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VISCOELASTIC FOURTH-ORDER WAVE EQUATION WITH
LOGARITHMIC AND VARIABLE-EXPONENT
NONLINEARITIES: BLOW-UP ANALYSIS

MOHAMMED YASSINE TRIGUI'* and MOHAMED SAADAOQOUI?

ABSTRACT. In this paper, we study a fourth-order viscoelastic wave equation
involving variable-exponent nonlinearities and a logarithmic source term, where
the memory kernel is a positive, nonincreasing function, and the variable expo-
nents are measurable functions satisfying certain conditions. By employing the
energy method alongside several integral inequality techniques, we establish a
finite-time blow-up result for all solutions corresponding to negative initial en-
ergy, as well as for a specific class of solutions with positive initial energy.
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1. INTRODUCTION

Let € be a bounded domain in R™ with a smooth boundary 02 and a,b > 0
are constants. We consider the following initial-boundary value problem posed
in Q% (0,7):

e + A% — [ gt — $)A%u(z, s)ds + aug|u, "0 = bulu[PO =2 1n |u],
u(z,t) =924 =0, on 90 x (0,7)
(i, 0) = tig(2), e (2,0) = tn(z), i ,
where v is the unit outer normal to 92, the kernel of memory term g : R™ — R*
is a C'! nonincreasing function such that

o 1— 1-— -2 -2
/ g(s)ds:l—l<( mp1 (( n)p12 )’O<n<p1 ’
0 (T=n)pr —1) Py
and the exponents m(-) and p() are given measurable functions on € satisfying
2n

2<q <qx)< g <

>5 2
=z, @

Date: Received: May 28, 2025; Accepted: Jun 20, 2025.
* Corresponding author
(© The Author(s) 2025. This article is licensed under a Creative Commons Attribution-
NonCommercial-NoDerivatives 4.0 International License. To view a copy of the license, visit
https://creativecommons.org/licenses/by-nc-nd/4.0/.

66


https://creativecommons.org/licenses/by-nc-nd/4.0/

VISCOELASTIC FOURTH-ORDER WAVE EQUATION 67

with
¢ = essinfre (), g2 = esssUP,eq q(T),
and the log-Holder continuity condition:
A
lq(z) — q(y)| < ————
log [z — |
In the case of constant nonlinearities, considerable attention has been devoted

to the study of problems associated with (1). Liu [11] investigated the following
plate equation with nonlinear damping and a logarithmic source term:

,forae. z,y € Q, with |[x —y| <d <1, A>0. (3)

U 4+ A%+ |ug|" 2wy = ulP2ulog |ul¥, (z,t) € Q x RT,
u=29%=0, (z,t) €o0xR"
(l‘ 0) - uO( )7 Ut(l’,O) = Ul(flf), S Qa

Using the contraction mapping principle, the author established the local exis-
tence of solutions. For cases with subcritical initial energy, the author derived
global existence results and provided decay estimates. Additionally, it was shown
that solutions with negative initial energy blow up in finite time under suitable
conditions. Also, the finite-time blow-up of solutions with arbitrarily high initial
energy was demonstrated in the presence of linear damping term (i.e. m = 2). In
[11], Kafini and Messaoudi studied the following wave equation with delay and
logarithmic terms:

Uy — Au+ pyug(2, 1) + poug(z,t — 7) = ululP > In|ul¥,

the authors utilized semigroup theory to prove the local existence of solutions.
Furthermore, they demonstrated that for negative initial energy, the solutions
blow up in finite time. This type of problems with logarithmic source term
arises in many branches of physics such as nuclear physics, optics, geophysics and
quantum field theory. More details on these problems can be found in [4, 9, 8, 5].

