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ON HYBRID FRACTIONAL DIFFERENTIAL EQUATIONS WITH
NONLOCAL CONDITIONS VIA ABC DERIVATIVE

ABDERRAHIM KRAITA'* and AHMED HAJJI*

ABSTRACT. In this article, we study the existence of solutions to a fractional hybrid
integro-differential equation with nonlocal boundary conditions. Our approach is
based on a generalized version of Dhage’s hybrid fixed point theorem, adapted to the
sum of three fractional operators. To illustrate the applicability of our main result, we
conclude with a concrete example, accompanied by numerical results and graphical
representations generated using Python.

1. INTRODUCTION

Fractional differential equations emerge in the mathematical modeling of systems
and processes in various engineering and scientific fields, including physics, chemistry,
aerodynamics, electrodynamics of complex media, polymer rheology, economics, control
theory, signal and image processing, biophysics, blood flow phenomena, and more (see[2,

, 0, 21, 17]). This represents a key advantage of fractional differential equations
over classical integer-order models. In particular, boundary value problems involving
nonlinear fractional differential equations have garnered significant attention in recent
years, owing to their ability to effectively model and describe non-homogeneous physical
phenomena with complex structural behavior.

Hybrid fractional differential equations have also been explored by several researchers.
This class of equations involves the fractional derivative of an unknown function, com-
bined with a nonlinearity that depends on it. Dhage and Lakshmikantham [%] initiated
the study of first-order hybrid differential equations and established fundamental re-
sults concerning the existence and uniqueness of solutions. In addition, they developed
differential inequalities associated with hybrid ordinary differential equations (ODEs),
which were employed to derive comparison results and investigate qualitative properties
of solutions. Building upon the approach in [8], Zhao et al. [28] extended the analysis
of first-order hybrid differential equations to encompass hybrid fractional differential
equations (FDEs) involving the Riemann-Liouville (RL) fractional derivative. Addi-
tionally, various types of hybrid FDEs under different initial and boundary conditions
have been investigated by several researchers [1]-[20].

Motivated by the above works, in this manuscript we develop the theory of nonlocal
nonlinear ABC-hybrid FDEs of the form
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PCD; (“@;3,;;;%&”) = X(6.0(6)).£ € T =[a.b)]

el <o o)

where 4B¢ D¥ denotes the left Caputo AB-derivative of order v, with 0 < v < 1, o9 € R,
o€ C(T), 6 € C(T x RR\{0}), ¢ € CO(T x R,R), 48D (2569)) € O(T  R,R),
x € C(T xR,R) and x(a,o(a)) = 0.

This paper is structured as follows: In Section 2, we review essential definitions
and key results concerning the ABC-fractional derivative. Section 3 is devoted to
establishing equivalent fractional integral equations and deriving an existence result.
As an application, an illustrative example with numerical results and figures is presented
in Section 4 to demonstrate the main findings.

(1.1)

2. PRELIMINARY RESULTS

Let T = [a,b] be an interval in R, C = C(T,R) be the Banach space of continuous
real-valued function with the supremum norm |[|o|| = sup¢c7[0(€)|, and the multiplica-
tion action on C by (o1 - 02)(§) = 01(&§)o2(€) for all o1, 09 € C. Then an ordered triple
(C; ] - |I;-) is a Banach algebra.

In the following, we recall the basic definitions and results that will be used later.

Definition 2.1. [27] Let p € [1, +00), the Sobolev space HP(a,b) is defined by
HP(a,b) = {f € L*(a,b) : D°f € L*(a,b), for all |B| < p}

Definition 2.2. [3, 4] Let ¢ € H'(a,b), where a < b, and let 0 < v < 1. The Caputo
Atangana—Baleanu fractional derivative of order v is defined as

(ABC Do) (¢) = B(’/)/j o'(2)E, (_V(ﬁ — z)") "

C1l-v 1—v

where FE), is the Mittag-Leffler function defined by E,(§) = Z;’LOZO% and B(v)

is a normalizing positive function satisfying B(0) = B(1) = 1. The left Riemann
Atangana—Baleanu fractional derivative of o of order v is defined by

(i) © = 224 [ oom, (572 a

1—v 1—-v
The associated fractional integral is defined by
1—-v v ¢
AB yv v—1
I = — VAR =YY -
10 = By + g €t
Theorem 2.3. [3] Let 0 < v <1 and o € H'(a,b). Then the following relation holds.

