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EXISTENCE AND DECAY RATES OF SOLUTION FOR THE
MOORE-GIBSON-THOMPSON EQUATION LINEAR
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ABSTRACT. This work is devoted to the study the linear Moore-Gibson-Thompson
equation with a viscoelastic memory. Under some appropriate assumptions
on the relaxation function g and with certain initial data, the existence and
uniqueness of a local solution are obtained via Faedo—Galerkin’s method. The
global existence of solutions is also established. Furthermore, we prove the
decay rates for the energy of Moore-Gibson-Thompson equation linear with a
viscoelastic memory of relaxation kernels.
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1. INTRODUCTION

In this paper, we consider the following Moore-Gibson-Thompson equation
linear with a viscoelastic memory term

¢
vttt+avtt—c2Av—bAvt+/ g(t—s)Av(s)ds =0, (z,t)eQx(0,T), (1.1)
0

with initial data
v(z,0) =¢(x), v (2,0) =w(x), vy(z,0) =T (z), z€Q, (1.2)
and boundary conditions
v(xz,t) =0, (x,t)€dQx(0,T), (1.3)

where  is a bounded domain in RY with a smooth boundary 99, T < oo, and
g (.) : Ry — R, is the relaxation memory kernel, has recently caught the atten-
tion of several authors. Here the memory kernel g directly relates to whether or
how the energy decays and satisfies some assumptions that will be mentioned later
on, and ¢ (z), w(z) and T (z) are given functions satisfying conditions specified
later. Parameters o and b are assumed to be positive. In the context of the acous-
tic waves, the variable v denotes a scalar acoustic velocity potential v = —Vwv
with u™ denoting the acoustic particle velocity, ¢? denotes the speed of sound, the
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510 A. DRAIFIA

coefficient 3 & n + ¢* where 7 is the diffusibility of the sound and the coefficient
B > 0 describes natural damping effects associated with an acoustic environment,
see Lebon and Cloot [16]. The convolution term fot g (t — s) Av (s) ds represents
the memory effects of an acoustic environment.

From the physical view point, (1.1) is a wave-type equation arising in the
context of acoustic wave propagation with the so-called second sound, being u
the acoustic pressure, where the paradox of the infinite speed of propagation is
eliminated by replacing the Fourier law by the Maxwell-Cattaneo one.

This nonlinear equation

TUwt + Uy — CCAV — DAy, = % (;12% (vt)2 + |VU|2) , (1.4)
is known as the Jordan Moore Gibson Thompson equation (JMGT). For a brief
overview on nonlinear acoustics and the derivation of the JMGT equation see the
recent papers [8], [12] and [11] and references therein.
In what follows we shall first review the linearized version of equation (1.4), which
is known as the Moore Gibson Thompson equation (MGT), in its more general
form:

TUwt + Uy + AV + bAv, = 0, (1.5)

where A is a positive self-adjoint operator. Recently many authors have been
interested to the equation (1.5) mainly in bounded domains.
The MGT equation with a memory term of the form:

¢
Tvttt+avtt—BAv—7Avt+/ g(t—s)Av(s)ds=0, (z,t)eQ2x(0,T), (1.6)
0

where 7; «; § and ~ are positive constants.

The motivation of our work is due to some results regarding the following research
papers. In [15], Lasiecka, I and Wang, X., studied, the following Moore-Gibson—
Thompson equation with memory

¢
Tvttt—i—avtthcQAv—f—bAvt—/ g(t—s)Aw(s)ds=0, (z,t)eQx(0,T7). (1.7)
0

They showed how a memory term creates damping mechanism and how the mem-
ory causes energy decay of problem (1.7), under suitable conditions on the re-
laxation function g. Typical memory types encountered can be classified in [15]
as: Type 1 memory w(s) = v (s); Type 2 memory w(s) = v, (s); and Type
3 memory w (s) = Av (s) + v (s), with an appropriate constant A > 0.

[21] is a generalization of the work in [15] as it allows the memory kernel to be
more general and shows that the energy decays of problem (1.4) ( for w (s) = v (s),
Typel memory in [15] ) the same way as the memory kernel does, exponentially
(W' (t) < —ah (t), a > 0) or not (Example. 1/ (t) < —h(t) |h ()", 6 € [1,2]).
For more explanation, we refer the readers to [21].

In [9], Wenjun et al studied new general decay results for a Moore-Gibson—
Thompson equation with memory which is a generalization of the the work one
in [14,15] in that it allows the memory kernel to be more general. For a class
of relaxation functions satisfying b’ (t) < —£(¢) H (h (t)) for H to be increasing
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and convex function near the origin and £ (¢) to be a nonincreasing function, and
proved the optimal explicit and general energy decay result.

In [4], the author draifia treated (1.4) and A = —A ( Laplacian operator ), and
w(s) =v(s) ( Typel memory in [15]). They showed the global solution of prob-
lem (1.4) and established general decay of the energy under suitable conditions
on the relaxation function g ( with not necessarily decreasing kernel ). For more
explanation, we refer the readers to [4].

In [13], Irena Lasiecka studied, Global solvability of Moore-Gibson—Thompson
equation with memory arising in nonlinear acoustics. The main result of the pa-
per [13] states that with appropriate calibration of the memory kernel, solutions
exist globally for sufficiently small and regular initial data. With exponentially
decaying relaxation kernel said solutions exhibit exponential decay rates, for the
following Moore—-Gibson—Thompson equation with memory arising in nonlinear
acoustics

¢
To+ (a0 — 2kv) vtt+02Av+bAvt—/ h(t—s)Aw(s)ds = 2]{:1}?, (x,t) € Qx(0,T),
0

2
where k£ > 0, w = us + ¢ uanda—%

In [15], Lasiecka, I and Wang, X., studied, the following Moore-Gibson-Thompson
equation with memory

¢
Tvttt+avtt+02Av+bAvt—/ h(t—s)Aw(s)ds =0, (x,t) € Q2x(0,7). (1.8)
0

For more results, we refer to the previous papers [1,24].

