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EXISTENCE OF SOLUTIONS FOR NONLINEAR ELLIPTIC
SINGULAR INCLUSION PROBLEMS
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ABSTRACT. In this study we investigate the existence of solutions for a particular
class of nonlinear elliptic inclusion problems involving singular terms. The analysis is
carried out within a weak formulation framework, and particular attention is given to
the difficulties arising from the singular nature of the nonlinearities. Using appropri-
ate approximation methods and compactness arguments, we establish the existence
of weak solutions assuming broad assumptions on the given data and the nonlinearity.

Keywords. FExistence of solution; Inclusion problems; Singular elliptic equations;

Weak solution
2020 Mathematics Subject Classification. Primary 35J65; Secondary 35J75

1. INTRODUCTION

This study focuses on establishing whether solutions exist for the nonlinear elliptic
singular inclusion problem described below:

B(u) — div(a(z, Vu)) 3 L in
(P)q u>0 in Q, (1.1)
=0 on 0,

here €2 represents limited region of RY(N > 2) and v > 0, moreover, function j3 is a
maximal monotone graph satisfying 0 € 3(0) and the function a(z, &) : Q@ x RY — RY
is a Carathéodory function that fulfils classical Leray-Lions type conditions (see (2.1),
(2.2), (2.3)), f here is in L*°(Q). Furthermore, the main difficulty arises from the

singular term ot particularly near the boundary of €2, where its behavior becomes
u

more problematic.
We provide an overview of the relevant literature on singular elliptic problems with
£ = 0. The simplest model is represented by

—div(a(z,Vu)) = u% in €,

u>0 in Q, (1.2)
u=20 on 012,
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such that f € L'(Q) denotes a nonnegative function. In [13], L. M. De Cave proved
regularity and existence results for (1.2). In [14], the authors replaced f with u, a
Radon measure that is both bounded and nonnegative on 2. Moreover they studied
the existence and uniqueness of solutions to (1.2).

Inclusion problems were explored in [1], [3], [3], [I7], and [18], without addressing
singularities. A recent work in [2] also considered non-singular problems but focused
on non-coercive elliptic inclusion problems of the following form:

Vul'?V
B(u) — div (W) > f inQ,

u=>0 on 0f),

where 0 < 6 < 1 and the function f on the right-hand side is taken in L'(©). In that
work, the authors establish that entropy solutions exist for the considered differential
inclusion, despite the lack of coercivity, along with some regularity results.

An important impetus behind the study of problem (P) arises from the crucial role
played by singularities within the study of nonlinear PDEs, which have gained increas-
ing importance in recent years. This interest is driven not only by the mathematical
pursuit of extending the scope of existing theories, but also by practical applications
in fields such as chemical reactions, phase transitions, boundary layer phenomena as
well as within the framework of pseudoplastic fluid models, consult for example, [15]
and the references therein.

The significance of our work lies in integrating inclusion problems with singular
problems; while also incorporating the maximal monotone mapping, we recommend [7]
for readers seeking further details about the maximal monotone mapping.

The appearance of the singular term ui appearing on the right side, together with

=
the maximal monotone mapping # and the homogeneous Dirichlet boundary condition,
collectively introduce some fundamental challenges in solving problems of type (1.1).
Initially, a proper notion of solution must be established to control the singular effects
located on the right side near the boundary of 2. Next, to establish the existence
of a solution, it is necessary to approximate problem (1.1) in an appropriate way to
remove the singularity (see (3.1)), then, we need to prove that the approximation of
B is bounded. Once the equation is approximated, one must demonstrate a priori
estimates, including uniform positivity, along with the asymptotic behaviour of the ap-
proximating solutions sequence specifically, their strong convergence in Sobolev spaces
to successfully pass to the limit.

This study is organized into the following sections: Section 2, provides the necessary
notations, basic hypotheses, and the main result. In Section 3, we concentrate on
introducing and solving the approximating problem. The proof of the main result is
presented in Section 4.
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2. BASIC SETUP AND PRINCIPAL RESULT

We present several functions that will appear frequently throughout this paper, for
k > 0, we utilize the well-known truncation function 7j(s) : R — R, given by

k if s >k,
Te(s) =1s if |s| <k,
-k if s < —k.

