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DEGREE EXPONENT SUM ENERGY OF A GRAPH
BOMMANAHAL BASAVANAGOUD* AND CHITRA ESHWARACHANDRA'!

ABSTRACT. In this paper, we introduce a matrix associated with a graph called
degree exponent sum matriz. We compute the degree exponent sum polynomial
of graph operations, cycle related graphs, product related graphs and transfor-
mation graphs. We give bounds for the largest degree exponent sum eigenvalue
and degree exponent sum energy of a graph.

1. INTRODUCTION

The energy of a graph is the sum of absolute values of eigenvalues of its adjacency
matrix. It has a correlation with the total m-electron energy of a molecule in the
quantum chemistry as calculated with the Hiickel molecular orbital method ([10]).

Let G be a simple, finite, undirected, nontrivial graph with n vertices and m
edges. Let V(G) = {v1,v2,...,v,} be a vertex set and F(G) = {ey,ea,...,em}
be an edge set of G. The degree dg(v;) (or simply d;) of a vertex v; is the number
of vertices adjacent to it in G. The graph G is an r-regular graph if the degree of
every vertex in GG is r.

The adjacency matriz A(G) = [a;;] of a graph G ([18]) is a matrix of order
n X n, whose elements are defined as

S 1, if v; is adjacent to v,
Y1 0, otherwise.

The characteristic polynomial of A(G) is given by ¢(G : N)=det(A, — A(G)),
where I, is an identity matrix of order n. The roots of an equation ¢(G : \) =
0 are called the eigenvalues of G and they are labeled as A, Ao, ..., \,. The
collection of eigenvalues of G is called the spectrum of G denoted by Spec(G),
refer to ([11]). The two nonisomorphic graphs are cospectral if they have the same

spectra. The energy €(G) of a graph G with n vertices is defined as €(G) = > |\,
=1

refer to ([15]). For undefined graph theoretic terminologies and notations, one
can refer to ([18]) or ([19]).

Followed by the adjacency matrix, many other graph matrices are defined in
literature such as distance matrix ([1]), Laplacian matrix ([20]), signless Laplacian
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matrix ([12, 22]), degree sum matrix ([23]), Seidel matrix ([7]), degree square sum
matrix ([2, 3]), minimum degree matrix ([4]) etc.

We introduce a new matrix associated with a graph G called degree exponent
sum matriz of order n x n given by DES(G) = [des;;] and whose elements are

defined as J J
desij = { 0, otherwise.

Here, d; is degree of a vertex v; and d; is degree of a vertex v;. The degree
exponent sum polynomial of a graph G is defined as

PDES(G)(,U) = det(u[n - DES(G)),

where I, is an identity matrix. The eigenvalues of DES(G) are called the degree
exponent sum eigenvalues of G, denoted by pq, pa, ..., pt, and their collection is
called the degree exponent sum spectra of GG. The degree exponent sum energy

Eprs(G) of a graph G is defined as Epps(G) = > |uil-
=1

For an r-regular graph G, DES(G) = 2r"J, —727"’”.]”, where J, is a matrix of
order n X n whose all entries are equal to 1. Therefore, for an r-regular graph G
of order n,

Posia i) = (1= 270 = 1)) 1o+ 2) (11)

Example 1.1. Let H = C4 be a cycle. The degree exponent sum matrix, degree

o—0

e—©O

FIGURE 1.

exponent sum polynomial and degree exponent sum energy of H are as follows:

0 8 8 8
8 0 3 8
DES(H) = 3 N 0 e

8 8 8 0
EDE5<H) = 48.

Example 1.2. Let G = K, — e, where e is an edge of K4. The degree exponent
sum matrix, degree exponent sum polynomial and degree exponent sum energy
of G are as follows:
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FIGURE 2.