Our plan in this paper is as follows: In Section 2, we give some lemmas and as-
sumptions, which will be used later. Section 3 is devoted to the study of local ex-
istence and uniqueness of the weak solution of (1.1) —(1.3) via Galerkin’s method.
In Section 4, we obtain global existence of the solution of (1.1) — (1.3). Finally,
in Section 5, we prove the decay rates for the energy of (1.1) — (1.3).

2. ASSUMPTIONS AND MAIN RESULTS

In this section we prepare some notation and assumptions which will be needed
in the proof of our results.
Let us first introduce the following notations:

(go Vo) ( // (t —s)|Vo (z,t) — Vo (2, )| dsdz,
(g00) (1) :/ g(t—5) (w(t) —v(s)) ds,

(¢OVo) (1) := / g(t—s)|Vu(z,t) — Vo (z,s)|* ds.
Set ’
V (Dr) :={v(z,t):v € Hy(Dr), v, € H (Dr), and vy € L* (Dr)},
where Dy :=Q x (0,7, and
W (Dr) :={u(z,t):uw eV (Dr) and u(z,T) =0} .
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Definition 2.1. A function v € V (Dy) is called a generalized solution of prob-
lems (1.1) — (1.3) if it satisfies, for each w € W (Dr),

— (vt () s ue (8) p2(pyy — @ (e (8) s ue (1) p2(pyy
¢ (Vo (t), Vu (t) 2y +b (Ve (8), V(1)) 2oy

- (/0 h(t - s) Vo (s) ds, Vu (t))L2(D |
= 0 ), u(0)) gy + (T (1) 00)) 2 )
Lemma 2.2. [24] For any function v € C* ((0,T); H} (Q)), we have

(/Otg(t—s)Av(s)ds,vt(t))Q
= s dwovn 0 ([ 16)8) 190 0l |

_% (¢ o V) (t) + %g () V0 ()12

Q

( (t —s) Av (s)ds, vy (ﬂ)
3o L 0T O+ 00190 Ol 2 [ 96— (Vo). Vo () 5

1 1,
5 (9" o V) (1) = 59" (8) [V (720

Now, let us state the general hypotheses
(H;) ¢ : R, — R, is a bounded C? study the Moore-Gibson-Thompson

equation linear-function satisfying ¢ (0) > 0 and

g ::/ g(s)ds < c*.
0
(Ha) ¢ (t) < —H(g(t)), for all t > 0, where H € C* (R,) with H (0) =0 is a

given strictly increasing and convex function. Moreover
H € C*(0,00) and lim inf {2*H"(z) —2H'(x)+ H (z)} > 0.
z—0
(Hs) ¢"(t) = 0.
(Hy4) Let y (¢) be the solution of the ODE
y' @)+ H(y(t) =0, y(0)=g(0)>0.
(Hs) We assume that there exists ag € [0, 1) such that y'~* € L; (1,00).
3. EXISTENCE AND UNIQUENESS OF SOLUTION

In this section, we will prove the existence and uniqueness of the weak solution
of problem (1.1) — (1.3). We use the Faedo—Galerkin approximations, to prove
the existence of the unique solution of problem (1.1) — (1.3).
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3.1. Existence. We now give the main result on the weak solution of problem
(1.1) — (1.3) and prove it by using the Galerkin method.

Theorem 3.1. Assume that the hypotheses (Hy) — (Hs) hold, the initial data
o(z) € Hy (Q), w(z) € H () and Y (z) € L*(Q), then there is at least one
generalized solution in V (Dr) to problem (1.1) — (1.3).

Proof. We divide the proof of Theorem 1. in two steps: the construction of
approximations and then thanks to certain energy estimates, we pass to the limit.
Step 1.: Faedo—Galerkin approximation.

We construct approximations of the solution v by the Faedo—Galerkin method
as follows; Let {¢; (z)},», be a fundamental system in H} () and assume for
convenience the it has been orthonormalized in L? (), that is (¢ (), ¢x () )g =
015 We seek an approximate solution v™ (x) in the form

l=m
= it (x), (3.1)

with
fi(t) = (W (z) 0™ (2,1) )poq), L=1,....,m.
They can be found, for k = 1,...,m, via the relations
(vigy (@, 1), ¥ (@ )) +a(vtt (z,t) ¥ (x ))L2(Q
¢ (VU ( ) ) 7vwk( ))L2(Q) + b(vvt ( z, ) , Vi (m»L?(Q)

(ot masTae)
- 0. i

The above system is a system of ordinary differential equations in f; (t), | =
1,...,m, and initial conditions

£1(0) = (Y1, () 121y » F1(0) = (b, w (%)) 20y » f1' (0) = (%0, T (2)) 2 -
Substitution of (3.1) into (3.2) gives for all [ =1,...,m

l=m

Z{ ///( )(wl( ) ¢k( )) +ch ()(wl (l’),wk (m))LZ(Q)

=1

+ fi () (Vb (2) , Vi, (%)) 2y + 0 (8) (Vi (), Vi () 20

_ </0tg(t —5) fi (s) ds) (Vi (x), Vi, (x))Lz(Q)}
= 0.

If in this last equality, we make the notations

(Vi () , P, (@)m(g) =y =
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and
(vwl (I‘) 7vwk (x)>L2(Q) = Vik,

and
/0g<t—s>fl<s>ds =C(h) ),

then we have the following system

l=m

D AU @) +aff () du + (Ef (8) +0f (6) = C () (1) e}

=1

= 0, (3.3)

~

and initial conditions

f1(0) = (i (2), (x))L2(Q) , f1(0) = (Wi (z) (x))LQ(Q) J10) = (Y (@), Y (I))LQ(Q) :
(3.4)

We obtain a system of differential equations of four orders with respect to the

variable ¢ with constant coefficients and the initial conditions (3.4); consequently,

we get a Cauchy problem of linear differential equations with smooth coefficients

that is uniquely solvable. Thus for every m there exists a function v™ (x) satis-

fying (3.2). Let us obtain bounds for v which do not depend on m.