Let us define the function Gi(s) : R — R by

s—k if s>k,
Cils) = {o it s < k.

Let us outline the specific assumptions related to the problems we will examine.
Assume that the domain 2 is bounded in RY (N > 2), with its boundary 99 being
sufficiently smooth and v > 0. Suppose that a(z, £): Q x RY — R¥ is a Carathéodory
function satisfies the following assumptions:

Hypothesis (H;)

a(x, &) - &> alé|P ae. xin Q,VE € RY, (2.1)
(a(z,€) —a(z,&))- (€ —¢) >0 ae xinQ, V¢ & €RY, (2.2)
la(z,&)| < c(v(z) + |€P7) ae. zin Q,VE € RY, (2.3)
such that £ # &, v € LP(Q), v >0, a,c>0and 1 < p < +oo0.

Hypothesis (Hs)
We consider 5 : R — 2% to be a set-valued mapping that is both maximal and mono-
tone, and satisfies 0 € 3(0).

Definition 2.1. Solution of (P) is characterized by a couple of functions (u,b) €
Wy (Q) x L'(Q) such that the conditions below are fulfilled:
1) uw =0 on 00 in weak sense,
2)Yw CC
de, >0:u>¢, inw, (2.4)

3)be B(u) ae. inQ,
fe 1
bpda + [ a(e, Vu) - Vede = [ 224z, vp e CY(Q).
W[ bode+ [ ale, Vu) - Voda = [ 224w, v e Ch)
The principal outcome of this paper is the proof of Theorem outlined next:

Theorem 2.1. Assume that (Hy), (Hs) are satisfied. Let f € L>®(Q) be a positive
function. Then, the problem (P) admits at least one weak solution (u,b) in the sense
of definition 2.1.

3. A PRIORI ESTIMATES

For n € N* let 8, : R — R denote the Yosida approximation of 3(.), and consider
the sequence of approximate equations as follow

{ Bn(Th(uy)) — div(a(z, Vu,)) = % in Q,

3.1
Uy =0 on 052, (3:1)
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where f,,(z) = min(f(z),n), we recall that
Vi € WEH(Q), (Bu(w), 6} > 0, [5u(w)] < |Fo(u)] and lim Bu(u) = Blu),

where [y is the element of minimum norm in £(0).
Equation (3.1) can be expressed in its weak form as

/5n () godx+/ a(x, Vuy,) - Vgodx—/(‘n]‘t)

We consider the operator A, : W, ?(Q) — W1 (Q), defined by
(Apu, @) = /Qﬁn(Tn(u))wda:—l—/Qa(:c,Vu) -Vpdx

Lemma 3.1. Under hypothesis (Hy), (Hy) the operator A, is bounded, coercive and
pseudo-monotone.

dz, Yo € Wy P(Q) N L>(9Q).
(3.2)

Proof. The operator A, is properly defined and monotone due to (2.2), (2.3). Moreover,
A, is pseudo-monotone, indeed, [, o T, is continuous and bounded, moreover, the

condition (2.2) involved (see [12], p.157). Using (2.1) and as a result of/ B (T (u))udz
Q
is positive, we get

(Apu,u) > a / VulPdz, Yu € WEP(S).
0
Then A, is coercive on W, ?(Q). O

Proposition 3.1. The problem (5.1) has a weak solution u,, such that u, € L>*(Q2)N
Wy P(Q).