0 17 54 17
170 17 8
DES(G)=| o 17 o 17|

17 8 17 0

Pppsay(p) = p* — 4136 — 71672 — 312768,

2. PRELIMINARIES

Definition 2.1. ([18]) The union G; UG; of graphs G and Gs is a graph whose
vertex set is V(G1 U Gy) = V(G1) U V(Gy) and an edge set is E(Gy U Gg) =
E(G1) U E(G3). The join Gi + G of two graphs G and Gs is a graph obtained
from G and G5 by joining every vertex of GG to all vertices of Gy. The cartesian
product Gy X Gy of two graphs G; = (V1(G1), E1(G1)) and Go = (Va(Ga), Ex(G2))
is defined as follows: Consider any two vertices u = (uy, uz) and v = (vy, v2) in
V(G1 x Gy) = V1(G1) x Va(G3). The two vertices u and v are adjacent in Gy X G
whenever (u; = vy and ugvy € E(Gy)) or (ug = vy and uyv; € E(G)). The
composition G1]|G3] of two graphs G; and Gy is defined as follows: Consider any
two vertices u = (u1,uz) and v = (vy,vy) in V(G1[Gs]) = Vi(G1) x Va(Gsy). The
two vertices u and v are adjacent in G1[G2] whenever (ujv, € E(Gy)) or (uy = vy
and usvy € E(Gs)). The corona G1 oGy of graphs G and G is a graph obtained
from G and G by taking one copy of Gy and |V(Gy)| copies of G2 and then
joining by an edge each vertex of the i*" copy of Gy is named (G, i) with the i
vertex of Gj.

Definition 2.2. ([18]) For n > 4, the graph W,, = C,,_; + K is called a wheel
graph. In W,,, a vertex of degree n — 1 is called a central vertex and the vertices
on the cycle C),_; are called rim vertices.

Definition 2.3. ([11]) Let C denote the one-point union of ¢ > 2 cycles of

length n. The graph Cét) is called a friendship graph. The helm H, is a graph
obtained from a wheel W,, by attaching a pendant edge at each vertex of a cycle
C,_1. The closed helm H, is a graph obtained from a helm H,, by joining each
pendant vertex to form a cycle. The sunflower graph SF,, is a graph obtained
from a wheel with central vertex vy, (n—1)-cycle vy, vo, . .., v,_1, v, and additional
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n — 1 vertices wy, ws, ..., w,_1, where w; is joined by edges to v;,v;11 for ¢ =
1,2,...,n—1, where i+ 1 is taken modulo n — 1. The double cone DC,, is a graph
C,, + 2K,. The book graph By is a graph Ki, x Ps. A book with triangular pages
B, is a graph P, + tK, where t > 1. The graph P, x P; is called a ladder graph
L,,. The prism 11, is a graph C,, x P5. The triangular snake T, is obtained from
the path P, by replacing each edge of a path by a triangle C5. The quadrilateral
snake @), is obtained from the path P, by replacing each edge of the path by a
cycle Cy.

Definition 2.4. The complement G of a graph G ([18]) is a graph with vertex set
V(G) and two vertices of G are adjacent if and only if they are nonadjacent in G.
The (line graph) L(G) of a graph G ([18]) is defined as a graph with vertex set as
E(G) where the two vertices of L(G) are adjacent if and only if they correspond
to two adjacent edges of G. The k'™ iterated line graph L¥(G) of G ([3, 9, 18]) is a
graph defined as L(LF"1(G)), k = 1,2, ..., where L°(G) 2 G and L'(G) = L(G).
The jump graph J(G) of a graph G ([10]) is defined as a graph with vertex set as
E(G) where the two vertices of J(G) are adjacent if and only if they correspond
to two nonadjacent edges of G. The subdivision graph S(G) of a graph G ([18])
is defined as a graph with vertex set V(G) U E(G) and is obtained by inserting
a new vertex of degree 2 into each edge of G. The semitotal point graph T5(Q)
of a graph G ([29]) is defined as a graph with vertex set V(G) U E(G) where
two vertices of T5(G) are adjacent if and only if they correspond to two adjacent
vertices of G or one is a vertex of G and another is an edge GG incident with it in
G. The semitotal line graph T1(G) ([25]) or middle graph M(G) ([17]) of a graph
G is a graph with vertex set V(G) U E(G) where two vertices are adjacent if and
only if they correspond to two adjacent edges of G or one is a vertex of G and
another is an edge G incident with it in G. The total graph T(G) of a graph G
([18]) is defined as a graph with vertex set V(G)U E(G) and two vertices of T'(G)
are adjacent if and only if the corresponding elements (vertices and edges) of G
are either adjacent or incident.

