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LOCAL LINEAR ESTIMATION OF CONDITIONAL
PROBABILITY DENSITY AND MODE UNDER RIGHT
CENSORING AND LEFT TRUNCATION: DEPENDENT DATA
CASE

H. DABANA'* K. AGBOKOU? and K. E. GNEYOU?

ABSTRACT. In this work, we propose a local linear estimator of the conditional
density and mode when the covariate is functional, using the right-censored and
left-truncated data model. Under conditions of weak dependence, we study the
almost sure pointwise convergence of the proposed estimators and then evaluate
their performance on simulated datasets.

1. INTRODUCTION

Nonparametric estimation is a field of statistics that focuses on modeling data
without making prior assumptions about their underlying distribution. In many
cases, the available data can be quite incomplete, meaning that part of the in-
formation is missing or inaccessible (possible presence of censorship and/or trun-
cation). For example, one studies the lifespans after retirement of subjects who
enter the survey following a random selection from a retirement fund. A subject is
therefore only observed if their lifespan after retirement exceeds the time between
their retirement and the moment of the survey. The lifespan after retirement is
thus left-truncated by this time. It can also be right-censored if the end of the sur-
vey occurs while the subject is still alive. These phenomena are often encountered
in survival analysis. In survival analysis, one often needs to model and analyze
the probabilistic relationships between a variable representing a lifespan and a
number of factors (covariates or explanatory variables) to make predictions based
on these relationships. For example, calculating the probability that a random
variable takes a certain value based on the observed value of another variable.
In this sense, the conditional density is frequently used, and its applications are
quite varied (in econometrics, signal processing, image processing, machine learn-
ing, and environmental sciences to name a few). For more precision in the field of
signal processing, the conditional density can be used to estimate the probability
that an event occurs in a signal based on the observation of another signal. This
can be useful for event detection, noise reduction, data compression, or other
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signal processing operations. In image processing, conditional density plays a
crucial role by modeling the probabilistic relationships between the pixels of an
image and using this information to perform various image processing operations
more accurately and efficiently, such as object detection, image segmentation,
image restoration, and pattern recognition.

Many authors have focused on nonparametric estimation of conditional density.
Historically, nonparametric estimation of conditional density was first introduced
in the statistical literature by [30]; [29] through the kernel method and the asso-
ciated bandwidth selection problem, which concerns the choice of the appropriate
smoothing quality ([31]; [18]; [8]). The subject has been developed on incomplete
data with several methods by other authors, including for censored data [26]; [20];
[35]; [32]; [33]; [21]; [1] and [11]. Regarding left-truncated data, [27] studied the
conditional mode estimator in the i.i.d case. The authors also studied the con-
vergence rate of this estimator in the a-mixing case (see [28]). [23] examine the
asymptotic normality of the Nadaraya-Watson type estimator and the local linear
estimator of conditional density with this type of data under weak dependence
conditions (a-mixing data) in the presence of true covariates. [24] establish the
asymptotic normality of the conditional mode estimator in the presence of left-
truncated data in the dependent case. The LTRC data model has also received
attention in the literature. To this end, [3] studied a strong representation and
strong results of uniform convergence of the conditional hazard function estimator
and its maximum. [1] extended this work on the study of asymptotic normality.
[25] defined a kernel estimator of the conditional density for the left-truncated
and right-censored model in the presence of a multivariate covariate. The authors
investigated the uniform convergence and asymptotic normality of the proposed

estimator in the case of dependent data. [9] adapted the work of [25] to the case
of the real covariate. Regarding the mode, authors such as [12] or for example
in [16]; [17]; [2]; [4] and [11] for the case of censored data; [27]; [28] and [24] for

left-truncated data.

The main objective of this work is to propose a local linear estimator of the
conditional density and mode when the response variable is real and subject
to right censoring and left truncation (LTRC) in the presence of a functional
covariate. We will study the asymptotic properties of these estimators under
strong mixing conditions. This work constitutes a generalization of the work of
[1] on the LTRC model. It is also a generalization of the work of [25] and [9]. This
article is organized as follows. We present the estimators in Section (2); Section
(3) will discuss the assumptions that allowed us to obtain the results. Section (4)
will be reserved for the presentation of the main results such as the almost sure
pointwise convergence of the conditional density estimator and the almost sure
uniform convergence of the mode estimator. We then evaluate the performance
of these proposed estimators on simulated datasets in Section (5) and in Section
(6), we will find the proofs of the stated lemmas.
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2. NOTATIONS AND DEFINITIONS OF ESTIMATORS

2.1. Notations. Let (X,T,Z,C) be a random vector where T is the random
variable (r.v.) of interest taking values in R (lifetime); Z is the left truncation; C
is the right censoring and X is a covariate taking values in the semi-metric space
(F,d(.;.)) related to Y. Let us denote Y = min(7, C) and § = I;p<¢y. Assuming
that T', Z, and C' are pairwise independent conditional on X, the r.v.s actually
observed are (XY, Z,0) if Y > Z. When Y < Z, nothing is observed.