Proof. The proof relies on a typical application of Schauder’s fixed point theorem. Let
n € N* and fix v € LP(Q2). From the classical results the following non-singular problem

{ Bn(Th(w)) — div(a(z, Vw)) = W |fr" = in Q,
w=0 on 09,

has a unique solution w belongs to L=(Q) N W, 7(Q). We establish a well-defined
mapping for which

(3.3)

S LP(Q) — LP(Q),

where S(v) = w. Once more, due to the regularity of the data (Mi”l i it is possible to
use w as a test function to derive !
/ BT (w))wdx +/ a(x, Vw) - Vwdr = / fniwldx.
(lvl+ )

Given that the leftmost term is nonnegative and thanks to (2.1), it follows
a/ |Vw|Pdz < n”“/ |w|dz,
Q Q

applying Poincaré’s inequality, we get

Cn'y+1

/|Vw|pdx§ /|Vw|dx,
0 0
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through the application of Holder’s inequality to the terms on the right, we have

v+l
/Q|Vw|pdx< v </ |Vw|de)

It follows that

(07

y+1 P
/Q|Vw|pda:§ (C” ) 9.

Employing the Poincaré inequality for the left-hand side, we obtain

/

D
Cn"f"'l) p 1

ol < ( Qb
Then
|w]|Lr0) < C' (3.4)

.
where C' = (C"TM) i |Q|% represents a positive constant which remains unaffected by
w and v. As a result, we conclude that the ball B with radius C” is unchanged for the
map S in LP(Q).

Next, we demonstrate that the map S is continuous in B. We choose a sequence vy
that strongly converges to v in LP(£2), as a result, the Dominated Convergence Theorem
implies that

Jn fn

(od + 27~ (ol + 327
It remains to demonstrate that S(vg) converges to S(v) in LP(€2). Using compactness,
we know that the sequence wy, = S(vy) converges in LP(2) to some function w. It
suffices to prove that w = S(v). We recall that ﬁ is bounded, and wy € L>(Q2),

moreover, there exists a positive constant A, which is independent of vy and wy (though
it may depend on n), such that ||wg|[z~@) < A. The sequence wy is bounded in
Wol P(€Q)). Consequently, since the weak solution is unique, we are allowed to affirm
that wy = S(vg) = w = S(v) in LP(2). Hence S is continuous in LP(€2). To conclude,
we must check that the set S(B) is relatively compact. Consider a bounded sequence
v and let wy = S(vg), we showed that

in LP(Q2).

/ |Vw|Pdx :/ VS (v)[Pdx <
Q Q
then, for any v in LP(S2), considering v = vy, we get

/Q Vwg[Pdz = /Q VS (o) [Pdz < O,

then, S(v) is relatively compact in LP(2), due to Rellich-Kondrachov Theorem. By
using the Schauder fixed-point theorem, it follows that a fixed point of the map S
exists. We can take u, in B such that S(u,) = u,, and thus u, € Wy (Q) N L®(Q)
will solve problem (3.1). O

Lemma 3.2. For all n € N*, the sequence u,, increases with n and for any w CC €2,
there exists a constant ¢, > 0 (regardless of n) ensuring that

un () > ¢, in w. (3.5)
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Specifically, the sequence wu,, admits a pointwise limit w, and u satisfies (2.4).

Proof. We will adhere closely to the proof presented in [[0], Lemma 2.1, 2.2].

Since(‘u{#)W > 0 and due to the fact that the operator A, satisfies the maximum

principle, we can infer that u,(z) > 0.

Thanks to the monotonicity of the operator A,, and by applying that 0 < f,, < f,41,
it follows that the sequence is increasing with respect to n.

Given that for any fixed n, u, € L>(2). In particular, for n = 1, we obtain that

fi fi
(Jurl 17 = (Tallw 117 = O

> 0, is not identically zero, implies, via the application of the strong

B1(Ti(ur)) — div(a(z, Vuy)) =

As — I ——
. (lalloo+ 17 . . e
maximum principle that for all w CC €2, there is a positive constant ¢, > 0 satisfying

uy(z) > ¢, in w.

Therefore, (3.5) holds since w,, > wu; for any n, and if u is the pointwise limit of the
sequence u,, which exists due to its monotonicity, then u also satisfies (2.4).

