
Gulf Journal of Mathematics ISSN: 2309-4966

Vol 20, Issue 2 (2025) 90-105 https://doi.org/10.56947/gjom.v20i2.3113

INVESTIGATION OF SOME EXACT SOLUTIONS AND
CONSERVATION LAWS FOR THE TIME FRACTIONAL

ZELDOVICH EQUATION
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Abstract. In this paper, the Lie symmetry method is applied to examine
the time fractional Zeldovich equation. Based on the obtained infinitesimal
generators and for various constants, we show that the studied equation can
be transformed into a nonlinear ordinary differential equation in terms of the
Erdélyi–Kober fractional operator. Then, we are able to find some of its exact
solutions. Using Ibragimov’s method, we construct some of its conservation
laws.
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1. Introduction

Fractional calculus [9, 8] is a mathematical framework that generalizes the
concepts of differentiation and integration to non-integer orders. It allows for the
calculation of derivatives and integrals that can take on fractional values, which
is useful for modeling processes with memory effects or anomalies that cannot be
captured by classical calculus. This approach finds applications across various
disciplines, including physics and engineering, where it helps describe complex
systems more accurately [7, 4].

Lie symmetry analysis is an effective technique for examining the invariance
properties of partial differential equations [10]. It has attracted the interest of
many researchers, particularly for its ability to simplify these equations by solving
them or reducing their order and nonlinearity. Recently, various researchers [3, 2,
11, 1] introduced an extension formula for an infinitesimal generator associated
with a fractional differential equation.

A conservation law asserts that a specific measurable characteristic of an iso-
lated physical system remains constant. They are essential for investigating differ-
ential equations’ uniqueness, integrability, and fundamental properties. Recently,
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Ibragimov [5] introduced a method for deriving new conservation laws, even for
equations that cannot be derived from a Lagrangian.

This research is devoted to the Lie symmetry method and the construction of
exact solutions for the time fractional Zeldovich equation:

vαt + pvxx + qv2 + rv3 = 0. (1.1)

where v is the temperature of the medium, vαt (0 < α ≤ 1) is the temporal
fractional evolution, pvxx; standard diffusion term and qv2+ rv3 is the non-linear
reaction term, and p, q, and r are arbitrary constants.

This paper is arranged as follows: First, we focuses on the construction of
the Lie symmetry algebra for the studied equation. In section (3), we use the
invariants of the obtained generators and the Erdélyi–Kober fractional opera-
tor to reduce the studied equation to a nonlinear fractional ordinary differential
equation. Finally, we derive several conserved quantities based on Ibragimov’s
conservation theorem.

2. Lie symmetry analysis

To begin with, recall that the classical Zeldovich equation emerges in the study
of combustion theory, where it’s often used to describe the propagation of flame
fronts [13, 14]. In this work, we focus on its time-fractional version given by

vαt = F (v, vxx), (2.1)

where

F (v, vxx) = −pvxx − qv2 − rv3,

and vαt is the Riemann-Liouville fractional partial derivative defined by:

vαt =

{
∂mv
∂tm

, α = m,
1

Γ(m−α)
∂m

∂tm

∫ t

0
(t− s)m−α−1v(s, x)dr, m− 1 < α < m,

m ∈ N.

We consider a one-parameter group of point transformations

t̃ = t+ ϵτ + o
(
ϵ2
)
,

x̃ = x+ ϵχ+ o
(
ϵ2
)
,

ṽ = v + ϵη + o
(
ϵ2
)
,

(2.2)

where ϵ is the group parameter, and τ, χ, and η are infinitesimal functions.
Its associated infinitesimal generator is given by

V = τ
∂

∂t
+ χ

∂

∂x
+ η

∂

∂v
. (2.3)

Definition 2.1. The α−prolongation of V is given by

V (α) = V + ηx
∂

∂vx
+ ηxx

∂

∂vxx
+ ηα,t

∂

∂ (∂α
t v)

, (2.4)
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where the extended infinitesimals ηx, ηxx and ηα,t are given by

ηx =Dx(η)− vx (Dxχ)− vt (Dxτ)

ηxx =Dx (η
x)− vxx (Dxχ)− vxt (Dxτ)

ηα,t =Dα
t (η) + χDα

t (vx)−Dα
t (χvx) +Dα

t (Dt(τ)v)−Dα+1
t (τv) + τDα+1

t (v),
(2.5)

where Dx is the total derivative with respect to x and Dα
t is the total time

fractional derivative.

