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A NUMERICAL TECHNIQUE TO SOLVE LINEAR
STOCHASTIC VOLTERRA INTEGRAL EQUATION
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ABSTRACT. This article introduces a numerical technique using Walsh func-
tion approximation and the corresponding operational matrix of integration
to address linear stochastic Volterra integral equation. The main objective of
the approach is to transform the integral equation into a system of algebraic
equations, which is then solved to obtain an approximate solution to the spec-
ified linear stochastic Volterra integral equation. The rate of convergence of
the proposed method for stochastic Volterra integral equations with Lipschitz
continuous functions is discussed and the corresponding error analysis shows a
linear order of convergence. The proposed approach exhibits better precision
in addressing linear stochastic Volterra integral equations relative to existing
methodologies, as shown by multiple examples with readily available analytical
solutions.
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1. INTRODUCTION

Stochastic differential equations (SDE), as utilised in several disciplines, such as
the biological sciences, finance mathematics (specifically option pricing), agricul-
tural sciences and physical sciences play a significant role [21, 14, 26, 7]. Stochas-
tic Volterra integral equations (SVIE) are highly significant in these particular
areas of study[l3, 8]. But the most challenging part is to solve many of such
problems similar to those in deterministic differential equations which increases
the complexity of the problem.

Hence, the utilisation of numerical approximation approaches becomes signif-
icant when tackling these problems. The numerical estimation of the solution
to a wide range of SVIEs, including both linear SVIEs, linear stochastic Volterra
Fredholm integral equations or nonlinear SVIEs, may be achieved applying several
numerical techniques [19, 20, 9, 1, 15]. Orthogonal functions like the Haar wavelet,
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block pulse function (BPF), Laguerre polynomials, Chebyshev’s polynomials, Le-
gendre polynomials and many others have recently been used to obtain an approx-
imate solution of the given integral equation [22, 3, 16, 18, 2, 25, 24, 17,423 5].

One such set of orthonormal functions is the Walsh functions, which represent
an orthonormal basis exclusively accommodating the values —1 and 1. Due to
this reason, numerous mathematicians view the Walsh functions formulated in
1923 [27] as an algorithmically created orthonormal system in the field of digital
technology. The computer’s ability to precisely calculate the exact value for
discrete functions at any given moment provides it with a notable advantage over
conventional trigonometric functions. In 1975, to solve the variational problem,
Hsiao and Chen used the Walsh function approximation method [3]. In 1979,
they utilised an identical concept to solve the integral equation [12].The primary
benefit of this technique is its ability to convert the issue into an algebraic system,
which is subsequently solved to obtain an approximate solution.

In this work, we utilise the Walsh function [27] to approximate the expression
x(t) which represents the solution to the SVIE [16] given by the equation:

x(t) :f(t)+/0 kl(s,t)x(s)ds—i—/o ko(s,t)x(s)dB(s) (1.1)

where x(t), f(t), k1(s,t) and ko(s,t) for s,t € [0,T), represent the stochastic pro-
cesses based on the same probability space (2, F, P) and z(t) is unknown. Here
B(t) is a Brownian motion [14, 21| and fot ko(s,t)x(s)dB(s) is the Ito integral.

The evaluation in most of the earlier works is predominantly based on the
assumption that the derivatives f'(¢) and gzgft for ¢ = 1,2 exist and are bounded
whereas in this article, we consider Lipschitz continuous functions f(t), k1(s, 1),
and ks (s,t). This approach allows for a linear rate of convergence and enables the
consideration of a more general form of SVIE that needs to be integrated. The
last stage involves a numerical comparison between the estimated answer and the
actual solution to assess the method’s validity. To ensure that the procedure is
legitimate, the approximate and exact solutions are numerically compared in the
last part. This method can be helpful to obtain an approximation of the solution
to SVIEs like Lotka-Volterra integral equation, stiff chemical Langevian equation,
Black-Scholes model and many others that can be used in study of various real
world problems.

