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ABSTRACT. This paper investigates the existence of solutions for conformable
evolution differential equations under non-local conditions. Using fixed-point
theory and analytical methods, we establish solution existence for equations
involving conformable derivatives, which model systems with memory effects.
An example illustrates the practical application of these results in complex
dynamical systems.
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1. INTRODUCTION

In many scientific and technical fields, fractional differential equations (FDEs)
are now crucial for simulating complex processes, like viscoelastic materials, con-
trol systems, diffusion dynamics, and signal analysis [1, 2, 3]. Unlike classical
integer-order models, FDEs effectively capture memory and hereditary proper-
ties commonly found in real-world phenomena [4, 5, 6, 7, 8, 9].

The conformable fractional derivative offers a simpler and more intuitive exten-
sion of the classical derivative, retaining many familiar properties like the chain
rule, the quotient rule, the product rule, and linearity [10, 11]. Unlike classi-
cal fractional operator such as the Riemann-Liouville and Caputo derivatives,
which are typically defined via integral operators and involve nonlocal mem-
ory effects, the conformable derivative is defined through a limit process that
closely resembles the classical derivative’s definition. This leads to easier compu-
tation and more straightforward analytical handling. Moreover, while Caputo and
Riemann-Liouville derivatives need initial conditions described by of fractional
integrals or derivatives, the conformable derivative allows for initial conditions
specified in a form similar to classical integer-order differential equations. How-
ever, the conformable derivative may not capture all the memory and hereditary
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properties inherent in classical fractional models, which limits its use in some
applications but provides a more accessible framework for others [12, 13, 14].
These characteristics enable more accessible analysis and support extending clas-
sical results specifically within the framework of conformable (or local fractional)
derivatives, as introduced by Khalil and further studied in [15, 16].

The differential equations’ study incorporating the conformable fractional oper-
ator has advanced swiftly. Numerous researchers have investigated the existence
and uniqueness of solutions for different classes of such equations. For example,
in [17], the authors employed fixed point theory to examine the existence of so-
lutions for IVPs. Additionally, the application of conformable fractional models
in fields such as control systems, biological processes, and physics underscores
the importance of continued development of the associated analytical framework
[ ) ) ) ) ] :

Nonlocal conditions in differential equations have garnered significant interest
due to their natural emergence in models where a system’s current state depends
on both local and distributed influences, such as integrals or averages over time or
space. These conditions offer a flexible and comprehensive framework to capture
effects like memory and long-range interactions. While the theory of nonlocal
problems has been thoroughly explored for classical and Caputo-type fractional
differential equations [23, 24, 25], their investigation within the conformable frac-
tional calculus framework is a more recent and still developing area of research
26, 27).

Inspired by these advancements, we focus on a set of nonlinear conformable
fractional evolution differential equations subject to nonlocal initial conditions.
In particular, we examine the following problem:

{U(ﬂ)(t) — a(t)v(t) = ¢(t,v(t)), te (07T]’ (1.1)
Vo + g

v(0) = (v),

where v?)(t) denotes the fractional derivative of order 8 € (0,1] in the con-
formable sense, a(t) is a given continuous function, ¢ is a nonlinear function,
and g represents a nonlocal term involving the unknown function v. This type of
equation models evolution processes that are influenced both by local interactions
and accumulated historical effects.

The principal target of this work is to determine conditions under which prob-
lem (1.1) admits at least one solution. To accomplish this, we apply fixed point
theorems, notably Schauder’s fixed point theorem, a powerful method in non-
linear analysis for establishing existence results in infinite-dimensional settings.
The interplay between the nonlinear nature of the equation and the inclusion of
a nonlocal term presents both analytical challenges and theoretical interest.

The following is an outline of the paper’s structure: Section 2 depicts the key
definitions and mathematical concepts required for the analysis. In Section 3, we
present the principal existence theorem, including the necessary conditions and
a comprehensive proof. Finally, we apply our theoretical findings to an example
and show how to develop a successive approximation solution for it.
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2. PRELIMINARIES

This section presents foundational material essential to the paper, beginning
with an introduction to conformable fractional differentiation and integration.

Definition 2.1. [12] Assume that v : [0,00) — R is a real-valued function.
The following is the definition of the conformable fractional derivative of order
B € (0,1] at a position ¢ > 0:

U(B) (t) — lim U<t + etl_ﬂ) B U(t)

e—0 €

whenever the limit exists. In such a case, v is said to be t-differentiable at t.
Moreover, the value at t = 0 is defined by

The corresponding integral operator, referred to as the conformable fractional
integral, is defined by
t
a v(s)
B0 = [ 5 ds
a

Theorem 2.2. If u,v is S-differentiable at a point t > 0 and 8 € (0,1], then:

(1) (au + bv) D (t) = au® (t) + bwP) (t) for all a,b €R.
2 (tp)(ﬁ (t) = pt™" " for all p €R.
( ) =0, for every constant function v(t) = \.
(uv)P®) = uv(ﬁ) + vu'®,
In addition, v is differentiable then v\?(t) = t'=#do(¢).