Consider (X, T}, Z;, Ci)1<i<n with n € N, an i.i.d sample from the vector (X, T, Z, C)
and (X, Y;, Z;, 6;)1<i<y with N € N such that N < n, the actually observed sam-
ple, meaning Z; <Y; Vi € {1,--- , N}. The size n is deterministic but unknown;
the sample of size n that is actually observed is a random variable distributed
according to the Binomial law with parameters n and p where p = P(Z <Y)
(1 # 0). In this sense, to avoid confusion, we denote:

P: the probability related to the n-sample,
P: the probability related to the N-sample.

E and E denote the expectations related to P and P respectively.
We also consider in this work:

a) F(u) =P(T < u) the cumulative distribution function of the variable T,

b) M(u) = P(X < u) the cumulative distribution function of the variable X,

c) L(u) = P(Z < u) the cumulative distribution function of the truncation
variable Z,

d) H(u) = P(Y < u) the cumulative distribution function of the variable Y,

e) Hi(u) = P(Y < w,6 = 1) the cumulative distribution function of the
uncensored observation,

f) Clu) =P(Z <u<Y|Z<Y)=P(Z <u<Y) the cumulative risk.
For any cumulative distribution function W, let us define

aw = inf{z : W(z) > 0} et by =sup{z: W(x) <1} (2.1)
the lower limit and the upper limit respectively of the support of W.
Considering these notations, we define the following estimators.
2.2. Definitions of Estimators. By the strong law of large numbers, we have

. N
asn — o0 i, =— — uP—a.s.
n

H{(u) is defined by:
Hi(u) = P(Y <wu,0=1)

u

Hi(w) = w' [ L)1 GU)FU) (2.2)

o
and the consistent estimator of H(u) is given by:

1 n
Hi,(u) = EZH{YZSu@:l}- (2.3)
=1
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We also have C(u) = p'L(u)(1 — F(u))(1 — G(u)) and by replacing F, L, and
G with their estimators, we get:

- Ly (u)(1 - Fn(u_)) (1= Gp(u))
fin = Coo (1) !

(2.4)

Vy : Cy(u) > 0 where F,(u™) is the lower limit of Fj,(u) at y. L, is the limit
product estimator of Lynden-Bell of L. defined by:

Low) = ] (1— ! ) (2.5)

{i:Z;>u} nOn(Z’)

and G, the limit product estimator of Kaplan and Meier of G defined as in [J]
by:

Gulw) = 1- ] (1—%). (2.6)

{i:T;<u}

Given the quadruplets of observed random variables (X;,Y;, Z;,8;), i=1,--- ,n
where (X;)ic(1,.. ny are values in F with (F,d), a semi-metric space of infinite
dimension. Adopting the ideas of [9], the kernel estimator of the conditional
density f(t|z) for the LTRC model in the presence of functional covariate is
given by:

Hon, - 51 -1 t_Y%
i 2 G Ly (e X0 ()
fultlx) = — ) (2.7)

Note that this estimator was introduced for the first time in the literature by
[9] for the case of the real covariate. We now define a new estimator for the
conditional density for this model based on the linear local method. To do this,
we combine the ideas of [6], [35], and [7]. Thus, the local linear estimator of
f(t|x) can be seen as the solution to the following minimization problem:

n

min <5iégl(}§)h;11H(h,;1 (t—Y}) —a— bB(X,, :1:))2 x

(a,b)eR2 —
K (s, X)) L7 (), (28)

where 3(.,.) is a known function of F? in R, such that V¢ € F, 8(£,€) = 0, where
K and H are kernels, hy = hg, (resp. hg = hu,,) is a sequence of positive real
numbers, and 4(.,.) is a function from F x F | such that d(.,.) = |0(.,.)|. Here,
we denote by a, f,(t|z).

