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LORENTZ-TYPE SPACES AND COMPACTNESS OF
GENERALIZED DIFFERENCE OPERATORS

MIGUEL S. LUQUE-CASALLAS' and JULIO C. RAMOS-FERNANDEZ?* and MARGOT
SALAS-BROWN?3

ABSTRACT. In this article, we characterize the sequences u and v that define
continuous and compact generalized difference operators acting on the broad
class of quasi-Banach Lorentz-type sequence spaces. Our results provide gen-
uine extensions and generalizations of known results about the continuity and
compactness for multiplication-type operators defined over traditional Lorentz
sequence spaces.

1. INTRODUCTION

Compactness is one of the most significant topological properties desired in a
subset of a topological space. In normed spaces, this property enables the ef-
fective application of mathematics to other areas of knowledge, particularly by
facilitating the establishment of existence results of solutions in optimization
problems. In the context of continuous linear operators, compactness allows the
Bolzano-Weierstrass property to be transferred to the image of a bounded se-
quence. As a result, it finds further applications in problems modeled by linear
transformations defined by infinite matrices acting on Banach sequence spaces.
This article focuses on such problems, specifically through the study of general-
ized difference operators acting on certain weighted Lorentz sequence spaces.

Let X be a vector space over the field K = C or R. The space X is called a
quasi-normed space if there exists a function || - || : X — [0,00) satisfying the
following properties:

(1) ||€]|| = 0 occurs if and only if the vector £ is the zero vector;

(2) For any scalar A € K and any vector £ € X, it holds that || AE|| = |A|-[|€]];

(3) For all vectors €, ¢ € X, the inequality

1€ + <l < C(llgl + i) (1.1)

holds, where C' > 1 is a constant independent of £ and ¢

The pair (X, || - ||) is then referred to as a quasi-normed space. The smallest
constant C' > 1 for which the inequality (1.1) holds is called the modulus of
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concavity of the quasi-norm. Clearly, in the particular case C' = 1, a quasi-norm
|| - || reduces to the usual notion of norm but, in general, a quasi-norm is not a
norm. However, an important result by Aoki [2] and Rolewicz [18] establishes
that if (X, || -||) is a quasi-normed space, then we can find a number p € (0, 1]
and a quasi-norm || - ||, equivalent to the original one on X, such that

1€+ <l < lElp + [I<113,

for all £,¢ € X and consequently, X is endowed with a metric given by the
relation d, (§,<) = [[§ —<||?. Hence, the study of convergence and topological
properties in a quasi-normed space (X, || -||) is inherited from the metric space
(X,d,). For instance, &, — & in (X,| -|) if and only if d, (§,,&) — 0 which
is equivalent to ||&, —&|| — 0. In particular, a quasi-normed space (X, | -]|) is
called a quasi-Banach space if the pair (X, d,) is a complete metric space.

The study of quasi-Banach spaces has a long history, as evidenced by the ref-
erences of Aoki [2]. A significant contribution is found in the work of Kalton,
presented in Chapter 25 of the Handbook of the Geometry of Banach Spaces, Vol.
2 [14], where a wide range of problems concerning these spaces is discussed. In
particular, Kalton highlights that fundamental results from Banach space the-
ory—such as the Uniform Boundedness Principle, which ensures that pointwise
bounded families of operators are uniformly bounded; the Open Mapping Theo-
rem, which guarantees that surjective bounded linear operators between complete
spaces are open mappings; and the Closed Graph Theorem—remain applicable
to this type of space, as these results rely solely on completeness.

Recently, many researchers have shown interest in various issues related to quasi-
Banach spaces. Some have focused on the geometric aspects of interpolated
spaces, a line of study that began with Krée’s paper [15]. Other researchers
have examined the problem of characterizing the compactness of certain subsets
in specific quasi-Banach function spaces [5, 11], while others have directed their
attention to the characterization of the topological properties of certain classical
operators acting on quasi-Banach sequence spaces, including continuity, compact-
ness, and the closedness of their range, among others (see, for example, [1]).

