banach spaces. We provide a detailed analysis of the
associated fixed point structures, offering new insights into their behavior and
further generalizing classical fixed point results.”

2. Preliminaries

“In [7], S. Gähler introduced the concept of a 2-normed space, which forms the
foundational basis for our investigations.

Definition 2.1. [7] Let X be a linear space of dimension greater than 1. Suppose
∥., .∥ is a real valued function on X × X satisfying the following conditions: For
x, y, z ∈ X and α ∈ F

(1) ∥x, y∥ = 0 if and only if x and y are linearly dependent
(2) ∥x, y∥ = ∥y, x∥
(3) ∥αx, y∥ = |α|∥x, y∥
(4) ∥x+ y, z∥ ≤ ∥x, z∥+ ∥y, z∥

Then ∥., .∥ is called a 2-norm on X and the pair (X, ∥., .∥) is called a linear
2-normed space or 2-normed space.

Definition 2.2. [9] Let X be a 2-normed space and C be a nonempty subset of
X. Then a mapping T : C → X is said to be non-expansive if for each x, y ∈ C

∥Tx− Ty, z∥ ≤ ∥x− y, z∥, ∀ z ∈ X.

Definition 2.3. [13] Let X be a 2-normed space and C be a nonempty subset of
X. A sequence {xn} in C is a b-approximating fixed point sequence of T : C → X
if

lim
n→∞

||xn − Txn, b|| = 0 ......(1)

and it becomes an approximating fixed point sequence of T if (1) is true for all
b ∈ X.

Definition 2.4. [12] Let K be a closed convex subset of a Banach space X and let
C ⊂ K. Then a mapping T : C → X is said to be inward mapping (respectively,

weakly inward) on C relative to K if Tx ∈ IK(x) (respectively,Tx ∈ IK(x) ) for
x ∈ C where

IK(x) = {(1− t)x+ ty : y ∈ K and t ≥ 0}.
and IK(x) is a closure of the IK(x) in X

Lemma 2.5. [12] IK(x) is a closed convex set containing K for each x ∈ K

Definition 2.6. Let K be a closed convex set. A map T : C ⊆ K → X is said
to be generalized inward on C relative to K if the following condition is satisfied

d (Tx,K) < ∥x− Tx∥, ∀ x ∈ C with Tx /∈ K

where d (y,K) = inf{∥y − u∥ : u ∈ K}.
Theorem 2.7. [13] Let K be a non empty closed convex subset of a 2-Banach
space X and T : K → X, a weakly inward contraction mapping. Then T has a
unique fixed point in K.

”
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3. Fixed point curve for Weakly inward non expansive mapping

“In this section, we explore the fixed point theory in the context of 2-Banach
spaces, which generalizes classical Banach space theory to spaces endowed with
a 2-norm. A key focus is the study of nonexpansive mappings, weakly inward
mappings, and conditions that guarantee the existence of fixed points for such
mappings.

We begin by defining the concept of weak convergence and b-weak convergence
in 2-Banach spaces, followed by the notion of a demiclosed mapping, which plays a
crucial role in establishing fixed point results. The 2-Opial condition, a significant
property of 2-Banach spaces, is then introduced, which aids in the analysis of
convergence behavior for sequences in these spaces.

The section also includes an analogue of Browder’s theorem in the setting of
2-Banach spaces. Specifically, we establish that every nonexpansive mapping
on a uniformly convex 2-Banach space has a fixed point, provided the space
is nonempty, closed, convex, and bounded. Furthermore, we show that if the
mapping I − T is closed, the nonexpansive mapping T has a fixed point in the
given subset.

Finally, we derive key results such as the demiclosedness of certain mappings,
the approximate fixed point property, and the convergence of sequences under
weakly inward nonexpansive mappings. ”

Theorem 3.1. “ Let K be a non empty closed convex subset of a 2-Banach space
X and let T : K → X be a weakly inward non expansive mapping. Then, for any
u ∈ K and λ ∈ (0, 1), there exists exactly one point xλ ∈ K such that

xλ = (1− λ)u+ λTxλ.

If diam(K) = sup{||x − y, z|| : x, y ∈ K, z ∈ X with z ̸= 0} < ∞, then xλ −
Txλ → 0 as λ → 1. ”

Proof. Let λ ∈ (0, 1) and u ∈ K. Define the mapping Tλ : K → X by

Tλ(x) = (1− λ)u+ λT (x).

Then for any x, y ∈ K and for all z ∈ X, we have

∥Tλ(x)− Tλ(y), z∥ = |λ| · ∥T (x)− T (y), z∥ ≤ λ∥x− y, z∥.

This shows that Tλ is a contraction with Lipschitz constant λ < 1. Hence, by the
Banach contraction principle, there exists a unique fixed point xλ ∈ K such that

xλ = Tλ(xλ) = (1− λ)u+ λT (xλ).