0

Lemma 3.3. Take f € L*(Q) and consider wu,, the solution of (3.1). It follows that
the sequence u,, is bounded in Wol’p(Q). As a result, there is a subsequence, still labeled
Up, and a measurable function u satisfying

u, — u in Wy P(Q) and a.e. in Q.
Furthermore, there exist a function b € L>(82) for which
BT (u,)) = b in L®(8). (3.6)
Proof. Let k > 1. We use Gg(u,,) in (3.2) as a test function and v > 0, we derive
/ BTy (1)) G (uy)dx +/ a(z, Vuy,) - V(Gi(uy,))dr = /Q Mdm

Since the initial expression on the left-hand side is nonnegative and under assumption
(2.1), it follows

o [,V Catupe < [ L

We introduce the set A, j corresponding to each k, defined by:
A, = {x € Q such that u,, > k}.
Observing that (u, + %)“/ > k7 > 1 on the set A, such that Gy(u,) # 0 and by the

definition of the function Gy (u,,), we obtain

o /Q IV (G ) [P < /Q FGr(un)d

our function f here is in L>(2), so beyond this step, we can proceed following the same
method as in the proof of [[1] Theorem 1.1], in order to establish that the sequence u,,
is bounded in L*(2). Using the property of weak® lower semicontinuity of the norm,
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and given that u is the pointwise limit of u,, it is possible to pass to the limit in the
estimates on L* norm of wu,, thus, we obtain that u € L>(£2), and

Taking u, as a test function in (3.2) and using (2.1), (3.7), we arrive at
[ 19ualrda < C1l ]l (3.8)

Hence, u, — u in W,?(Q) and a.e. in €.
Now, we move on to demonstrate (3.6), for § > 0, we take

fin = 5 (Tiss (BuTali))) = TulBa T (1))

as a test function in (3.2), we derive

fngpé,n

As |psn] <1 and S, is monotone increasing with ,(0) = 0, we have

1

_ a x;vun . an Up 1/’L Tn Uy, dl‘ Z 0
O J{k<|Bn (T (un))|<k+5) ( ) () B (T (un))

Hence

1

5 /wnmm»zk} B (T () (Tress (B (T () = Tl Ba(To(un)))) dev

- / Lll
{18 (T (un)) |2k} |Un 4 |7

Since @5, and u, has identical sign and by the monotonicity of our operator j,, we
obtain

kl{llﬁn( ) Z kA< [ 18Tl

<5 B (Ta(un)) (Do (Br(Tn(un))) — Te(Bn(Tn(un))))

{1Bn (T (un)) |2k}
§ /] L

= B (Taun)) 2k} g + ]
(independent of n).

By choosing k > W= and letting § — 0, we find |[{|8,(T(un))| > k}| = 0 for any

Cw

dr <

{18n(Tn(un))| > k}|, where ¢, > 0 is a constant

k> % Consequently
/1

w

1B (T (1n)) o0 <
From (3.9), we find b € L>(Q2) such that

Bo(T(uy)) = b in L®(Q).
The proof is thus finished. O

(3.9)
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4. PROOF OF RESULT

We are now able to prove Theorem 2.1, we will use all the results from the previous
section

Proof. First step: We show that
lim f”igpd /fgpd:v (4.1)

n=% Jo (u, + L)

For any nonnegative test function ¢ € C}(£2), we have

/( fn(’o dx—/ﬁn n(un) godm—i—/ a(x, Vu,)Vedr
Q

</ﬁn n () godx—l—c/ v(z )Vgpdaz—i—c/ |Vu, P Vodr
0 0

due to (2.3), then using Young inequality, we get

/Q< fngo dx</5n w(un))edr + — / )P dx + = /\Vgo|pda:

-1
L/ \Vu,|[Pdx.
p Q

Finally
/ ”9" dz + C' 4
ot I |, Pn(Tu(un))pd + el o) + [unllwe o) (4.2)
By applying Fatou’s lemma in (4.2), yields
fe
2 < bllglle +C
Qu

where C unaffected by n. Then, for any nonnegative ¢ € C¢ (), we have £2 € L}(Q).
As a result, if u%, blows up at 0, we affirm that

{u=0} c{f =0} (4.3)

up to a set of zero Lebesgue measure.
From this point onward, we suppose that — blows up at 0. We fix ¢ > 0, then

/ Lﬂdm = Lﬁdx +/ fngol dz. (4.4)
Q (up + )7 {un<6} (U + )7 {un>8} (U + )7
Moreover, we introduce Vs(u,) defined in Wy*(€), thanks to Lemma 1.1 in [17], where
1 t<o
Vs(t) =3 2L §<t<26 (4.5)
0 t > 2.