2. WALSH FUNCTION AND ITS PROPERTIES

Definition 2.1 (Rademacher Function). The i-th Rademacher function r;(t),
i=1,2,..., fort €[0,1) is defined by [27]

1 i=0,
ri(t) sgn(sin(2'wt)) otherwise

1 x>0,
sgn(x):{ 0 =0,

-1 x<0.

where
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Definition 2.2 (Walsh Function). The n'* Walsh function for n = 0,1,2,--- |
denoted by w,(t), t € [0,1) is defined [27] as

wn(t) = [ ()"

i=1
where n = 0,291 + b, 12972 + b, 5272 4+ ...+ b;2° is the binary expression of n.
Hence, the binary representation of n has ¢ = [log2 n] + 1 digits, where [ . ] is
the greatest integer less than or equal to '/
The first m Walsh functions for m € N can be written as an m-vector by
T
W(t) = [wo(t) wi(t) wa(t).. . wm-(t)] .
The following properties are satisfied by Walsh functions.

Orthonormality. The set of Walsh functions wy(t), wq(t), w2 (t), ... is orthonor-
mal. i.e.,

1 4 1 i=j,
/Owi@)wj(t) t= 0 otherwise.

Completeness. For every f € L?[0,1)

[ Zf @)
where f; = fol f()w;(t)dt

Walsh Function Approximation. Since {w;(f)} is a complete orthonormal
set, any real-valued function f(t) € L?[0, 1) can be approximated by the function

fn(t) given by,

is called the Walsh coefficient of f(¢). This implies,

m—1

fult) = Z(/ Fu(s)ds s (0

0

- m (mz [ i) )u

j=0
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As for s € (jh,(j + 1)h), w;(s) is constant, so we can replace w;(s) by w;(n;).

where 7); is any point in (jh, (j
1

fm@) =

- [foh f(s)ds

m—

I f(s)ds

which can be written as

where,

F=1[fo fi forrfma]",

TW(Zaj) = wl(nj)azaj = 07 17 cee

fm(t

It can found from [1] that,

1
TwT, = mI and Ty}, = Ty, which implies that T};' = — Ty
m

Hence (2.2) becomes

fm(t

1)h). Hence,

f(lm—l)h f(s)ds}

. f(in_l)h f(s)ds}

)= FITLW(t)

) = FTTywW (t)

(i+1)h
Ji= /ih f(s)ds

and the (4, j)-th entry of the matrix Ty is given by the following formula:

,m— 1.

Wo (t)

(2.2)

(2.3)

(2.5)

(2.6)
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Similarly, approximation of k(s,t) € L*([0,1) x [0,1)) can be calculated as

m—1m—1

k’(S t Z Z Cz]wz w]

=0 j5=0

where, ¢;; = fo fo s, t)w;(s)w;(t)dtds.
with the matrix form as

k(s,t) ~ kp(s,t) = W (s )TWKTWW( ) = W) Ty KT Ty W (s) (2.7)

where K = [kilmscm, ki = [ " [S" k(s, t)dtds.

A relation between Walsh functlon and BPF is developed in the next section
which is used subsequently for converting the SVIE to a system of algebraic
equations.

3. RELATIONSHIP BETWEEN BLOCK PULSE FUNCTIONS AND WALSH
FuNncTIiON

Definition 3.1 (Block Pulse Functions). An m-set of BPF ¢;(t),t € [0,1) for
1=20,1,...,m — 1 for a given positive integer m is defined as

o0 (t+1)

1 if —<t<-—~

oi(t) = { s m
0 otherwise

The function ¢; is known as the 7th BPF.

The vector form of the first m BPFs denoted by ®(t) is given by ®(t) =

T
[¢0(t> (bl(t) ¢2(t) s ¢mfl(t>] ’ le [07 1)
The BPFs are orthogonal,disjoint and complete [11].
The vector form of BPF satisfies [11]

()P ()T X = X®(t) and T (1) AD(t) = Ad(¢) (3.1)
where X € R™! X is the m x m diagonal matrix with X (i,7) = X (i) fori =
1,2,3---m, A € R™™ and A = [au Aoy ... amm]T is the m-vector which

contains the diagonal entries of A. The BPF vector ®(t), ¢ € [0,1) can be
integrated as

t
/(I)(T)dT:PCD(t),tG[O,l), (3.2)
0
where

1 2 2 . 2

01 2 . 2
p=ln

21 L
000 ...1

is called deterministic operational matrix of integration. Hence, for every function
f(t) € L*[0,1), the integral of f(¢) can be approximated as