Step 2.: Energy estimates.

We set

§™ () = ™ (Ollzggy + 108 Ol ) + 105 (Ol 72 (3.5)

We multiply each equation of (3.2) by the appropriate f; (t), add them up from
1 to m and them integrate with respect to ¢ from 0 to 7, with 7 < T, we obtain

(Vi (1), vif (1)) 2o,y + o (vif () 08 (8) p2(p, )
+ (Vo™ (1), Vi, (t))L2(DT) +0 (Vo (t), Vuy! <t>>L2(DT)

B (/Ot g(t =) Vo™ (s) ds, Vg (t)> L2(D)
= 0. (3.6)
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Evaluation of each term of (3.6). Therefore, using integration by parts and
Lemma 1. we get,

g T m m m
T 0 (7)) + € (T (), 0l ()

b m 2 1 . 2
5 Ve (Nlzzg) + 5 107 (Mlz2q)

~ [ 9= ) (T (6, T (7)) gy s+ 5 (= 0 90 (1)

- % 1967 020 + € (F07(0), Ve 0))

1
m 2 m 2
LIV O s+ 5 IO e

1 T / m ! m
w5 | S OIV Oy dt+ e [ 190 @y
0

T 1 T m
_04/0 v (t)”i?(g) dt — 5/0 (g" o V™) (1) dt. (3.7)

3 2
Young’s inequality with § = % allows to get

3c b m
S V0" (D)) = 5 1V07 (D220

< T ). T Dy (33)

3¢ . .
Young’s inequality with 6 = -5 and — [ g (s)ds > —g, we obtain

69" o m 2 39 m b iom g2
—WHVU (T)”p(sz)—;(govv )(T)—EHVUT (T)Iz2(0)

< [ o= 9 (T Ve (7)) . (39)

Young’s inequality with 6 = 1 allows to get

| Q

2
c
¢ (Vo™ (0), Voi*(0)) 2y < ||VU (0 )||i2(9) Ty ||VU?(O>||§/2(Q)' (3.10)

W o

Combining inequalities (3.8) — (3.10) into (3.7), we have

3(ct+2(5)° . b .
——( 5% )||VU (T)||i2(9)+g||VUT (7—)”%2((2)
+§HUTT(7)H;(Q)—7(QOVU )(7)+§(—g’ovu ) (7)

0O+&) g O 0 ) e

1 m T m
5 IR O e+ [ 199 <t>um) . (311)

<

m 2
V"™ (0)] 720 +
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We multiply each equation of (3.2) by the appropriate f; (¢) add them up from 1
to m and then integrate on (0,7), 1 to m , we obtain

(vige (8) s 0" (8)) p2(poy + o (vt () 0" () p2py
+c (Vo™ (t), Vo (t))LZ(DT) +b (Vo (t), Vo <t>>L2(DT)

_ (/ot g(t =s)Vu™ (s)ds, Vo, (t)> L2(Dy)
B (3.12)

Evaluation of each term of (3.12). Therefore, using integration by parts and
Lemma 1 we get,

1 T m Q m

3 (¢ [ 96 ds) 190 (e + 5 102 ()l
1

408 (1) 0 (7)) gy + 3 (90 V™) (7)

2

C m a m
= SV Oy + 5 1457 O) e
(02 (0), " (0)) gy — b / 10 (1)
0
1

—i—%/OT(g’oVUm) (t)dt_5/0Tg(t)vam(t)Hig(Q)dt. (3.13)

b
Young’s inequality with ¢ = 247 allows to get
g

b
48g
Young’s inequality with 6 = 1 allows to get

(viz (0), vt (0))L2(Q) < B v (0)||i2(9) + B v} (0)|’i2(9) : (3.15)

Combining inequalities (3.14) and (3.15) into (3.13), we have

(2 —7q) " a 123 m
0w )y + {2 = 22 o (e

m 2 12g m 2 m m
||UTT (T>HL2(Q) - T HUT (T)HLZ(Q) S (v‘r‘r <T> » Ur (T))LQ(Q) : (314)

m 1 m
~1g5 I (Ml12@) + 5 (90 V™) (7)

{a+1}
2

< Slve ()2 + ot (O)HiQ(Q)+§Hvtt(0)“i2(ﬂ)' (3.16)

12g
Multiplying (3.16) by Tg and combining suitably with (3.11) and make use of

the following inequalitie

o™ ()12 + B1 V0™ (D)2 + B 107 () [72(0)

< (L+6i+ 52)/0 S™(t) dt + va(o)|‘i2(g) + 61 vam(O)Hi?(Q) + B2 HU?L(O)H;(Q) ;
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where
3(c'+2(g)%)
B _2—b>07
125\
Ba Z(Tg) >0,
we get
. 6h (> — g .
o ey + 2D 90 (1) 2
6ga | b m
A [0 (T)Hi?(ﬂ) s [Vo? (T)Hi?(m
1. .. 3g m 1 m
+;L||UTT(T)||222(Q)+?(90VU ) (1) + 5 (=g o Vo) (7)
< ™02 + Cr V™ (0) 720y
m 4D oo
O I O3y + 2 9 0) 2
12g+b) , T am
S o )l + 0 [ 5™ 0 (3.17)
0
where
12625 + b (g (0) + ) + 3 (¢* +2(3)°
o, . = 129 +b(gO)+A)+3(c+2(9)]))
2b
6gb (a + 1) + (127)°
o . a0
b
3(ct+2(9)°)  [125)\°
o= 1 0.
Set
S™(r) < w{va (O)HJ%I(%(Q)_'_”U;H (O)H?LP(Q)‘F“U;? (O)Hi?(ﬂ)}
+w/ S™ (t)dt, (3.18)
0
where 2 —
maX{Cl; Co; (C;L ); ( gb+ ); Cs}
= 0.
“ . [6G(c*—g) 6ga b 1 ~
min D S
b b "6 4

