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FIXED POINT THEOREMS FOR CONTRACTIONS OF
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ABSTRACT. This paper introduces a novel fixed-point theorem for integral-
type contractions using generalized Omega-distance. Our findings broaden and
unify multiple well-known results in the literature by weakening contraction re-
quirements and integrating Lebesgue-integrable auxiliary functions. Addition-
ally, we demonstrate the applicability of our theorem by proving the existence
and uniqueness of solutions for a class of nonlinear functional equations under
minimal assumptions.
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1. INTRODUCTION AND PRELIMINARIES

The study of fixed point theorems in generalized metric spaces has gained con-
siderable interest, particularly for their applications in differential equations and
functional analysis since Banach’s seminal result [5]. Building on foundational
work such as [7], which used auxiliary functions in neutrosophic metric spaces,
researchers have extended these ideas to various settings. For instance, [(] exam-
ined fixed points in b-metric spaces via auxiliary functions. While [9] developed
quasi-contraction theorems in neutrosophic fuzzy metric spaces.

Further advances include nonlinear contractions in neutrosophic fuzzy metric
spaces [12], II-quasi contractions in complete neutrosophic spaces [3], and T-
distance in b-metric spaces [11]. NF-L contractions were explored in [13]. Samreen
et al. [20] introduced the framework of extended b-metric spaces and established
novel fixed-point results utilizing generalized b-comparison functions, while Kam-
ran et al. [10] investigated fixed points in graph-structured generalized metric
spaces. Chandok and Dutta [10] contributed with results on weakly Chatterjea-
type cyclic contractions. Chand et al. [l1] introduced fixed point results for
paired-Kannan contraction mappings, contributing to the ongoing development
of generalized contraction principles.

Date: Received: May 25, 2025; Accepted: Jun 20, 2025.
* Corresponding author
(© The Author(s) 2025. This article is licensed under a Creative Commons Attribution-
NonCommercial-NoDerivatives 4.0 International License. To view a copy of the license, visit
https://creativecommons.org/licenses/by-nc-nd/4.0/.

429


https://creativecommons.org/licenses/by-nc-nd/4.0/

430 M. SHATNAWI, A. BATATHAH

In parallel, Karapmar and Fulga [15] analyzed Proinov-type contractions in
b-metric spaces. Aydi et al. [4] addressed tripled coincidence points in ordered
spaces. Recent work by Malkawi et al. has further enriched the field with results
on MR-metric [19], and various weak contraction mappings in b- and Mb-metric
spaces [18].

Recent developments have focused on unifying these diverse approaches through
generalized distance functions. The concept of (2-distance, introduced by [2], has
emerged as a powerful tool for analyzing contraction mappings across various
generalized metric spaces. This work bridges the gap between traditional metric
space theory and modern extensions by introducing a flexible framework that
accommodates both integral-type contractions and asymmetric distance struc-
tures. Our approach builds upon these innovations while addressing the limita-
tions of existing methods, particularly in handling discontinuous mappings and
non-uniform convergence. The proposed generalized {2-distance not only sub-
sumes several known distance functions but also enables sharper existence and
uniqueness results under weaker continuity assumptions.

The Gp-metric space, first introduced as a generalization of standard G-metric
spaces, provides a more comprehensive framework for studying convergence prop-
erties and continuity characteristics. In this paper, we investigate the existence of
fixed points for mappings satisfying integral-type contractive conditions through
a newly developed generalized ()-distance function.

The notion of Gy-metric space is described as follows:

Definition 1.1. [I]| Let IET be a set that is not devoid of elements and ¢ > 1.
Consider a mapping G : H x H x H — [0, 00) denotes a function where

(Gp1) G(Ny, Ry, V3) =03 Ry =Ry =Ny

(Gp2) (Nl, Ny, Wo) >0 for all Ny, Wy € H, with Ny # Ny; N

(Gb3> (N17 Ng, NQ) < Q(Nl, Ng, Ng) for all Nla NQ, Ng € H with NQ 7é Ng,

(Gp4) (Nl, No, N3) =G (p{Ny, Ny, N3}), where pis a permutation of 8y, Ny, Nj;

(Gb5) (N17N27N3) < 4 [ g(Nla W, ILL) ’ gA(:ua N2> N?’)} v Nla NQ: N?n M€ H.