This work focuses on the study of the continuity and compactness of generalized
difference operators acting on certain quasi-Banach sequence spaces which will
be defined in terms of weighted Lorentz-type sequence spaces in the next section.
We recall that for fixed sequences u and v, the generalized difference operator
A, , maps the sequence £ = {£(n)} to the sequence y = A, , (£), where the
components y(n) are defined by

y(n) =v(n —1)&(n — 1) + u(n)§(n), (1.2)

with the convention that £(0) = v(0) = 0. This operator is a special case of a
transformation defined by an infinite matrix, in fact, it can be viewed as the mul-
tiplication by an infinite bidiagonal matrix, and its study has received significant
attention in classical Banach sequence spaces, as evidenced by the recent work
of El-Shabrawy [12]. Moreover, when v is the zero sequence, the operator A, ,
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becomes the well-known multiplication operator M, which is a subject of great
interest for many researchers (see, for instance, [3, 17] or more recently [7] and
the numerous references therein). Additionally, the generalized difference opera-
tors are special cases of tridiagonal operators which have been studied recently
by Caicedo et al. in [1]).

The main objective of this article is to characterize the continuity and compact-
ness of this operator in the general setting of weighted Lorentz-type sequence
spaces. Finally, throughout the article, we denote by a@ = {a(k)} a sequence of
real or complex numbers. In contrast, (&,) will be used to represent a sequence
whose elements are themselves sequences.

2. LORENTZ-TYPE SEQUENCE SPACES

In this section we introduce the weighted Lorentz-type sequence spaces and we
give some properties. First of all, we denote by #(A) the cardinality of the set
A C N, which is the counting measure of the set A in N, the set of strictly positive
integers. With this notation, the distribution of the complex sequence & = {{(n)}
is the real-valued extended function #; : [0, 00) — [0, 0o] defined by

#e(N) =#{n e N:[E(n) > A}).

From this definition, it is easy to see that #; is a nonincreasing function satisfying
the following properties:

Monotonicity. If [£| < [¢, then #¢(\) < #.()) for all A > 0,

Additivity. Given any A\, Ay > 0, the following inequality holds:
Here(A + A2) < #e(M) + #(A2),

where & = {{(n)} and ¢ = {¢(n)} are sequences of complex numbers. Moreover,
the notation |€| < |¢| is understood to mean that |£(n)| < |¢(n)| for all n € N.

The nonincreasing rearrangement of the complex sequence & = {{(m)} is the
real-valued extended sequence &*, defined by

&' (m) =inf{A>0: #:\) <m—1},
for all m € N, where we define inf()) = +oo. In fact, for A\ > 0, we define
€*(A) = & (m), where m € N satisfies m — 1 < XA < m.

The properties of the nonincreasing rearrangement are similar to those of the
distribution function. Observe that £* is a nonincreasing sequence, with

(1) =€l = i%%lﬁ(m)l,

and that £* < ¢* for all complex sequences &, ¢ such that |[£| < |¢]. We can
think of £* as the sequence [¢| = {|{(n)|}, but ordered in decreasing order. For
instance, if e,, denotes the n-th canonical sequence defined by e, (k) = 0 for k # n
and e,(n) = 1, then its nonincreasing rearrangement is e = e; for all n € N.
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Furthermore, we can observe that if £*(m) < oo, then #¢(£*(m)) < m — 1. Also,
for any two complex sequences & and ¢, we have

(€ +<)" (m1+my) <& (M) +" (ma)

for all my, mg > 0. We recommend the recent book by Castillo and Chaparro [0]
for a more comprehensive study, including detailed proofs related to the distri-
bution function and the nonincreasing rearrangement.

Next, we will consider weighted sequence spaces that include the nonincreasing
rearrangement £* of the complex sequence €. A real sequence w = {w(m)}, where
w(m) > 0 for every m € N, is referred to as a weight. The global Ay-condition
for a weight w holds if there exists a constant K > 0 such that

w(2n) < Kaw(n) (2.1)

for all n € N. Given a weight w and ¢ > 1 fixed, we can define the weighted (4
space as the set [9(w) of all complex sequences & = {{(m)} such that

1

q

S (Z 1€(m)|? w(m)) < 00.

These kinds of spaces naturally arise in the literature in the context of studying
operator properties in Banach sequence spaces. For instance, for p > 1, the
Cesaro space ces, is contained in [%(w) with w(n) = n'~% which implies that
every evaluation functional on ces, is continuous.