The following lemma is useful for computing degree exponent sum polynomial
of graphs.

Lemma 2.5. ([21]) If a,b,c and d are real numbers, then the determinant of the
form

‘ (:u + a>In1 - aJnl _CJTL1><n2 (2'1)

_dan Xni (:U' + b)IM - an2

of order ny + ny can be expressed in the simplified form as

(4 @) (4 By ( (1~ (m — 1)a) (s — (na — 1)b) — nnd)

We use the below mentioned relations in computing the bounds for degree
exponent sum energy.
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The Cauchy-Schwarz inequality ([5]) states that if (aq,as,...,a,) and
(b1,bo,...,b,) are n real vectors, then

(&) =(5) (£%)

Theorem 2.6. ([21]) If a; and b; are nonnegative real numbers, then

zn:alzzn:bf - (Z a; z) < —2 M1M2 m1m2)2, (23)
i=1 i=1

where My = mazi<i<n(a;); Mo = mazi<i<n(b;); m1 = mini<i<n(a;);
mo = mmlglgn(bl)

—~

2.2)

Theorem 2.7. ([6]) If a; and b; are nonnegative real numbers, then

n n n
i=1 =1 i=1

where a,b, A and B are real constants such that a < a; < A and

b < b; < B for each i,1 <i < n. Further, a(n) =n|2] (1 - 2[2]).

<a(n)(A—a)(B-0), (2.4)

Theorem 2.8. ([13]) If a; and b; are nonnegative real numbers, then

where C and Cy are real constants such that Cia; < b; < Chay
for each i,1 <1 <n.

3. DEGREE EXPONENT SUM POLYNOMIAL OF GRAPH OPERATIONS

Theorem 3.1. If G is an ri-reqular graph of order ny and H is an ro-reqular
graph of order no, then

Ppesum(p) = (p42rf)" (u+2r52)" ! ((u —2(ny — 1)) (1 — 2(ng — 1)r§?)

—nyng(ri? + 7“51)2).

Proof. The graph G U H has two types of vertices, the n; vertices of degree r;
and the remaining no vertices are of degree ry. Hence,

_ 2T7£1(Jn1 - ]m) (T? + Tgl)‘]mxm
DES(GUH) = { (72 + ) T s 252 (T — Iny)

and
Pppscum (1) = |pl — DES(GU H)|
(:u + 2T;1)[n1 - 2Tll‘]m _<T;2 + Tgl)Jm Xng2 ]
—(r? + 15 )naxm (142157 ) I, — 215 Jpy)

Using Lemma 2.5, we get the required result. O
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Theorem 3.2. If G is an ri-regular graph of order ny and H is an ry-reqular
graph of order no, then

Possiem(i) = (i +2RB)™=1 ()4 2RE2 )1 ((u — 2(ny — 1)RE) (1
9(ny — 1)RE) — myna(RF? + R§1>2).

Proof. The graph G 4+ H has two types of vertices, the n; vertices of degree
Ry =11 + ny and the remaining ny vertices are of degree Ry = ry + n;. Hence,

QR{%I(‘]M - [m) (R{%Q + R§1>Jn1 Xng :|

DES(G+H) = |i (sz +R§1>Jn2><n1 2R§2(Jn2 _Inz)

and
Pppsim(p) = |pl — DES(G + H)|
‘ (1 +2R™) I, — 2R T, —(R{” + RJ) Ty s
—(R" + R Josime (w4 2RFIL,, — 2R, |
Using Lemma 2.5, we get the required result. 0

Theorem 3.3. If G is an ri-reqular graph of order ny and H is an ry-reqular
graph of order no, then

ning—1
Ppps@xm(p) = (M —2(ning — 1)(r1 + T2)T1+T2> (,u +2(r1 + 7”2)“+r2) :
Proof. The graph G x H is an (r; + ry)-regular graph with nynsy vertices. Hence,
the result follows from Eq. (1.1). O

Theorem 3.4. If G is an ri-regular graph of order ny and H is an ry-reqular
graph of order no, then

(nin2—1)
Proof. The graph G[H] is an (ngry +19)-regular graph with niny vertices. Hence,
the result follows from Eq. (1.1). O