The function G is then referred to as a generalized b-metric, and the pair (f] .G )
is said to be a G,-metric space.

Example 1.2. [I] On (H G) define a new function G*(Ry, Ry, Ng) = (Q(Nl, Ny, N3)),

where o > 1. Then G* defines a Gp-metric on H with the associated constant
¥ =201,

Aghanjai et al. [1] introduced the notions of Gy-convergence and Gj-Cauchy
sequences as outlined below:

Definition 1.3. [1] On (H,G) a sequence (R,) in H is called
1) Gy-convergent to N in HifVY i > 0, 3 k* € N such that
G, N, )<k, Vm, n> k.
2) Gy-Cauchy sequence if V £ > 0, 3 k* € N such that
G (R, N, W) < iV, m, n>k
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Proposition 1.4. [I] On (H,G) the following are equivalent:
1) (R,) is Gp-convergent to N.

~

2) G(N,, N, N) = 0 as n tends towards infinity.

A

3) G(N,, X, X) — 0 as n tends towards infinity.

Proposition 1.5. [I] On (ﬁ,é) the following are equivalent
1) the sequence (R,,) is Gy-Cauchy.
2) for each k >0, 3 k* € N such thatV n, m > k*, G(R,, N,,, N} < &.

Definition 1.6. [I] A Gy-metric space (X, Gy) is called Gy-complete (or simply
a complete Gy-metric space) if every G,-Cauchy sequence in H is Gy-convergent
to some point H.

Definition 1.7. [3] On (I;T,Q) a mapping Q: H x H x H — [0, 00) is said to be

generalized Omega-distance map or simply ),-distance map on H if it satisfies

the conditions below: _
1. For all Nl, Ng, Ng,ﬂ eH

QRy, Ry, Rg) < I[Ny, g1, 1) + Qp, Na, Rg) .
2. For any Ny, N, € f[, the mappings

Q(N17N27')7 Q(N17'7N2) : ﬁ — [O’ OO)

are lower semicontinuoug.
3. V k> 0, there exists 4 > 0 such that if

QRy, 1) <6 and Q(u, Ry, Ng) <6,
then
Gp(N1, Np, N3) < &.
Example 1.8. [3] Let H = R, and consider the Gy-metric G defined by

G(T, AR = (T = A| + |A =R + [T = R*)* for all T, A, X" € R.
Now, define

Q(T, A, R") = (|7 = Al + [T = R*)* for all T,A, X" € R.

Then 2 is an ,-distance mapping on R with constant ¥ = 2.

Example 1.9. Consider the space H = C([0,1],R) of continuous real-valued
functions on [0, 1] with the Gy-metric G and generalized Q-distance €2 defined by

G(p1, 92, 08) = (o1 = @alloc + 102 = @3lloc + o1 = @3lloc)”

2
Q(p1, 02, 03) = ([[e1 — 2lloc + [l1 = ©3]l00)”
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where

o1 = 2llec = sup_[p1(t) — pa(t)]-
tel0,1]

Then, (Q , H) is a Gy-metric space with constant ¢ = 2, and Q is a b-{2 distance
on H.

Lemma 1.10. [3] On (ﬁ,é) Suppose Q is an Qp-distance on H. Let (R,), (1)
be sequences in H, (), (un) be sequences in [0, 00) with ", ptn — 0, and let
N, T, A e H. Then
D) If Q (1, Ny, V) <7, and Q (R, 7y N) <y, for any m > n € N, then
Q(Tn, Tm, N) converges to 0 and hence 1, converges to N;
2) IfQ(A, Ry, Ry) <7y and Q (R, A, R) < g, forn € N, then G(A, A, N) <
k and hence A = N;
3) If Q(N,, Ny, W) < v, Vm, n, I € N withl > m > n, then (R,) is a
Gy-Cauchy sequence;
4) If Q (R, p, 1) <y, Vn €N, then (X,,) is a Gp-Cauchy sequence.