Then, taking as a test function ¢Vs(u,) in (3.2), we derive

[ V) gy = [ TVl + | ate, V) Vi, (19
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in addition, we have

/{un<6}( iy </ InfV: ‘5n (4.7)

using (4.5), it follows that

anO
<
/{un<6}< iy dl’ /[% n(un))eVs(un) clx—i—/ a(z,Vuy,) - VoVs(u,)dz

Vu,) - Vu,pd
(5 {6<un<24} al, Viin) - Vitnipdr

from (2.1),(2.3), we deduce

/{un<6} (u fi@n dr < / B (T (tn )@%(un)d:c—i-C/Q( () + | Vo) VoV (un)d
— g \Vu,|PoVu,dx
{d<un<26}

< / BT (1)) Vs (1) + ¢ [ (@) + [V ) VipVi ().
Since Vj is bounded, we conclude that
(V(z) + |V, P VeVs(u,) = (v(z) + |VulP ) VeVs(u) in (LP ()N as n — oo,
Thus, it follows that
. fngp —1
Jim . ﬁd:v /b(p% d:c—irc/ ( () + |Vul? )Vgo%(u)dx. (4.8)
Given that Vs(u) 7y Xlu=0} a.e. in Q, and as u € W, ?(Q), this implies that (v(z) +
—
|VulP"HVeVs(u) e 0 a.e. in Q. Using the Lebesgue theorem to the terms on the
—
right of (4.8), we find that

lim lim fni(pam =0. (4.9)

550+ n—+00 J{u, <5} (up + )7

Now, for the second term in (4.4), we observe that

Jnp 1 1
0§7Xun5<f sup []QOEL Q). 4.10

(Un+n) { >} 56]500) 57 ( ) ( )
We note that it is necessary to exclude 0 from the set W = {n;|u = n| > 0} to avoid
cases where the characteristic function x{,~s can behave discontinuously and cause
loss of convergence, the set W is at most countable. Then, one can conclude that
X{u,>s} converges almost everywhere to xy,~s) in €2. It follows that

2
“TXussy in L),

fnp
) X{u">5} n—>+oo uY

(un +

n

furthermore, we get fh(u)ex(ussy € L'(Q2), then

fo .
“ZXqusoy in L'(9),

fe
w X{u>5} 50wl
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therefore, applying the Lebesgue Theorem once more, we get

lim lim de:/{ f—gpdx. (4.11)

60+ 1% J{u, 55} (uy + )7 w0} U

Combining (4.9), (4.11), we finally arrive at for any positive ¢ € C3(Q)

lim f’”‘@ /Q I . (4.12)

n—oo JO ( u”

For ¢ = ¢ — ¢~ we conclude that (4.12) is valid Vo € C3(Q).
Second step: Due to (3.8) there exist a subsequence, remaining notated by w,,, and
a measurable function u satisfying

u, — u in Wy*(Q), and a.e. in Q.
Our goal is to establish that
u, — u strongly in Wy (). (4.13)

We use as a test function ¢ = u,, —u in (3.2), we get
/Qﬁn(Tn(un))(un —u)dx + /Q a(xz,Vuy,) - V(u, —u)dr =
Then

/Qa(ac, V) - V(u, —u)dr = A ]E" tn _n / Bn(Tr(uy,) —u)dz.

