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EVOLUTION TRAIN ALGEBRAS
MOUSSA OUATTARA'*, SOULEYMANE SAVADOGO?

ABSTRACT. Through this paper, we show that the criteria for real evolution
algebra to be a baric algebra can be extended to any evolution algebra over
a commutative field of characteristic # 2. Then we prove that an evolution
algebra & is a train algebra of rank r + 1 if and only if the kernel of its weight
function is nil of nil-index r > 1. We also study special train evolution algebra
and characterize idempotents, power-associativity and automorphism in evo-
lution train algebra. Finally we classify up to dimension 5, indecomposable
evolution nil-algebra of nil-index 4 that are not power-associative.

1. INTRODUCTION

In 2006, J.P. Tian and P. Vojtéchovsky introduced the notion of evolution alge-
bras in the literature ([9]). Let £ be a n-dimensional algebra over a commutative
field F'. We said that £ is an evolution algebra if there is a base B = {ej,...,e,}
such that

eie; =0, for 1 <i#j<n.

Such a base is called a natural base of £. The multiplication in £ is determined
by the products

el = Zaikek forall1 <i<n (1.1)
k=1
and M = (a;)1<ik<n is the structural constants matriz of € relative to the natural
base B.
Evolution algebras are commutative ([3]) and they are associative if and only
if e?e; =0 for all 1 <i#j <n ([7]).
In ([3]), the authors establish an equivalence between an evolution nil-algebra
and nilpotent evolution algebra.
In section 2, we recall some results about evolution nil-algebras and we show
that theirs nil-index and index of nilpotency are the same.
In section 3, we characterize baric evolution algebras over a commutative field
F of char(F) # 2 and then we show that there is no evolution train algebra of
rank 2 and a baric evolution algebra (£,w) is a train algebra of rank r +1 > 2,
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if and only if ker w is nil of nil-index r. Then we study evolution algebras that
are special train algebras and characterize idempotents, power-associativity and
automorphism in evolution train algebras.

Section 4 is devoted to the classification, up to dimension 5, of indecomposable
evolution nil-algebras of nil-index 4 that are not power-associative.

2. NILPOTENT EVOLUTION ALGEBRAS

Let B = {e;; 1 < i < n} be a natural base of finite-dimensional evolution
algebra £ over a commutative field I’ such that the multiplication table in B is
given by (1.1). The principal powers, of an element a € £, are defined as follows
a' = a and a**! = a*a (k > 1) while that of £ are defined by:

Et=¢&, &M =E"E where k> 1.

Definition 2.1. We said that algebra & is:
i) nilpotent, if there is a nonzero integer r such that £ = 0; such a smaller
integer is called the index of nilpotency of &;
i1) nil, if for all a € &£, there is a nonzero integer s such that a® = 0; such a
smaller integer is called index of nilpotency of a;
i1i) a nil-algebra of bounded indez, if the index of nilpotency of all elements are
bounded by some number n; such a smaller n is called the nil-index of £.

Theorem 2.2 ([3, Theorem 2.7]). The following statements are equivalent:
i) The matriz corresponding to £ can be written as

0 a2 a1z -+ ap
0 0 ag -+ ao
0 0 0 - as,
0 0 0 0

i1) & is nmilpotent algebra.
iii) & is nil-algebra.

The following lemma 2.3 specifies that the index of nilpotency is equal to the
nil-index.

Lemma 2.3. Let £ be a finite-dimensional evolution nil-algebra of nil-index m.
Then & is nilpotent of index of nilpotency m.

Proof. Let £ be a n-dimensional evolution nil-algebra of nil-index m. Then
m < n+ 1 and £ admits a natural base B = {e;; 1 < i < n} such that

e = Y1 aije; (Theorem 2.2); moreover, for all i € {1,...,n}, ¢ = 0.

We have €2 = €€ = (ee;; 1 < i,j < n) = (ef; 1 < i < n) because

eiej = 0 for i # j; & = €26 = (ele;; 1 < 4,j < n) and by induction

Em =& = ((--(edey) )3 1 <ij <nand1 < j < m-—1). Let’s

show that €™ = 0. We consider the element z; = e; +¢€;, + -+ +€;, , =
m—1

. . . . 2 m—1 2
poq € With 1T <y < iy < .00 < i1 < ne We have 27 = )7 e,
3 _ m—1 9o . . m o m—1 9 ' ‘
x = Z,w.:l e;.¢i; and by induction z* = > 0", _ (- (eikle%) e,

m—1
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Since (- -- (e?kleikQ) e )en, = @iy @i € and that the struc-
tural constants matrix of £ relative to B is upper triangular, it follows that
1< ikl < ikQ SRR ikm—l <n. As ikj € {il,...,im,l} fOI’j S {1,...,m—1}
and that (iy,...,%,_1) is the unique (m — 1)-tuple of {iy,... 4,1} such that

. . . -1

1<idp <iy<...<idpoy <, then 3507, (oo (ef eq,) e,
= (--- (el ey) e, . Weinfer that 0 = 27" = (--- (e €5,) - - - )€i,_,- SO E™ =0
and we get the lemma. O

Definition 2.4. Let £ be an evolution algebra:
i) The annihilator of £ is defined by ann'(€) = ann(€) = {z € £ : 2€ = 0}.

i1) We also define ann‘(€) by ann’(€)/ann’"!(£) = ann (S/annil(g)), 1> 2.

Let B = {ey,...,e,} be a natural base of an evolution algebra £ over a com-
mutative field. In ([5, Lemme 2.7]), the authors show that ann(€) = span{e; €
B | e? = 0}. In ([0]), they show that ann’(€) = span{e € B | ¢* € ann’" ()}
and that the base B = By U ---U B, is a natural base where B, = {e € B |
e € ann1(€),e & ann'"1(&)}. Then, for U; := span{B;}, i = 1,...,r, we have
U @ - ®&U; =ann’(E) (i =1,...,r). They prove that U; & U; = {x € ann’(€) |
rann’"!(€) = 0} is an invariant of evolution nil-algebra.