The concept of generalized 2-distance was first systematically investigated by
[2], who established fundamental fixed-point theorems for nonlinear contractive
mappings within this framework.

This work establishes fixed point results in complete Gy-metric spaces equipped
with generalized (2-distance mappings. Beginning with the axiomatic definition of
generalized Q-distance (extending the Gy-metric structure with parameter ¥ > 1),
we introduce integral-type contraction conditions. Through iterative sequence
construction and leveraging the completeness of the space, we prove convergence
to unique fixed points. Applications to nonlinear integral equations demonstrate
the framework’s utility in functional analysis.

2. MAIN RESULT

The following two classes of functions are essential for our main result:

& ={=: [0,00) = [0,00) : Eis Lebesgue integrable with 0 < foc E(v)dv < oo, Ve > 0}
and

IT={IT: [0,00) = [0,00) : is continuous with lim,_,., I"(v) = 0,¥v > 0}.

Remark 2.1. If II € 11, then
II(v) < v, for v >0,
I1(0) = 0.

An important result is the next lemma, that will be helpful in the subsequent
sections of our paper.

Lemma 2.2. [I7] If 2 € ® and the sequence (t,,) is made up of positive real
numbers under which lim t,, =t, then
n—oo

ln

t
lim é(y)dy:/ 2(v) dv.
0

n—o0 0

Lemma 2.3. If f(t) > 0 for allt >0, and g(c) = [ f(t)dt, then g is increasing.
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Proof. Let 0 < ¢; < 9. Then,

g(c2) —g(er) = /02 f(t)dt

Since f(t) > 0 for all t € [¢, ¢o], the integral is nonnegative. Thus, g(c2) > g(c1),
proving that ¢ is increasing. 0

We will now present the concept of an €2,-integral contraction.

Definition 2.4. On (H Q) suppose () is an 2~ dlstance on H. A mappmg T:
H — H is called an Q- integral contraction if there is = € ®, II € II such that

IQ(TR, TY, TA) Q(TA)
/ Ew)dv < H/ =(w)dv ,
0 0

for all X, T, A € H.

Proposition 2.5. If T is an Qy-integral contraction, then
1
Q(TR, TY, TA) < EQ(N,T,A). (2.1)

Proof. From the contraction condition with the property of the function II | we
conclude that

IQTR, TY, TA) QRT,A)
/ Ev)dv < / =(v)dv.
0 0

Since = > 0, then Lemma 2.3 implies
1
Q(TR, TYT, TA) < EQ(N,T,A).
O

Theorem 2.6. Suppose (H Q) 1s complete, and suppose €2 is an $,-distance on

H. Let T be a self-map on H that meets the following conditions:
(1) The function T is an Qy-integral contraction.
(2) Assume that one of the following is true:

e T’ is continuous, or B
o For anyu € H assume that if Tu # u, then inf{Q(X, TR, u): Ne H} >
0.

Then T has a unique fized point in H.

Proof. Let Ry € H. We construct a sequence (N,,) in H such that X, = TR, 1,
n € N.
If there is some r € N sch that

Q,, Nypq, Nypq) =0, (2.2)

then by the contraction condition we have

ﬁQ(Nr+1: Nr+2a N7‘+2) R Q(Nm Nr+17 N7“-4—1)
/ E(v)dr < H/
0 0

[1]>

(v)dv =0
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So,
Q(Nr_;’_]_, N?"-i—?v NT+2) - 0 (23)

Using Equations (2.2) and (2.3) to apply the definition of Q, we get G(R,, R, 9, N,4p) =