(15DLa) (€)= (250"0) ©) - T Lot (52,

—v 1—v

Lemma 2.4. [3, 4] For 0 < v < land o € H'(a,b), then we have
(YPL (*PCDYo)) () = 0(6) —o(a)

Theorem 2.5. ([7] B.C. Dhage) Let K be a nonempty, closed convexr and bounded
subset of a Banach algebra V and let 1,53 : V — V and %5 : K — V be three
operators satisfying the following conditions:

(1) %1 and T3 are Lipschitzian with Lipschitz constants A and A*, respectively,
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(2) Ty is compact and continuous,
(3) AM + A* <1, where M = sup{||T2(0)|| : 0 € K}.
(4) 0 =%10%u+ T30 = 0 € K, for all p € K.

Then the operator equation T10%90 + Tzo = o has a solution in IC.

3. MAIN RESULTS

Before presenting the main result of this paper, we begin by defining what is meant
by a solution to problem (1.1) and by establishing the fundamental Lemma 3.2.

Definition 3.1. A function o belonging to C such that 45¢ DY (W) eCis

ABC pyv (a(&)(—w(&df))) _

considered a solution to the problem (1.1) if satisfies the equation P I3)

x(&,0(€)) and the condition

) — 0y 4 A(o)

Lemma 3.2. A function ¥ € C satisfies (1.1) if and only if 9 satisfies the following
fractional integral equation

/ - NG ()]
(3.1)

(&) = ¢(§,0(£))+¢(&,0(£)) |00 + Alo) +

Proof. First, we assume that 9 € C satisfies (1.1). Applying the AB-fractional integral
to both sides of (1.1) and making use of Lemma 2.4, we get

0(§) —¢(&,0(8) ola) —pla,0(a)) 1-v v ¢ VI
G dao@) - By &oET B@)p(y)/a(f ) ><<(?:2§ )d

Therefore, by substituting the previously defined value of (;(%((15)(&)) we get (3.1).

Now, assuming that o satisfies (3.1) putting £ = a in (3.1), since x(a,0(a)) = 0 it is
evidently that W = 09+ A(0), then (3.1) can be written in the form of (3.2).
Applying ABEDY to both sides of (3.2), we obtain
ABRpy ((0(6) = 90(570(5))> ABR pyv (U(a) - 80(@,0(&))>
D; = D; + ,O
(e Saola) ) TXEE)

(o)) B g ()

o(a,o(a)) 1-—v
By benefiting from Theorem 2.3, we get 48¢ DY (%) = x(&,0(§)), which
establishes the desired result. This completes the proof. U

The following existence result for problem (1.1) is based on fixed point techniques.
To establish the result, we require the following hypotheses:
H1) There exist two constants Ag > 0, A, > 0 such that for all { and 01,09 € C

¢ (§,01) = @ (§,02)| < Aglor — o] and [p(§,01) — ¢ (§,02)] < Ay lor — oo
Hz) The function A : C — R is continuous and bounded. That is, there exists a
constant \* > 0 such that
A(o)] < A7
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Hsz) The function x € C([a,b] x R,R) and there exist w € C and a nonincreasing
function Q € C(R*™,R™) such that
Ix(&,0)| < |w@(£)|Q|o|) for each £ € T and all o in C.
H4) There exist g > 0 such that
L ¢+ (o0 + N+ Gm|Qe)
1= Ay = Ay (loo] + A" + G*[|(|2(e))

(3.3)

where (" = supge( ) [2(£,0)], 6 = SUDe(a ) [$(&, 0)], and G* = Lok + Aot

In the following, we consider three operators T1, %9, %3 : C — C, defined as follows:

T10(§) = ¢(§,0(8)), € €la,b] (3.4)
., 5 ¢
Tao(§) = 00+>\(U)+;(U)X(570’(§))+B(VF(V)/ (€—2)"""X(z,0(2))dz, &€ [a,b]
(3.5)
T30(8) = p(€,0(8)), €€ a,b] (3.6)

We also consider the ball
B, ={0 €C/|o| < o} where p > 0 satisfy the inequality (3.3)

Lemma 3.3. The operator Ty is continuous on B, and satisfies the following inequality

T2l < |oo] + A" + GT[|w([2(0)
Proof. Let (0,),, be convergence sequence to o as n — 0o in B,.