In recent years, substantial attention has been directed toward the analysis of
nonlinear mathematical models featuring variable exponents of nonlinearity. Such
models arise in various physical contexts, including the flow of electro-rheological
fluids, fluids with temperature-dependent viscosity, nonlinear viscoelastic behav-
ior, filtration in porous media, and image processing (see [1, 3, 2, 13, 6, 12]).
Notable examples of such problems include, for instance, Messaoudi et al. [17]
considered the following nonlinear damped wave equation:

Uy — A A+ augug ™72 = bululPO2, in Q x (0,7T)
u(z,t) =0, on 092 x (0,T)
u<x7 0) - U()(Qf),ut(l’, 0) - ul(x)7 in Qa

where a,b > 0 are constants and €2 is a bounded domain in R"™ with a smooth
boundary 0f2. Using the Faedo—Galerkin method, the authors established the
existence of a unique weak solution under suitable assumptions on the variable
exponents m and p. Moreover, the finite-time blow-up of solutions was proved,
and a two-dimensional numerical example was provided to illustrate this blow-up
behavior. Under Dirichlet boundary conditions, Rahmoune [18] considered a new
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type of viscoelastic Petrovsky wave equation involving variable-exponent source
terms and a memory effect, given by

t
uy + A%u — / g(t — $)A%u(x, s)ds + |u, "2 uy = ulPO 2, (4)
0

where the functions m, p, and the relaxation kernel g satisfy appropriate condi-
tions. The author investigated the finite-time blow-up of solutions with arbitrary
positive initial energy, assuming sufficiently large initial data. Moreover, by em-
ploying an alternative approach adapted to large bounded positive energy, both
the finite-time blow-up and estimates for the upper and lower bounds of the
blow-up time are established. In a related study, Hamadouche [10] analyzed the
same problem in the case where ¢ = 0. Using the Faedo—Galerkin method, the
existence of a unique weak solution is proved under suitable assumptions on the
variable exponents m and p. In addition, a finite-time blow-up result is obtained
for solutions with arbitrary negative initial energy.

The aim of this work is to investigate the blow-up phenomenon and to identify
sufficient conditions on the functions m, p, g and the initial data that lead to
blow-up. This paper is structured into three main sections, in addition to the
introduction. In Section 2, we recall the definitions of the variable-exponent
Lebesgue space LP()(Q) and the Sobolev space W*P()(Q), together with some
of their essential properties, and present a well-posedness result. Section 3 is
devoted to the statement and proof of a blow-up theorem for all solutions with
negative initial energy. In Section 4, we establish a blow-up result for certain
solutions corresponding to positive initial energy.

2. PRELIMINARIES

Let p : Q C R™ — [1,00] be a measurable function. We denote by LP()(Q)
all the real measurable functions u : © — R such that [, [Au(z)P@dz <
oo, for some A > 0. The variable-exponent Lebesgue space LP()(Q) equipped
with the Luxemburg-type norm

p(x) }
de <15,

|w|| Loy := inf {)\ >0: /
Q

is a Banach space.
The Banach space W*?()(Q) (k € N), known as the variable-exponent Sobolev
space, is defined as follows

u(z)
)

WHEPO(Q) = {u € LPV(Q) : D*u exists and |Du| € LPY(Q) with |af < k},

with respect to the norm

lullwrooe = D D%l

0<a|<k
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Furthermore, we set W2*(Q) to be the closure of C£°(€2) in W*2() (). Similarly
to the classical Sobolev spaces, we define W~57"()(Q) as the dual of W(f’p(')(Q),
where ]% + I%(_) =1.
Lemma 1. (Poincaré’s inequality [7]). Let Q C R™ be a bounded domain and
p(+) satisfies (3). Then

lulloey < CIVully, - for all ue Wy (@),

where the positive constant depends on €, p1, and ps. As a direct result, the space
Wy P (Q) has an equivalent norm given by ||uHW01,p(A)(Q) = [[Vu|p-
Lemma 2. ([7]). If p: Q — [1,00) is a measurable function and

2<p <px)<p <2 n>d4,

n—47

2<pr <p(x) <py < +oo, n<4
Then the embedding H2(Q)) — LP0)(Q) is continuous and compact.