/Ot f(s)ds = FTP®(t)
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In a similar way, it can be observed that It6 integral of BPF vector ®(t), t € [0,1)
can be carried out as [10]

/ tcp(f)dB(T) = Ps®(t),t € [0,1) (3.3)
where
B(%) B(h) B(h)
0 BE)-BK) ... B(2h) — B(h)
Ps=| . . 3
0 0 o B(@mOhy  B((m - 1)h)

is known as the stochastic operational matrix of integration. Therefore, the ap-
proximation of Ito integral of every function f(t) € L?[0,1) can be estimated as

[16] by
/O f(s)dB(s) = FT Ps®(t).

A relationship between the the BPF and the Walsh function is described in the
next theorem.

Theorem 3.2. Let the m-set of BPF vector and Walsh function vectors be ®(t)
and W (t) respectively. Then the Walsh function W (t) can be approzimated by
using the BPF vectors ®(t) as W(t) = Tw®(t), m = 2, and k = 0,1, ..., where
Tw = [cij] cij = w;i(n;), for some n; = (i Jil) andi,j=0,1,2,...m — 1.

mxm’ m’ m

Proof. Suppose m = 2% and w;(t), i = 0,1,2,...m — 1 is the i"* component of
the Walsh function vector. Expansion of w;(t) into vector form of BPFs with m
components yields w;(t) = Z;n:_ol cijoi(t) = CT®(t), 1 = 0,1,2,...m — 1, where
the i-th row of Ty is Cf and the (i, )™ entry of Ty is c¢;;.

1 1 1 (J+1h

h Jo h Jin

Applying Mean value theorem for integration we obtain

(+1)h
=g [ wlt)d = (G Db - R)uiln) = i)

h Jjn
where n; € (L, 1) m = 1.
Since w;(t) is constant in the interval (£, )| we choose ¢;; = w;(251), 0,5 =
0,1,2,...m— 1.
Hence W (t) = Tw (). O

Theorem 3.2 implies that ®(t) = Ty W (t).
The following theorem is an application of the above condition:
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Lemma 3.3 (Walsh function integration). The integral of the Walsh function
W (t) is given by
fot W (s)ds = AW (t), where A = LTy PTy and

1 2 2 ... 2
012 ... 2
S
20 o e
000 ... 1

Proof. The integration of the Walsh function vector W (t) with respect to ¢ is
t t t
/ W(s)ds = / Tw®(s)ds = TW/ O(s)ds
0 0 0

— Ty PO(1) = (TWP%TIf,)W(t) — AW (t)
where A = 1 (TWPTVTV) - %(TWPTW>(by (2.5)) O

Here, A is called as the Walsh operational matrix of integration.

Lemma 3.4 (Walsh function and its Stochastic Integration). The It6 integral of
the Walsh function W(t) is fg W (s)dB(s) = AsW(t), where Ag = =Ty PsTw
and

B(%) B(h) o B(h)
pe 0 B(E)-B(h) ... B(2h) — B(h)
0 0 (&l —‘B((m—l)h)

Proof. The It6 integral of the Walsh function W (t) is

/0 W (s)dB(s) :/0 Tw®(s)dB(s) :TW/O O(s)dB(s)
— Ty Psd(t) = (TWPS%TIf,)W(t) = AsW (1),

where Ag = %(TWPSTVTV) - %(TWPSTW)(Using (2.5)) O
Here, Ag is called the Walsh operational matrix for Ito integral.