The type of an evolution nil-algebra £ is the sequence [ny,na, ...,n,|] where r
and n; are integers defined by ann”(€) = &; n; = dimp(ann’(€))—dimp(ann~*(£))
and ny + -+ -+ n; = dimp(ann’(€)) for all ¢ € {1,...,r}.

3. EVOLUTION TRAIN ALGEBRAS

3.1. Baric evolution algebras.

Definition 3.1 ([10, Definition 1.7]). We said that an algebra € over a field F
is baric, if it admits w : &€ — F a non trivial algebra homomorphism. The
homomorphism w is called the weight function or weight homomorphism of £.

Theorem 3.2 ([!, Theorem 3.2]). A n-dimensional evolution algebra €, over the
field R, is baric if and only if there is a column (ay, ..., an,)" of its strctural
constants matric M = (a;;)i j=1..n, such that a;y;, # 0 and a;, = 0, for i # iy.
The corresponding weight function is w(x) = @i T, where x =Y ;_ xe; € .

This theorem remains true, when we replace the field R by any commutative
field F' of char(F) # 2. In the following, unless otherwise indicated, F* designates
such a field.

Theorem 3.3. The evolution algebra £ is baric if and only if there is iy €
{1,---,n} such that a;;, # 0 and ay, = 0 for i # ig. Moreover, The corre-
sponding weight function w is defined by: w(e;,) = @iy, and w(e;) =0 for i # .

Proof. Suppose that there is a non trivial algebra homomorphism w : & — F.
Then there is ig € {1,---,n} such that w(e;,) # 0. For i # iy, we have 0 =
w(ee;,) = wle)w(e;,) leads to w(e;)) = 0 and 0 = w(e?) = D) aww(er) =
aiiow(e;,) implies az;, = 0. We have w(e?)) = >/, aigrw(er) = aigigw(e;,) gives
w(e, ) (wleiy) — Aiiy) = 0. So w(e;,) = a4y, because w(e;,) # 0.
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Conversely, suppose that there is iy € {1,...,n} such that a;,;, # 0 and a;;, = 0
for i # ig. Then we check that the linear transformation w : &€ — F defined by
w(eqy) = Giyi, and w(e;) = 0 for i # iy is a weight function of &. O

Corollary 3.4. If (£,w) is a baric evolution algebra, then € admils a natural
base {uy,ug, ..., u,} such that w(uy) = 1 and w(u;) = 0 for i > 1. Moreover,
& = Fuy @ ker w with u; kerw = 0.

Proof. Let (£,w) be a baric algebra. Without loss of generality, we can assume
that a;; # 0 and a;; = 0 for ¢ > 1. We set w3 = be; with w(uy) = 1. We
have bw(e;) = w(uy) = 1 leads to b = (w(ey))™ so uy = (w(er)) ter. We have
ure; = 0, for j > 1 and uf = (w(er)) 2 = (wler)) ter + Yo po(wler)) 2aiker.
We set uy, = (w(e1)) 2ex for k > 1, then the family {u;, 1 <4 < n} is a natural
base of €& with w(u;) = 1 and its multiplication table is defined by

u? = uy + Zalkuk and u? = Z(w(el))_Qajkuk for j > 1. (3.1)

k=2 k=2

We deduce that kerw =< u; >;, is an evolution subalgebra of £ (see Defini-
tion 3.19) and € = Fu; @ kerw. O

Remark 3.5. A finite-dimensional baric evolution algebra admits at most n weights
functions. The case where there is n weights functions occurs when e? = qye; with
Qi#éo,i:3lw..,n.

3.2. Characterization of evolution train algebras.

Definition 3.6. We said that a baric algebra (£,w) is a train algebra of rank r,
if there is scalars 7; € F' and a nonzero integer r such that

"+ yw(@) " by w(z) e =0 (3.2)
for all z in £ and r is smaller such integer.

For all z € kerw, we have " = 0; so kerw is a nil-algebra. Since the weight
function is not trivial, by applying it to the identity (3.2), for w(xz) # 0, we
obtain 14+ ~; + -+ 4+ 7,._1 = 0. Thus the train algebras of rank 2 are defined by

22 —w(z)z =0.

Proposition 3.7. There is no evolution train algebra of rank 2.

Proof. The commutative train algebras of rank 2 are the gametic algebras for
simple mendelian inheritance ([10, page 137]). In ([7, Example 2]), the authors
show that gametic algebra for simple Mendelian inheritance is not an evolution
algebra. We get the proposition. Il

Theorem 3.8. Let (£,w) be a baric evolution algebra. Then & is a train algebra
of rank v + 1 > 2 if and only if ker(w) is nil, of nil-index r. The train equation
of € is given by 2™ — w(x)x" = 0.

Proof. Let (€,w) be evolution train algebra with natural base {ei,...,e,} such
that w(e;) = 1 and w(e;) = 0 for i > 1; we have & = Fe; @ker(w). Let z = ae;+y
where @ € F and y € ker(w). We have 22 = a?e? + y* = o?(e; + 2) + y* =
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o?er+(a?z4y?) where z = Y ), ayger; so 22 —w(z)r = (—ay+a®z+y*). We have
r(x?—w(z)z) = (—ay*+ayz+y?), ie. r3—w(x)r? = —ay*+a’yz+y>. Gradually
we obtain z¥ —w(x)a" = —ay¥ + a7 (2) 4y, Since ker(w) is a nil-algebra,
hence nilpotent, there is an integer k& > 1 such that —ay* +a?¢5~(z) + ¢! = 0.
Thus the train equation is of form 57! — w(z)z* = 0 with s > 1 an integer.