Next, for a fixed ¢ > 1 and a weight w satisfying the global A, condition, We
define the Lorentz-type space [(w,q) as the set of all complex sequences € such
that £ € [%(w). In other words,

o0

1/q
§€llw,q) = l€llwa =€l = (Z[f*(m)]%(m)> < 0.

m=1

Clearly, when w(m) = mr» ! with p > 1 fixed, we recover the classical Lorentz
sequence space [(p,q) (see [16] and [13]). The global As-condition ensures that
the weight sequence w grows in a controlled manner, which allows for the proper
definition and desirable properties of the weighted Lorentz-type sequence spaces.
In particular, the global A, condition on w implies that [(w, q) is a linear space
and that |||, is & quasi-norm for this space. In particular, we can find a
constant L > 0 ensuring that

1€ + Sy < L (1€ gy + Isll )

for all £,¢ € l(w,q). It is important to note that for any m € N, the canonical
sequence e, € l(w, q) satisfies |le, |, ) = w(l)%. Additionally, this space is solid
in the sense that if ¢ € I(w,q) and |£(m)] < |s(m)] for all m € N, then

§€lw, q) ANlEl g < sl - (2.2)
In fact, the following result holds:
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Theorem 2.1. Let w be a weight and suppose that ¢ > 1. The Lorentz-type space
<l(w, ), Il q)> is a quasi-Banach space.

Proof. The proof is standard, and we provide the details. Let (&,) be any Cauchy
sequence in (l(w, q), ||-||(w7q)) and let ¢ > 0 be arbitrary. Since (¢,) is a Cauchy
sequence, we can find an N € N such that

[(gn - gm)* (1)]{1“}(1) < ||€n - gm”?w,q) < Eqw<1)a
for all n,m > N. Thus,

(& —&n)" (1) =nf{N>0: #¢,¢.(\) <0} <e.

The definition of infimum implies that there exists Ay > 0 such that Ay < € and
#e e (Ao) = 0. Consequently, since #¢,_¢, is a decreasing and nonnegative
function, we also have #¢, ¢, (¢) = 0. In other words,

Hen—tm (€) = # ({k € N [gu(R) — &m (k)| > €}) = 0,

for all n,m > N. This last relation implies that (&,) is a Cauchy sequence in
measure. By Riesz’s theorem, we can find a subsequence (&, ) of the sequence (&,)
that converges pointwise to some complex sequence { = {{(k)}. Furthermore,
for a fixed H € N, the properties of non-increasing rearrangement give us the
following estimate:

Z_:é &)’ i[(hmmf@% &) )] wi)

7j=1
< hgg}fz; (&, = En)" ()] w(4)
i
< liminf ||&,, — Enllf,,,) < e%w(1)
k—oo w.4)

and & — &y € l(w, q) which implies £ € [(w,q). Similarly, for any m > N, we
have ||&, —&|| < aw(l)%, which prove that (l(w,q), H-H(w’q)> is a quasi-Banach
space.

We conclude this section by mentioning that this type of space has been recently
considered within the framework of quasi-Banach function spaces by [], where the
problem of compactness is addressed. Additionally, other authors have studied
the compactness problem in new quasi-Banach sequence spaces, as seen in [19].

3. CONTINUOUS GENERALIZED DIFFERENCE OPERATORS ON [(w, q)

In this section, we characterize all complex sequences u and v that define contin-
uous difference operators A, , on l(w,q). We recall that if X is a quasi-Banach
space, a linear operator 7' is said to be continuous on X if a constant M > 0 can
be found such that

IT(E)lx < M[I&]x,
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for all £ € X. As usual, the set of all continuous operators on X is denoted by
B (X) and it forms a quasi-normed space with the relation

1)l
|| = sup =,
w20 [€llx
which is referred as the operator quasi-norm.

As mentioned in the introduction, the generalized difference operator A, , is the
transformation that maps an element £ = {£(k)} belonging to a sequence space
to the sequence y = A, , (£) defined by

y(k) = v(k = D&k = 1) + u(k)E(k),
where k£ € N and we set £(0) = v(0) = 0. This operator generalizes the well known
multiplication operator M,,, which is obtained when v = 0, the null sequence and
it is a particular case of the tridiagonal operator studied by Caicedo et al. in [1].
Furthermore, if R is the right-shift operator defined by

R(§) ={0,£(1),£(2),£(3),- -}

where £ = {£(n)}, then the generalized difference operator is given by
Ay (§) = RM, () + M, (§) (3.1)
for all £ € X.