Lemma 3. (Young’s inequality [7]). Let p,q,s > 1 be measurable functions
defined on € such that

= + , for a.e. y € Q.
aly

Then for all a,b >0,

Lemma 4. (Hélder’s Inequality [7]). Let p,q,s > 1 be measurable functions
defined on ) such that
1 1 1
= + , for a.e. y €.
s(y)  ply)  aly)

If f € LPY(Q) and g € L1I(Q) | then fg € L*D(Q) and
1£9lls < 2[[f1lpllglly-

The following theorem states the well-posedness result, which can be estab-
lished by combining the approaches presented in [18] and [17]:

Proposition 1. Let m(-) and p(-) satisfy (2) and (3). Additionally, assume that

2<p1§p(:v)§p2<2;‘—j, forn >5,

2 <p <p(x) <py <400, forn <4

(5)

Then, for any given (ug,u;) € HZ(2) x L*(Q2), the problem (1) admits a unique
local weak solution such that:

u € L>((0,T), H3(Q)), u; € L>((0,T),L*(Q)) N L™ (Q x (0,T)). (6)
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Furthermore, the modified energy functional E(t) associated with the problem (1),
defined as

1 l 1
Et) =5 lue(®) 15 + 3 1Au(t)]l; + 5(goAu)

bluf?® blul?® In |u (7)
TR Il P i L L
o p’(z) 2 p(x)
satisfies
1 1
E'(t) = 3 (¢' o Au) — §g(t)HAuH§ — @/ lu " @dz <0, aetel0,T). (8)
19
where (gou)(t) = [7 g(t — s)|u(t) — u(s)|3ds.

3. BLOWUP FOR NEGATIVE INITIAL ENERGY

In this section, we demonstrate that the solution (6) blows up in finite time if

2<my <m(z) <my < p <px) <pp <2222, forn >5, ()
2<my <m(z) <my <p <px) <py<+oo, forn <4

holds and F(0) < 0. To this end, we set H(t) = —FE(t). Since E(t) is absolutely
continuous, we have the following corollary:

Corollary 1. Let u be the solution of (1).Then for every t in [0,T), H'(t) > 0
and

0 < H(0) < H(t) < / ]%W(” In u| da. (10)

Now, we provide some useful lemmas, where C' denotes a generic positive con-
stant.

Lemma 5. ([15]). Assume that (9) holds and let u be the solution of (1). Then,

/Q lu|™®) dz < C (||u| ot lul Z?) )
Lemma 6. For any u € H2()), there exists a positive constant C > 0 such that
ullbr < C {/ [uP@ In |u| dz + || Aul?] .
Q

Proof. We set

Qu={zeQ||u|>e},Q={zeQ]e>u|>1}and Q) ={z € Q| |u|< 1}
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[Eoas :/ |ulPt dx—l—/ |ulP* dz + |ulPt da
Qoo Qe 0
—‘ dz + [ |u]* dz

P
g/ [P n |u| doc+/ e |4
Qoo Qe € ™

g/lu\p(x)ln\u| d:c+/ P In [y dx+ep12/ P de+ [ uf? dz
Q Ql Qe Ql

1 —2
< / |uP@) 1n |u) dx—l—m/ |ul|? d$+ep1_2/ lu|* do
Q elpr—2) Ja, Qe

<C {/ ]u\p(”) In |u| dz + HAqu} )
Q

Theorem 2. Suppose the assumptions of Proposition 1 are fulfilled. Additionally,
assume that condition (9) holds and the initial energy satisfies E(0) < 0. Then,
the solution to problem (1) blows up in finite time.

0J

Proof. For a sufficiently small parameter ¢ > 0, to be specified later, we introduce
the following auxiliary function:

L(t) := H™*(t) ~|—5/ uu(z,t) de, (11)
Q
where the parameter « satisfies

_9 _

0<a§min{p1 A mQ)}. (12)
2p1 pi(ma —1)

Differentiating the auxiliary function (11) and applying equation (1), we obtain

the following identity:

L'(t)=(1—a)H *(t)H'(t) —|—g/ [u? — |Auf?] do —|—5b/ [uP@ 1n [u|da
Q Q
t
+ 5/ g(t —s) / Au(t) - Au(s)dxds — ag/ uut‘ut|m(x)72d$,
0 Q

Q
Next, we estimate the fourth term on the right-hand side of (13):

/Otg(t =) /Q Au(t) - Au(s)dxds
_ (/otg(s)dS) /Q | Aul*dx + /Otg(t — s)/ﬂAu(t) - (Aus) — Au(t))dzds.

For any 7 > 0, the second term above can be estimated using Young’s inequality:

(13)

/Otff(t—s) | dut) - (Bu(s) ~ Aufe)dads

< 1(g0 Au)(t) + </ ds)/|Au )d.