4. NUMERICAL SOLUTION OF LINEAR STOCHASTIC VOLTERRA INTEGRAL
EQUATION

We deal with the following linear SVIE

z(t) :f(t)—i-/o kl(s,t)x(s)d8+/0 ko(s,t)x(s)dB(s) (4.1)

where (t), f(t), k1(s,t) and kao(s,t) for s,t € [0,T), are the stochastic processes
defined on the same probability space (€2, F, P) and x(t) is unknown. Also B(t)
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is Brownian motion process and fot ko(s,t)x(s)dB(s) is the Ito Integral.
Using equation (2.6) and(2.7) in (4.1) we have

t
XTTywW(t) = F'TyW(t) + / W () Ty KL Ty W ()W (s) Ty X ds
0
t
+ / W () Tw K3 Ty W (s)W7 (s)Tyw X dB(s)
0
t
= FI'TyWw(®t) + WH () TwK{ Tw / W (s)W7(s)TywXds
0

+WT () Tw K Ty / t W (s)WT(s)TwXdB(s) (4.2)
Now

/ t W (s)W7(s)TwXds
= /t Tw®(s)®" (s)TywTywXds (By Theorem:3.2)
— mTy /0 B(s)B7(s)Xds (By (2.5))

:mTWf(/OtQJ(s)ds (By (3.1))
1

= mTWXPETWW(t). (By (3.2))
Hence ,
/ W (s)WT(s)TwXds = Ty X PTy W () (4.3)
0
Similarly,
t
| -

0

Putting (4.3) and (4.4) in (4.2) and using the orthonormality condition, we get
XTTyww(t) = FITywWw(t)+mWT () Tw K X PTyw W (t)
+mWT () Ty KL X PsTyw W (t)
= FT'TyW(t) + WE(t)Tyw H Ty W (t)
W () Ty Hy Ty W (t)

where Hy = mKTXP, Hy = mKT X Ps.
which implies that
XTTywW(t) = FTTyW () + mH, TywW(t) + mH, Ty W(t)
Here,
(XT ~FT A, — mﬁ2T> TwW(t) =0 (4.5)
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Hence, a non trivial solution of SVIE (4.1) can be computed by solving

(X _F—mH, — mﬁg) = (0]t (4.6)

5. ERROR ANALYSIS

This section emphasises examining a disparity between the exact solution and
the approximate solution of the SVIE. Before start of the analysis, we define
1X]||> = E(|X|?)2, where E is the expectation of the random variable |X .

Theorem 5.1. Suppose f € L*0,1) is a Lipschitz function with Lz’pschz’tz con-
stant C. Then |len(t)la = O(h), where en(t) = |f(t) — S cawi(t)| and

= fol f(s)w;(s)ds

Proof. Let fo(t) = 320" ciw;(t) where ¢; = fo s)ds be the approximation
of the Lipschitz function f(t).
Now,

en(t) = [£(1) — Fult)] < wlop ) < Ch.

Here w(r, f) is called the modulus of continuity of the function f [10].

Therefore,
%
feuttlle = ([ 1500~ st
< Ch/ dt = O(h).
0
0
Theorem 5.2. Suppose k € L*(]0, 1) [0, 1)) is a Lipschitz function with Lz’ps—
chitz constant L. If ky,(z,y) = > 1" ZJ L ewi(@)w;(y), ¢y = fo fo s, t)w; (s
e Tento )l O, e ey o
Proof. Tt is clear from [10] that
m—1m—1
by = 3Y (/ / 5, O)ws(s)wy (1 )dtds)wl( Yo ()
=0 j5=0
m—1m—1
= > / / s, H)w;(s)w;(z)w; (t)w;(y)dtds)
i=0 j5=0
1 1
= / / m(t ® y) Dy (s @ x)dtds
where D,,(t) = 3.7 w;(t) is called the Dirichlet kernel of order m [10]. Then

by the definition of Dirichlet kernel and translation invariance of the integral, we

have
ko, = ok ok k(s,t)dtd
() /A(’ﬂ /A<.k) (s, t)dtds

Jw;(t)dtds,
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where Agk) = [2%, (2;1)). Hence,