Applying the Gronwall lemma to (3.18) and then integrate from 0 to 7 to
obtain

/0 S™ (t) dt < we ! {va (O)H?{(}(Q) + [[v" (O)H?{l(ﬂ) + vt (0)||i2(9)} :
We deduce from (3.5) that
o™ O3 o2y + 108" Ol oy + 108 Ol 2y < A
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Therefore the sequence {v™}, o, C V (Dr) is bounded, and we can extract from
it a subsequence for which we use the same notation which converges weakly
in V (Dr) to a limit function v (z,t). We have to show that v (z,t) is a gener-
alized solution of (1.1) — (1.3). Since limy, o0 [|0™ (2,8) — v (2, 1) ;2(p,y = 0
and limy, o [[v™(2,0) — ¢ (@)l 12y = 0, then v(z,0) = ¢ (z). Now to prove
that (2.1) holds. We multiply each of the relations (3.2) by a function Wy (t) €
H'(0,T), U, (T) = 0, then add up the obtained equalities ranging from k£ = 1 to

k=m
k = m, and integrate over ¢t on (0, 7). If we let ¢ (z,t) :== > Wy (t) Y (z), then
k=1

we have
— (v (1), 91" (t))L2(DT) —a (), o (t>>L2(DT)
+c2 (VO™ (£), VO™ (1) p2(pyy + 0 (VO (8), VO™ (1) 12(py
- (/o g(t—s)Vu™(s)ds, Vo™ (t)) o
= a(v"(0),¢" (0))1:2(9) + (vt (0), 9™ (0))1;2(9) :
Since

- (/Otg (t =) {Vo™ (s) = Vv (s)} ds, Vo™ (t)>

SUPo<t<T {9 (@)}

= NG

L2(Dr)

T
VO™ (D]l p2(pgy VO™ (1) = Vo (D)l 2y

and

lim v (£) = v (8)l| 2 ) = O

m—r0o0

therefore we have

lim_ [( /O "ot — $) Vo™ (s)ds, V" (t))LQ(DT) _ < /0 "ot $) Vo (s) ds, Vo (t))L2(DT)] 0.

k=m
Thus, the limit function v satisfies (2.1) for every ¢ (z,t) := > Wy (t) ¢ (z) . We
k=1

k=m
denote by Q,, the totality of all functions of the form ¢™ (z,t) := > Wy (t) ¥y (2),
k=1

with Wy (t) € H' (0, T), U, (T) = 0. But U%_,Q,,, C W (D7) is dense, then rela-
tion (2.1) holds for all w € W (D7) . Thus we have shown that the limit function
v (z,t) is a generalized solution of problem (1.1) — (1.3) in V (Dr). O

3.2. Uniqueness. We now give the main result on the uniqueness of generalized
solution of the problem (1.1) — (1.3).

Theorem 3.2. Under (Hy) — (Hs), problems (1.1) — (1.3) admit, in V (D7), a
unique generalized solution.
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Proof. Suppose that vy, vy € V (Dr) are two different solutions of problem (1.1) —
(1.3). Then v := vy — vy solves

Vit + avy — AV — bAv, + fot g(t—s)Av(s)ds =0,
v (z,0) = v (x,0) = vy (2,0) =0, (3.19)

v(z,t) =0, (z,t)€dx(0,T),
and (2.1) gives
— (v (), uy (t))LZ(DT) —a (v (1), u (t))LQ(DT)
(Vo (t), Vu(t)) 2,y + 0 (Vo (1), Vu (t)) 2 py

_ (/ot g(t —s)Vu(s)ds, Vu (t)> L2(Dr)
B (3.20)

Definite the function u (x,t) by

f;v(x,s)ds, 0<t<m,
u(x,t) = (3.21)
0, T<t<T.

It is obvious that u € W (Dr) and u; (z,t) = —v (z,t) for all ¢ € [0, 7] . Integration
by parts allows to write

2
o c
5 1o (D52 + (0r (1), 0 (M) g2 + 5 IVU(O) 172

_ (/Otg(t — ) Vu(s)ds, Vu (t))Lz(DT)

T / o0 (8) 22y it — b / IVt ()12 . (3.22)

We set
W (1) == [lo ()50 + 1o Ol 0y + 1w (D l1720) + 1V0 Ol 2 (3:23)
where .
0 (z,t):= / v(x,s)ds. (3.24)
Using (3.21) and (3.24), we get ’
u(x,t)=0(x,7)—0(z,t), Vu(x,0) =Vl (x,71),
and

LAHVU@M;thS%wveﬁm;my+%£Hveﬁm;mﬁﬁ (3.25)

Using (3.21) and (3.23), we get

/Hu|m ﬁ<—— (1) dt. (3.26)
0
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Young’s inequality with § = 1 allows to get

1 1
=5 lor (Dz20) = 5 10 (D720 < (0r (1), 0 ()220 (3.27)

Young'’s inequality with 6 = 1, (3.23) and (3.25), we obtain

(/ gt~ ) Vo () ds, Vu <t>)L .

