Gulf Journal of Mathematics
Vol 8, Issue 1 (2020) 16-22

A SIMPLE PROOF OF THE EXISTENCE OF THE DICKMAN
FUNCTION

RAFAEL JAKIMCZUK! *

ABSTRACT. In this article we give a simple proof of the existence of the Dick-
man’s function related with smooth numbers. We only use the concept of
integral of a continuous function.

1. INTRODUCTION AND MAIN RESULTS

Let 0 < a < 1 be a fixed real number and consider the number of numbers
not exceeding x such that their greatest prime factor does not exceed x®. These
numbers are called smooth numbers. We denote the number of these numbers
N(z,a). It is well-known [1] that

N(z,a) = ¢p(a)z + O <1O;), (1.1)

where ¢(«) is called Dickman’s function. This function of « is positive, strictly
increasing and continuous on the interval (0,1]. Clearly ¢(1) = 1. The proof
of (1) use the Riemann-Stieltjes integral and the prime number theorem is not
necessary (see [1]).

In this article using only the concept of integral of a continuous function we
give a simple proof of the weaker result

N(z,a) = ¢(a)z + o(x).

In this article p denotes a positive prime and |.| denotes the integer-part func-
tion.
We shall need the following well-known theorems.

Theorem 1.1. The following asymptotic formula holds

1 1
Z—:loglogx—i-M—i-O( ),
P log

p<w

where M is Mertens’s constant.
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Theorem 1.2. Let w(z) be the prime counting function. The following asymp-

totic formula holds
x
m(x) =0 (10gw> :

Theorem 1.3. Let f(x) be a continuous function on the closed interval |a, b,
then there exists ¢ € [a,b] such that

/ f(x) dz = f(e)(b— a).

Theorem 1.4. Let f(x) be a continuous function on the closed interval |a,b.
Given any number € > 0 there ezists 0. such that if |2’ — z"| < 0, then |f(2") — f(2")] <
€. That is, f(x) is uniformly continuous on |a, b].

Now, we can to prove our main theorem.
Theorem 1.5. If0 < o < 1 then the following asymptotic formula holds
N(e, z) = p(e)z + o(z) = p(e)z + f(z)z, (1.2)

where lim, o, f(x) = 0 and ¢(«) is positive, strictly increasing and continuous
on the interval (0,1]. Note that f(z) depends of o. Besides

¢<a>=1—él¢<1fx)§dx, (1.3)

where we put ¢ (=) = 1 if ze[1/2,1]. Therefore if 1/2 < o < 1 then ¢(a) =
1—fa1% dr =1+ log a.

Proof. Let us consider the multiples of p not exceeding . Namely

{p.l,p.Z, p EJ } (1.4)

The number of multiples of p not exceeding = such that p is their greatest prime
factor we denote B(x,p). Therefore B(z,p) < BJ Let 1/2 < a < 1 be, then
27 < 2% On the other hand if p > 2% then we have 2 < x2'=®. Therefore

{%J < % < a7 < a* < p. That is L%J < p, and consequently

Blz,p) = H . (1.5)

p
We have (see (1.5))

o] = Niayz) = Y Blep)= Y. H
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Now (see Theorem 1.2)

0< xa%.;q (% - EJ) <Y 1=r() < Cloz:r'

p<z

Z (% - ED =¢ (10;) - (L.7)

On the other hand, we have (see Theorem 1.1)

1 1 1 1

3 —:Z——Z—:—loch—O(l—). (1)
z*<p<z p p<zx p p<zxe p ogx

Substituting (1.7) and (1.8) into (1.6) we obtain

2] — N(a,z) = —zloga + O (10255) .

That is

Hence

T
N(a,z) = (1+loga)z + O (log:z‘) :

Therefore the theorem is true if o € [1/2,1].
Suppose that the theorem is true if o € [1/j,1], where j is a positive integer.
That is, we have in this interval

N(a,z) = d(a)z + o) = <1 - /alqb (1 v x) i d:c) rto(z), (19

¢(a):1—/al¢(1fx)ida: (1.10)

is positive, strictly increasing and continuous on the interval [1/7,1].
Suppose that Jﬁ <a< % Therefore we have

[] = N(a,z)= > Ble,p)= >, Blx,p)+ Y, Blz,p), (L11)

where the function

where (see (1.9))

Y Bla.p) = (/11 & (115) i dx) x + o(x). (1.12)

$1/j<p§$ /]

Note that (see (1.10)) on the interval [, 1/5] the function ¢ (%) is positive,
strictly increasing and uniformly continuous (see Theorem 1.4). Note that

1/(j+1) )

o (=R ) o
1-(1/G+1)

Consequently the function ¢ (%) % is positive and uniformly continuous on the

interval [a, 1/7]. Therefore if we consider the positive number e then there exists
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a partition of the interval [, 1/j], namely @ = 1 < s < -+ < [ = 1/j, such

that
Bit1 _ Bi € o -
¢(1—5i+1> ¢(1—5i)<j+1 (t=12....k-1) (1.13)

and such that if 2/, 2" € [5;, Biy1] (i =1,2,...,k — 1) then we have

/ 1
¢(1fx’)%_¢(1fx”)$<j+l (1.14)
We have (see (1.11))
k—1
> B(x,p) = > B(ap). (1.15)
zo<p<al/i =1 2B <p<aPiti