Theorem 3.5. If G is an ry-reqular graph of order ny and H is an ry-regular
graph of order no, then

ny—1 ning—1
Ppps(con (1) = (u + 2Rf1) (u + 2R§2> ((u —2(ny = DR (u
— 2(niny — 1)Ry®) — ning(R™® + R?W)
Proof. The graph G o H has two types of vertices, the n; vertices with degree

Ry =11 + ny and the remaining niny vertices are of degree Ry = r5 + 1. Hence,

2R?1(Jn1 - [nl) (R?Q + Rgl)‘]n1><n1n2 :|

DES(GoH) =
( ° ) { (R{b + Rgl)Jmanm 2R§2(Jn1n2 - ]nmz)
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and
Possem(n) = |ul — DES(Go H)|
_ (:u + 2R?1)In1 - 2R?1 Jn1 _(R{BQ + Rgl)‘]nl Xnin2
_(Rfa + Rgl)‘]nmzxru (1 + 2R§2)[n1n2 - 2R§2 Inins)
Using Lemma 2.5, we get the required result. Il

4. DEGREE EXPONENT SUM POLYNOMIAL OF CYCLE RELATED GRAPHS AND
PRODUCT RELATED GRAPHS

Theorem 4.1. If W, is a wheel graph, then
Pppsw,) (1) = (1 +54)" (u (n=54(n—2)) = (n— 1) (3" + (n — 1))* ) :

Proof. The graph W, of order n has two types of verices namely, n—1 rim vertices
are of degree 3 and central vertex has degree n — 1. Hence,

54(Jp—1 — Ip— 3"+ (n—1)3)Jp_
ps) = | et e e T
and
Pppsw,)(n) = [l — DES(W,)|
B ‘ (u+54) 1,1 — 54, 4 —(3" 4+ (n = 1)*) J1)x1
T =BT+ (= 1)) ke (p+2(n—1)2)1 —2(n—1)%;
Using Lemma 2.5, we get the desired result. O

Theorem 4.2. If C’ét) s a friendship graph, then

Popsegy () = (1 +8)" <u (1 —8(2t — 1)) — (2t — 1) (2% + (20))" )

3

Proof. The graph C’ét) of order 2t + 1 has two types of verices namely, 2t vertices
of degree 2 and 1 vertex of degree 2t. Hence,

2 2
pESE) = | it 0]
and
Ppogsio)i) = |l = DES(CYY)|
B ‘ (4 8) L — 8oy —(2% + (26))) Jin—1)x1
| =2+ (2t)2) Jixeen 0
Using Lemma 2.5, we get the desired result. O

Theorem 4.3. If H, — c is a helm without central vertez, then

Ppps(,—c (1) = (u454)" % (u+2)" ( (n—>54(n—2)) (u—2(n — 2))—16(n—12).
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Proof. The helm H,, — ¢ without central vertex is a graph of order 2(n — 1), which
has two types of vertices. The n — 1 vertices have degree 3 and the remaining
n — 1 vertices have degree 1. Hence,

54(Jp—1 — I 4 (0 1)x (n—
DES(H, ~ o) = { 4(J<n11)x<n1>1) 2(Ji—11)—X(fn—1i) }
and
Ppes,—o() = |ul — DES(H, — c)|
' (1 +54) L1 — 54T, — 4J (1) x (n—1)
—4J(n-1)x(n-1) (h+2) Iy = 21 |
Using Lemma 2.5, we get the desired result. 0

Theorem 4.4. If H — c is a closed helm without central vertex, then
Ppes(i,—o () = (1 — 54(2n — 3)) (u + 54)*" 2.

Proof. The closed helm without central vertex H/ — ¢ is 3-regular graph with
2(n — 1) vertices. Hence, the result follows from Eq. (1.1). O

Theorem 4.5. If SF, — ¢ is a sunflower graph without central vertex, then

Ppps(sr,-o(p) = (1 +54)"2(p +8)" 2 ( (b —54(n —2)) (u — 8(n — 2))
—289(n — 1)2>.