According to (2.8) we can write (see [35] equation (2.2))

fultlz) = e(PWP)'PWQ (2.9)
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with
1 B(Xy,7) 601G, (Y1)hyy H (b (t — Y1)
P=1: : ) Q= : ;
1 B(X, ) Sn G Y (Y ) hi H(hy (t —Yy))
ay 0O ... 0
0 Ay ... 0

W = diag(K (hi'0(X;, )L, ' (Z;)) where diag(a) = : N

and
e = (1,0)€R2.

e! and P! are respectively the transposes of e; and P.
By simple algebraic calculations, we can find the following formula for our esti-
mator:

S G, (YW (o) H (ki (t = YD)

fu(t/z) = 0 :

,j=1

where
Wi; =
B(Xi, ) B0 2) =BG, 2)| K (W8, X)) K (il 6, X)) L (V) L (V7).
We will note A;; by:

Bylw) = B(Xe2)[B(Xi ) = BX, @) | K (hikd(w, Xi)) K (i 8, X)),

to obtain:
Z 6,G (V) Ly (Ya) Ly (Vi) Ay (@) H (hy (8 = Y5)
fut)z) = = _ . (2.10)
hu Z L, (Yo L, (Y) A ()

We specify that G1 and L;! are the inverses of (i, and L, respectively.
We assume that there exists a certain compact set S C R such that f(¢|x) ) has a

unique mode #(z) on S. The estimator of mode 6, (z) is a random variable such
that:

On(x) = argrgle%xfn(t|x). (2.11)
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3. ASSUMPTIONS

Let N, be a fixed neighborhood of x. To achieve the results, we introduce the
following assumptions.
Considering the bounds given by equality (2.1), suppose that ap < agy, by < by
and S = [a,b] is a compact such that S C Sy = {t : t € [apy,by]}. Let us note
B(z,r) ={2" € F:|6(z',2)| <r}and ¢,(r1,ra) = P(ra < (X, z) < rp).
Also note that our nonparametric method is quite general in the sense that we
only need the following assumptions:

(H1) for all » > 0, ¢.(r) :== ¢p(—r,7) >0

(H2) (i) The conditional density f(t|z) is such that: by > 0, by > 0,V(ty,t2) €

S§? and V(z1,79) € Ny X N, :

F ) = fltalaa)] < Co(10™ (@1, 22)| + 11— a]"),

where C,, is a positive constant depending on .
(ii) f(t|x) is twice differentiable, its second derivative f®(t|z) is contin-
uous in the neighborhood of #(z) and £ (4(x)|z) < 0.
(H3) The function f§(.,.) is such that:
V' e F, C1]6(z,2") < |B(x,2")| < Cy|d(x, z')|.
(H4) The sequence (X;,T;);en satisfies : Jda > 0,3¢ > 0, Vn € N a(n) < cn™
and:
mjxp<(x,-,xj) € B(z, h) x B(x, h)) = . (h) > 0
]
(H5) The conditional density of (7;,7}) given (X;, X;) exists and is bounded.
(H6) K is a positive differentiable function with support [—1, 1].
(H7) H is a continuous positive function, bounded, Lipschitzian, such that:

/|u|b2H(u)du < 00 and /HQ(u)du < 00.

(H8) The bandwidth hj satisfies: there exists an integer ng, such that:

1 ! d, ,
- =
Vn > ng, o) /_1 %(uh[(,hK)du (u K(u))du > (C3 >0,

and

where P(u) is the cumulative distribution.
(H9) lim hy =0, and 33, > 0, such that: lim n’*hy = co.

n—oo n—0o0

1/2
- P (hi) log(n)
(HI0) () lim huc =0, lim = )
(83—a) | 381+1

(i) Cn a7t + et lognlloglog n]%/ @D < hyxa/?(hi), where o (h) =
max(¢;(h), oz (h)).

=0.
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(H11) f(t|lz) < f(O(x)|z) Vt # 0(z), t € S.

Remark 3.1 (Comments on assumptions). Most of the hypotheses are common
in the context of non-parametric functional data analysis (NFDA). More specifi-
cally, hypothesis (H1) is typically used in NFDA and is related to the topological
structure of the functional space F, of the explanatory variable X (see [15] for
further discussion). Furthermore, hypotheses (H2) and (H3) are moderate regu-
larity hypotheses on the conditional density function. These hypotheses are also
common in the literature (see, for example, [1]). Finally, conditions (H4), (H5),
and (H10) are technical hypotheses (see [15] for the case of the local constant
method).

4. MAIN RESULTS

4.1. Almost Sure Pointwise Convergence of the Conditional Density.
In this Subsection, we examine the asymptotic behavior of the estimator (2.10)
for a fixed point = in F.

The following theorem provides the almost sure pointwise convergence of the
estimator (2.10).