0 and hence R, = N, , or we can write 72X, = R,

Now,
Q<Nr+17 NT+17 Nr+l) S 19[ Q(Nr+1> Nra Nr)+ Q(Nm NrJrla NT‘+1)]7

which implies that
Q(Nr+17 NrJrla NT+1) < ﬂQ(Nr+17 Nra NT‘) (24>
So Equation (2.3) becomes Q(R,;1, N,, N,) =0 and Equation (2.4) becomes

Q(Nr+17 Ny, N?"Jrl) <90 =0,

and hence
Q(Nr_;’_]_, N?"-i—].v NT+1) - 0 (25)

Now, use Equations (2.2) and (2.5) to apply the definition of €, we get
G(Ni1, Nopo, Noj9) =0 and hence N, ;1 = W, ;5 or we can say that TR, = X,.
Now, suppose that Q(N,, N1, N,.,q1) # 0 for each r € N. Thus,

IQRn, Rnt1, Rng1) IQTRy—1, TR, TRy)
/ E(v)dv = /
0 0

QRn1, Ray Nn)
< H/ E(v)dv
0

So, by taking the limit as n — oo for both sides and using the property of the

function II we get:
ﬁQ(Nnv Nn+17 Nn+1)
lim
n—oo 0

and this yields to
limy, 0o 199(Nn: Nn+17 Nn-‘rl) N
/ =E(v)dv = 0.
0
So we have lim,, o 9Q(X,,, N, 11, N,49) =0.
Hence,
lim Q(Nn7 Nn+17 Nn+1) = 0. (26)

n—oo
Similarly, using the same argument we can show that
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lim Q(X,, X,, X,.1)=0. (2.7)
n—o0

And
lim Q(N,11, N, X,)=0. (2.8)
n—oo

Now, we claim that (X,,) is G,-Cauchy sequence.
Stepl. We claim that lim,, ;00 Q(R,,, Wy, Nppp) = 0.
Assume by contrary that lim,, ;00 Q(R,, N, N;,) # 0. So, there exists an

k > 0 and two subsequences (X,,), (N,,,) such that Q(N,,, N, , N, ) > &,
where m; > n, > k with

QRy,y N1, Ry 1) < A (2.9)
So, by Equation (2.1), Proposition (2.5), and the triangle inequality for

R 1
/‘JS Q(Nnka wa Nmk) < E (Nnk—la Nmk—la Nmk—l)

1
ﬁ[Q(N”k_17 Nmm Nmk)+Q(Nmk7 Nmk_17 Nmk_l)]

<y

Taking the limit infimum as k — oo, and using Equation (2.8), we get

< lim inf QR 1, Ny Riy)- (2.10)

k—o0

k<
Again, by Equations (2.1), (2.9), and the triangle inequality for {2

1
Q<Nnkfl7 Nmka Nmk> < EQ(Nnk*27 Nmkfla Nmkfl)
1
< 519 [Q(Nnk—% Nnkv Nnk)+Q(Nnka Nmk—la Nmk—l)]

< [19 [Q(Nnr% Nnk*17 Nnkfl) + Q(Nnkfl’ N”k’ Nnk)] + /%] :

Taking the limit supremum as k — oo, and using Equation (2.6), we get

klim sup QR 1, Ny Ny ) < R (2.11)
—00
Hence, from Equations (2.10) and (2.11) we get

lim QRu,_1, Ry, Ron) = A (2.12)

k—o00
Now,

1
Q(Nnkv N’mk-i-la Nmk—i-l) < EQ(Nnk—lv Nmky Nmk)

By taking the limit supremum for both sides as & — oo and using Equation
(2.12), we get
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khm SupQ(Nnka Nm;ﬁ-h Nm;ﬁ-l) <
—00
On the other hand,

S

(2.13)

we get

k< Q(Nmm Nmk? Nmk) < 4 [Q(Nnm Nmk—&-h Nmk—&-l) + Q(Nmk+1> Nmk7 Nmk)]
By taking the limit infimum for both sides as k — oo and using Equation (2.8),