Proof. The sunflower graph SF),, — ¢ without central vertex is a graph of order

2(n — 1), which has two types of vertices. The n — 1 vertices have degree 3 and
the remaining n — 1 vertices have degree 2. Hence,

DES(SF, —¢) = { Bl = Ioa) AT o0 ]

17Jn—1)x (n-1) 8(Jno1 — In-1)
and
Ppps(sr—o(1) = |ul — DES(SE, — ¢)|
_ ' (+54) 1,1 — 54T, — 17J (1) x(n—1)
—17Jn-1)x(n—1) (w+8) 1 —8Jy1 |’
Using Lemma 2.5, we get the desired result. 0

Theorem 4.6. If DC),, is a double cone, then
Posien() = (u-512)" (u42n") ( (1 — 512(n — 1)) (11 — 2n")=2n (4" + ')’ ) |

Proof. The double cone is a graph of of order n+ 2 has two types of vertices. The
n vertices have degree 4 and the remaining 2 vertices have degree n. Hence,

512(J, — 1)) (4" + n*) Jpso }

DES(DCn) = |: (477, + n4)<]2><n 2nn(J2 - [2)
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and
Pppspc,) (1) = |ul — DES(DC,)|
| (p+512)1, — 512J, — (4" + ") T
N B S A (20 =207 Jy |
Using Lemma 2.5, we get the expected result. 0

Theorem 4.7. If By is a book graph, then
Pps(s,) (1) = (1 +8)*~H(n+2(b+ 1)) ( (1 —8(2b = 1)) (1 — 2(b+ 1))

—4b (2 4 (b4 1)2)° )

Proof. The Book graph B, has two types of vertices. The 2b vertices with degree
2 and 2 vertices are with degree b+ 1. Hence,

b1 2
p85(E) = o 5 8 s el
and
Ppesm,y(p) = |ul — DES(B)|
_ ’ (1o + 8) 1oy — 8Ja — (2" 4 (0 + 1)?) Japxe ‘
T =2+ (04 )Y ok (204 1)L —2(b+ 1),
Using Lemma 2.5, we get the desired result. O

Theorem 4.8. If B; is a book with triangular pages, then
Pprsey(p) = (n+8)" (u+2(t + 1)) <(u = 8(t = 1) (= 2(t + 1))

— 2t(28 + (t + 1)2)2).

Proof. The book B; with triangular pages of order ¢+ 2 has two types of vertices.
The t vertices have degree 2 and the remaining 2 vertices have degree t+1. Hence,

DS = | o L0 hn, S 5]
and
Ppessy(t) = |pl — DES(B)|
_ (1 +8)I, — 8y — (27 + (t+1)%) Jixe
= ‘ _(2t+1 + (t + 1)2>J2xt (M+ Q(t—l— 1)t+1>[2 _ 2(t+ 1)t+1J2 ‘ .
Using Lemma 2.5, we get the required result. 0

Theorem 4.9. If L,, is a ladder graph, then

Poesie ) = et 5025 Gu 89 ( (= 5120 - 5)) - 20) - 115020 - 4)).
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Proof. The ladder graph L, is a graph of order 2n and has two types of vertices.
The 4 vertices have degree 2 and 2n — 4 vertices have degree 3. Hence,

A(Jop_g — I, 17J 20—y
DES(Ln) = { ’ ({;J4i(2n—i) g 87&(42—4])4)4 }
and
Ppes.)(n) = |ul — DES(L,)|
_ ‘ (1 +54)Iopg —54Jon-a —17J2n_s)xa
—17J4x (2n—1) (w+8)1y —8Jy |
Using Lemma 2.5, we get the expected result. Il

Theorem 4.10. If 11, is a prism graph, then

Pppsm,) (1) = (1 —54(2n — 1)) (n+54)" .

Proof. The prism I1,, is 3-regular graph with 2n vertices. Hence, the result follows
from Eq. (1.1). O

Theorem 4.11. If T, is a triangular snake, then

Pppsr,) (1) = (u+8)™ (u+512)" < (u—8n)(u—512(n — 3))—1024(n+1)(n—2)).