Theorem 4.1. Under the hypotheses (H1), (H2i), (H3)-(H10), we have:

nhHCb%(hK)

1/2
sup £ (1) = F(10)] = O (1) + O () + Ou <\/ m) (1)

Proof of theorem 4.1. For the demonstration of theorem 4.1, we need to deter-
mine the following pseudo-estimators:

2 _ 1 — 0iAi;(x)H(hy' (t = V7))
W) T D B @) 22 GV 0L )
z B 1 — 5iA;(x)H(hy' (t = Y0)) |
) = B GR) 2 - GoEaw ¢

A MEL . -1 —1

) D E@a@) 2 T TR (DR 8

and
- MQ - -1 -1
) = TG AT T (A (45)
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Thus, the proof follows on the one hand from the decomposition

b

B - f(tlw)D + 1) ([mnm ~ i (a)]

fultle) = f(tl) = ([fn@:,t) — fule,9)] + [ falast) = Bl )]

+ [Emn@) - fnn(z)] + [1 . Emn(g:)})

and on the other hand from the following lemmas:

Lemma 4.2. Under the hypotheses (H1), (H6) and (H7) we have:

1n () = 11a(2)| = One ( M) (46)
sup folw,t) fn(x>t)’ = Oa.s‘( @) (4.7)

Lemma 4.3. Under the hypotheses (H2i) and (H7), we have:

sup |Efo(z, 1) — f(t|x)‘ —0,. (hf;() O, (hf;{)

tes
Lemma 4.4. Under the hypotheses of the theorem (/.1) we have:
1/2

~ ~ Xz (hg)logn
su n(T,t _Enx7t’:(f)a‘s. 7 o/ N | 4.8
o [Falet) = Bfalet) (\/ 62 () 4

1/2
- Xo (hi)logn

1 —myu(z)| = Ogs. . 4.9
1= i) (\/ o o (19

4.2. Almost Sure Convergence of the Mode Estimator. The rate of con-
vergence of the local linear mode estimator is a direct consequence of the previous
results.

Corollary 4.5. Under the hypotheses (H1)-(H11), we have:

R V2 (hi)logny &

b ()6 _ o, (2 ro. [ (X (hg)lognya)
(2) = 8(=)] o (W 1)+ 0 ( nhid?(hi) )

Proof of corollary /.5. Following the same approach as the proof of theorem 2 by
[2] and that of theorem 3.7 by [1], we will have:
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FOul@)lz) = FO@12)| < [F@a@)le) = FalOa@)lz)| + | u Gu@)l2) = F (@)
< sup | futle) = f(t2)| + sup |fultle) — £(t])
teS teS
< 2sup|fu(tle) — f(la)| (4.10)

Using a Taylor expansion of the function f(.|x) we obtain:

(O (x) — 0(2))* F (0% () |) (4.11)

N | —

F(Ou(@)lx) = f(0(2)|z) =

where 0*(z) is between 0(z) and 6, (z).
By combining (4.10) and (4.11) we find:

) up |fultla) — £(tlr)
O(x) — 0 ‘<2 ,
Thus, with the theorem 4.1 the proof of the corollary 4.5 is completed. OJ

5. NUMERICAL STUDY

In this Section, we illustrate the behavior of our estimators f,(t/z) and 6,
defined in Subsection 2.2 respectively by (2.10) and (2.11) and we examine their

convergence. We consider the Epanechnikov kernel defined by: K(x) = H(z) =

3
1 (1—2?)I_1,1(z) . The smoothing parameters hy and hy, the semi-metric d are

obtained by the same principle as in [l 1]. We generate the functional covariate
(Xi)1<i<n assumed to be a diffusion process on [0,1] generated by the following
equation (see [1]):

X(t) = A(2 — cos(ntW)) + (1 — A) cos(mtW), ¢ € [0, 1]

where W ~~» N(0,1) and A is a Bernoulli random variable with parameter p =
0,5. To control the effect of censorship and truncation on the efficiency of our
estimators, we simulate the n i.i.d. censorship variables (C})1<;<, and truncation
variables (Z;)1<i<n respectively through the exponential distributions £(\;) and
E(A2) adapted in order to obtain different censorship rate (CR) and truncation
rate (TR). The real response variable T is defined by the same principle as in
[11]. With this model, the conditional density of 7" given X = x can be defined
by relation (13) of [11]).