Theorem 2.2. The vector field V generates a symmetry of the equation (2.1) if
and only if the invariance criterion

V (α)(E)
∣∣
E=0

= 0 and τ(t, x, v)|t=0 = 0, (2.6)

is satisfied, where E = ∂αv
∂tα

− F .

The application of the invariance criterion leads to:

ηα,t + pηxx + 2qvη + 3rv2η = 0. (2.7)

Following some algebraic calculations, the condition for invariance results in a
system of determining equations:

τx = τv = χv = χt = 0,

p(2ηxv − χxx) = 0,

p (ηv − 2χx)− p (ηv − αDt(τ)) = 0,

p (ηvv − 2χxv) = 0,
∂αη
∂tα

− v ∂αηv
∂tα

+ (−qv − rv3) (ηv − αDt(τ)) + 2qvη + 3rv2η + pηxx = 0,(
α

m

)
∂mηv
∂tm

−

(
α

m+ 1

)
Dm+1

t (τ) = 0, m = 0, 1, 2...

(2.8)

where

(
α
m

)
is the generalized binomial coefficient:(

α
m

)
=

(−1)m−1αΓ(m− α)

Γ(1− α)Γ(m+ 1)
.

The solution of the above system is found to be of the following form:

τ = c1t, χ =
αc1
2

x+ c2, η = −2q + 3rv

2q + 6rv
αvc1, (2.9)

where c1 and c2 are constants.
Then, the Lie symmetry algebra of the studied equation is spanned by the fol-
lowing vector fields:

V1 = t
∂

∂t
+

αx

2

∂

∂x
− 2q + 3rv

2q + 6rv
αv

∂

∂v
,

V2 =
∂

∂x
.

(2.10)
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With the commutator:

[V1, V2] = −α

2
V2. (2.11)

3. Lie symmetry reductions and exact solutions

In what follows, we develop similarity variables and similarity solutions to re-
duce equation (1.1).

Case 1. For q = 0

Reduction with V1 = t ∂
∂t
+ αx

2
∂
∂x

− α
2
v ∂
∂v

The similarity variables can be obtained by solving the following characteristic
equation

dt

t
=

dx
αx
2

=
dv

−αv
2

. (3.1)

The invariants are:

v = t
−α
2 ϕ(ξ), and ξ = xt

−α
2 . (3.2)

Theorem 3.1. The similarity transformation v = t
−α
2 ϕ(ξ), where ξ = xt

−α
2

converts the equation (1.1) to a fractional ordinary differential equation given by:(
P1− 3α

2
,α

2
α

ϕ
)
(ξ) + pϕξξ + rϕ3 = 0, (3.3)

where Pβ,α
σ ϕ is the Erdélyi–Kober fractional operator defined by:

(
Pβ,α

σ ϕ
)
(ξ) =

m−1∏
j=0

(
β + j − 1

σ
ξ
d

dξ

)(
Kβ+α,m−α

σ ϕ
)
(ξ)

and m =

{
α, α ∈ N,
[α] + 1, α /∈ N,

(3.4)

with {(
Kβ,α

σ ϕ
)
(ξ) = 1

Γ(α)

∫∞
1
(µ− 1)α−1µ−(β+α)ϕ

(
ξµ

1
σ

)
dµ, α > 0,(

Kβ,α
σ ϕ

)
(ξ) = ϕ(ξ). α = 0,

(3.5)

is the Erdélyi-Kober integral operator[6].

Proof. Using the invariants: v = t
−α
2 ϕ(ξ) with ξ = xt

−α
2 ,

we have:

∂αv

∂tα
=

∂m

∂tm

(
1

Γ(m− α)

∫ t

0

(t− s)m−α−1s
−α
2 ϕ
(
xs

−α
2

)
ds

)
. (3.6)
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Let µ = t
s
, then ds = − t

µ2dµ.