(2)
(3) v
(4)
()

Proposition 2.3. Suppose 0 < 8 <1 and v : [a,+00) — R is a function where
a > 0. If v is continuous in the domain of Ig, then

(I5(0)) (1) = (1),
fort > a. Furthermore, if v is differentiable, we obtain
Igv B (t) = v(t) — v(a).

Theorem 2.4. Let u,v : [a,b] — R be two B-differentiable functions for 0 < f <
1, such that the product uv is differentiable. Then, the formula of integration by
parts is expressed as

b b
/ u(s)v'?(s) s71ds = [uv]z —/ v(s)ul® (s) s*Lds.

Theorem 2.5. [28] [Schauder’s Fixzed Point Theorem] Assume ) is a Ba-
nach space, and let ' C € be a nonempty, closed, and convex subset. Suppose
B . F' — F is a continuous operator that maps F' into a relatively compact subset
of itself. Then, B has at least one fized point in F.
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3. MAIN RESULTS

Let C([0,T]) be a Banach space of continuous functions v : [0,7] — R, endowed

with the norm
[o]] = sup |v(t)]
t€[0,T]

We also define C®)([0,T]), the space of B-continuously differentiable functions
(in the conformable fractional sense), such that for each v € C¥W([0,T]), the
conformable fractional derivative v(#)(t) exists and is continuous on [0, 7], where
0<p <1

We aim to derive the explicit solution formula for the initial value problem
given in equation (1.1).

Lemma 3.1. A solution v € C([0,T]) of the conformable fractional evolution
differential equation (1.1) has the explicit representation:

o(t) = (v + glv) e H55 / EES 0o o(s)s s, (31)

Proof. We use the variation of constants method. Assume the solution has the
form

v(t) = p(t)u(t),
where p(t) is an integrating factor, such that
WO(E) = alt)u(t).

A suitable choice is:

t a() dS
p(t) = el
Using the conformable product rule,

v (t) = p P (u(t)+u(tu? () = alt) pt)u(t)+p(t)u? () = alt)o(t)+p(t)u? ().

Substitute into the original equation:

V() — a(t)o(t) = o(t, v() = pOuP (E) = o(t, v(1)).
Solving for u®(t):
u? () = p(t)o(t, v(t)).
Apply the conformable integral:

u(t) = u(0) + / () Lo(s,v(s))s* 1 ds.

Since u(0) = v(0)/u(0) = vy + g(v), we get:
o) = lt) |w0-+-900) + [ (s) (s, 0(00)5% .

Distribute p(t):

v(t) = (vo +g(v)) u(t) +/0 p(t)p(s) ™ (s, 0(s))s" ds.
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t a(r)
Since p(t)u(s)™t = els 57 7 the final result is:

o(t) = (vo + g(v)) 8 A5 /ft A5 47 (5, 0(s)) 5 ds,

which finishes the proof. This technique is classical in solving linear differen-
tial equations and helps transform the original problem into an easier-to-handle
integral equation. ] O]

For any function v € C([0,77]), consider the operator

Bo(t) = (vo + g(v)) e Hords 4 / I 7 4 (5)) 5P ds. (3.2)

It can be readily verified that %: C([0,7]) — C([0,T]). Therefore, the original
problem (1.1) is equivalent to the integral equation (3.1). In other words, a
function v = v(t) is a solution to (1.1) if and only if it is a fixed point of the
operator B in the space C([0,T7).

Now, we establish several existence results for solutions of equation (1.1), each
obtained under particular assumptions on the function ¢, we begin by employing
Schauder’s Fixed Point Theorem to demonstrate the existence of a solution. To
proceed with our analysis, we consider the following conditions:

(C1) g is continuous function in C([0,T7).

(C2) There exist continuous functions p,w,n mapping J into [0, 400) such that,
for all

v € C([0,T]) and ¢ € J, the following inequalities hold:

I, v)|| < pu(t) +w@)vll, (gl <n@)]v]]
Additionally, we denote by u*,w* and n* the supremum values of the functions

w(t),w(t) and n(t) over the interval J = [0, T7.
(C3) Assume that
TB
A=ET)n" +w'—) <1,

where

¢ las)]
E(t)=elo 5% and E(t,s)=e

Define the set

Bs ={v e C(0,T]): |lv]| <d and &> %},

where

0= EM)(lvoll + #*=5)-
Lemma 3.2. If (C1)-(C3) are satisfied, then the operator B is continuous on