We determine and illustrate under this model the performance of the estimators
(2.10) and (2.11) by following the following steps:

Step 1: We set the sample size n (remember that n is deterministic but unknown)
and we generate the random variables X;, T;, C; and Z; such that 1 <
1<n



Step 2:

Step 3:

Step 4:

Step 5:

The
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We determine the actually observed sample as follows:

v’ First, we determine Y; such that Y; = min(7}; C;) to obtain the
sample (Xi, Y;, Zi, 5(i))1§i§n with (SZ = ]I{Tz‘SCz'}'

v To obtain the actually observed sample, we perform the following
test:

We initialize N=0, i=0. While 1 < n, we get N = N 4 1 and we test:
if Y; < Z;, we reject the quadruplet (X;,Y;, Z;,d(;)). Otherwise, we
keep it. At the end of the counts, we obtain N which allows us to get

i = — (the proportion of absence of truncation). The truncation

rate (TR) is thus given by TR = (1 — p) x 100.
To verify the convergence of our estimators, we set Ay = 0.01 and Ay = 0.15
and determine the mean squared errors (MSE) of the estimators for each
of following sizes n: 100; 200 and 300.
The mean squared error of each estimator is calculated over a grid of 200
points using the following formulas:
200

1 . 2
MSE(fur f) = 505 (Fusltle) = £i(tho))
j=1
d
o 1 200 9
MSE(0,,0) = 5 (Hnj(a:>—9j(x)>-
j=1

The obtained results are presented in Table 1.

To observe the effect of the censorship rate (CR) and the truncation rate
(TR) on the convergence speed of our estimators, we first set Ay = 0.25
(approximately 30% truncation rate since the variation of CR impacts
TR) and we vary A; on 0.0001; 0.06 and 0.1 corresponding to censorship
rates of approximately 0%; 25% and 35% respectively. In a second step,
we set A\; = 0.15 (CR = 25% approximately) and we vary Ay on 0.15;
0.2 and 0.4 corresponding to truncation rates of approximately 55%; 40%
et 20% respectively. We compare the MSE with the variation of these
rates for each of the considered sample sizes n. The obtained results are
presented in tables 2 and 3.

We illustrate the performance of these estimators as stated in steps 3 and
4 by visualizing, on one hand, the real conditional density as well as its
estimator and on the other hand, the mode of each of the two functions
in each graph. (see Figures 1 to 5).

following table (Table 1) presents the result of the simulation of the MSE

of the estimation for the covariate X = x5.

From Table 1, we can see that the MSE decreases as the size n increases or as
the size N of the actually observed sample increases, which shows the convergence
of our estimators. In particular, the conditional density estimator performs better
than the mode estimator. The performance of the latter improves when n=300
for reasonable censorship and truncation rates. This is confirmed by Table 3.
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TABLE 1. Evolution of MSE according to size n

M =0,0L, \, = 0,15

[ v [MSE(fu,f) [ MSE(6..6) |

hk

| hw | N |

TR

CR |

100

0.0249571

3.9599

0.005504181

1.9899

o8

58%

2%

200

0.01798389

2.505619

0.001080219

1.9899

98

51%

2%

300

0.01405676

0.8181612

0.1175594

1.9899

163

45.66%

3.67%

TABLE 2. Evolution of MSE according to the values of \; and n
for Ao = 0.025

)\2:0,25, X:X5

[ A

| n [ MSE(f,.f)| MSE(6,,0) |

hk

hu

| N |

TR

|

CR

100

0.0244568

4.518295

0.005504181

1.9899

7

23%

0%

0.0001 | 200

0.01565475

1.720184

0.001080219

1.9899

146

27%

0%

300

0.0104913

1.1664

0.1175594

1.77568

226

24.67%

0%

100

0.02081927

3.78195

0.005504181

1.9899

73

27%

22%

0.06 | 200

0.02106466

2.505619

0.005504181

1.9899

124

38%

26.5%

300

0.01580761

1.703025

0.1175594

1.989851

201

33%

24.67%

100

0.02370787

6.645514

0.005504181

1.9899

67

33%

31%

0.1 200

0.02574877

16.93798

0.001080219

1.9899

116

42%

41%

300

0.02178438

7.862529

0.1175594

1.9899

190

36.67%

39.33%

TABLE 3. Evolution of MSE according to the values of A\ and n
for \y = 0.06

A =0.06, X = X;