Suppose that the nil-index of N = ker(w) is r. Then for all y,z € N, we
have y" = 0 and £~ '(2) = 0 because (ker(w))" = 0. So 2" — w(z)z" = —ay” +
ol (2)+y™ = 0 and € is a train algebra of rank 74 1. Indeed, if the rank of £
was 7, then we would have 2" —w(z)2"~! = 0; either —ay" '+ a6, 7(2) +y" = 0.
For a = 0, i.e. © =y € ker(w), we have " = 0. Thus, —ay" " 4 o*(;7%(z) = 0,
for all @ € F,ie. —y"~' 4+ al;>(z) = 0, for all « € F*. Since char(F) # 2, we
would have y"~1 = 0, for all y € ker(w). This would contradict the hypothesis
since there existed 3o € ker(w) such that 3" # 0. Thus, the rank of £ is exactly
r+ 1.

In passing, we have shown that if £ is a train algebra of rank r, then for all
y € ker(w), y"! =0, i.e. N =ker(w) is a nil-algebra of nil-index at most r — 1.

In fact, the nil-algebra N is exactly of nil-index r — 1. O
Lemma 3.9. Let (€,w) be an evolution train algebra. Then, £ admits a natural
base {u1,...,u,} such that u} = uy + > ,_, arpug, u? = ZZZjH ajruy with 2 <
Jj<n.
Proof. Since £ is a baric algebra, it admits a natural base {ey,...,e,} whose
multiplication table is of form €2 = e; + >}, aixey, e? =3y ajre with 2 <
Jj < n. Since (€,w) is a train algebra, it follows that ker(£) =< ey, ..., e, > is
an evolution nil-algebra and ker(€) admits a natural base {ua, ..., u,} such that
structural constants matrix is of form

0 baz bag -+ bon

0 0 b3y -+ bsy

0 0 0 - by,

o 0 0 - 0
We infer that the family {e;, ug, us, ..., u,} is a natural base of £ and its multipli-
cation table is of form e} = ey + >, bupug, uf = EZ:].H bjruy with 2 < j < n.

We get the proposition. O

3.3. Characterization of special train algebras.

Definition 3.10 ([0, Definition 3.27]). Let (£,w) be a baric algebra. We said
that £ is a special train algebra if N = ker w is a nilpotent algebra and its principal
powers N?, i € N*, are ideals of £.

Proposition 3.11. Let (£,w) be a finite-dimensional baric algebra. Then & is a
special train algebra if and only if N = kerw s a nil-algebra.

Proof. Since £ is a finite-dimensional baric algebra, £ admits the following de-
composition £ = Fe; @ N where w(e;) = 1 and egN = 0. Suppose that N
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is a nil-algebra. As any finite evolution nil-algebra is nilpotent, /N is nilpotent.
Hence, N¥t1 C N*. We have EN* = (Fe; @ N)N* = Nk C Nk So N* is an
ideal of £. We deduce that £ is a special train algebra.

Conversely, suppose that £ is a special train algebra. Then N is a nilpotent
algebra. It follows N is a nil-algebra. OJ

By Theorem 3.8 and Proposition 3.11, we deduce the following theorem
Theorem 3.12. Any evolution train algebra is a special train algebra.

3.4. Idempotents in evolution train algebras. A nonzero idempotent of an
algebra £ is an element e € £ such that e? = e # 0.

Proposition 3.13. Let (£,w) be a n-dimensional train algebra. Then £ admits
one and only one nonzero idempotent.

Proof Since (£,w) is a train algebra, it admits a natural base {ei,...,e,} such
that e} = e; + > p_, aixey, €3 Zk it ajrer with 2 < j <n. Let 0 = Z?Zl 0i€;
be an element of £. We have o? = (7161 +> -2 olaje;+ >0, Zj i1 Oraie; =

oter + Z] o OTaLe; + 29 2Zz 5 Ofaije; = oter + Z] 2(21 | 07aj)e;. So o is
an idempotent if and only if

o = o1 and 0; = i1+ 03a9;+03a3;+- - -+ 0;_ya;_1; where 2 < j < n. (3.3)

We see that if 03 = 0, then 09 =03 = -+ =0, =0. So 07 = 1 and (3.3) admits
one and only one solution. Il

If o is the unique idempotent of an evolution train algebra &, then the base
{o,€3,...,e,} is not necessarily a natural base of £ because oe; = o.e? is not
necessarily zero.

Example 3.14. Let £ be a 4-dimensional algebra with a base {e, u, v, w} whose
nonzero products are defined by e? = e+u, u? = v, v> = w. Then & is an evolution
algebra in a natural base {e, u,v,w}. Let w: & — F be a linear transformation
defined by w(e) = 1 and w(u) = w(v) = w(w) = 0. The Theorem 3.3 tells us
that w is a weight function of £. We set N = ker(w) =< u,v,w > and we have
N? =< v,w >, N> =< w >, N* = 0. We infer that (£,w) is a train algebra of
rank 5 and its train equation is 2° — w(x)z* = 0. Moreover, from (3.3) it comes
0 = e+ u+ v+ wis the unique idempotent of £. Since ou = u? = v # 0, it
follows the family {0, u,v,w} is not a natural base of £.