Bs and maps Bs into itself.
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Proof. Claim: 8 maps Bj into Bj.
Let v € Bs and t € J. Using conditions (C2) and (C3), we estimate:

t al(s) ds t a(T)

IBo(t)] < || (v + g(0) o(s))s" 1 ds

< E(T) ([[vol| + !!g(v)\|)+E(T)/O (s, v(s))lls”~ ds

SE(T)(Ilvoll+77*||v||)+E(T)/0 (1a(s) +w(s)llv) s°~" ds

) T8 75
E(T)Jwoll + E(T o] + E(T) ( Lo an?)
= Bl + BT T+ B (D) (n fu g) ol
=0+ Mol <04 X <6,
where we used the fact that 0 > %. Thus, B(v) € B;.

Claim: B is continuous on B5
Let {v,} C Bs be a sequence such that v, — v in C([0,7]). Define ¢,(s) =

o(s,vn(8)), and ¢(s) = @(s,v(s)). Then,

t a(‘r) dr

a(r)
85—1€f: 18 dTgp (s) — sB1 f o(s) asn — oo.

Moreover, using (C2),

t
A1l

a(r)
A (pu(s) = ls))|| < 2B(T)s" (0" +w78) € LX([0,T]).
By the Dominated Convergence Theorem,

t a(r) dr

(on(s) —@(s))s"1ds|| = 0 asn — oco.

Similarly, since g is continuous (C1), we have g(v,) — g(v). Hence,
B, (t) — Bo(t) uniformly in ¢t € [0, T].

Therefore, B is continuous on By. O

Lemma 3.3. Suppose that conditions (C1)—(C3) are satisfied. Then the image of
the ball Bs under the operator B, denoted B(Bs), is bounded and equicontinuous.
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Proof. By Lemma 3.2, it follows that B(Bjs) is bounded.
Let v € Bs and let t1,t, € J with t; < t5. Consider the difference:

:1(_3?8 ds]

[Bo(tz) — Bo(ta)]| =

to .
+/ ele’
0

<l o \efo

t2 a(T)

to a(s) t
(v + g(0)) [0 55— o

t1

a(T) a(r)
(s, 0(s))s” s / e (s, 0(s)) 5" ds
0

(s) 31
—B ds _ efo 175

a(s) ds ‘

Tp(s,u(s))s" ds
/ (‘EI;Q ATl i dT) p(sv(s))s” " ds
0

We estimate each term separately. First, using (C2) and boundedness of v €
357

‘ \

[[vo + g(v)l| < flvoll +n"0.
Since the exponential function is continuous, the first term tends to zero as to —
t1. For the second term, we use (C2) again:

t2 E(T) dr

o(s,v(s))s" Hds|| < E(T)(p* + w*o) /t2 s77 1 ds
ttlﬁ _ 8
= E(T)(u* +w*d) - -2 3 L

This clearly tends to zero as to — ;.

The third term also vanishes as t; — ¢; because the exponential integrals in-
volved are continuous in ¢, and the integrand is uniformly bounded by 2FE(7T)(p*+
w*d)s?~t € L1(]0,T]). Therefore, by dominated convergence,

t1 ty a(T) t1 a(r)
/ <€f52 A A _ ot g dT) p(s,v(s))s" " ds
0
Thus, for any € > 0, there exists dp > 0 such that for |ty — t1| < g, we have
[Bu(ta) — Bu(t)] <e,
uniformly for all v € Bs. Hence, *B(Bs) is equicontinuous. 0J

Theorem 3.4. Assume that conditions (C1)—(C3) hold. Then the problem (1.1)
admits at least one mild solution in the ball By.

—0 asty—t.

Proof. We observe that By is a closed and convex subset. By Lemmas 3.2 and 3.3,
the operator B is continuous on Bs and maps By into itself, with B(Bs) being
both bounded and equicontinuous. According to the Ascoli-Arzela Theorem, this
implies that B (By) is relatively compact in Bs. Therefore, by applying Schauder’s
Fixed Point Theorem 2.5, we conclude that 8 admits a fixed point in By, which
corresponds to a mild solution of problem (1.1). O
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We now introduce the assumptions necessary to guarantee the uniqueness of
the solution for the results:
(C4) There exist constants Ly, L, > 0 such that

lo(t,v) — e, )| < Lellv =[], [lg(v) = g@)|| < Lgllv =] Vv, v € C([0,T7).
(C5) Suppose that

E(T) (Lg + Lw%ﬁ) < 1.

Theorem 3.5. Suppose that conditions (C4)—(C5) are satisfied. Then the con-
formable fractional differential equation (1.1) admits a unique mild solution in

c([o, 7).