Ta0m — Tao| < A (0n) — A(0)| + ;(Vj\x@,an(s)) (&0 (e))]

3
+ gt | €= e o) = ()
taking the continuity of the functions x and A into consideration, we get
lim x(z,00(2)) = x(2,0(2)) and niniooA (on) = A(o)

n—>—+00

On the other hand, the hypothesis H3 ) has been employed

(€= 2)" " Ix (2,0n(2)) — x(2,0(2))] < 20w Q()(§ —2)""
We notice that since the function z + 2||@||2(0)(¢ — 2)*~! is Lebesgue integrable
over [a,&]. The dominated convergence theorem ensures that

3
/ (€ — 2" (x (2.0u(2)) — x(2,0(2))) dz 22 0

a
It follows that [|T20, — Teo|| —> 0 as n — oo, which implies the continuity of the
operator ¥o.
Next, we show that T3 is bounded. For each o € B,, we have

v 3
5209 < ool + M@ + o W& o) + gt | [ 62 (anotena:
<lool+ X+ (ot + s ) 119

< loo + A" + G| (|2(e)



HYBRID FRACTIONAL EQUATIONS WITH NONLOCAL CONDITIONS 385

Theorem 3.4. Assume that the hypotheses Hi) — Ha) hold, and moreover, that

Ay + Mg (Joo] + A" + G¥[[w]|Q(e)) <1 (3.7)
Then the nonlocal fractional problem (1.1) has at least one solution o € C. Moreover,
the set of solutions of (1.1) is bounded in C.

Proof. Consider the set B, and the operators T1, T2, T3 defined previously Clearly, B,
is a bounded, closed and convex subset of C.

By using the hypothesis 1), it is easy to show that ¥, and T3 are Lipschitzian
with Lipschitz constants A4 and A, respectively. In order to show the compactness of
%9 we need to show that ToB,, is relatively compact in C and we use the Arzela-Ascoli
Theorem [13]. For this purpose we prove that T is equicontinuous, for a < & < & < b,
we have

T20(81) — T20(&2)] <

1—v

B Ix(€1,0(61)) — x(§2,0(&2))]

y 3]
B(v)I'(v) /
v ? v—1
W /g1 (62 —2) Ix(2,0(2))|dz

(& — 2" = (& — 2" Ix(z,0(2))dz

+
+

< Z?VZ)/\X(&,U(&)) — x(&2,0(&))|
=190 . ) )
By (@ =@ -’ +2]E@ -&)")

From the continuity of x, we get
lim [T20 (§2) — To0 (§1)] =0

162

So, T3 is equicontinuous on B,. Moreover, by using Lemma 3.3 T3 is continuous and
bounded. Thus, the Arzela-Ascoli theorem yields that the mapping %5 is compact on
B,.

We must now demonstrate the last condition of Theorem 2.5. Let o € C and p € By,
such that

o =%1(0)%a(p) + T3(0).
We aim to show that o € B,, we have

1—v

o(6)] = 'so@,a@) 6, o() (Uo +2(0) + X6 M)

o | (6 9 I M(Z))dZ) ]

< lp(&, a ()] +[8(€, a(£))] <|00| + [Ao)] + Hy)\x(&u(é))!

v

3
—_— — 2)" Y x(z, pu(2))|dz
s | €= 9 Gz
< ALlo(©)] + 1616001+ (elo @)1 + o6 0)) (lool + 3"+ (5o + 0= ) I=l0))
< Mgl ()] + 9" + (Aglo(©)]+ 6°) (o] + A"+ C*[=]20)




386 A. KRAITA, A. HAJIIL

Taking supremum over &
loll < Aglloll + " 4+ (Aglloll + ¢7) (loo] + A" + G*||=[|€2(e))

Thus
o]l < ¢+ ¢* (Joo| + A" + G*|[@[|2(0))
T 1= Ay = Ay (Joo] + A + GF|[@]|20))
Using hypothesis H4), we have o € B,.
Lastly, we show that AyM + A, < 1. Let o € B,, then we have

1—-v 1
[w][2(0) + mr—77 (b — @) [[@[2(e)
B(v) B()l'(v)
< ool + A" + G*[|w[|2(e)
Thus M = sup,cg, SUP,<e<p |Bo(§)] < |oo| + A" + G*[|w[|2(e). Then, by the in-
equality (3.7), the argument is complete. Hence, as a consequence of the Theorem 2.5,

the operator equation o = T10%20 4 T30 has a solution in B,. As a result, the problem
(1.1) has a solution on 7. O