Thus:

∂αv

∂tα
=

∂m

∂tm

(
1

Γ(m− α)

∫ 1

∞
(t− t

µ
)m−α−1

(
t

µ

)−α
2

ϕ

(
x

(
t

µ

)−α
2

)
−t

µ2
dµ

)

=
∂m

∂tm

(
tm− 3α

2

Γ(m− α)

∫ ∞

1

(µ− 1)m−α−1µ−(m−α+1−α
2 )ϕ

(
ξµ

α
2

)
dµ

)
.

(3.7)

Using the Erdélyi–Kober fractional integral operator formulation and the last
equation, we obtain:

∂αv

∂tα
=

∂m

∂tm

(
tm− 3α

2

(
K1−α

2
,m−α

2
α

ϕ
)
(ξ)
)
. (3.8)

Furthermore, we have:

∂m

∂tm

(
tm− 3α

2

(
K1−α

2
,m−α

2
α

ϕ
)
(ξ)
)

=
∂m−1

∂tm−1

[(
m− 3α

2

)
tm− 3α

2
−1
(
K1−α

2
,m−α

2
α

ϕ
)
(ξ) + tm− 3α

2
∂

∂t

(
K1−α

2
,n−α

2
α

ϕ
)
(ξ)

]
.

(3.9)
By using the chain rule, we obtain:

tm− 3α
2
∂

∂t

(
K1−α

2
,m−α

2
α

ϕ
)
(ξ) =tm− 3α

2 ξ
∂

∂ξ

((
K1−α

2
,m−α

2
α

ϕ
)
(ξ)
) ∂

(
xt

−α
2

)
∂t

=− α

2
tm− 3α

2
−1ξ

∂

∂ξ

((
K1−α

2
,m−α

2
α

ϕ
)
(ξ)
)
,

(3.10)

and thus:

∂m

∂tm

(
tm− 3α

2

(
K1−α

2
,m−α

2
α

ϕ
)
(ξ)
)

=
∂m−1

∂tm−1

[
tm− 3α

2
−1

(
m− 3α

2
− α

2
ξ
∂

∂ξ

)(
K1−α

2
,m−α

2
α

ϕ
)
(ξ)

]
. (3.11)

After (m− 1) iterations, we get:

∂m

∂tm

(
tm− 3α

2

(
K1−α

2
,m−α

2
α

ϕ
)
(ξ)
)

=
∂m−1

∂tm−1

[
tm− 3α

2
−1

(
m− 3α

2
− α

2
ξ
∂

∂ξ

)(
K1−α

2
,m−α

2
α

ϕ
)
(ξ)

]

...

= t−
3α
2

m−1∏
j=0

(
1− 3α

2
+ j − α

2
ξ
d

dξ

)(
K1−α

2
,m−α

2
α

ϕ
)
(ξ).

(3.12)
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Applying the Erdélyi-Kober fractional differential operator, we obtain:

∂m

∂tm

(
tm− 3α

2

(
K1−α

2
,m−α

2
α

ϕ
)
(ξ)
)
= t−

3α
2

(
P1− 3α

2
,α

2
α

ϕ
)
(ξ). (3.13)

By the computation of ux and uxx, we see that the equation (1.1) simplifies to(
P1− 3α

2
,α

2
α

ϕ
)
(ξ) + pϕξξ + rϕ3 = 0.

□

In order to determine the equation’s solution, we now examine the explicit
solution using the power series method.

ϕ(ξ) =
∞∑

m=0

amξ
m. (3.14)

So, we have:

ϕξ =
∞∑

m=0

(m+ 1)am+1ξ
m, ϕξξ =

∞∑
m=0

(m+ 1)(m+ 2)am+2ξ
m (3.15)

and (
P1− 3α

2
,α

2
α

ϕ
)
(ξ) =

∞∑
m=0

am
Γ
(
2− α

2
+ mα

2

)
Γ
(
2− 3α

2
+ nα

2

)ξm. (3.16)

Thus:
∞∑

m=0

am
Γ
(
2− α

2
+ mα

2

)
Γ
(
2− 3α

2
+ mα

2

)ξm + p
∞∑

m=0

(m+ 1)(m+ 2)am+2ξ
m +r

(
∞∑

m=0

amξ
m

)3

= 0.