2 < lim inf QR Ryt Rirn).
% k—oo
From Equations (2.13) and (2.14), we get

(2.14)

lim Q(Nnka Nkarla Nkarl) =
k—o00
Now by the contraction condition we have,

\/ﬁQ(Nnkv Nmk+17 Nrnk+1)
0

A QR -1, Ry, Ry )
E(v)dr < H/
0

Q(Nnk—L Nmk7 Nmk) ~
</ 5
0

Take the limit as k — oo for both sides we get, fog
is a contradiction. Hence,

SR

=(v)dv <f0&é(y)du which

lim Q(N,, N, N,)=0. (2.15)
n,Mm—00

Step2. By the same argument in step 1 we can prove that

llim QN Ny, V) =0 (2.16)
m,l—o0
Now, we have

and (2.16), we get

0 < QR,, N,y X)) <P [QN,, Ny Ny + QR Ny, X))
By taking the limit for both sides as n,m,l — oo with using Equations (2.15)

im QR R, Ny) = 0.
n,m,l—o0
Hence, (X,) is Gp-Cauchy sequence.

Now, since G, is complete, we get (X,,) is Gy-convergent in H, assume it con-
verges to u.

Consider £ > 0. Then there exists N € N such that Q(R,,, X,,, N;) < &, for all

n,m,l > N and thus lim; ,,, Q(X,,, N,,, ¥;) < k. Note that Q(N,,, N,,, u) <
lim, 00 QR,, Ny, V) <&, foralln,m > N. Let m = n+1. Then Q(N,,, 41, u) <
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lim, 00 Q(R,, Nyyq, R,) <& for all n > N. If Tu # u, then by the second con-
dition of the theorem we obtain

0 < inf{Qy(R, TR, u): N e H} <inf{Q(R,, R4y, u): n> N} <&,

for each & > 0 which is a contradiction. Therefore T'u = u.
Now, assume that there is some element © € H such that Tu = u. Our claim
is that Q(u, u, u) = 0, if not, then

9Q(u, U@, @) 9Q(Tu, T, Th)
/ E(v)dv = / =(v)dv
0 0
Qu, u, .
< H/ =(v)dv
0
Qu, @, @)
< / =(v)dv,
0

S
S

which is a contradiction, so Q(u, w, u) = 0. By the same argument we can
show that Q(u, u, u) =0.

Now by applying the definition of Q we get G (u, w, u) = 0 and so u = w.
Hence the result. O

Example 2.7. (see Example 1.9) Consider the space H = {U € C([0,1],R) :
|lul| < 1}. Also, define the operator T': H — H by:

1 t
o)) = [ v
0
From Example 1.9, we have

AT, Tw, Tp) = (T = Twlo + | T¥ — Tplle)

Now,
o - w0l =|; [ @ - =) a
<1/ 1w-=w+=)
So,
(T0)(0) ~ (T)(0)] < 7~ o2t < 26— 5]
Hence,

1
1T = Twllo < Sl — @i,
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Similarly,
1
1Ty —Tplle < §||¢ = Pllso-
Now,
1 1 2
0, Tp) < (316 = @l + 316 1)
1
=1 (It = @lloo + It = plloc)?
1
= ZQW,W,P)‘
Therefore,

20T, Tw, Tp) < 306, . ).

For Z(t) = 1 and TI(t) = £, we verify the contraction condition:

20(Ty,Tw,Tp)
/ =(t)dt
0

20(TY, Tw, Tp)
Q1 @, p)

( /0 e (y)du)

Thus, according to Theorem 2.6 T has a unique fixed point ¢* € H satisfying
* t *
Wr(t) =1 [,

Each of the following corollaries is established under the assumption that con-
dition (2) of Theorem 2.6 holds.

By defining IT : [0,00) — [0, 00) by II(v) = Sv, where 5 € [0,1), we derive the
following result

VAN
DO | —

(1

I
=

Corollary 2.8. Suppose (ﬁ, G) s complete, and suppose ) is an -distance on
H. Suppose T : H — H satisfies

IQTR,TY,TA) QR,T,A)
/ 2y <5 [
0

0

(1

(v) dv,

for allX, T A € H, and Z € . N
Then T admits a unique fized point in H.