T% 44
{SUp0<t<T {94 )} } (t)dt +7||VO(r )||iQ(Q). (3.28)

Combination of (3.27) and (3.28) into (3.22) results in

a—1 1 c
T O - 5l Ol + {5~} 98 Ol

< {supp<icr {9? (t>j T® + 124277} (7 U (t) dt. (3.29)

Now multiply the differential equation in (3.19) by v; (¢) and integrate over D, :=
Q x (0,7), and using integration by parts and Lemma 1 we get

1 T o
3 (2= [[96)ds) 190 Ol + 5 s Ol

F (s (1), 02 (7) )y + 5 (9.0 V0) (7)

~ / V00 (8) 220 it + / o ()220

w3 | @ova®a-3 [0 IV Old. (330

b
Young’s inequality with § = oYE allows to get
g

129

b
_Kgllvﬂ(fﬂlmm— ; llor (7 Wiz < (Wer (1), 0 (7) Vo)~ (3.31)

Combining the inequalitie (3.31) into (3.30), we have

(? —9) a 12g
190 )iy + |~ 2 o () e

b
48

</ o, (3.32)

Nore (a5 (9 V) (7)
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Now multiply the differential equation in (3.19) by vy (t) and integrate over D, :=

Q x (0,7), and using integration by parts and Lemma 1 we get
b
(Vo (1), Vur (7)) o) + 5 V- (ﬂ”i%m
9(7) 1
A 190 (Dl + 5 €
= [ 9= 9) (V0(5), Vo (1) s
0
1

= 5| OO+ [ 1V 0]
o [ e Ol dt =5 [ "o @)
Young’s inequality with ¢ = Z , we obtain

3C b
||V (7 )||2L2(Q) -z ”V"UT (T)||i2(9) < (Vo(r), Vo, (T))L2(Q) :

67
Young’s inequality with § = ?g and — fo s)ds > —g, we obtain

3 (9)° 2 39
b

b
V0 (Dllz20) = 5 (90 V) (1) = S [V0r (D2

< - /OTg (7= 5) (Vu(s), Vor (7)) 2 ds-

Combining the two inequalities (3.34) and (3.35) into (3.33), we have

3ct 3 (f]) 2 b 2
- { 5% VU (T) 72y + 6 [V or (T) |72 (0
1 35
= (T)Him) ~ 3 (g0 vy ()
< {20 + 3} /

1
—g' o Vo) (1) + 5 [vrr (7—)”%2(9)

(3.33)

(3.34)

(3.35)

(3.36)

Multiplying (3.36) by Tg and combining suitably with (3.29) and (3.32) and

using the following inequalitie

0 (B 45 190 (9 By + B e () ey < 222 [y
where
fy e (c* +82§(§)2) -0,
8, = (b+24g) -0,

2b
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we get
a (2 —7) a
5 llv (720 + 5 Ve (T z20) + 3 llor (Mz2@)
b2 2 b 2
0 IVor (7)o () + 185 [077 (T) |20
(=27 1
A2 190 () gy + § (90 V0 ()
< ¢ / (1) dt. (3.37)
0
where

| [swpecir {2 O +2] T2 {22 +3}b (P+2(9)°)  (b+245) 9
05._{ 1 + 215 - 5 A T Y

Since 7 is arbitrary, we may assume that ¢* —27 > 0; thus, inequality (3.37) takes
the form

U (r) < o /0 () dt, (3.38)

where

C
W= 2 > 0.

min{o‘- (=g v b (*-271) 1}

2 2 725 485 2 4

Applying the Gronwall lemma to (3.38), we deduce that
v (T)Hiz(}(ﬂ) + Jvr (T)H?ﬂll(ﬂ) + [[vrr (T)Hi2(ﬂ) + Vo (T)HiQ(Q)

2
<0, Vre [o%} .

(N—-1)c* Nc?
2 T2
whole intervale [0, 7], and thus proving that v (z,7) =0, for all 7in [0,7]. O

to cover the

Proceeding in the same way for the intervals 7 €

4. GLOBAL EXISTENCE

In this section, we state and proved global existence of solution (1.1) — (1.3).
We define the functional energy of problem (1.1) — (1.3) as
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B0 =5 (- [96)d) IV + 5901700l
A (V0 (1), Vo (D) + o () gy + (e (0.0 (D)
)\b

100 () By + 5 e ()
i\ /0 g (t = 5) (V0(3), Vou (1)) oy d
+% /Q (gOVo) (¢) dx+% /Q (—g/OV) (¢) da, (4.1)

where the constant \ satisfies

4 b
— <A< —
a 9¢?
Lemma 4.1. Let u be a solution of problem (1.1) — (1.3) then E (t) is a non-
increasing function on [0,t) and

Ty = YOO 00 2,0+ (A~ 1) 190 Ol
{120 o (Ol + 5 [ GOV O do = [ (4090 (0 ds
< 0. (4.2)

Proof. Multiplying equation of (1.1) by wv; (t) + Avy (t) , and integrating by parts
and Lemma 1 we obtain (4.2). O]

Lemma 4.2. There exist two positive constants oy and cg such that

a1 F(t) < E(t) <aF(t), (4.3)
where
F(t) + =|[Vv (t)”;(m + [Jve (t)Hi?(Q) + [V (t)HiQ(Q) + [Jvu (t)Hi?(Q)
+/Q (¢OV) (t) dx + /Q (—¢'OVv) (t) dz,
and )
au:mm{“?g”;%;%lg;i}>a
and

2_7 —
@ _max{ (O +AmaXo<t<T{gQ< )} + (2= 9) +29)
1) b+ 2g A+1
(o + c+-+m.(+)}>a

r Ty 2 T g
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Theorem 4.3. Assume that the hypotheses (Hy) — (Hg) hold, the initial data
o(z) e Hy (), w(z) € H (Q) and T (x) € L* (), then the solution (1.1) — (1.3)
1s global and bounded.

Proof. Tt suffices to show that ||Vv (t)||iQ(Q) + | (t)||i2(ﬂ) is bounded indepen-
dently of t. By using Lemma 3. and Lemma 2.

a1 {90 ()12 + o0 (O F20) b < E () < B(0).

Therefore,

£(0)
V0 (0)1[720) + lor (D172 < o

where o is a positive constant, which depends only on ¢ — g, a, A and b. His
infers that the solution of (1.1) — (1.3) is bounded and global in time. O]

5. DECAY OF SOLUTIONS

In this section, we prove the decay rates for the energy of the posed problem.

Lemma 5.1. Let us assume that (Hy) — (Hs) are in place. Then, there exists a
positive constant Ty > 0 such that

E(n+1)T)+ H(Cg'E((n+1)T)) < E(nT), n=1,2,3..

for all T > Ty and all n € N, where H is given in (5.32) and Cy is given in
(5.33).