() =01 <2 [ ) < RClaT

where T' = (s,t) and X = (z,y). Also observe that if k is uniformly Lipschitz
with Lipschitz constant L, then

o (X) — K(X)| < z%/ / LIT — X|dT

Therefore,
1k (X) = K(X)|l2 < V2Lh = O(h).
O

Theorem 5.3. Suppose x,,(t) is the approximate solution of the linear SVIE
(L.1). If

a) ki(s,t), ka(s,t) € L2([0,1) x [0,1)) and f € L*[0,1) are Lipschitz func-

tions with Lipschitz constants Ly, Ly and C respectively,

b) [z(t)] < o, [ki(s,1)] < p1 and [ka(s, )| < p2

then
l2(t) — 2m(t)[l5 = O(h?)
Proof. Let (1.1) be the given SVIE and z,,,(¢) be the approximation to the solution
using the Walsh function. Then
I<t> - xm(t) = f(t) - fm<t>

- /0 (v (s, )2 (s) = kam(s, t)wm(s))ds
+ / (ka(s, ) (s) = kam(s, t)m(s)) dB(s)

implies
2(t) —2m(O)] < |f(t) = fin(D)]
[ 65.00205) = (s )5

+

T / (Falis, )2(5) — Ko (5. )a(5)) dB(5)].

We know that (a + b+ ¢)? < 5a* + 5b% + 52
Therefore,

o) =P < 5150~ (0
[ (15.05) = k(. 10)) s

2
+ 5

2
+ 5

/0 (ka(s, ) (s) — kam(s,t)xm(s))dB(s)
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This implies

E(|z(t) —zn()]?) < 5E(|f(t) — fm(t)|2) +5I; + 515.

- )

I = E( /0 (ka(s, £)2(5) — Ko (s, O)2n(s))dB(s) ) (5.1)
Now for ¢ = 1,2, we have
|ki(s,0)2(8) — kim (s, )zm(s)] < |ki(s, )]|2(s) — @ (s)]
+ ’]ﬁ(s,t) —
+ |ki(s,t) —

where

/0 (k1(s, t)2(s) = kim (s, t)xm(s))ds

and

For i =1,2, let |k;(s,t)| < pi, |2(s)] < o and using Theorem 5.2, we get
|ki(5,)2(5) — kim (8, 1)Zm ()] < V2Liho + (p; + V2Lih)|z(s) — zpm(s)|  (5.2)

which give
2
ds) )

v () |
< E((/Ot (V2Liho + (p; + V2L;h)|2(s) — a:m(s)|)ds) ) (5.3)

By Cauchy- Schwarz inequality, for ¢ > 0 and f € L?[0,1)

/0 t £(s)ds

Considering the fact that ¢ € [0,1) and f(f |f|?ds > 0, the above equation implies

that
/ f(s)ds
0
This implies (5.3) becomes
L < E(Q/ ((\/§L1h0)2 + (p1 + V2L h)?|x(s) — xm(s)|2) ds)

Therefore, using the condition that (a + b)? < 2a? + 2b%, the above equation
can be rewritten as

ki(s,t)x(s) — kim(s, t)xm(s)

2 t
2ds. 5.4
gt/om s (5.4)

2 t
2ds. 5.5
g/om 5 (5.5)

L < 2(\/§L1h0)2+2(p1+ﬁLlh)ZE(/OtM(s)—xm(s)|2ds) (5.6)
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Now, using the Ito isometry, (5.1) reduced to

I = E(/ st)

< 2F </0t ((V2Lho)? + (p2 + V2Loh)?|a(s) — xm(s)|2)ds> (Using (5.2))

ko(s,t)x(s) — kom(s,t)m(s)

Hence,
L < 2(v2L3h0)* + 2(ps + V2L,h)2E </t |2(s) — xm(s)|2d5) (5.7)

Using Theorem 5.1, equation (5.6) and (5.7) in (5.1), we get
E(jz(t) — zn(t)?) < 5C%h?