Proof. The triangular snake T;, has two types of vertices. The n+ 1 vertices have
degree 2 and the remaining n — 2 vertices have degree 4. Hence,

8(Jns1 — In 32Jn ne
DES(T.) = [ 3(2J<+,:_2)X(:12 51300, 1) }
and
Ppesmr,y(1n) = |pud — DES(T,)]
’ (14 8) i1 — 8Jnt1 — 32J(nt1)x (n—2)
—32J(n-2)x(n11) (1 +512) 1,5 — 5127, 5 |
Using Lemma 2.5, we get the desired result. O

Theorem 4.12. If Q,, is a quadrilateral snake, then
Porsiauli) = (u-+ 87 (-t 5120 ( (o = 8(20 = 1) (1 = 512(n - 3)

— 2048n(n — 2)).

Proof. The quadrilateral snake @), is a graph of order 3n — 2, which has two types
of vertices. The 2n vertices have degree 2 and the remaining n — 2 vertices have
degree 4. Hence,

_ 8<J2n - [271) 32J2n><(nf2)
DES(@n) = { 32T o 512(Jas — 1)
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and
Ppps.(n) = |nl — DES(Qy)]
(1 + 8) 120 — 8J2n — 32 (n_2)
_32J(n72)><2n (,u + 512)[71—2 — 512Jn—2 ’
Using Lemma 2.5, we get the desired result. O

5. DEGREE EXPONENT SUM POLYNOMIAL OF SOME TRANSFORMATION
GRAPHS

Theorem 5.1. If G is an r-regular graph of order n, then

Poss) = (1= 20 = 1(n = 1= 1)) (20— 1 r><"-1-*>)"1.

Proof. The complement of an r-regular graph is an (n — 1 —r)-regular graph with
n vertices. Hence, the result follows from Eq. (1.1). O

Theorem 5.2. If G is an r-reqular graph of order n and ny, is the order of L¥(G)
(k=1,2,...), then

ng—1
Pppsrc) (i) = (u 4 2(2kp — 261 4 2)2’“r—2k+1+2>

Proof. The line graph of a regular graph is a regular graph. In particular, the
line graph of an r-regular graph G of order n is an r; = (2r — 2)-regular graph of
order n; = %nr. Thus, L*(G) is an rj-regular graph of order n, given by

k—1

n . .
= op H(2’7’ — 21 1 2)  and 1 =280 — 2R 42,
i=0
Hence, the result follows from Eq. (1.1). O

Theorem 5.3. If G is an r-reqular graph of order n, then

(-1
Ppesiia)(n) = (u —2r (% —1) ) (u + 2r;“1)

2

Proof. The jump graph of an r-regular graph is r, = ((”;4)r + 1>—regu1ar graph

with % vertices. Hence, the result follows from Eq. (1.1). O

Theorem 5.4. If G is an r-reqular graph of order n, then
Pppssiy(t) = (i +2r")" " (n +8) % ! ( (p=2r"(n = 1)) (n—8 (% — 1))

—"%T(TMT)Q).
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Proof. The subdivision graph of an r-regular graph has two types of vertices. The
n vertices with degree r and & vertices with degree 2. Hence,

2
2 (Jy — L) (12 +27) e }

DES(S(G)) = { (2" —|—7”2)J%><n S(J% - [%>

and
Ppps(s@)(n) = |[ul — DES(S(G))
(i +2r7)1, —2r"J, —(r? +2") Jpxcnr
—(27 4 r?) Jur (4 8)Inr —8Jur) |’
Using Lemma 2.5, we get the desired result. 0

Theorem 5.5. If G an an r-reqular graph of order n, then

Posan(e) = (u n 2<2r>”) (ot 8% (w o - )20 (u

-8(5-1)- "727“ (4r® + 2”)2).

Proof. The semitotal point graph of an r-regular graph has two types of vertices.
The n vertices with degree 2r and - vertices have degree 2. Hence,

22V (J, — L) (412 4+ 227)J,, nr
DESD(G)) = { (4<r2)+§2r)JMXi ( 8(Jor —>zm«)2 ]

and
Poesmyany(n) = |ul — DES(Ty(G))|
(1 +202r)* ) = 2(2r)* Ty —(41° + 2%7) Jyeme
—(4T2+22T)J%x” (;L—I—S)]% —8J%
The result follows from Lemma 2.5. O

Theorem 5.6. If G is an r-reqular graph of order n, then
Pppsryay (i) = (u2r )" (p+2(2r)>) = 7 ((M—Q(n—l)”) (n—20% = 1)(2r)*)

2

— (2 g (27‘)’")2>.