The right-hand side limit is zero as n — co. In another way, we can write

/Q(a(:c, Vu,) — a(z,Vu)) - V(u, —u)dx

fn(un B u)

Q (un + =) -

= / a(z, Vuy,) - V(u, —u)dr — / a(z, Vu) - V(u, — u)dz, (4.14)
0 Q
we have that

lim [ a(x,Vu,) - V(u, —u)dz =0.

n—oo JO

Thus, we derive that

lim [ (a(x, Vu,) —a(x,Vu)) - V(u, —u)dx =0, (4.15)

n—oo /O

owing to (2.2), the integrand function on the left-hand side of (4.15) is positive, then
(a(x, Vu,) — a(x, Vu)) - V(u, —u) — 0 in L*(Q).
Therefore, for a subsequence still denoted by u,,, one arrives at
(a(x,Vu,) —a(z, Vu)) - V(u, —u) — 0 for a.e. z in Q,
there is a subset Z C () with zero measure, so that for each x outside Z, it holds that
D, (z) = (a(z, Vu,) — a(z, Vu)) - V(u, —u) — 0, (4.16)

lu(z)] < oo, |Vu(z)] < oo, |v(x)] < oo and u,(x) — wu(z), as a result of the growth
condition (2.1), (2.3) and ||uy||s < €x0, We have

Dn(x) > oz|Vun|p - C(x)(l + |vun| + |Vun|p—1)7
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where ¢(z) depending only on z, which demonstrates, due to (4.16) that the sequence
|Vu,| is bounded uniformly in RY. We adopt a similar approach to that in Lemma
5 in [5] with respect to the Carathéodory function a and n, to get (4.13). Returning
to equation (3.2), we can now pass to the limit. For this, we consider ¢ in C} (), it
results that

/ﬁn n(tn) godx—i—/ a(x, Vuy,) - Vgodx—/Q(u figp) dx. (4.17)

Using (4.13), we get Vu,, — Vu strongly in (LP(2))" and a.e. in Q. Thus, by Vitali’s
Theorem, we conclude that

a(z, Vu,) — a(z, Vu) strongly in (L7 (Q))V.

Hence, taking the limit in (4.17), and by applying the result from step 1, we find

/bcpdm—l—/ a(z, V) - Vgoda:—/ fs&das (4.18)

Last step: We still need to show that u(x) € D(5(x)), and also b(z) € S(u(x)) for
almost every x in 2. The fact that  is a maximal monotone graph ensures the presence
of a lower semicontinuous, proper, and convex function such that

j : R — 0, oo] such that 3(r) = dj(r) Vr € R.
Referring to [7], for n € N* j,, : R — R is defined by

Vs € R ju(s /Bn

Exhibits the properties outlined below
1) For any n € N*| j, is convex and diferentiable Vs € R, such that

g (s) = Bu(s) Vs € R with every n € N*

2) Jn(s) — j(s) for all s € R as n — oc.
For any n € N* it follows from 1) that

Gn(8) 2 Jn(Tn(un)) + (5 = Tn(un)) Bu(Ta(un)), (4.19)

applies to all s € R and holds almost everywhere in 2.

Let ' C €2 denote any arbitrary measurable set, and let x g represent its characteristic
function.

We start by fixing ng > 0, then multiply (4.19) by ¢;(u,)xr, where g; : R — R defined
by

0 if |r| > 1+
g(ry=q l+1—r] ifl<]rl< l+1
1 if |r] <.

We integrate over {2 and applying 2), to arrive at

3() [ auwn)de = [ (G (Ties(wn))gi(an) + (= Ties ()1 (00) B (L)) (4:20)
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1
for all s € R and for n > min(ny, 7) . Letting n — oo, bearing in mind that F'

arbitrary, and from (4.20), we obtain
J(8)gi(w) > Jno(Tix1(w))gi(w) + bgy(u)(s — Ti41(u)) Vs € R and a.e. x in Q. (4.21)
By first letting | — oo and then ng — oo in (4.21), we eventually get
J(s) > j(u(z)) + b(z)(s —u(x)) Vs € R and a.e. z in . (4.22)

We finally get u(z) € D(f(x)), and also b(x) € S(u(x)) for almost every z in Q. This
concludes the proof of Theorem 2.1.
O
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