Remark 3.15. Let N7 and Ny be two finite-dimensional evolution nil-algebras of
naturals bases respectively {u1, ..., u,, } and {v,...,v,,}. Weset & = Fuo® N,
and & = Fug® Ny where uf = ug+Y -, aopty, tou; = 0 and v§ = vo+Y_ 2| GokVk,

vov; = 0 with ¢ = 1,...,m; and j = 1,...,n9. We set respectively w; and w,
the weights functions of £ and &, defined by w;(ug) = wa(vy) = 1 and wy(u;) =
wo(vj) =0withi=1,...,nyand j =1,...,ny. (&, w;) and (&, wo) are evolution

train algebras and we set 01 = ug+0] and oy = vy+ 0}, the unique idempotents of
(&1,w1) and (&2, ws) respectively. Then o = eg+ o] —i— o}, is the unique idempotent
of the evolution algebra & = Feg@® Ny & Ny where €2 = ¢y + (uo — uo) + (vg vo)
eou; = egv; = 0withi=1,...,nyand j = 1,...,ny. Indeed, 0 = €3+ 02+ 0%
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eot(ud+o?)+(vi+al)—(ug+vg) = eg+0o2405—(ugtve) = egto1+02—(ug+uvg) =
e+ o +oh=o0.

3.5. Power-associative evolution train algebras.

Definition 3.16. The algebra & is said:
i) fourth power-associative if and only if z22? = 2 for all z € £.
it) power-associative, if for all x € £, x'a? = 2™ for all integers 7,7 > 1.

Theorem 3.17 ([1]). Let F' be a commutative field of char(F) # 2,3,5. Algebra
& is power-associative if and only if 22x* = x* for all x € £.

Proposition 3.18. Let £ = Fey @ kerw be a finite-dimensional evolution train
algebra over a commutative field of char(F) # 2,3,5, where €3 = e; + z with
z € kerw and e; kerw = 0. Then & is a power-associative algebra if and only the
following statements are satisfied:

i) kerw is a power-associative evolution algebra;

i1) z € ann(kerw).

Proof. We set x = ae; +y with a € F and y € kerw. We have the following
equalities ZL‘2 =a?el+y* =a’(eg +2)+y? 2 = a 32 +alyz +1° = « (el—l—z)+
ayz+y3 vt =« 61~|—a3yz+a y(yz)+y and 2222 = « el+a4z +y2y? 4+ 2022 2.

Suppose that &€ is a power-associative algebra. Then the equality z22? = z*
leads to

a'z? — a’yz + o® (22 —y(yz) + v*y* —y' = 0, (3.4)
By replacing a by —« in (3.4), we get
o2+ Pyz + (2072 — y(y2)) + v*yE — vt = 0. (3.5)

The difference of (3.4) and (3.5) gives 2a3yz = 0. We deduce that yz = 0, for all
y € kerw, i.e. zkerw = 0. We get 7). The equality (3.4) becomes y?y? — y* =0
for all y € kerw. The Theorem 3.17 tells us that kerw is a power-associative
evolution algebra and we obtain 7).

Suppose that z) and 7i) are satisfied. Then z* = a%e? + y* and 2%2% = a%e? +
vyt = ate? + ¢y = 2222, We deduce that £ is a power-associative evolution

algebra O

Definition 3.19 ([2, Definition 2.4]). An evolution sub-algebra of an evolution
algebra & is a sub-algebra & C £ such that £’ is an evolution algebra, i.e. £ have
a natural base. We said that £ have extension property if there is a natural base
B’ of £ which can be extended to natural base B of .

Remark 3.20. Let &€ = Fe; & kerw be a finite-dimensional power-associative
evolution train algebra, where e = e; + z with z € kerw, z € ann(kerw) and
erkerw = 0. Then e = e? is the unique idempotent of £ and the sub-algebra
generated by e have the extension property [7, Lemme 5|. This result is also
verified by direct calculation. Indeed, e? = e?e? = e? + 22 = €2 and for all
y € ker w, we have e?y = zy = 0. Then, there is an orthogonal family {us, ..., u,}
such that kerw =< uy, ..., u, > and the family {e, us, ..., u,} is a natural base
of £. Thus, the Peirce decomposition of £ is given by £ = & (e) @ &y(e) where
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Ei(e) = Fe and &(e) = {x € &,ze = 0}. We see that & (e) = kerw; hence

& = Fe @ kerw is a direct sum of algebras.

Now, we give an example of evolution train algebra that is not power-associative
and admits an idempotent e such that the sub-algebra generated by e is not
provided with extension property and whose kernel is power-associative.

Example 3.21. Let £ be a 5-dimensional algebra with a base {e;,x,u,v,w}
whose nonzero products are defined by €2 = e; + u + v, 22 = u + v, u? = w,
v? = —w. Then £ is an evolution algebra in a natural base {ei,z,u,v,w}.
Let ¢ : &€ — F be a linear transformation defined by ¢(e;) = 1 and ¢(z) =
e(u) = p(v) = p(w) = 0. The linear transformation ¢ is a weight function
of £ and (&, ) is an evolution train algebra. Moreover e?e¢? = e? + u? + v? =
e? and kerw =< x,u,v,w > is power-associative evolution algebra that is not
associative. However, £ is not power-associative because (u + v)u = u? = w # 0.
Let’s look for the vectors es = asx + asu + a4v and es = byx + bsu + byv of ker w
such that the family {e? z,es, 3, w} is a natural base of £. We have 0 = eyr =
asx? = as(u + v) leads to ay = 0; 0 = ezz = byx® = by(u + v) implies by = 0;
0 = eley = (a3 —aq)w gives az = a4 and 0 = e?ez = (bs — by)w gives by = by. Thus
ey = az(u +v), e3 = b3(u + v) and the family {€?, z,e,, €3, w} is not a base of .
So the sub-algebra generated by e? is not provided with the extension property.