Proof. For this purpose, multiplying (1.1) by the viscoelastic multiplier (g ¢ u) (¢)
and integrating over 2 x (nT, (n + 1) T'), we obtain

(n+1)T
/T (vt (t) , (g o) () dt
(n+1)T
+a/ (vie (1), (gov) (t))g dt
(n+1)T
/ ). (o) (B)g dt

n+1)T
b/ (Av (1), (gov) (1)) dt

+/" (/ (1= B0 () ds (gon) (1)) db
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Evaluation of each term of (5.1). Therefore, using integration by parts, we get

b (n+1)T ) 1 (n+1)T )
3] IO g [ g0 (0] d

T
(n+1)T t )
o f ( [ o ds) o (8) 2o

J =—b[ Vo (o), ( [ g<t—s><w<t>—w<s>>ds))ﬂ] ()

5 =—a[(w<t>,(/Otg<t—s><v<t>—v<s>>ds))g]:I)T,

i == (w0 ([0 w0 -veas) ]()

i == [T (v, ol Fo) - Vo) as) a

i = [T ([ae-avewas oo -voas) @

wos = [T ([at-a@ue -V [ a9 o0 o) i) @

Using (A) and Lemma 3. and Poincaré inequality, we get

| 1| + | o] + | 5| + |Ja| + | 5]
< {2b+1)g+b+(a+1)(14+gC)}
- 2041

[E((n+1)T)+ E (nT)], (5.3)
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3
where C' is the Poincaré constant. Young’s inequality with 6 = —p, and Cauchy
2!
Schwarz inequality, we obtain
BPCQ (n+1)T
< 90 (0220
(n+1)T
%C —l9lz1 000 / / (yOV0) (t) dadt, (5.4)

where the constants v, and p satisfies

2c? e < 3p

bmingzier (g (0} T o
and

- 1

p 3'

6p

Y162 ’

A< ¥ ("“)T(/tgm ) 190 (0l

710
(g0 t) dzxdt. .
12p/ /g Vo) (t) dz (5.5)

Young’s inequality with § = (A) and Cauchy Schwarz inequality, we obtain

Using Cauchy Schwarz inequality, we get

(n+1)T
| Jg| < ¢ / / (gOV) (t) dzdt. (5.6)
nT Q
. L 3pc? . . .
Young’s inequality with 6 = o (A) and Cauchy Schwarz inequality, we obtain
71
3002 (n-l—l)T )
PLISS 2—% . Vv (t)“L?(Q) dt
9(0) b / (T / ,
— —g'0OVo) (t) dxdt. 5.7
il P AV DIOTE (57)
.. L 6pc? . . .
Young’s inequality with 6 = ——, (A) and Cauchy Schwarz inequality, we obtain
an
3p62 (n+1)T
ol < ) for ()12

(n+1)T
'O t) dzdt. 5.8
1 2p62 / / —¢'0Vv) (t) dx (5.8)
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{da -1}

Young’s inequality with § = ——, (A) and Cauchy Schwarz inequality, we
!
obtain
1} n+1)T
|| < / [[ver ( )||L2 Q) dt
(n+1)T
'OVv) (t) dzxdt. 5.9
zw—u/ fsa @

Combining (5.3) — (5.9) into (5.2), we write

(n+1)T

b (n+1)T 3,00
[ OV dt - o0 ()13 0
nT M nT

1 [e+DT , (n+1)T t )
+§ /T g (t) [lve (t)||L2(Q) dt — Oé/T (/0 g(s) d3> vt (t>||L2(Q) dt

—1} [OHDT 2
{ 271 } . HUtt (t)”p(ﬂ) dt
{(2b+1)g+b;£?+1) (1+9C)} [E((n+1)T)+ E (nT)]

(n+1)T )
Vo ()] 20 dt

IN

3pc?

71 nT

3p (n+1)T t 5
= (/ g(s)ds) 190 (8)2a0 i

N
2 4 2 (n+1)T
GG / / (gOV) (¢) dedt
4p T 0

b? + a? 1 (n+1)T ,
ﬂl{ 60 | 2{ha-— 1}}9(0) /n . /Q (~g/'O%0) (t) dedt.  (5.10)

Now multiply the differential equation in (1.1) by v (¢) and integrate over € x
(nT,(n+1)T), we get

(n+1)T (n+1)T
/ w0 v ()adt o / )o@
(n+1)T (n+1)T
—c? /T (Av(t),v (t))gdt — b/T (Avg (t),v (1)) dt

! /;H)T </0tg (t —s)Av(s)ds,v (t))Q dt

= 0. (5.11)
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Evaluation of each term of (5.11). Therefore, using integration by parts, we get

) (n+1)T ) (n+1)T t )

T nT
o / v (87 clt
nT
a=5
A o
a=1
where
b ) (n+1)T
L= IOl
1 2 ()T
L o =g v (t>||L2(Q)‘nT )
_[3 = — (Ut (t) , U (t))ﬂl'g;j_l)T !
[4 — (Vg , U t)) ’S}—H)T

D= (v (1), v (1)g :
(n+1)T t
[ _/ / g(t—s) (Vo (t) = Vo (s), Vo (1)), dsdt.
nT 0
Using Young’s inequality with 6 = 3 Poincaré inequality and Lemma 3., we get
\IL| + [Lo] + 13| + |14

{b+1+(a+1)(1+0C)}
2@1

[E(n+1)T)+E0T)].  (5.13)

1
Young’s inequality with 6 = 3 and (2.1), we obtain

(n+1)T t 9
5 o< | (/ g<s>ds) 190 (6)2a

T
1 (n+1)T
. / / (g0IV0) (¢) dadt. (5.14)
nT Q

Combining (5.13) and (5.14) into (5.12), we write

) (n+1)T ) (n+1)T )
LI Ot —a [ @ e

{b+T1+(a+1)(1+Cp)} "
2051

(n+1)T t N
=5 ) ( [ o ds) 190 (8220

0
1 (n+1)T
. / / (¢0V0) (¢) dadt. (5.15)
nT Q

[E((n+1)T)+ E(nT)]
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Now multiply the differential equation in (1.1) by v; (¢) and integrate over Q x
(nT,(n+1)T), we get