+ 5 (2(\/§L1h0)2 +2(p1 + V2L,1h)’E (/Ot |2(s) — xm(s)|2ds>)
+ 5 (2(\/§L2ha)2 +2(p2 + V2Loh)’E (/Ot |l2(s) — xm(8)|2ds>)

E(lz(t) —zn®))?) < Ri+ Rg/o E(|z(s) — zm(s)]?)ds (5.8)
where
R =5 (CW +2(V2L1ho)? + 2(\/§L2h0)2)
and

Ry = 5(2(,01 +V2L1h)? + 2(p + \/§L2h)2)

By using Gronwall’s inequality, we have

E(lz(t) — zn(®)]?) < Riexp (/0 des>. (5.9)

which implies that,
l2(t) = 2w (t)[l3 = E(|2(t) — 2m(t)?) < Rie"™ = O(h?) (5.10)
U

6. NUMERICAL EXAMPLES

In this section we implement the suggested approach to address various SVIEs.
The first two examples illustrate the convergence of the procedure by comparing
approximate and analytical solution. Due to the impracticality of finding an
analytical solution for every SVIE, the last example demonstrates approximate
solutions for m = 32,64, and 128 to illustrate convergence.The calculations are
performed using Matlab 2013(a).

Here E represent the error, defined as the maximum absolute difference be-
tween the Walsh coefficients(X;) of the exact solution (z(t)) and the Walsh
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TABLE 1. Mean error g, standard deviation of error sg, and con-
fidence interval for mean error in Example 6.1 with m =8

51

n Tg SE 95% confidence interval for mean error.
Lower Upper
30 0.00543042339 0.00472214581 0.00374062521 0.00712022157
50  0.00626993437 0.00442989552 0.00504202998 0.00749783876
75 0.00705047567 0.00481071208 0.00596170903 0.00813924231
100 0.00640558992 0.00481776079 0.00546130880 0.00734987103
125 0.00689936851 0.00500025280 0.00602278555 0.00777595148
150 0.00686900260 0.00580316061 0.00594030348 0.00779770171
200 0.00682115439 0.00600805207 0.00598848085 0.00765382792
Solution path for m=32 Solution path for m=64
0.16 : : : ‘ 0.16 ‘ ‘ ‘
—+— Approximate Solution —+— Approximate Solution
30.147 —s+—Exact Solution | 30 14! —+— Exact Solution
> =
"% 0.12 | Bo.12
) )
; 0.1 1% 0.1

L
0.0%)

0.1 0.2

0.3 0.4

Time

L
0.0%)

0.2
Time

FIGURE 1. Example 6.1’s exact solution(x(¢)) and approximate
solution(y(t)) for m = 32 and m = 64.

0.3 0.

4

coefficients(Y;) approximation solution (y(t)) as mentioned in (2.1) that is ob-
tained by solving (4.6), denoted as || E||oc = max | X;—Y;|, where 2(t) = 327! Xiwi(t)

In the following examples, n represents the number of iterations, g denotes the
mean of error F/, and sg represents the standard deviation of error E.

Example 6.1. [13,

1
J](t): E+

| Consider the linear SVIE
t t
/ cos(s)x(s)ds—i—/ sin(s)z(s)dB(s), s, t € [0,0.5)
0 0

with the exact solution z(t) = %e%“in(tHLnémuﬁ sin()dB(s) for () < ¢ < 0.5.

We can see from Figure 1 that as the value of m increases from 32 to 64, the
approximate solution and the exact solution comes close to each other justifying
the feasibility and effectiveness of the method. Also figure 2 gives the error

trend of the method for m = 32 with 30 and 100 iterations.

Tables 1 and
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“
9 m=32,n=30 H m=32,n=100
4 0.02 . T ! 4 0.04 . !
) I
0
x %
g go0.03f
w w
) o
g g 0.02
- —
© [
[ >
o 0.014
.3 )
5 3
— o
0 0 ; : : : 7} 0 : : : s
7] 10 15 20 25 30 ﬁ 20 40 60 80 100
ﬁ Iteration Iteration

FI1GURE 2. Error trend of Example 6.1 for m = 32, n = 30, and n = 100.