3.6. Automorphism in evolution train algebras. Let £ = Fe; @ kerw be a
finite-dimensional evolution train algebra such that w(e;) = 1 and e; kerw = 0.
Then €2 = e; + x with 2 € kerw and let ¢ € Aut(€) be an automorphism of &.
Since the following diagram

ESF

&
is commutative, w o o = w. We have woo(e;) = w(e;) = 1, hence o(e;) = e +y
with y € kerw. For all z € kerw, we have 0 = w(z) = w o o(z) leads to

o(kerw) C kerw. The ideal ker w being stable under o, we have o(kerw) = ker w
and Ojkere € Aut(kerw), where ojery, is the restriction of o to kerw. Now 0 =
o(e1z) = o(e1)o(z) = (e1 + y)o(z) = yo(z), so 0 = ykerw, i.e. y € ann(kerw).
We have o(e}) = o(e; +2) = ole1) + o(xz) = €1 +y + o(x) and o(e)? =
e? +y?=e? =e; +x. Thus, o(e?) = o(e;)? gives e; +y + o(z) = e; + x. Hence
y=1a —o(x) € ann(kerw) and o(e;) = e; + — o(x). We infer that Aut(€) =
{o|oler) =er+2—0(x), x —0o(x) € ann(kerw), Ojerw € Aut(kerw)}. Thus,
the knowledge of 0|k, makes it possible to determine o(e;) and consequently o.

Example 3.22. We consider an evolution train algebra £ = Fe; @ kerw where
erkerw = 0, e% = e1 + a1zes + ajzes + ajgey and kerw =< eg,e3,e4 > is an
evolution nil-algebra of nil-index 4 defined by e3 = e3, €5 = €4, €5 = 0. Let
o € Aut(€) and ¢ = Opere € Aut(kerw). We set = ajsep + ajzes + ajqeq and
o(e2) = o6 + gazes + gageq. We have p(e3) = p(e3) = p(ea)? = 05963 + 053¢,
ples) = p(e3) = ples)® = opes and 0 = p(ezes) = p(ea)ples) = 03,096
leads to o935 = 0 because the linear transformation ¢ is an automorphism of
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kerw. We deduce that ¢(es) = 0ozea + gaseq, p(e3) = 059e3, p(es) = Taeeq and
T — (1) = aa(1 — o)ez + a13(1 — 03)es + (a4 — a12094 — 1405, )e4. Moreover
z — p(z) € ann(kerw) = Fey if and only if a12(1 — 092) = ay3(1 — 035) = 0. For
i) 022 = 1, 0(e1) = e1 — a12094€4, 0(€2) = €3 + 0a4e4, 0(e3) = €3, 7(€4) = €4;
i1) 093 # 1, then ajo = 0 and o(ey) = €1 + ais(1 — 09y)eq, o(ez) = Tanes + oayey,
0'(63) = 0'3263, O'<€4) = 0'3264 with CL13(1 -+ 0'22) =0.

In ([7]), the authors give the classification of evolution nil-algebras of nil-index
2, 3 and 4. In the particular case of nil-index 4, they give the classification only
for the power-associative algebras. Here, we give the classification of evolution
nil-algebras of nil-index 4 up to diemension 5 and that are not power-associative.

4. NIL-ALGEBRA OF NIL-INDEX 4 THAT ARE NOT POWER-ASSOCIATIVE

Theorem 4.1 ([7, Corollary 1]). Let B = {ey,...,e,} be a natural base of an
evolution nil-algebra €. Then & is fourth power-associative if and only if

i) e?e?zOforalllSiSan;

ii) (ee;)er =0 for all 1 <i,j,k <n.

Definition 4.2. The algebra & is decomposable if there is the nonzero ideals 7
and J such that &€ =7 @& J. Otherwise, it is indecomposable.

Lemma 4.3 ([0, Corollary 2.6]). Let € be a finite-dimensional evolution algebra
such that dimp(ann(€)) > 5 dimp(E) > 1. Then € is decomposable.

In the following, IV is an indecomposable evolution nil-algebra of nil-index 4,
up to dimension 5, that is not power-associative. Let B = {ej,...,e,} be a
natural base of N. As 0 = N*, then (eZe;)er, = 0 for all 1 < 4,5,k < n. Thus,
there are i1,i5 € {1,...,n} such that 62216222 # 0 otherwise N would be power-
associative. The type of N is [ni,ng,n3] where ny, ng,n3 are nonzero integers
such that nqy + ny + ng = dim(N). Necessarily dim(N) > 3.

In ([7, § 4.3]), the authors denote by N;; the j-th indecomposable power-
associative evolution nil-algebra of dimension ¢. We will continue with this nota-
tion. In the sens that if 1V, j, is the last indecomposable power-associative evolu-
tion nil-algebra of dimension i, N; ; 1+ would be k-th indecomposable nil-algebra
of dimension ¢ that is not power-associative.

With regard to Theorem 3.17 and Theorem 4.1, let F' be a commutative field
of char(F) # 2,3, 5.

4.1. Case of 3-dimensional.

Theorem 4.4. Let N be 3-dimensional indecomposable evolution nil-algebra of
nil-index 4 that is not power-associative. Then N is isomorphic to the evolution
evolution algebra N34 : €2 = ey, €3 = ez and €3 = 0 of type [1,1,1].

Proof. dim(N) = 3, leads to dim(ann(V)) < 1.5; so dim(ann(N)) = 1 and the
type of N is [1,1,1]. Let B = {ej,es,e3} be a natural base of N such that
ann(N) = Fez and ann?(N) =< eg,e3 >. The multiplication table in B is
of form €2 = ajses + ajzes, €2 = agses, e% = 0, with a19,a03 € F*. We set
Uy = a19ey + ajzes and ug = uZ; the family {e1, us, us} is a natural base of N and
N is isomorphic to N34 : €2 = ug, uj = ug, u3 = 0. O
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4.2. Case of 4-dimensional.