Additionally, for any ¢ € l(w,q), we have y* = £*, where y = R(§). Thus, we
obtain

IR ) = 1€l gy

This relation indicates that R is an 1somorphlsm, although not surjective, on
l(w,q), meaning that R is an embedding. Furthermore, it is known (see, for
instance, [3] and the references therein) that M, is continuous on I(w, ¢q) if and
only if u is bounded sequence. Therefore, this fact, combined with the equation
(3.1), shows that if v and v are bounded complex sequences, then A,, is a
continuous operator on l[(w, ¢). The converse is also true, as we will demonstrate
in the following result.

Theorem 3.1. Let ¢ > 1 be fized and let w be a weight satisfying the global
Ag-condition. Suppose that u = {u(m)} and v = {v(m)} are complex sequences.
The continuity of A, on l(w,q) is equivalent to the boundedness of both w and
v.

Proof. We focus on proving the direct implication. We observe that for any
m € N, the canonical sequence e,, belongs to l(w, ¢) and its image y,, = Ay, (en)
is the sequence defined by y,,,(m) = u(m), y,m(m + 1) = v(m) and y,,(k) = 0 for
all k ¢ {m,m+ 1}. Hence, for m > 2 and X\ > 0, the distribution function of y,,
is given by:

0, max {|v(m)[, [u(m)[} <A

fym(A) =1, min{[o(m)], Ju(m)[} <A, <maX{|v( ) lu(m)[}
2, 0<A<min{[o(m)], [u(m)]}.
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Therefore, its decreasing rearrangement is given by:

max {[v(m)], |u(m)[}, k=1,
Ym(k) = { min{jo(m)|, [u(m)[}, k=2,
0, k> 2.

From this, we deduce that

1A (em)][f,, o = max {[o(m)]?, [u(m)|"} w(1) + min {Jo(m)|?, [u(m)|"} w(2).
(3.2)
Hence, if A, , is a continuous operator on I/(w,q), then we can find a constant
M > 0 such that

180 (€m)ll gy < M llemll iy -

for all m € N and in particular,
max {|v(m)], lu(m)]} < M,
for all m € N which prove the result. O

The following statement follows directly from the preceding result and concerns
the continuity of generalized difference operators on classical Lorentz sequence
spaces, which are Banach spaces.

Corollary 3.2. Suppose that p > 1 and ¢ > 1, and let u = {u(n)} and
v = {v(n)} be complex sequences. The generalized difference operator A, is
continuous on l(p,q) if and only if u and v are bounded sequences.

Note that when v = 0, the null sequence, we recover a well-known result concern-
ing the continuity of the multiplication operator acting on the Lorentz sequence
spaces (see [3]).

4. COMPACT GENERALIZED DIFFERENCE OPERATORS ON [(w, q)

In this section, we characterize all complex sequences u and v that define compact
difference operators A, , on [(w, q). We recall that if X is a quasi-Banach spaces,
a continuous and linear operator K : X — X is said to be compact if the image
of the closed unit ball By = {£ € X : ||£]|x < 1} is a relatively compact subset
of X. This means that K (Bx) is a compact set of the metric space (X,d,). In
particular, an operator K : X — X is compact precisely when, given any bounded
sequence {&,} € X, the image sequence {K(,)} has a convergent subsequence
in X.

The properties of compact operators on quasi-Banach spaces are similar to those
on Banach spaces. To keep the presentation self-contained, we include the proofs
of two of these properties, which are used in establishing the main result of this
section.