Proof. Let v,v € C([0,T]), and consider the operator B defined by (3.2). We
estimate the difference:

|Bo(t) — B()|
H ¢ S"<s> ds / i alr) Ju(s)) = (s, 5(s))] P14
< B(T)|lg(v) — g(@)|| + E(T) / 105, 0(s)) — (s, 5(s)) s ds.

Using assumption (C4), we have:

lg(v) = g@)|| < Lyllv =l[, (s, v(s)) = @(s,0(s))| < Lyllv = 7.

Therefore,

T
IBo(t) = Bo(t)|| < Lyllv = o]l - E(T) + Ly[lv - WHE(T>/O s lds

T8
= (Lg + L¢7> E(T)||v—1].

By condition (C5), we have:

E(T) (L + L %ﬁ) <1,

which implies that 98 is a contraction on C([0,7]). Hence, by the Banach Fixed
Point Theorem, the operator 6 has a unique fixed point. This fixed point is the
unique mild solution of problem (1.1). O

Example 3.6. We consider the following conformable fractional differential equa-
tion:

v(0) =1+ g(v),
which corresponds to the general equation (3.3) with

at) = t, ¢@mm=%<gg%ﬂ) ﬂ@:%m@)

{Aﬂ@—mwzwwwm,teﬂﬂ7 (3.3)
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Verify the Lipschitz condition for ¢, let v,v € C([0,1]) and fix t € [0, 1]. Then

1 ) o)
lp(t,v) —o(t, D) = 3 ‘ L+[u(t)] 1+ |@<t)l‘
1 )

__‘ [o(t)] — [o(¢) ’
3| T+ @D+ 00D

_ 1 _
le(t v) = ot 0 < 5llv =2l

So ¢ satisfies a Lipschitz condition with L, = 3.
Verify the Lipschitz condition for g, we have:
~ : o 1 _
lg(v) = g(@)I| = [[sin(v) —sin(@)]| < gllv -],

so g satisfies a Lipschitz condition with L, = é.

Check the contraction condition. For § = % and T' = 1, compute:
TB+1

E(T)=e#T =e7 ~ 1.77.

Q

Then,
1 1 1%/4

E(T) (LQ+L¢ : 7) = 1.77 (5 +3- 3/—4)

1 4 5

=177 -+ ) =177- -~ 0.9834 < 1.
<9 * 9) 9

Hence, the contraction condition is satisfied. By Theorem 3.5, the conformable

fractional differential equation (3.3) admits a unique solution.

We aim to construct a successive approximation (Picard-type iteration) for
the conformable fractional differential equation (3.3). Let the initial guess be
constant:

Ug(t) = Vg = 1.
Now, define the sequence:

a(s) e
Vg1 (1) = (v + glu,)) 0 555 & 4 / el U (s, 0, (5)) 5% ds.
0

Given that:

a(t)y=t and f= §,

W

we compute the following integrals:

t ’ 46+1
/ al(s) ds = / P ds = .
o 1P 0 f+1

t a(s) s B+1
e 0 s1-p8 = e B+1 .

Thus:

Similarly, for the second exponential integral:

t t B+1 B+1
a(T t S
/ (>d7'—_/7'5d7'—_——.

T1-8 b+1
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Thus:

BH1_ B1

t a(r
J. dr _ o pm

e’ls +1-8

Now, we proceed with the first iteration. Start with the initial guess:
Uo(t) =1.

Next, compute:

g(vo) = %sin(l) ~

The function ¢(t,vo(t)) is given by:

1
9 x 0.8415 ~ 0.0935.

1 1 1
tup(t) = = X —— = =
Now, plug these values into the iteration formula:
A1 b1 pt1 ]
v1(t) = (14 0.0935) e 5+1 —|—/ e FH 635_1 ds.
0
Simplify the expression:

B+1 1 t B4+1_ B+1
v1(t) = 1.0935 - etBT + 6/ ethﬁ—l ds.
0

This gives the first approximation for v(¢). Further iterations proceed by using
v1(t) in place of vy(t), and repeating the process.

Successive Approximations

T
e [ 1)
v,t)
—_—t)
1)
AL
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Convergence: |v _,(t)-v ()]

Absolute Difference

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

F1GURE 1. Your figure caption here

As anticipated, the sequence converges steadily and seems to reach stability
with each iteration.
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4. CONCLUSION

The findings of this study add to the growing body of research on conformable

fractional differential equations by extending the theory of existence to include
more general nonlocal initial conditions. By proving the existence of solutions
for a specific class of nonlinear conformable evolution differential equations with
nonlocal terms, we establish a strong theoretical foundation for future investiga-
tions. These results not only improve the comprehension of conformable fractional
models but also provide a basis for future studies on numerical approaches and
practical applications in fields where memory and hereditary effects play a crucial
role.
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