(14)
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By subtracting and adding (1 — n)p1 H(t) to the right-hand side of (13), and
applying the preceding estimate, we obtain:

(1=n)p1 +2 2
Qomn 2y

L'(t) > (1— a)H () H'(t) + (1 — n)prH(t) + £
b
+ebn/|u!”(”lnlul dHEp1 /l [P
Q

vel(U2n 1) - (%—H%) <1—z>} w2

1—
+e€ (w — 7') (goAu) — ae/ g [ug ™2 d,

2 0
For 7 < 1, it follows that
L'(t) = (1 - a)H' () H'(t)

ves [+ [Pl do s+ go dutaul]
Q

— ag/ g |u ™2 du,
Q

where § > 0.
Using Young’s inequality, we estimate the last term in (15) as follows:

1 1 .
/ g™ ful dz < —/em u|™ dz + 2 /e—m—1 g™ dr, Y8 > 0. (16)
Q mi Jq ma Q

By choosing 6 so that

we obtain
ft @) g™ getm@) = (¢ — 1) kH“(t)H'(t
[l s < [ £ (6, , (ma =) KH (@ (1)
Q Q ma ang
(17)
Combining (15) with (17), we deduce that
m2—1 _ y
1—- kK| H“(t)H'(t
0 [1-a) - ("2 )i e
k.l mi
A ety / ™ da (18)
my Q

e [+l + [ 1 nlal do+ g Aut aulg].
Q
Employing both Lemma 5 and (10), we arrive at:

) [l de < RO [Huuzf + lull?]

2 ma( 2— (19)
S CHE) T+l
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thanks to Young’s inequality.
Now, we utilize the following well-known algebraic inequality

1
z“§z+1§(1+8>(z+d),Vz20,O</<a§1,d20, (20)

for z = H(t), d = H(0) and k;(=1,2) = proe(me — 1)(p1 — m;) ™", we get
(H(t)™ + (H(t))™ < C[H(0) + H(t)] < 2CH(t). (21)
It follows from (19), (21), and Lemma 6 that:
Ha<m2—1>(t)/ )™ dz < C (/ u[P@ In |u| dz + || Aul|? +H(t)> S (22)
Q Q

Combining (18) and (22) yields

oz |a--e ("1 a0 o

m2—1

mo

kl_ml
e (ﬁ - “0) {H ()4 Il + [ P lal do+g0 A+ ||Au||§] .
Q

my
(23)
Here, we select k sufficiently large such that
. kl—m1
v=p-2" s
my

After k£ has been fixed we determine € small enough to ensure

1-a)—¢ (m2 - 1) k>0 and L(0) = H'(0) + 5/ wo(x)ur (z) dz > 0,

mo Q
Thus, (23) takes the form
L0 292 [0+ ulp + [ JPOmd ot go st Jaufg] . e
0

Consequently, we have
L(t) > L(0) >0, forallt>0.
On the other hand, we obtain from (11):

11—«

L (t) = [Hla (t) +¢ /Q wuy(z, 1) dx}

< QY1me [H (t) + (6/Quut($,t) dx) 11&] :
/Q win(z, 1) da

/ uu(z,t) do
Q

We observe that

< lullzflulls < Cllullp udll2,

which implies
1

a % %
< Cllullp fJuelly™
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Again, Young’s inequality yields

/ uug(z,t) do
Q

Recalling (12) then applying (20), we find

/ uwug(z,t) do
0

Substituting (26) into (25) yields
_1
Lo (t) < O [H{t) + [l + [Jull?]

a 2 1 -2« 1
< C 1—2«a 2 f = 1
< [HuHm + HUtH2:| » 10T 2(1 —«) i 2(1 —a)

-«

< C[H®E) + w3+ [[ul2 ] - (26)

(27)
<< [+l + [ [l ot g0 -+ 2wl
Q
by virtue of Lemma 6.
From (24) and (27), we conclude that
L'(t) > ALTa(t), forallt > 0. (28)

where A is a positive constant depending on €2, ug 1, m 2 and p; o only. Performing
a direct integration of (28) on (0, %) results in

1
L™ 7a (0) — 12 At

Loa(t) >

Therefore, L(t) blows up in finite time
-«
< — .
Aar[L(0)} ==
Hence, the proof is finished. O