Lemma 4.1. Let (X,| - ||) be a quasi-Banach space. If K : X — X is a contin-
uous operator and dim (K (X)) < oo (i.e., K has finite rank), then K : X — X
18 a compact operator.
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Proof. In this case, it is sufficient to prove that the quasi-norm || - || is equivalent
to a norm on X. Then, the result follows by Bolzano-Weierstrass theorem. Let
f ={v1,va,-- ,v,} be a fixed basis for X, if £ = cyv1 + covg + -+ - + v, € X,

then we set
n
1€l = lexl-
k=1

That is, [|€]|, is the norm-1 of the vector £ = (¢1,¢a,-- ,¢,) € R”, which is
equivalent to the Euclidean norm. In particular, by the properties of the quasi-
norm || - ||, for any £ € X,

Il ={[D eror|| < M€ (4.1)
k=1
where C' > 1 is the modulus of concavity and M = max {||v1 ]|, ||lve|, -, |vnll}-
Additionally, we can prove that there exists a constant ¢ > 0 such that
€1 = <€l (4.2)

for all £ € X. Indeed, if (4.2) is false, then there exists a sequence (§,,,) C X such
that

1
m| < — m )
I€mll < —lEmll,

for all m € N. Thus the sequence (y,,) defined by y,, = mfm satisfies

|lym|| = 0 as m — oo. Furthermore, we observe that |y,|, = 1 for all
m € N, this leads us to conclude that the corresponding sequence (g,,) C R
is bounded in the norm-1 and consequently in the Euclidean norm. Therefore,
by Bolzano-Weierstrass theorem, we can find a subsequence (g}mj) of (g,) and

y € R" such that lim ||g)mJ —9||, = 0. Hence, the corresponding vectors in X
j—o0

satisfy lim ||y, — yH1 = 0. Additionally, since || - ||; is a norm on X, we have
j—o0

[y [y = 191 < lym; =¥l

for all j € N, which implies that ||y||, = 1 and, in particular, y # 0. Furthermore,
the inequality (4.1) also allows us to write

lym; =¥ < &M [lym, — ]
which implies that y,,, =y # 0 as j — ooin (X, || - ||), leading to a contradiction
with the fact that lim [|y,,|| = 0. In conclusion, there exist constants ci,co > 0
m—r0o0
such that

1 Y

cr [l€lly < MIEMF < ex [I€]

for all £ € X and the quasi-norm || - || is equivalent to the norm || - [|;. O
Additionally, we require the following property:

Lemma 4.2. If (X, || -||) is a quasi-Banach space and if {K,,} is a sequence of
compact operators on X satisfying lim ||K — K| =0, then K : X — X is a
m—00

compact operator.
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Proof. Let (&,) be any bounded sequence in (X, || - ||). The boundedness of the
sequence implies the existence of a constant M > 0 with ||&,|| < M for every
n € N. By definition of the quasi-norm of an operator, we then have

[ K (6n) — K (&)l < M || Ko — K|
for each n € N. Therefore, by the hypothesis, we obtain

i (sup 16, (&) = & (€]) 0.

m—o0 neN

Thus, for any € > 0, we can find an index H € N such that

up || Ko (6) — K (6] < 5

where C' > 1 is the modulus of concavity of the quasi-norm.

(4.3)

Next, since Ky : X — X is a compact operator, it follows that there exists a sub-
sequence (K (&,,)) of (Ky (&,)) that converges in X, and thus this subsequence
is also a Cauchy sequence in X. Therefore, we can find some index N € N for
which

| (6n,) = Fn (20| < 562 (1.4)

for all k;, k; > N. Hence, for any k;, k; > N, the inequalities (4.3) and (4.4) allow
us to write:

e o) 55|
o) ) 5 ) (6 5 55 )
< ([ 6 ) 5 6 [ (5) - o )|

* HKH (5”’%') -k <€"’%> H)
£ € £
< C? ( ) =e.
30z 307 T307) T
We conclude that (K (z,,)) is a Cauchy sequence in the quasi-Banach space

(X, || -]]) and therefore it is a convergent sequence in X. This completes the
proof. |

For more properties of compact operators, we recommend the excellent book by
Conway [10]. With this definition and these properties, we present the following
result:

Theorem 4.3. Let ¢ > 1 and w be a weight satisfying the global As-condition.
Suppose that u = {u(m)} and v = {v(m)} are bounded sequences. The operator
Ay is compact on l(w,q) if and only if u and v belong to co; that is, if and only
of

Jim s {u(m)] [o(m)[} = 0
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Proof. Suppose first that u and v belong to ¢q. For a given € > 0, we can find an
index N € N such that

lu(k)| < 5 and  |v(k)| <

DN ™
DO |

for all kK > N. Next, for a fixed H € N, we consider the sequences uy and vy

defined by

u(k), k<H, v(k), k<H,
“H(k>:{o() ke M “H<k):{o() k> H

We observe that uy and vy are bounded sequences, implying that A, ., is
a bounded operator on [(w,q). Furthermore, we have dim (A, ., ({(w,q))) <
H + 1, which indicates that the operator A, ,, is compact on l[(w, ).