TABLE 2. Mean error g, standard deviation of error sg, and con-
fidence interval for mean error in Example 6.1 with m = 32

95% confidence interval for mean error.

n TE SE
Lower Upper

30 0.00637765274 0.00360745366 0.00508674202 0.00766856345
50  0.00720684095 0.00586365605 0.00558151841 0.00883216349
75 0.00649984610 0.00488908128 0.00539334285 0.00760634936
100 0.00625583011 0.00474702145 0.00532541390 0.00718624631
125 0.00675880050 0.00523369353 0.00584129357 0.00767630743
150 0.00650117417 0.00478655986 0.00573516505 0.00726718328
200 0.00627666571 0.00451326428 0.00565115920 0.00690217223

2 gives a numerical date of the mean error, standard deviation of error and the
confidence interval of mean error for m = 8 and m = 32 respectively with different
itterations.

Example 6.2. [5] Consider the linear stochastic Volterra integral equation

ds—l—/\/ (s +1)z(s)dB(s),s,t € [0,0.5)

o2+ D5 It 1)+ [§ 4/ In(s+1)dB(s

:L‘(t):%—i-/o In(s+1)x

with the exact solution x(t) = yfor 0 <t <

0.5.

1
3

Figure 3 illustrates that when the value of m increases from 32 to 64, the
approximate solution converges with the exact solution, hence validating the
method’s feasibility and efficacy. Figure 4 illustrates the error trend of the ap-
proach for m = 32 with 30 and 100 iterations. Tables 3 and 4 present numerical
data on the mean error, standard deviation of error, and the confidence interval
of mean error for m = 8 and m = 32, respectively, over different iterations.
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TABLE 3. Mean error, standard deviation of error, and interval of

confidence for mean error in Example 6.2 with m=8

95% interval of confidence for error mean.

n TE SE

Lower Upper
30 0.02438967318 0.01686869621 0.01835328777 0.03042605860
50 0.02133558510 0.01927290494 0.01599340841 0.02667776180
75 0.02481916653 0.02431454695 0.01931626652 0.03032206654
100 0.03117403473 0.02410897354 0.02644867591 0.03589939354
125 0.02798218759 0.02469707194 0.02365259998 0.03231177519
150 0.02820020531 0.02390153628 0.02437516286 0.03202524775
200 0.02393113488 0.02147434937 0.02095494190 0.02690732786

Solution path for m=32 Solution path for m=64
0.35 0.35

X(t) and Y (t)
o
N
n

—#— Approximate Solution
—#— Exact Solution

Absolute value of max error

o
o
00

o

o
o
[

o

o

N
-

FiGUure 3. Example 6.2's
solution(y(t)) exact for m=32 and m=64

m=32,n=30

X(t) and Y(t)
o
N
v

—— Approximate Solution||
—— Exact Solution

solution(z(t))

and approximate

m=32,n=100

.067

o

10

15 20 25

Iteration

30

Absolute value of max error

100

Iteration

FIGURE 4. Example 6.2’s error trend for m=32,n=30, and n=100
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TABLE 4. Mean error, standard deviation of error, and interval of
confidence for mean error in Example 6.2 with m=32
n TE SE 95% interval of confidence for error mean.
Lower Upper
30 0.03060433176 0.02005909861 0.02342627551 0.03778238801
50  0.02486336513 0.02210900512 0.01873506157 0.03099166869
75 0.02616748611 0.01892441632 0.02188448750 0.03045048472
100 0.02703621216 0.02121478100 0.02287811508 0.03119430924
125 0.02533150170 0.02023967788 0.02178332972 0.02887967367
150 0.03001731579 0.02289160166 0.02635389655 0.03368073503
200 0.02681006075 0.02044064753 0.02397713153 0.02964298996

7. CONCLUSION

Numerical methods are necessary to tackle the challenges associated with de-
termining the precise solution for a large number of SVIEs. In the past, vari-
ous numerical methods have been devised to estimate the solution of Stochastic
Volterra Integral Equations (SVIEs). This research article presents a numerical
technique for estimating solutions to the linear SVIEs. Additionally, it includes
numerical evaluations for certain SVIEs. An error analysis of the methodology
has been performed to verify its reliability. The Walsh function approximation is
believed to be more precise than existing techniques for solving linear SVIEs, as
evidenced by the numerical analysis conducted in several preexisting examples.
The scope of this concept can be broadened to encompass nonlinear SVIEs and
SVIEs with singular kernels, which have the potential to address a wide range of
physical challenges.
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