(n+1)T (n+1)T
[ @ ®dira [ ) @)

T nT

(n+1)T (n+1)T
_¢? / (Ao (8), 00 (8)g dt — b / (Avr (), 00 (1)), dt

T nT

+/:+1)T (/Otg (t —s)Av(s)ds,v (t)) dt
o ) (5.16)

Evaluation of each term of (5.15). Therefore, using integration by parts and
Lemma 1., we get

1 [T , (n+1)T ,
3/ SOV O edt+d [ IVu Ol
(n+1)T ) 1 (n+1)T
_ / o (1) 2y e + / / (—g'OV0) (1) dudt
nT nT Q
a=5H
= Zkom (517)
a=1
where
2
T A TG
1 t ) (n+1)T
b=y ([ 908) 1900w
0 nT
ks @ =-35 lve (81720 o
ke == (v (8), 0 ()l DT
1 (n+1)T
ks :——/(gDVU) (t) da
2 Q nT

1
Using Young’s inequality with § = 2 and Lemma 3., we get

||+ Ko 4 ks| 4 [ka| + k5| < w [E((n+ 1)T) + E(nT)], (5.18)

where

24+ q 3
zw:{c+g+a+ }>0
20[1
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Using (5.17) into (5.16), we get

1 (n+1)T ) (n+1)T )
[ g IV Ottt [ [T @) e

T nT
(n+1)T ) 1 [T /
—/ e ()220 dt+§/ /(—g OV) (t) dedt
nT nT Q
< wlE((n+1)T)+ EnT)). (5.19)

Now multiply the differential equation in (1.1) by vy () and integrate over € X
(nT,(n+1)T), we get

(n+1)T (n+1)T
/ (v (£) g (£)) gl + / (v (£) v (£))q it

T nT

(n+1)T (n+1)T
—c? / (Av (t) vy () dt — b/ (Avy (t) ,vs (1)) dt

T nT

+/:1+1>T (/Otg(t—s) Av (s) ds, vy (t)) ”
o ) (5.20)

Evaluation of each term of (5.19). Therefore, using integration by parts and
Lemma 1 we get

1 (n+1)T, ) ) (n+1)T )
5[ IOV Ogdt= [ [T @) dt

T nT
(n+1)T ) 1 [T
+a/ | (t)||L2(Q) dt + —/ / (¢"0OVv) (t) dzdt
nT 2 nT Q@
a=11
S (5.21)
a=6
where
1 9 (n+1)T
ke o =—59(@)[Vo (t>”L2(Q)‘nT ’
b 9 (n+1)T
kr = 5 NG (t)HLQ(Q)‘nT ’
ks : =—c*(Vo(t),Vu (t))Q|$Z“+1)T ’
. (n+1)T
kg @ = / g (t =) (Vu(s), Vo (1)) p2(q) ds ?
0 nT
(n+1)T
k?l() == ||Utt (0”%2((2)’”71 ’
1 (n+1)T
]{311 == / (Q/DVU) (t) d$
2 Q nT
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1
Using Young’s inequality with § = 37 and Lemma 3., we get

where

w' = (maXOStST {9 (t)}2+ b+ 2% + 37 + 4) - 0.
a1

Using (5.22) into (5.21), we get

1 (n+1)T . ) ) (n-‘rl)T )
5 [ OO = [ VO]

T nT
(n+1)T ) 1 (n+1)T
+O‘/ [oee ()| 7200 At + 5 / / (¢"OVo) (t) dzdt
nT 2 nT Q
< W [E((n+1)T)+ E(nT)]. (5.23)

Multiplying (5.10) by ;3 and (5.15) by 72 and (5.23) by A and combining suitably
with (5.19), where

Y1 minogth {g (t)} . 1}

o
72—”“”{ 2 2

we get

, [T , , [@HOT )
c / 190 (1) 220y dt + c / o () ey

T nT

(n+1)T {)\Oz . 1} (n+1)T
e B | G N e B T O A

1 (n+1)T A (n+1)T
+= / / (—¢'0OVv) (t) dzdt + —/ / (¢"0OVv) (t) dzdt
2 nT Q 2 nT Q

(n+1)T

C3E ((n+ 1) T) + E (nT)] + 3p¢ / e ()12

nT

coprn [ ([ 96)d) s Ol

nT

IN

) (n+1)T )
+3pc / IOl

v [ ([ 9615 190012

nT

(n+1)T (n+1)T
s [ [ovowdsarrcs [ [ (—g0ve) @) dede 520
nT Q nT Q
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where

(o= 2 d@ A )gtbt(a+)A+gC)}+ne{bt1+(atl)(d+C)}+ 20 (wt )

>0
2@1 7

, m i +4p) & + pro}

> 0,

\

Adding and subtracting in (5.24) the term

(n+1)T t ) (n+1)T t )
- (/}x@dguw@w9®dtmm -/ (/Iﬂ@dQHVUmmﬂmﬁ,
nT 0 nT 0
and
n+1
/ / (g0OV) (t) dxdt,

in order to recover the energy F (t), we obtain

(n+1)T t )
2
-3 [ (c—Ag@m)wumm@ﬁ
(n+1)T t
~a-3p) [ (8—/g@mﬁmwm@@w
nT 0
(n+1)T ) 1} (n+1)T
F0=A) [ T Ol e+ L 0l
(n+1)T (n+1)T
/ / (¢OV) (t) dxdt + = / / —g'0Vv) (t) dxdt
(n+1)T
—|——/ / (¢"0OVv) (t) dzdt
2 nT Q

< CG3[E((n+1)T)+ E0nD)]+Cy /(n+1 / (¢OVv) (t) dzdt
+C’4/ " T/ k1 (—¢'0OVo) (t) dzdt, (5.25)
Cs

where £y = ol > 0. From (5.25), choosing p sufficiently small, k&, > 0 and T’
4

large enough and using Lemma 3., we get

/(”+1)TE(75) dt < Cs[E((n+1)T)+ E (nT)]
o /(n+1)T/ (gOV) (¢) dadt

n+1)T
+Ch / / b (—g/'OV0) (t) dedt,  (5.26)
nT Q
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where
o= . - — Da—1) 1 ) %
min (1= 30) 2 = )5 -2y PO 5 2
and
Cr = o > 0.