Furthermore, if diam(K) < ∞, then

∥xλ − T (xλ), z∥ = (1− λ)∥u− T (xλ), z∥ ≤ (1− λ) · diam(K),

which tends to zero as λ → 1.
□

‘‘Theorem 3.1 shows that, even if T does not have a fixed point, the family
{xλ} approximates a fixed point in the limit. ”
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Corollary 3.2. Let K be a non-empty closed convex and bounded subset of a
2-Banach space X and T : K → K a nonexpansive mapping. Then there exists a
sequence {xn} in K such that for any z ∈ X,

lim
n→∞

∥xn − Txn, z∥ = 0.

Proof. For each n = 2, 3, . . ., define λ = 1 − 1
n
∈ (0, 1) and fix y ∈ K. Consider

the mapping Tn : K → K given by

Tn(x) =
1

n
y +

(
1− 1

n

)
T (x).

This map is a contraction with Lipschitz constant 1 − 1
n
. By the contraction

mapping theorem, Tn has a unique fixed point xn ∈ K for each n. Moreover,

lim
n→∞

∥xn − Txn, z∥ = 0.

□

Theorem 3.3. “Let X be a 2-Banach space, and let K ⊂ X be a nonempty,
closed, and convex subset. Suppose T1, T2 : K → X are two weakly inward non-
expansive mappings. Then there exists a family of weakly inward nonexpansive
maps

{ϕt : K → X | t ∈ [0, 1]}
such that for every t ∈ (0, 1) and for any u ∈ K, there exists a unique point
xt ∈ K satisfying

xt = (1− t)u+ (t− t2)T1(xt) + t2T2(xt).

”

Proof. Define the map ϕ : K × [0, 1] → X by

ϕ(x, t) = (1− t)T1(x) + tT2(x).

Then,

∥ϕ(x, t)− ϕ(y, t), z∥ = ∥(1− t) (T1(x)− T1(y)) + t (T2(x)− T2(y)) , z∥
≤ (1− t)∥T1(x)− T1(y), z∥+ t∥T2(x)− T2(y), z∥
≤ (1− t)∥x− y, z∥+ t∥x− y, z∥
= ∥x− y, z∥ for all z ∈ X.

Hence, ϕ is nonexpansive uniformly over [0, 1].

Since T1 and T2 are weakly inward, we have T1(x), T2(x) ∈ IK(x) for all x ∈ K.
Then, by Lemma[2.5],

(1− t)T1(x) + tT2(x) ∈ (1− t)IK(x) + tIK(x) = IK(x).

That is,
ϕ(x, t) ∈ IK(x) for all x ∈ K and t ∈ [0, 1].

This shows that ϕ is weakly inward and nonexpansive on [0, 1].
Now define ϕt : K → X by

ϕt(x) = ϕ(x, t), for t ∈ [0, 1].
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Then for all x, y ∈ K, z ∈ X, and t ∈ [0, 1],

∥ϕt(x)− ϕt(y), z∥ ≤ ∥x− y, z∥.
That is, for each t ∈ [0, 1], the map ϕt is weakly inward and nonexpansive on the
closed convex subset K ⊂ X.

Therefore, by Theorem 3.1, for each t ∈ (0, 1) and u ∈ K, there exists a unique
point xt ∈ K such that

xt = (1− t)u+ tϕt(xt) = (1− t)u+ t[(1− t)T1(xt) + tT2(xt)]

= (1− t)u+ (t− t2)T1(xt) + t2T2(xt).

□

Definition 3.4. (Fixed Point Curve) Let T1 and T2 be two weakly inward
nonexpansive mappings on a closed, convex, and bounded subset K of a 2-Banach
space X. Let FW (T1, T2) denote the set of all solutions of the equation

x = (1− t)u+ (t− t2)T1(x) + t2T2(x).

for t ∈ (0, 1) and u ∈ K. Then the map

G : (0, 1) → FW (T1, T2), G(t) = xt,

is called the fixed point curve associated with T1 and T2.

Example 3.5. Consider the 2-Banach space (R2, ∥·, ·∥), where the standard 2-
norm is defined by

∥x, y∥ = |x1y2 − x2y1| for x = (x1, x2), y = (y1, y2) ∈ R2.

Define the mappings T1, T2 : R2 → R2 by

T1(x, y) =
(x
2
, y
)

and T2(x, y) =
(
x,

y

2

)
.

Both T1 and T2 are nonexpansive mappings on R2, and for each t ∈ (0, 1), the
convex combination

ϕt = (1− t)T1 + tT2

is also nonexpansive.
For t = 0.5 and u = (0, 0), the fixed point equation

xt = (1− t)u+ (t− t2)T1(xt) + t2T2(xt)

has a solution xt = (0, 0). Therefore, the fixed point curve satisfies

G(0.5) = (0, 0).

Definition 3.6. Let X be a 2-normed space and T : X → X. Then T is said to
have the approximate fixed point property (a.f.p.p.) if for every ϵ > 0, the set of
approximate fixed points Fϵ(T ) is non-empty, i.e.,

Fϵ(T ) = {x ∈ X : ∥x− T (x), z∥ < ϵ} ≠ ∅.

Definition 3.7. Let X be a 2-normed space. A mapping T : X → X is said to
be asymptotically regular if

∥T n(x)− T n+1(x), z∥ → 0 as n → ∞, ∀ x, z ∈ X.
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Lemma 3.8. Let X be a 2-normed space and T : X → X be such that T is
asymptotically regular. Then, T has the approximate fixed point property.