The inequality 2% < p < 2%+ implies the inequality z!=#+1 < £ < gl=F,
Therefore we have

hS]

Bit1
Bi 1=Bit1
p < 2l = (:clfﬂi“) = < (£> . (1.16)
p
and
Bi 1515
p> 2 = (2%) =5 ~ (f) " (1.17)
p
Let us consider (see (1.4)) the set {1, 2,3,..., L%J } Let C(x,p) be the number

of numbers in this set such that their greatest prime factor does not exceed p.
Consequently B(z,p) = C(z,p). Equations (1.2) and (1.16) give

B(fc’p)ZC(fc,p)§N<E ot ):¢( ot )erf(f)z

P’1—5i+1 1—piq1) p p)p

5i+1 € f { _ € {
(¢(1—ﬁi+1)+j+1>p+<f<p) j+1)p
x
>

() )
Equations (1.2) and (1.17) give
_ T B\ _ Gi \=x T\
Blop) = Clop) 2 N <5’ 1 —@) - (1 —ﬂz') » (p> p
b \__ < )2 G DR .
(¢(1_Bi> j+1)]9+(f p)+j+1)p
B € xz
({2 )
Theorem 1.1 gives
S = oY =l lg)bol (120

p
2Bi <p<zPi+1 p<zPit1 p<azPi
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Equations (1.18), (1.20), (1.13) and the mean value theorem give

> sens(o(12-) ) X g

B <p§:(:ﬁi+1 B <p§$ﬁi+l

B <¢ (1 flzﬂ) * Jj i 1) (log Bi41 — log B;) x + o(z)

Bit1 €
(0(125=) +-57) 5 (e = B a4 o)

< (o(125) 2t M(ﬁm 8w+ o(a)

= ¢ (1 @&) ﬁlz (Big1 — Bi)x + TT1G (5z+1 Bi)x +o(z). (1.21)

Equations (1.19), (1.20), (1.13) and the mean value theorem give

> B(x,p)Z(fb(lfiﬁi)_jjl)x >,

2B <p<zPitl 2Pi <p<gPitl

- (+(+5) 74
= (+(7) -7

Bz—{—l
> ((b(l—ﬁwrl)_z]—i—l) ﬁprl (ﬁerl 61)1'4-0( )

_ Biv1 1 o c |
= (Z5 (1 — /6i+1> Bi—i—l (ﬁerl /B’L> xr — + 1 /Bz—}-l (ﬁHl ﬁz) xr + 0(23][122)

Equations (1.15) and (1.21) give

> <$¢<1—@) 5, (B — 5@'))3:

k—1

> ﬁi (Busr — ) + ofa). (1.23)

i=1 7t

IN

(log Biy1 — log B;) © + o(x)

)5z+1 5%-&-1 B@ l’—FO( )
€

Equations (1.15) and (1.22) give

k-1
Bi 1
Z B(z,p) = <;¢ (1 _EH> By (Bis1 — @)) z

ze<p<gl/i

k—1
1
- 2 fr lx; 5 (B = B) + ofa). (1.24)
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We have [% <1/a (i=1,2,...,k), since §; > « (see above). On the other hand
(1/a) < j 41, since o > 1/(5 4+ 1) (see above). Therefore we have

1 1 /1 1
; 3, (Biv1 — Bi) < o (5 - a) < o <j+1 (1.25)
and
= 1 1/1 1
; Bt (Biy1 — Bi) < o (5 - Oé) < o <j+1 (1.26)

On the other hand we have (see Theorem 1.3 and (1.14))

1/j T 1

qu(l—ﬁl)ﬂl(ﬁ”l ﬁi)—/a ¢(1_x)5d95
Bi+1 1

) Zng(l—@)ﬂz s =) Z/ (1_95);‘”’

1
€ 1
- —«
41 \y

B () o () D

€

< - , 1.27
-+ ( )
where ¢; € [B;, Bi+1]. In the same way we obtain
Bit1 ) 1 /l/j ( T >1 €
i1 — Pi) — —dx| < - 1.28
(125 ) 5 G- [ Mo (1) | <

Equations (1.23), (1.25) and (1.27) give

> B(%ﬁ)ﬁ( (xx i ) ]jl +2ﬁ(J+1)

rxo<p<al/i

o < (/al/j‘? (1 : x) i da;—|—4€> z. (1.29)

Equations (1.24), (1.26) and (1.28) give

> B(sc,mz( (ﬁxi ) Elw—2j%<j+1>x

e <p<al/i

o </a1/j¢ (1 : x) é dz — 4e> z. (1.30)

Now, € is arbitrarily small. Therefore equations (1.29) and (1.30) give

S g - </a1/j¢ <1 : x) i dx) z + o). (1.31)

e <p<al/i
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Equations (1.31), (1.12) and (1.11) give equations (1.9) and (1.10), where these
equations are true if @ € [1/(j + 1), 1], since the theorem is true if a € [1/2,1].
Now, lim; ,+(1/5) = 0 and consequently equations (1.9) and (1.10) are true for
all a > 0. The theorem is proved. |
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