: 2 =\, 2.{)\a_1}.1. é}

\ mm{(l 3p) (2 —3g); (b— Ae?); 5 53

In the last step, we need to relate the viscoelastic energy to the viscoelastic
damping. In the case when the relaxation function obeys a linear equation, this
relation is straightforward and is expressed by a suitable multiplication. However,
in the case of general decays, additional arguments are used. Here, we follow [18].
From the (Hz) made on the viscoelastic kernel g and from [18, Lemma 4] we
obtain

(¢OVv) (t) < HI' (—g0OVo) (t), te[nT,(n+1)T], (5.27)

where I:Ia is a rescaling of H, with
H, (s) = as'"a H (si) ,

and a € (0, 1) is such that

t
SUP/ g (t — 5) | Vo (t) — Vo ()| ds < oc.
0

>0

From (Hz) it is clear that & > . The main point, however, is that the argument
can be reiterated (based on [18, Lemma 8] leading to o = 1). This allows us to
replace H,, the function in (5.26), by the original function H which is a rescaling

. C
of H (s). This means that H = cH (—) for some ¢, C' > 0. Now, from (5.26)
s

and taking (5.27) into account, we deduce that

/ Bt < ColE(n1)T) 4 E (nT)

) <
(n+1)T R
+C; / / [H*1+k1} (—g'O0V0) (t) dxdt. (5.28)
nT Q

Next, we shall employ the following version of Jensen’s inequality applied to
measures and convex functions F'. We shall use (5.28) in order to bring the func-
tions H in front of the integrals. Let us denote ap := meas (§2) . We note that the

function H~'+ky is concave. Let F~' = H '+ ky, f(z) = (—¢/OV0) (), h(z) =
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T, ho = Tag and hy' = oy 'T~1, thus, we have
(n+1)T ~
/ / [+ k) (~gT90) (1) o
nT Q

< CYOT |:f{71 + ]C1:|

(n+1)T
T / / (—gOV0) () dadt| . (5.20)
nT Q

On the other hand, from the identity (4.2) for the energy, we can write

E((n+1)T)— E(nT) = — / :H)TD (t) dt, (5.30)
where
Do)« =AY g )2, 0 4 {5 A} 190 1)
+{Aa = 1} [l (8)] 72 + % /Q (—¢g'OV) (t) dz + % /Q (¢"0V) (t) de.

En replacement (5.29) into (5.28) and using (5.30), we get

(n+1)T (n+1)T
/ Bt < 06{2E<<n+1)T)+/ D(t)dt}

T T

(n+1)T
aolTl/ /(—g’DVU) (t)dxdt|
nT Q

(n+1)T (n+1)T
/ / (—=g'OVu) (t) dzdt < 2 / D (t)dt,
nT Q

nT

+C7OZQT |:IA{71 + kl]

and using

thus, we get

(n+1)T

(n+1)T 5
/ E(t)dt <2CsE ((n+1)T)+ CsH* [/

D () dt] L (5.31)

T

where
[ Cs := max {2C7; 1} > 0,

= [H—l n @] - (5.32)

L ko 1= (CG + 207]€1> > 0.
By using TE ((n+1)T) < [T E(t)dt in (5.31), we get

(n+1)T

(T —2Cs)E((n+1)T) < CsH™! [/ D (1) dt] :

T

For T large enough, where (Y is a positive constant, which implies that
(n+1)T

T

E((n+1)T) < CoH™ [/ D(t) dt] :
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where
Cs
which gives that
5 (n+1)T
H(Cy'E((n+1)T)) < / D (t)dt, (5.34)
nT

using (5.30) into (5.34), we get
H(Co'E(n+1)T)) <E(T)-E((n+1)T),
from the above we have
E(n+1)T)+H(Cs'E(n+1)T)) < E(nT), n=123..
This completes the proof. O]

Lemma 5.2. ([18]) Let p be a positive, increasing function such that p(0) =
0. Let q(z) = = — (I +p)~ " (z). Consider a sequence F, of positive numbers
which satisfies

Then F,, < S (m) where S (t) is a solution of the differential equation

CLsMy +a(SM)=0, S©O)=F (5.30)

Moreover, if p(z) > 0 for x > 0 then limy_,, S (t) = 0.

Theorem 5.3. ([18])Let us assume that (Hy) — (Hs), (2.2). Then there exist
positive constants ¢y, co and Ty such that the solution of problem (1.1) — (1.3)
satisfies E (t) < s (t), where s (t) verifies the ODE

si+H(s)=0, s(0)=FE(0), t>T,>0,
with H (s) = ¢1H (¢25) .
Proof. We are in a position to apply the result of Lemma 5. with
F,=E(mt), F,=EFE(0).

This yields
E(mT)<S(m), m=0,1,2,3...

Setting t = mT + 7 and recalling the evolution property gives

E(t)SE(mT)SS(m)SS(t;T) gs(%—l).

This completes the proof. O
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6. CONCLUSION

In this paper, we have determined su¢ cient conditions that can lead the solu-

tion to tend towards zero when t tends to infinity for the linear Moore-Gibson-
Thompson equation with a viscoelastic memory. Despite the complexity of the
technical calculations of the methods, furthermore, we prove the decay rates for
the energy of Moore Gibson-Thompson equation linear with a viscoelastic mem-
ory of relaxation kernels. Our ultimate objective after this thesis work is to deal
with other more complicated problems with fractional dissipations.
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