Proof. The semitotal line graph of an r-regular graph has two types of vertices.
The n vertices with degree r and the remaining % vertices are of degree 2r.
Hence,

21" (J, — 1I,) (r* + (2r)") Jnxcny
DES(T\(G)) = [ (r2r + (2T)T)ngn 2(2r)? (Jm —Im") }

and
PDES(Tl(G))(N) = |ul = DES(T1(G))|

_ ’(u+2w)1n—2rrjn —(r% 4+ (2r)") Jnx & '
—(7"27"+(27’)T)J%Xn (M+2(27‘)2’“)Iw— (2r)? ") |

The Lemma 2.5 gives the required result. O
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Theorem 5.7. If G is an r-regular graph of order n, then

n+5%0—1
nr 2
Ppesa@) (1) = (M -2 (n +5 - 1) (27“)2’") (M + 2(27")27’) ,

Proof. The total graph of an r-regular graph is a regular graph of degree 2r with
n + % vertices. Hence, the result follows from Eq. (1.1). O

6. BOUNDS FOR THE LARGEST DEGREE EXPONENT SUM EIGENVALUE AND
DEGREE EXPONENT SUM ENERGY

Theorem 6.1. The degree exponent sum eigenvalues of DES(G) satisfies the
following relations:

(]‘) Z?:l lul = 07
(2) Y0, 42 = 2w, wherew = 3, (d¥ + d%)>.

Proof. By the definition of DES(G),

Z p; = 0. (6.1)

Further,

Z,u? = trace (DES(G))?)

i=1
= 22 dud;

i=1 j=1

- sz?j

i=1 j=1

= 23 (dP +di)?

1<j

= 2w, wherew = Z(dfj +d)>. (6.2)

1<j

Theorem 6.2. If G is an r-reqular graph of order n, then G has only one positive
degree exponent sum eigenvalue = 2r"(n — 1).

Proof. Let G be an r-regular graph of order n and {vy, vs,...,v,} be the vertex
set of G. If d; = r is the degree of v;,i = 1,2,... n, then

dij:{ AP +d =2, if i#],

0, otherwise.
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The degree exponent sum polynomial of DES(G) is

)
Pppse(n) = det(pl — DES(G))
= det(pud —2r"A(K,))

= (@) | - AK)
— (27" (% —n+ 1) (2’; + 1)”1

= (p=2r"(n = 1) (u+2r")""".
The characteristic equation of DES(G) is (1 — 2r"(n — 1)) (u + 2r")"! = 0.

This implies, u = { 2r"(n — 1), once,

—2r", (n — 1) times. =

Theorem 6.3. If G is any graph of order n and p; is the largest degree exponent
sum eigenvalue, then

2w(n —1)

IN

H1 (6.3)

Proof. Substituting a; = 1 and b; = u; for i = 2,3,...,n in inequality (2.2), we

get
(Zm) <(n-1) (Zﬁ) (6.4)

From Eqs. (6.1) and (6.2), Y 0 o s = —p1 and Y0, p? = 2w — i,
Inequality (6.4) is written as (—u1)? < (n — 1)(2w — p?).

This implies, py < {/20=1,

n

Equality holds if G is a regular graph. 0

Theorem 6.4. If G is an r-reqular graph of order n, then —2r" and 2r"(n—1) are
degree exponent sum eigenvalues of G with multiplicities (n—1) and 1, respectively
and Epgs(G) = 4r"(n — 1).

Proof.
W —2r" —2r" e —2r"
—2r" 7 —2r" e —2r"
\ul — DES(G)| = | —=2r" —2r" i . —2r"
—2r" —2r" —2r" e i
1 —2r" e —2r"
-1 1 0
= (p+2r)" ' -1 0 0
-1 0 1

Thus, Epgs(G) = 4r"(n — 1). O
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Theorem 6.5. If G is a graph of order n, then

Boes(@) 2 \/ 2ns "2 (1l = ) (©5)

where |p1| and |p,| are mazimum and minimum of the absolute value of p;’s.