Theorem 4.5. Let N be 4-dimensional indecomposable evolution nil-algebra of
nil-index 4 that is not power-associative. Then N is isomorphic to one and only
one evolution algebras in table 1.

Table 1
N Multiplication Type
Nyz(a) |ef=es, €3 =aes, ef =e4, e =0 witha € F* 1,1,2]
Nys(a,B) | el = e3, €3 = aes + Bey, €3 = eq, €5 = 0 with | 77’
a, € F*
Nyg(a) |ef=eq, €3 =cey4, €3 =aey, ef=0 witha € F* (1,2,1]

Proof. dim(N) = 4, leads to dim(ann(N)) < 2; so dim(ann(/N)) = 1 and the
possible types of N are [1,1,2] and [1,2,1]. Let B = {ey, €9, €3, €4} be a natural
base of N such that ann(N) = Fey.

N is of type [1,1,2]. We take ann?(N) =< e3,e4 > and we have U; = Fey,
Uy = Fes, Us = Fey @ Fey. The multiplication table in B is of form e? =
a13€3 + Q14€4, €5 = Agze3 + g€y, €3 = azqeq, €5 = 0 with a3, as3, azy € F*. We
set uz = ajzez + apseq, ug = u3; the family {eq, ez, us, us} is a natural base of
N and its multiplication table is of form €? = ug, €3 = aus + Bug, U3 = uy,
u? = 0, with o € F™* because ai3, ass € F*. We have (Us ® Uy )* =< uz, Buy >.

If dimp(Us ©U;y)* = 1, then 8 =0 and N is isomorphic to Ny7(«) : €3 = usg,
e3 = aug, ui = uy, ui =0, with o € F*.

If dimp (Us U, ) = 2, then S # 0 and N is isomorphic to Nyg(a, 8) : €3 = us,
€2 = aug + Puy, ui = uy, ui =0, with o, 8 € F*.
N is of type [1,2,1]. We take ann?(N) =< ey, e3,¢4 >. The multiplication
table in B is of form €? = ajpes + aizez + ajsey, €5 = asgey, €3 = azqey,
e? = 0 with agq,ass € F* and (a9, a13) # (0,0). Moreover a?yagq + alzazs # 0
because efe # 0, otherwise N would be power-associative. We set uy =
aipes + aizes + aygeq and uy = ui. Let’s us determine a vector uz = aey + bes
such that the family {e;, us, u3, us} is a natural base of N. The orthogonality
of us and ug gives ajsassa + aizazsb = 0. We distinguish two cases

i) ajo = 0, then we can take ug = eo;

27/) a19 7é 0, then a = —(a12a24)_1(a13a34)b.
We can take uz = —(a12a24) " (a13a34)es + e3.

In each cases, the multiplication table in {ej,us, us, us} is of form €2 = wuso,
u3 = uy, ui = auy, ui = 0 with o € F*. We deduce that N is isomorphic to

N4,9(Oé).

4.3. Case of 5-dimensional. If dim(N) = 5 then dim(ann(N)) < 2.5; so

dim(ann(N)) = 1 or 2. The possible types of N are [1,1,3], [1,2,2

—_
w S
=

2,1,2] and [2,2,1].
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Theorem 4.6. Let N be 5-dimensional indecomposable evolution nil-algebra of
nil-index 4 and of type [1, 1, 3] that is not power-associative. Then N is isomorphic
to one and only one evolution algebras in table 2.

Table 2
N Multiplication
N5 13(a, B) €3 = ey, €3 = ey, €3 = Bey, €] = es5, ez = 0 with a, B € F*.
Ns1a(a, B,7y) | ef = ea, €3 = aeq + Bes, €5 = v(aes + Bes), €1 = e5, €2 = 0 with
a,B,y € F*.
Nsi5(a,3,7,0) | €1 = es, €3 = ey + fes, €5 = veq + Oes, €] = e5, €5 = 0 with
a,B,7,0 € F* and ad — By #0

Proof. N is of type [1,1,3]. Let B = {ey,...,e5} be a natural base of N such
that ann(N) = Fes and ann?(N) =< ey, e5 >. We have U; = Fes, Uy = Fey and
Us = Fey @ Fey ® Feg; the multiplication table in B is of form e? = ajseq + ajses,
6% = (24€4+025€5, 6% = 344103565, 6?; = (45€5, 6?) =0, with a4, ag4, az4, as5 € F*.
Since e?e? = a}jasses # 0, for 1 <4 < 3, we set uy = e? and us = e?e?; the family
{e1, eq,€3,uq,us} is a natural base of N and its multiplication table is of form
e? = uy, €3 = aquy + asus, €3 = Byuy + Bsus, ui = us, ui = 0, with ay, 8, € F*
because ai4a94a34 # 0. We have (Us @ Uy )? =< uy, asus, Bsus >.

If dim(Us & Uy)* = 1, then a5 = 5 = 0 and N is isomorphic to Nj13(auy, 84) :

€2 =y, €5 = ayuy, €2 = Pyuy, us = us, u? =0, with ay, 84 € F*.