| X [ n | MSE(f.,f) | MSE(0,,0) |

e |

hu

[ N |

TT |

TC |

100

0.01919839

2.650842

0.005504181

1.9899

50

50%

22%

0.15 || 200

0.02148863

1.720184

0.001080219

1.9899

90

55%

26.5%

300

0.01572742

0.3120571

0.1175594

1.9899

146

51.33%

24.67%

100

0.02021675

3.272645

0.005504181

1.9899

65

35%

22%

0.2 | 200

0.02269892

9.457943

0.001080219

1.9899

104

48%

26.5%

300

0.01611427

0.2094226

0.1175594

1.9899

178

40.67%

24.67%

100

0.02161651

5.113507

0.005504181

1.9899

81

19%

22%

0.4 | 200

0.02143723

14.09078

0.001080219

1.9899

156

22%

26.5%

300

0.01670175

0.03730037

0.1175594

1.9899

234

22%

24.67%

From Table 2, we can see that (i) the MSE increases with the censorship rate
for each of the considered sample sizes. This is predictable since we are moving
towards situations with much more complete observations; (ii) we also observe
an improvement in the performance of our estimators when the censorship rate
is fixed and the size n increases. This confirms the result of Table 1. This is
illustrated by Figures 2 and 3.
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n=100,N=58 n=200,N=98 n=300,N=163
_ =) S
- <= Estimated conditional density ~ « | - - - Estimated conditional density ~ © r - - |Fsfimated conditional density
—— True conditional density ——— True conditional density — | True conditional density
- w | w |
=) o

FiGUurRE 1. Graphs corresponding to A\; = 0.01 and Ay = 0.15
according to size n

lambda1=0.0001 lambda1=0.06 lambda1=0.1
o =
b -i= = Fstimated conditional density ~ 7 - - - Estimated conditional density ~ ™ | - - - Estimated conditional density
—— True conditional density —— True conditional density —— True congditional density
w | wo
- = | =2 |

F1GURE 2. Graphs corresponding to n=100 and Ay = 0.25 accord-
ing to Ay (CR= 0%; 22% and 31%)

lambda1=0.0001 lambda1=0.06 lambda1=0.1
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F1GURE 3. Graphs corresponding to n=300 and Ay = 0.25 accord-
ing to \; (CR= 0%; 24.67% and 39.33%)

From Table 3, we can see that (i) the MSE increases when the truncation
rate decreases for sizes n=100 and n=200. The opposite situation is noted for
size n=300, meaning that the MSE decreases with the truncation rate. (ii) The
convergence of the estimators is not noted in this table due to the instability of
the truncation rate with the evolution of the sample size n. All these findings are
illustrated by Figures 4 and 5.

From Tables 2 and 3, we also mention that for each fixed size n, when A\;
increases, the size N of the actually observed sample decreases, while )\, increases
with this size N.
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6. APPENDIX

In this Section, we present the proofs of the lemmas stated in subsection 4.1.
In what follows, when no confusion is possible, we will denote the strictly positive

generic constants by C and C’. Furthermore, for all z € F and forall: =1,--- ,n:
Ki(z) = K(hi'§(z, X3)), Bi(r) = B(Xi, z) and H;(t) = H(hy; (t — Y)).
Proof of lemma /.2. Proof of relation (4.6). We have:
() = (@) = | Z Ly (V)L (V) Ay (@)
_ -1 YA
sup L2 L? ‘
< ’/%21_,”2‘_'_”21568 <) () ‘m ())
- L*(a)L3(a) "
with
= A 1
mnO(l') n(n _ 1 A12 Z ’Lj (6 )
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According to (3.2) of [19] , we have: |u, — p| = Ou(n~'/?) while remark (6)

of [31] gives |Ly(a) — L(a)| = Oas(n™/?) who is insignificant compared to

O m and myo(z) being defined and treated in [5] (the
a.s. nhHQﬁ?:(hK) n0 g

second part of lemma 2 for Y = 1)

Let’s now prove the second part of the lemma.
Proof of relation (4.7). Thanks to the boundedness of H (according to (HT7)), we
can obtain

fulw,t) = Julw,)| =

- 0iA; () Hi(t) [t _
WZI n(n - 1)hHE(A12(x)) (Gn(Yz)Ln(Y)Ln(Yz)

J

> >
G(Y:)L(Y;)L(Y)
M| - 1— F,(t)\>2 1—F(t)\2
< g, |Gnl@)sw ( Co(D) ) B ( 0 )
Considering that
L-Ft) 1-F@)) _ loglogn ee lemma 4.2 o
wen T ow ‘O“(V Z ) (e femma A2 oE L)
sup |G, (t) — G(t) ‘ = Oy < loglogn) (see formula (4.28) in [13] ), therefore,
teS n
we have
?flel}s) Aﬂ<x7t) _fn(xat)‘ = Oa.s.( @)

OJ
Proof of lemma 4.5.
Eljux.0)] = E[ o Zw ) *mmij(x)m(t)]
12
mE [Am(x)V] (6-2)

with
v = B(6G )L (R)L T ) H (01X ).
By using the property of conditional expectation and the fact that:
Lin<ene(Z1) = Iin<cye(Th) for any measurable function ¢, (6.3)
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since 7' is independent of (C, Z) and assumlng that X, € B(x, hx) we have:

-t

From equalities (6.2) and (6.4), we can write:

f(uXy)du. (6.4)

1

— E[AH(t;Hu>f(u|X1)du—f(t|x)]‘

Bl t) = 1ltl)] = 5

t—
By posing r = - Y and applying the assumptions (H2(i)) and (H7), we have:
H

B = f0)| < [ 7O rhul ) = siein)|ir
< C’/ H(r) <hl}é + |r|b2hl}§>dr
R
= Oa.s. (hl})é) + Oa.sA (hlﬁr) .
This proves lemma 4.3 O

Proof of lemma 4./. Relation (4.8) is obtained by following a similar approach to
that of proof of lemma 3.5 of [1]

Thus, the compactness of S allows it to be covered by an infinite number s,, of
disjoint intervals of length I,, at certain points (yg)k=1.... », that is to say:

S C U luk — ln, ye + 1

3y 1
with [, =n 2 2 and s, = Ou,.(I;'). Let
¥ = arg min |t —yl, (6.5)
yE{y1--yn}

and consider the following decomposition:

sup | (e, 1) = ELfu(w 0| < sup|fu(e,t) = Fuler )

tesS
+ sup E[fn($7yt)] - E[fn($,t)]‘

teS

= fl,n +-F2,n +F3,n-

From equality (6.5), we have |t — y;| < l,,, then under (H7), (H9) and the lemma
4.3, we have:

+sup | ful@, 41) — Elfu(,v:)]

tesS

|t_yt -1
< Y ) Ay
Fin S Complim o Z: 5T (V)L™ (V)L (V) Ay ()
l
< O |mpo(z)].
2, 1 ‘

myuo(z) being defined and treated in [ | (the second part of lemma 2 for Y = 1),
37
2

considering the fact that [, = n

1
2 and as almost complete convergence
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implies almost sure convergence, we have:

1/2
B Xz (hi)logn
.Fl,n — Oa.s. (\/ nths%(hK) . (66)
Considering that |F3,,| < E[Fi,], we find:
1/2
B Xz (hx)logn
.F3,n - Oa.s. <\/ nhH—(ﬁ%(hK) . (67)

Let us then prove that:

1/2 1
f?,n == Oa.s. \/Xl’ (hI;—> os 7 .

.- xo(hi) logn
nh¢s(hi)
1/2
Xo'~(hi)logn
< s,P > .
= < ”\/ nhi 2 (hx)
It is then necessary to show that:

i . 2 (hi) 1
P( Fula. ) = Elfule, )| > n\/ %) <00, ¥y € {1y}

For this, we consider the following decomposition:

Vn > 0, we have:

P sup
teS

f‘n(xv yt) - E[fn(xa yt)]

~n<x7 yt) - E[.fn(x> yt)]

z _ n*hi 3 (hx) 1L~ 6K (@) Hy(y)
Fultr ) = n(n —1)E[Ap(x)] [ ( 2 @(Yj)L(Yj)hH%(hK))

Tl V -

n <
Jj=1

g (%1 /Z[{)i(z%3¢ ) ( Z MM hHh)mf(h)K))

v ~\~

1 pk(z)Bi(x)
8 <n;L( hK(px ))]
which implies that:
fu(x,yt) = Elfulz,5)] = T((TxT5 — E[T>T3)) — (TWT5 — E[T4T3))) (6.8)
where
T,T; — E[ITs) = (To — E[T)) (T3 — E[T3]) + (T — E[T3]) E[T3)]

+ (Ty — E[TY)) E[T5] 4+ E[T3]E[Ts] — E[T,T3],
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and
T,T5 — E[ITs) = (Ty— E[TY]) (T — E[T5)) + (Ts — E[T5)) E[T]
+ (T4 — E[T4])E[T5] + E[T4E[T5| — E[T,T5].
Therefore, our claimed result is a direct consequence of the following statements:
1/2
Xa' (hi)logn :
SplP > | <oo,fori € {2,3,4,5 6.9
( ’7\/ nhi¢2(hic) t P09
T, = O(1) and E[T;] = O(1), for i € {2,3,4,5}, (6.10)

1/2
Cov(Ty, Ty) = O, (\/M> (6.11)

T3]

nhp¢2(hx)

and

nhy @2 (hi)

Regarding statement (6.9), observe that the result for i € {3,5} was obtained in
lemma 4.2. We focus only on cases ¢ € {2,4}. For this, we use proposition 5.1 of

[1].

For 1 <i<nand k € {0,1}, let:

1/2
Cov(Ty, Ts) = O, <\/M> (6.12)

Vi = HE (WM@)H@'(%)@ (z) — E[Wm(@m(%)@ (x)] )6‘13)

So we see that:

Tov1) — E[Tog41)] hH¢ Z vy, for k € {0,1}.