By defining IT : [0,00) — [0,00) by II(v) = (1 4+ v)? — 1, where ¢ € (0,1), we
derive the following result
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Corollary 2.9. Suppose (f], Q) 1s complete, and suppose §2 is an (y,-distance on
H. Suppose T : H — H satisfies

QTR,TT,TA) QRT,A) ¢
/ Ev)dv < |1 +/ Ev)dv | —1,
0 0

forallN,T,AGﬁ, and = € ®. N
Then T admits a unique fixed point in H.

In Corollary 2.8, if we define = : [0, 00) — [0,00) by Z(v) = e, we derive the
following result

Corgllary 2.10. S’tipposg(ﬁ, G) is complete, and suppose ) is an y-distance
on H. Suppose T : H — H satisfies

QTR TY,TA) QR,T,A)
/ e Vdr < B/ e "dv,
0 0

for all XN, T, A € f[, Then T has a unique fixed point.

In Corollary 2.8, if we define = : [0, 00) — [0,00) by Z(v) = 1, we derive the
following result

Corollary 2.11. Suppose (ﬁ, Q) 15 complete, and suppose ) is an Sy-distance
on H. If T : H— H satisfies:

Q(TR, TY,TA) <

<™

QN T, A)

then T admits a unique fixed point.

3. APPLICATIONS TO NONLINEAR INTEGRAL EQUATIONS

In this section, we apply Theorem 2.6 to prove the existence (and uniqueness)

of a solution to a class of nonlinear Volterra integral equations in the space H.
Consider the space H = C([0, 1], R) as described in Example 1.9.
Consider the Volterra integral equation:

u(t) = f(t) —i—A/tK(t, viu(v))dv, te|0,1], f€ H. (3.1)
0
DeﬁneT:}NI—H’:Tby

(Tu)(t) = f(t) + )\/0 K(t,v,u(v))dv

Assume that
(1) K :[0,1] x [0,1] x H — R is jointly continuous and bounded,
(2) |K(t,v,u(v)) — K(t,v,v(v))] < Llu(v) —v(v)| for some L > 0, with
A€ (0,1), and 2AL2 < 1.
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For u,v,w € ﬁ, we have
t
[Tu(t) = To(®)] £ X [ K (t,v.u)) = Kt o) v
0
t
< )\L/ lu(v) —v(v)| dv
0

t

S)\L/ |lu — | dv
0

< ALt||u — v].

Taking the supremum over [0, 1], we get

|Tu — Tv|| < AL||u—v||.
Similarly,
| Tu — Twl| < AL||u—w]|.
Hence,
(17w = Tol + | Tu = Tw|))* < (AL|lu — v]| + ALfu — w])*.

Therefore,

(ITu = To|| + |Tu — Twl))* < XL*([lu — vf| + [u — wl])*.
Hence,
2Q(Tu, Tv, Tw) < 222 L*Q(u, v, w) < AQ(u, v, w).
Therefore,

2Q(Tu,Tv, Tw) Q(u,v,w)
/ ldv < \ / 1dv
0 0

Take Z(a) = 1, II(a) = Aa. Then = € @, II € II. Also, we have

2Q(Tw,Tv,Tw) Quvw)
/ E(v)dv <1II / =(v)dv
0 0

Therefore, by Theorem 2.6, the operator 1" admits a unique fixed point in H ,

which solves the Volterra integral equation (3.1).

CONCLUSION

This paper established new fixed point theorems for integral-type contractions
in complete Gy-metric spaces equipped with generalized (2-distance. By leverag-
ing Lebesgue-integrable auxiliary functions and relaxed contraction conditions,
we generalized existing results in the literature. The applicability of our frame-
work was demonstrated through concrete examples and an analysis of nonlinear
integral equations. Future work could explore extensions to multivalued map-

pings or applications in fractional differential equations.
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