If dim(Us & U, )* = 2, then (s, 85) # (0,0). We distinguish four cases:

i) det(e2,e2) = ayfBs — asBy = 0, then f5 = oy 'asBs and necessarily fsas # 0.
So €2 = uy, €2 = auuy + asus, €2 = By + ay tasBaus = Baay (auuy + asus),
ui = us, u = 0, with ay, a5, 8y € F*. We deduce that N is isomorphic to
N5714(a4,a5,ﬁ4a11).

i) det(e3,e2) # 0 and 85 = 0. We set vy = e3 and vs = v:. We have ¢? =
oy tuy — a%asvs, €2 = vy, €2 = By(ag vy — ag?asvs), v2 = vs and v2 = 0.
We obtain N5 4(ayt, —ay as, Ba).

iit) det(e3,e3) # 0 and a5 = 0. By permuting the vectors ey and e3, we get case
i)
iv) det(e3,e3) # 0 and asB; # 0. Then €2 = wuy, €5 = qquq + azus, €2 =
Baug + Bsus, us = us, uz = 0 with ay, as, B4, B5 € F* and ayf85 — asfs # 0.
So N is isomorphic to Nj15(au, as, B, B5).
]

Theorem 4.7. Let N be 5-dimensional indecomposable evolution nil-algebra of
nil-index 4 and of type [1, 2, 2] that is not power-associative. Then N is isomorphic
to one and only one evolution algebras in table 3.

Table 3
N Multiplication
Ns16(a, B) | ef =es, e3 = aes, €5 = e5,e5 = Bes, e2 =0 with o, B € F*.
Nsar(e, B,7) | €3 = e3, €3 = aes + Bes, €3 = e5,e7 = ves, ez = 0 with
a’ ﬂ,’y e F*'
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N Multiplication
Nsis(a, B) | e? =e3, €3 = aes +eu, €3 = e5,e5 = Pes, €2 = 0 with a € F
and B € F*.
N5 19() e? =e3+ey, €3 =ales —e4), €5 = e5,e1 = —e5, €2 = 0 with
acF*

Proof. N is of type [1,2,2]. Let B = {ej,...,e5} be a natural base of N such

that ann(N) =< e5 > and ann?(N) =< e3,eq,e5 >. We have U; = Fes, Uy =

Fes @ Fey, U3 = Fe; @ Fey and a multiplication table in B is of form e% =

a13€3+ a1a€s +a15€5 = A+ Q15€5, €5 = aoze3+ Anaes + asses = b+ agses, €5 = asses,

e2 = ayses and e = 0 with a,b # 0 and azs, ass € F*. Then, either a? = b* = 0,

i.e. e2e? = ele3 = 0, either a® # 0 or b? # 0.

e By symmetry, we suppose that a? # 0. We set us = a + ajses and us = a.
Let’s us determine the vector uy = c3e3 + cse4 € Uy such that the family
{e1, ea, uz, ug, us} is a natural base of N. The orthogonality of the vectors uz
and uy implies czaq3as; + cqa14a45 = 0. We distinguish three cases:

i) a;3 = 0, then ¢4 = 0 and we can take uy = eg;
i1) apy = 0, then c3 = 0 and we can take uy = ey;
i11) ajzays # 0, then ¢4 = —c3(agzass)(asaqs)™ " and we can take uy = ez —
(a13a35)(a14a45)*1e4.
In each cases, the multiplication table in the natural base {e, eq, us, w4, us}
is of form e? = ug, €3 = aus + Buy + Yus, U3 = us, us = dus, uz = 0 with
(a, B) # (0,0), 6 € F* and we have N? =< ug, Suy, us >.
If dim(N?) = 2, then 8 =0 and (Us B U )* =< ug, yus >.
a) dim(Us ® U;)? = 1, gives v = 0 and N is isomorphic to Nj16(cv,d) : €} = ug,
€2 = aug, ui = us, ui = dus, u} = 0 with «,6 € F*.
b) dim(Us @ Uy)* = 2, leads to v # 0 and N is isomorphic to Nji7(a,7,9) :
e? = ug, €3 = aug + Yus, Uz = us, ui = dus, uz = 0 with a,v,d € F*.
If dim(N?) = 3, then 8 # 0 and we set u)j = Puy + yus. The family
{e1, ea,u3,u), us} is a natural base of N and N is isomorphic to N5 s(c,d’) :
e? = ug, €3 = aug +u}, ui = us, (u})? = B*0us = §'us, u2 = 0, with o € F and
d e F*.

e Suppose that a®> = > = 0. We have a®> = 0 implies a3, a4 € F*, otherwise
a = 0. Similarly as3, asy € F™, otherwise b = 0. We set uz = ai3e3+ ais€s, ug =
apsey and uy = ud; as 0 = e?ed = (uz + uq)? = ui + u3, then u? = —ui = —uy
and the family {ej, es, ug, ug, us} is a natural base of N. The multiplication
table in this base is of form e€? = ug + uy, €3 = aug + Buy + yus, ui = us,
ui = —us, uz = 0 with (a, 8) # (0,0). We have 0 = e2e2 = (a? — 3%)us leads
toa=pBora=—08 If a =}, then elei = (o — B)us = 0 and N would be

power-associative. We infer that « = —f # 0 and we set v3 = uz + %Oé_l")/ULr,
and vy = uy — %a‘lyu;,. Then N is isomorphic to Nsjo() : €2 = v3 + vy,
e2 = a(vs —vy), v3 = us, v = —us, u2 = 0 with a € F*,

O

Theorem 4.8. Let N be 5-dimensional indecomposable evolution nil-algebra of
nil-index 4 and of type [1, 3, 1] that is not power-associative. Then N is isomorphic
to Nsoo(ar, B) : €3 = eq, €3 = €5, €5 = aes, e5 = fes, ez =0 with a, B € F*.
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Proof. N is of type [1,3,1]. Let B = {ey,...,e5} be a natural base of N such
that ann(N) =< e5 > and ann?(N) =< eg,€e3,64,65 >. We have U; = Fes,
Uy = Fey® Fez® Fey and Us = Fey. The multiplication table in B is of form 2 =
1263 + a3z +aiaes +a15es = a+aises, €5 = ags€s, €3 = Azses, €5 = Auses, €3 = 0
with a # 0 and ags, ass, ass € F*. We have 0 # e2e? = (a?ya95 + a?5as5 + a2 a45)e?
otherwise N would be power-associative. In the following, we assume that a5 # 0,
otherwise we reorder the vectors es, e3 and e4 of natural base. We set uy = e%, Uy =
e2e2 and let’s look for the vectors ug = boea+bses+byey, ug = caeatczes+cieq € Us
such that the family {eq, us, ug, ug, , us} is a natural base of N. The orthogonality

of uy with the vectors us and uy leads to by = —(bsaizass + bya14a45)(a12a5) "
and ¢y = —(c3a13a35 + C4a14045)(a12a95) " . We deduce that
~1
us = —(bsarzass + bsa14a45)(a12a95)" €2 + bzes + baey,
—1
ug = —(c3a13a35 + C4014a45)(A12025) " €2 + C3€3 + Ca€4.