Proof. Substituting a; = 1 and b; = || in inequality (2.3), we get
n n n 2 7’L2 2
SNl - (Z\ml) < Z(Iuﬂ - Iunl)
i=1 i=1

=1
n2 2
1 |M1| - |Mn|

2 2
Epps(G) > \/QW - %(\Mﬂ - |Mn!) :

2nw — (EDES(G))2

IN

Theorem 6.6. If G is a graph of order n, then

V2w < EDES(G) < 2nw.

Proof. Substituting a; = 1 and b; = y; in inequality (2.2), we get

n 2 n n
(Z|/~Lz|> < 2122|M|2

=1 =1 =1
(EDES(G))2 S 2nw.

This implies,

2
We have (EDES(G))2 = (2?1 |Nz|) > Z?:l |Nz‘|2 = 2w.
This implies,

EDES(G) 2 v2w. (67)
Combining inequalities (6.6) and (6.7), we get the desired result. O

Theorem 6.7. If G is a graph of order n and A’ be the absolute value of the
determinant of DES(G), then

V2w + nln — 1A/ < Epps(G) < Vanw.
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Proof. From the definition of degree exponent sum energy,

(Epps(G))? = (Z!m!)
= ZMZHZWIM

1<J
= 2W+22 | i[5
i<j
= 2w+Z!uiHuﬂ- (6.8)
i#]
For nonnegative numbers, the arithmetic mean is always greater than or equal to
the geometric mean.

1
n(n—1)
E |l | 15 (H |m\lujl>
z;é] i#]

1

n sy
= H =
=1

= H |Mi|2/n
i=1

= (@,

Vv

Therefore,
D lmillp] = n(n = 1A, (6.9)
1#]

Combining Eq. (6.8) and inequality (6.9), we get

Epps(G) = /2w + n(n — 1)(A7)2. (6.10)
Consider a nonnegative quantity
y=> Y (w — | ) ZZ (\m\z Ik Q\Mi\\uj!)-
i=1 j=1 i=1 j=1

On direct expansion, we get

VoS S gl -2 (Zw) (zw) |
i=1 j=1 i=1 j=1

From the definition of degree exponent sum energy of a graph and Eq. (6.2), we
have Y = 4nw — 2(Epps(G))? > 0, since Y > 0.
So,

EDE5<G) S v2nw. (611)

Combining inequalities (6.10) and (6.11), we get the desired result. O
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Corollary 6.8. If G is an r-regular graph of order n, then
EDES(G) S QTLTT\/TL — 1.

Theorem 6.9. If G is a graph of order n and py; > po > -+ > u, be a nonin-
creasing arrangement of degree exponent sum eigenvalues, then

Fpis(G) > v/ = alm) (] = ol (6.12)
where a(n) = n|2](1 — L[%]).

Proof. Substituting a; = |u;| = b;, a = |u,| = b and A = |u1| = B in inequality
(2.4), we get

n

ny il - (Z |m|> < a(n)(lpum| = |pal)*. (6.13)

i=1
Since Epps(G) = Y0, lwil, Do, |ml? = 2w, we get the required result from
(6.13). 0

Remark 6.10. Since a(n) < ”TZ, the lower bound (6.12) is sharper than the lower
bound (6.5).

Theorem 6.11. If G is a graph of order n and py > po > -+ > fy, s a

nonincreasing arrangement of degree exponent sum eigenvalues, then

|pa [ pn |1 + 2w
|l + |pam

where |p1| and |p,| are mazimum and minimum of the absolute value of p;’s.

Epps(G) >

Y

Proof. Substituting b; = ||, a; = 1,Cy = |u,| and Cy = |u4| in inequality (2.5),

we get
Sl -l nd S22 < (] i) (Zw) 61
=1 =1 =1

Since Epps(G) =Y i lwiland Y7 |wil* = 2w, (6.14) gives the required result.
OJ

7. CONCLUSION

In this paper, we have added a new graph matrix to literature by introducing
a degree exponent sum matrix. We have computed the degree exponent sum
polynomial of graph operations, cycle related graphs, product related graphs and
transformation graphs. We have given extension to our work to compute bounds
for the largest degree exponent sum eigenvalue and degree exponent sum energy.
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