For each nonzero element b in a 2-Banach Space X , let < b > denote the
subspace of X generated by b consisting of all scalar multiples of b. The relation
∼ defined by x ∼ y if and only if x− y ∈< b >, is an equivalence on X and this
relation partitions X into equivalence classes. The equivalence class containing
x is denoted by (x)b. Let Xb be the collection of all such classes. Then Xb is a
Banach space with respect to the operations:

(x)b + (y)b = (x+ y)b

α(x)b = (αx)b

and the norm on Xb is given by ||(x)b|| = ||x, b||.
Let X∗

b be the dual of Xb, that is the collection of all bounded linear functionals
T : Xb → R such that |T ((x)b)| ≤ K||x, b|| for all (x)b ∈ Xb. Thus if X is a
2-Banach Space, both Xb and X∗

b are Banach Spaces.

Definition 3.9. A sequence {xn} in a 2-Banach space X is said to b-weakly
converges to x ∈ X if for every bounded linear functional T ∈ X∗

b , we have

lim
n→∞

T (xn) = T (x).

If this condition holds for all b ∈ X, we say that the sequence {xn} weakly con-
verges to x in X.

Definition 3.10. Let K be a nonempty convex subset of a 2-Banach space X,
and let T : K → X be a mapping. Then T is said to be demiclosed at v ∈ X if
for any sequence {xn} in K such that xn → u ∈ K and T (xn) → v, it follows
that T (u) = v.

Definition 3.11. A 2-Banach space is said to satisfy the 2-Opial condition if
every sequence that converges weakly to some x ∈ X satisfies

lim
n→∞

inf ∥xn − x, z∥ < lim
n→∞

inf ∥xn − y, z∥ for any y ̸= x and for all z ∈ X.

Theorem 3.12. Let X be a 2-Banach space that satisfies the 2-Opial condition,
K a nonempty weakly compact subset of X, and T : K → X a nonexpansive
mapping. Then the mapping I − T is demiclosed.

Proof. Suppose that {xn} converges to u in K, and that

lim
n→∞

∥(I − T )(xn)− v, z∥ = 0 for some v ∈ X and for all z ∈ X.

By the 2-Opial condition, we have

lim
n→∞

inf ∥xn − u, z∥ < lim
n→∞

inf ∥xn − y, z∥ for any y ̸= u and for all z ∈ X.

If (I − T )(u) ̸= v, then

∥xn − Tu− v, z∥ ≤ ∥xn − T (xn)− v, z∥+ ∥T (xn)− Tu, z∥
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would imply that

lim
n→∞

inf ∥xn − Tu− v, z∥ ≤ lim
n→∞

∥xn − T (xn)− v, z∥+ lim
n→∞

inf ∥xn − u, z∥

= lim
n→∞

inf ∥xn − u, z∥,

which contradicts the 2-Opial condition. Therefore, (I − T )(u) = v, and hence
the mapping I − T is demiclosed. □

Theorem 3.13. Let K be a nonempty closed convex bounded subset of a 2-Banach
space X, and let T : K → X be a nonexpansive mapping that is weakly inward.
If I − T is closed, then T has a fixed point in K.

Proof. By Theorem 3.1, xλ − Txλ → 0 as λ → 1. This implies that 0 lies in the
closure of (I −T )(C). Since I −T is closed, there exists a point x ∈ K such that
(I − T )(x) = 0, or equivalently, Tx = x. □

This following result provides an analogue of Browder’s theorem in 2-Banach
spaces, which can be derived directly from Theorem 3.13.

Theorem 3.14. (Analogue of Browder’s Theorem in 2-Banach Space):
Let X be a uniformly convex 2-Banach space satisfying the 2-opial condition and
let K be a nonempty bounded closed convex and weakly compact subset of X.
Then, every nonexpansive mapping T : K → K has a fixed point in K.

Proof. Let y ∈ (I − T )(K). Then there exist a sequence {xn} in K such that
xn → x in K and (I − T )(xn) → y in the 2-normed space X. By Theorem
3.12, I − T is demiclosed, which implies (I − T )(x)) = y. Hence, (I − T )(K) is
closed for any nonexpansive map T : K → X. Therefore, by Theorem 3.13, the
nonexpansive self map T : K → K has fixed point in K. □

Conclusion

In this paper, we have extended the theory of fixed points by investigating the
existence and properties of fixed point curves for weakly inward non-expansive
mappings in the setting of 2-Banach spaces. By introducing the notion of fixed
point curves in this generalized framework, we have identified sufficient conditions
under which such curves exist. Additionally, we have established a 2-Banach
space analogue of Browder’s fixed point theorem, thereby broadening the scope
of classical fixed point theory. These results not only deepen the understanding
of non-expansive mappings in 2-Banach spaces but also pave the way for further
studies on the geometric and topological properties of such spaces in the context
of fixed point theory.
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[6] M. Gürdal, A. Şahiner, and I. Acik, Approximation theory in 2-Banach spaces, Nonlinear

Analysis, 71 (2009), 1654–1661.
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