Finally, for any £ = {{(k)} € l(w,q), we set y = R(§) and for any H > N + 1
and all £ € N, we have

(v — o) (k= D&k = 1) + (u —um) (B)E(F)] < %(\y(k)! +IEW),

where, as before, we set v(0) = £(0) = 0. Thus using the property (2.2), we can
write

€ £
1B = ) €y < S 1081+ D oy < 5 L (1B Ol + [€00)
where || = {|{(k)|}. Therefore, we obtain

1B = Dug) Dl < €L 1€l
for all H > N + 1. Thus, we conclude that

Hm [|Ayy = Ay opll =0
H—oo

and consequently, A, , is a compact operator on [(w, ¢) since it is limit of compact
operators on [(w, q).

Next, we suppose that u, v are complex bounded sequences and that A, , is
a compact operator on [(w,q). By way of contradiction, we assume that u =
{u(k)} ¢ cyp. Then, there exists an €y > 0 and an increasing, unbounded sequence
{ni} of positive integers such that |u (ng)| > g for all £ € N. Without loss of
generality and for convenience, we can further assume that

ju (k)] > o
for all k£ € N. Next, we consider the sequence (ej) of canonical basis sequences

in (w, q). We know that [lex|, , = w(l)% for all k € N which indicates that this

sequence is bounded in [(w, q). Furthermore, for ki, ks € N such that k; < ko,
we define €y, y, = e, — ex,, which satisfies €y, 4, (k1) = 1, &gk, (k2) = —1 and
€ ks (n) = 0 for n # ky and n # ky. Therefore yi, k, = Auy (€r,k,) is the
sequence in [(w, q) that satisfies yg, k, (k1) = v (k1), Yk, k, (k2 +1) = —v (k2). For
this reason, we have

1Yk Wl gy = max{u (k1)1 [ (R2)[} we (1) > gowi (1),
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Thus, the sequence (A, (e;)) satisfies

1
Ay (k) — Aup (ekz)H(w,q) > gowi(l),

for all k1,ks € N such that k; < kg, which implies that it does not have a
convergent subsequence. Therefore, A, , is not a compact operator on l(w, q).
This conclude the proof of the result. O

As a direct consequence of the preceding result, we obtain the following result
regarding the compactness of the generalized difference operators on the classical
Lorentz sequence spaces.

Corollary 4.4. Suppose that p > 1 and ¢ > 1, and let u = {u(n)} and v =
{v(n)} be complex sequences. The generalized difference operator A, is compact
on l(p,q) if and only if u and v belong to ¢y .

Note that when v = 0, the null sequence, we recover a well-known result concern-
ing the compactness of the multiplication operator acting on the Lorentz sequence
spaces (see [3] and [9]).

FINAL REMARK

We conclude this article by noting that the results presented above also hold for
the case ¢ = co. Specifically, for a given weight w, we define the space [(w, 00) as
the collection of all sequences £ = {£(n)} satisfying

1€ 1] .00) = SUD £*(n) w(n) < 0.

Clearly, when w(n) = nv with p > 1, we recover the classical Lorentz sequence
spaces l(po) (see [16], [13] and [9]). As before, if the weight w satisfies the
global As-condition, then (I(w, 00), || - ||(wc)) constitutes a quasi-Banach space.
In this space, the study of continuity and compactness of the generalized difference
operators is analogous to the analysis carried out in the previous sections. In fact,
the same arguments allow us to establish the following results:

(1) Let w be a weight satisfying the global Ay-condition. Suppose u = {u(n)}
and v = {v(n)} are complex sequences. The operator A, , is continuous
on [(w,00) if and only if u and v are bounded sequences.

(2) Let w be a weight satisfying the global As-condition. Suppose u = {u(n)}
and v = {v(n)} are bounded sequences. The operator A, , is compact
on l(w,o0) if and only if u and v belong to ¢y. That is, for ¢ > 1 fixed,
we can conclude that A, , : l(w,00) = l(w, 00) is compact if and only if
Ayt l(w,q) = l(w, q) is compact.
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