Under the assumptions (H1), (H3), (H5) and (H?), we have:
L 0;
hic G(Y;)L(Y;)

Then let’s calculate

Ki(2)Hi(yo) 5f (x) < C'lpge e (X0). (6.14)

ZZCOU = S* + nVar(vh),

i=1 j=1

where

SF = z”: Z Cov(Vk

i=1 itj

Using equalitie (6.14) and conditional expectation properties, we have:
Var(vh) < C'B|Tngene (X E[H2 ()| X1] | + CE2 Lo o (X:) B [Hi(y) | X))

< O (i) BB (1) | %3] + Oxa (i) B2 [ Hi) X1 .
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Finally, using the fact that:

B[H2 ()| X1 ] = Ouhn) and E[Hiy)|X| = Ous. (i),
we have:
nVar(v¥) = Ou.(nhgx.(hx)).

Then, from equation (6.13), again using the conditional expectation, and the fact
that

E[5:0;|;T;] = G(T)G(T;)  and  Elliroviy i oviy |TT5) = L(T) L(T)),
we find under the assumptions (H4) and (H5), for i # j:

Cou(vE,75) + E[HB@,hK)(Xi)E[Hz-<yt>|Xz-]}E[HB@,hK)(Xj)E[Hj<yt>|Xj]]]

IN

Oy (ipahic) + 62 ()
< Chi(hi). (6.15)

The continuation of this proof is given by that of lemma 3.5 of [1] from relation
(15).
Finally, we find:

X;/Q (hi)logn
5, P9 | Toe1) — E[Toge4))| > 1 Tk (he) = < o0

Concerning (6.10), from [11], we have T} = O(1).

Now, we need to study the cases E[T;] = O(1) where i € {2,3,4,5}.
For i € {3,5} we have to evaluate:

L~ pfG(x) 3 ()

— : for pe{0,1}.

0 2 Lot 7SO
By applying the lemma A1 i) of [6], we have for p € {0,1} :

Bl ;“K o ) e o B[ B (KB @ (F22dir) x|

= h o (hg)EK, (z)B)(x)
. (6.16)

IN

Thus, E[T;] = O(1) for i € {3,5}.
For i € {2,4}, because the couples (X;,Y;), i = 1,---n are identically dis-
tributed, we obtain:

Elpo, G (Y1) L~ (Y1) Ky () Hi(ye)]
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and

[M(SlG ( 1)L~ (Y1>K1( )51(33)[{1(%)]‘

BT, =

So, we have to evaluate:
1101 K () B () Hi ()
_ , for [ € {0, 1}.
GOALY:) o

Using the boundedness of H, the conditional expectation properties, equation
(6.3) and the fact that:

E[5|T;]) = G(T;) and EJ
we have for [ € {0,1}

01 Ky () B4 () Hy ()
B| GO }

By using lemma 3 in [5], we obtain:

M51K{($)5i (z)Hy (?Jt)]
G(Y1)L(Y1)

From equation (6.17) we obtain:

E[T;] = 0OQ), fori=24.

Ou.s.(hi B[ K1(2) By (2)]).

E[ Ous.(hirhled(hic)). (6.17)

Concerning (6.11) and (6.12), following the steps similar to those in proof of
relation (16) in [1], we obtain:

:15/2 hy (h 1
ot =0(50) o,/ apims)

and

Xo (i) xi*(h) logn
0ot T5) =02 3) = O\ i)

Thus:

tesS

1/2
) ~ B Xz (hgi)logn
sup | fu(2, ye) — Elfulz,p)]] = Oa.s.(\/ nhgd2(hr) ) o1

Finally, the proof of the equality (4.8) of lemma 4.4 can be obtained by considering
equations (6.6), (6.7) and (6.18).
For the second part of the lemma (equality (4.9)), it suffices to note that:

Elia(z)] = 1. (6.19)

This leads us to find the result by following the same approach as the first part
of the lemma. O
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CONCLUSION

In this work, we proposed a local linear estimator of the conditional density
when the data are right-censored and left-truncated in the presence of a func-
tional covariate. We established the almost sure pointwise convergence of this
estimator and the almost sure uniform convergence of the mode estimator under
the Conditions of weak dependence. Through a numerical study, we automati-
cally selected the two smoothing parameters using the cross-validation method
for one and the functional version of the cross-validation ideas for the other in
order to prove that our estimators converge at an optimal rate. In the future, we
plan to extend our work on the study of the asymptotic normality of the proposed
conditional density estimator.
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