[F20 ()] < lool + |A(0)] + =~

4. AN ILLUSTRATIVE EXAMPLE

In this section, we provide an example to illustrate our main result. Consider the
following Nonlinear fractional problem

I4-exp(—£—5)|o(8)]

a(é)*mfcos(\/zfl'U#»Q . (0) (41)
I+exp(—¢—5)[o (&) T [o(0)[+1

ABC py U(ﬁ)mnﬂf()snmcos(‘/g”)”> =o)L 0,4
+25¢ 7 '

, 00 =7 Mo) = %, B(v) =

1—v+ g5 x(§0(8)) =0 (f)lgf;[—,ﬁ e(& 0(8)) = m —cos(vVE—17) +2,

¢(&,0(£)) = 1+ exp(—¢ — 5)|o(¢)]
We can show that

[ (¢(&01(8)) = ¢ (& 02(E)) || < exp(=¢ = 5)[|o1 ()] = [o2 ()]
< exp(—5) [01(§) — 02()]

=

In this example we set ¢« = 0, b = 4, v =

and

a1(§) o2(§)

‘(5 + (1@ +1) €+ T)(lo2()] + 1)

< 2 1o1(€) — na(8)].

It follows that A, = 7, Ay = exp(—5), p* = supeejo 4] [0 (€, 0)] = 3, % = supge(o g [0(€,0)| =
e~%, hence

0 (€,01(8)) =9 (§,02()] | <

In(3+¢
o) = |20 522 | < Il
where w(§) = 125_322? Qo) = 02, it is easy to verify that ||| = 0.073.

Taking o = 10, we obtain
Ay + Ay (ool + X + G*||w|2(0)) = 0.2396 < 1

and
©* + ¢" (00 + X" + G*||w||Q(0))

@ p—
(@ = TR, “ Ay (ool + 3 1 G [w]2(2))

— 8.668 < 10,
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according to Theorem 3.4, the problem (4.1) has at least one solution ¥ € C such
that ||¢|] < 10. Moreover, the graphical representation in Figure 1 shows that A, +
Ag (Joo| + A* + G*||w||2(0)) is less than 1 and the Figure 2 shows that ®(0) < o at
various values of v when g € [0, 20].

1.0
— Vv=0.15
— v=0.25
— v=0.35
0.8 4
)
a
B
% 0.6
b
<
*
S 0.4
b
=
+
s
0.2 4
0.0 T T T T T T T
0.0 2.5 5.0 7.5 10.0 12.5 15.0 17.5 20.0
e
FIGURE 1. Graphical ~ representation  of A, +

Ay (Joo| + X + G*||w[|Q(p)), for various values of v and p € [0, 20]

2_
[=1] 1
|
B
IE 0
3B
Y
t +
e 11
<[t
" (g
S5 _p
o
F
S
— v=0.15
41— v=025
V=0.35
-5 . T T ‘ T T T
0.0 2.5 5.0 7.5 100 125 150 175 200

0
FIGURE 2. Graphical representation of ®(g¢) — ¢ , when g € [0, 20]

To solve Problems (4.1), we employ the method introduced by Mekkaoui and Atan-
gana [13], which is based on a two-step Lagrange polynomial interpolation. The ap-
proximate solution for various values of v is presented graphically in Figure 3.
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0.0 0.5 L0 15 2.0 2.5 3.0 3.5 4.0

FiGURE 3. Graphs of the approximate solutions for various values of v

5. CONCLUSION

In this study, we have established the existence of solutions for a class of fractional
hybrid integro-differential equations with nonlocal boundary conditions. By employing
a generalized form of Dhage’s hybrid fixed point theorem tailored to the sum of three
fractional operators, we have provided a robust theoretical framework for addressing
such problems. The theoretical findings were further supported by a concrete example,
for which numerical simulations and graphical representations were conducted using
Python. These results not only demonstrate the applicability of our approach but also
highlight its potential for solving complex problems in fractional calculus involving hy-
brid and nonlocal structures. Future work may focus on extending this framework to
broader classes of fractional systems and exploring stability and uniqueness properties.
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