The orthogonality of ug and uy gives

bsass(cs(ayas + afsass) + Caa13014045)+ (41)
baass(cs(ayans + afyass) + c3a13a14as5) = 0. '
Moreover the family {e;, ug, us, uy, us} is linearly independent if and only if the
family {us,us} is linearly independent. The family {us,us} is linearly indepen-
dent if and only if rang({us,us}) = 2, i.e. bycqy — bycs # 0. We distinguish the
following cases:
i) alyags + alzazs # 0, we can take by = 0, then bz # 0 and

c3 = —(a13a14a45)(a3ya95 + a35a35) "1y, In this case
-1
uz = —(ayzass)(azazs) ez + e,
2 2 1 2 2 1 .
Ug = —a12014045(a75025 + A75035) " €2 — (A13014045) (a72025 + T5a35) €3+ €4 ;
ii) alya95 + atyaqs # 0, we can take by = 0, then by # 0 and
_ 2 2 ~1 .
¢y = —(a13a14a35)(afqaos + ajsaq5) 'es. In this case,
1
uz = —(@12a45)(a12a25) " €2 + €q,
Uy = —a12013035(aTy005 + a3 4045) " €2 + €3 — (a13a14a35) (aTya05 + a3 4045) ey ;
ZZZ) (1%2(125 = —CL%36L35 = —CL%4CL45, then (41) becomes b3C4 + b403 = 0. We can
take by = b3 and ¢4 = —c3. In this cases,
1
uz = —(a13a35 + a14045)(A12025) " €2 + €3 + €y,
~1
Uy = —(a13a35 - G14G45)(CL126L25) ey + e3 — eq.

In each cases, N is isomorphic to Njsao(a, ) : €2 = ug, u3 = us, Ui = aus,
u? = Bus, u} = 0 with o, 8 € F*. O

Theorem 4.9. Let N be 5-dimensional indecomposable evolution nil-algebra of
nil-index 4 and of type (2, 1, 2] that is not power-associative. Then N is isomorphic
to Nso1(a) : €3 = e3, €5 = aeg + €5, €3 = ey, €5 = €2 = 0 with o € F*.

Proof. N is of type [2,1,2]. Let B = {ey,...,e5} be a natural base of N such
that ann(N) =< ey, e5 > and ann*(N) =< ez, e4, €5 >. We have U; = Fe, @ Fes,
Uy = Fez, U3 = Fey; @ Fey and the multiplication table in B is of form e} =
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a13€3 + ara€q + a15€s5, €3 = oze3 + Asaeq + Aoses, €3 = azaey + agses, €5 = € =

with a3, a3 € F* and (aszq,azs) # (0,0). We set ug = €%, uy = e?e? and let
us € ann(N) such that ann(N) = Fuy & Fus, then the family {eq, es, us, uyg, us}
is a natural base of N and its multiplication table is of form e? = ug, €3 =
aus + Buy + yus, ui = uy, ui = ui = 0 with a € F*. If v = 0, then N =<
€1, e2,uz, Uy > B < us > is decomposable. So v # 0 and we set u; = Suy + yus.
The family {e1, ea, us, ug, ut} is a natural base of N and N is isomorphic to
Nsoi() : €3 = ug, €3 = aus + uk, u3 = uyg, ui = (ut)? = 0 with a € F*. O

Theorem 4.10. Let N be 5-dimensional indecomposable evolution nil-algebra of
nil-index 4 and of type (2,2, 1] that is not power-associative. Then N is isomorphic
to Nso9 : €2 = ug + ug, us = uy, ui = us, ui = ui =0.

Proof. N is of type [2,2,1]. Let B ={ey,...,e5} be a natural base of N such that
ann(N) =< e4,e5 > and ann?(N) =< ey, e3,e4,e5 >. We have U; = Fe, @ Fes,
Uy = Fey @ Fes, U3 = Fey and the multiplication table in B is of form e} =
a12e2 + ai3€3 + 1464 + a15€5, €3 = Ag4€4 + As5€5, €3 = azseq + azses, €3 = ez =0
with (a2, a13) # (0,0), (ag4,as5) # (0,0) and (ass, ass) # (0,0). We have 0 #
e2e? = alyel + a?sel otherwise N would be power-associative. We assume that
a12 # 0 otherwise, we permute the vectors e; and ez of the natural base. Moreover
the family {e2,e2} is a linearly independent otherwise N =< ey, ajaes + a14e4 +
aises, e3,e2 > @ < uz > would be decomposable with ann(N) = Fe2 & Fus:
impossible. In the same way a3 # 0, otherwise N =< ey, ajses+ase4+asses, e% >
b < ez, e§ > would be decomposable. We set uy = aj9es+ais€4, us = ajzez+aises,
uy = u3 and us = uZ. So the family {ey, ug, u3, us, us} is a natural base of N and
N is isomorphic to N5 95 : e% = Uy + U3z, u% = Uy, u% = us, ui = ug = 0. U]
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