*

4. BLOWUP FOR POSITIVE INITIAL ENERGY

In this section, we establish the blow-up phenomenon for certain solutions
possessing positive initial energy. To state and prove our main result, let B =
Bl'? denote the optimal constant of the Sobolev embedding H2(2) < LP2*+7(Q)
with

2 .
OD<o<o o e dna— P2 Hn2b
o +00 ifn<4’

and set

2
ep1o poto—2 —2(pg+0) 1 1
5 = R B po+o—2 E — o 6
1 (b(p2+0')) ( 1) y 1 (2 p1> 1,

F(t) = E, — E(t), (29)
G(t) = F'7*(t) + 5/ uu(z,t) de +eprEnt, t € 10,7, (30)

where ¢ > 0 and 0 < o < 1 are parameters to be determined later.
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Lemma 7. ([16]). Let u be the solution of (1). If
E(0) < By and || Aug||? > 4y,
then there exists 69 > 01 such that
[Au(t)[l5 > 0, > 0. (31)
Lemma 8. Let the assumptions in Lemma 7 be satisfied, then we have

0< F(0) < F(t) < ﬁ/ Ju[P@ 1n |u| dz.
b1 Ja

Proof. Using (7), (8) and (29), we obtain
0< F(0) < F(t)

b
< E; +/ ——|ufP@ In |u| dz
o p(z)

1 9 l 9 1 b .
_ {5/9% dx+§/ﬂ|Au| dx+§goAu+/S]p2(x)|u|P()dx}

and, from (31), we get

E — [% Joui dz+ 3 [, |Aul* dz + %QOAuijQI%\uV’(”) dx} < By — 5| Aull3
<E-%<BE-%=-21<0 Vt>0

Hence

b
0<F(0)<F(t) < —/ luP@ 1n u| dz, Vvt > 0.
P1 Ja
O
Theorem 3. Let the conditions of Lemma 7 be satisfied. Then, the solution of

problem (1) given by Proposition 1 blows up in finite time.
Proof. By differentiating the auxiliary function (30) and applying equation (1),
we arrive at:

G't)=(1—a)F“(t)F'(t) + 5/ [uj — [Aul?] dz + €b/ [P 1n u|dz
Q Q

t
+ 6/ g(t—s) / Au(t) - Au(s)dzds — as/ wy|uy |72z + epy By
0 Q Q
(32)
Using the definition in (29), we add and subtract (1 —n)p; F'(t) on the right-hand
side of (32). Then, applying the estimate (14), we obtain:

(1—n)p1 +2
— |

G't)>(1—a)F *(t)F'(t)+ec(1 —n)pF(t)+¢ |ut|]§

bp1(1 —
+ebn/ luP@ 1n |u| dz + M/ juP® dz + enp, B,
Q 25 Q

T I P [

1 —
+e (% - 7‘) (g o Au) — ae/ g ug| ™ 2d,
Q
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To estimate the last term in equation (33), we follow the arguments from (15) to
(24) in the proof of Theorem 2, and we arrive at the following estimate:

G'(t) 2 e [F (8) + fluells +/ w1 |u| dz + g o Au+ IIAUI@} - (34)
Q

Therefore, we have:
G(t) > G(0) >0, forallt>D0.
Meanwhile, we have:

G (t) = [Fla (t)+e /Q

uug(z,t) doe + 6p1E1t]
1 (35)

1
+ (ep1 Ent) =2

<C|F(t)+ <g /Q w(z, 1) da:)

The estimation of the last term is all that remains. By choosing € > 0 such that

€< %, and recalling Lemma 7, we obtain:

1 1 —o\ s 1
lep1Ert| =5 < |ep EaT| ™ < (p1Ep (62)'7%) ™% < (mE1) ™= [|Aul3.
Thus, we conclude that

G (t) < eC [F(t) + [luell3 + l[ullp; + [[Aull3]

) ) (36)
<eC | F(t) + fludlz + / [ul? In |u| dz + g o Au+ [ Aul;
Q
Then, there exists a positive constant y > 0 such that
G'(t) > pG==(t), for all t > 0. (37)
This implies that G(t) blows up in finite time. O
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