(3.17)
This yields:

∞∑
m=0

am
Γ
(
2− α

2
+ mα

2

)
Γ
(
2− 3α

2
+ mα

2

)ξm + p
∞∑

m=0

(m+ 1)(m+ 2)am+2ξ
m

+ r
∞∑

m=0

m∑
k=0

k∑
i=0

am−k−iak−iaiξ
m = 0.

(3.18)

Identifying the coefficients, for m = 0, we obtain

a2 =

−a0Γ(2−α
2 )

Γ(2− 3α
2 )

− ra30

2p
, (3.19)

and for m ≥ 0,

am+2 =
−1

p(m+ 1)(m+ 2)

(
Γ
(
2− α

2
+ mα

2

)
Γ
(
2− 3α

2
+ mα

2

)am + r
m∑
k=0

k∑
i=0

am−k−iak−iai

)
.

(3.20)
Now, examine the series solution’s convergence. From (3.20), we have

|am+2| ≤ M

[
|am|+

m∑
k=0

k∑
i=0

|am−k−i||ak−i||ai|

]
, (3.21)
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with,

M = max

{∣∣∣∣∣ Γ
(
2− α

2
+ mα

2

)
pΓ
(
2− 3α

2
+ mα

2

)∣∣∣∣∣ ; |r|
}
. (3.22)

Consider now another power series defined as

Q(ξ) =
∞∑

m=0

bmξ
m, (3.23)

where

bi = |ai| , i = 0, 1 (3.24)

and

bm+2 = M

[
bm +

m∑
k=0

k∑
i=0

bm−k−ibk−ibi

]
, b = 0, 1, 2, . . . (3.25)

So, Q(ξ) is the majorant power series of (3.14), in fact:

Q(ξ) = b0 + b1ξ +
∞∑

m=0

bm+2ξ
m+2

= b0 + b1ξ +M
∞∑

m=0

[
bmξ

m+2 +
m∑
k=0

k∑
i=0

bm−k−ibk−ibiξ
m+2

]
= b0 + b1ξ +M

[
Qξ2 +Q3ξ2

]
.

The implicit functional equation with respect to ξ is given by

G(ξ,Q) = Q− b0 − b1ξ −M
[
Qξ2 +Q3ξ2

]
. (3.26)

Following to the implicit function theorem [12], we have convergence since G is
analytic in the neighborhood of (0, b0) with G (0, b0) = 0 and ∂G

∂Q
(0, b0) = 1 ̸= 0.

Hence:

ϕ(ξ) =
∞∑

m=0

amξ
m = a0 + a1ξ +

−a0Γ(2−α
2 )

Γ(2− 3α
2 )

− ra30

2p
ξ2

+
∞∑

m=1

−1

p(m+ 1)(m+ 2)

(
Γ
(
2− α

2
+ mα

2

)
Γ
(
2− 3α

2
+ mα

2

)am + r

m∑
k=0

k∑
i=0

am−k−iak−iai

)
ξm+2.

(3.27)
Then, the power series solutions are:

v(t, x) = a0t
−α
2 + a1xt

−α +

−a0Γ(2−α
2 )

Γ(2− 3α
2 )

− ra30

2p
x2t

−3α
2

+
∞∑

m=1

−1

p(m+ 1)(m+ 2)

(
Γ
(
2− α

2
+ mα

2

)
Γ
(
2− 3α

2
+ mα

2

)am + r
m∑
k=0

k∑
i=0

am−k−iak−iai

)
xm+2t−

mα
2

− 3α
2 ,

(3.28)
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where a0 and a1 are arbitrary constants.
Now, we look to 3D plots of the above solution for some particular cases of the
parameters m, a0, a1 and different values of α.

(a) α = 0, 2 (b) α = 0, 4

(c) α = 0, 6 (d) α = 0, 8

Figure 1. Representation of the solution (3.28) for a0 = a1 = p =
r = 1, q = 0 and different values of α.

Reduction with V2

The characteristic equation is:

dt

0
=

dx

1
=

dv

0
. (3.29)

So, the invariant v is a function depends only on time and the equation (1.1)
became:

vαt + rv3 = 0. (3.30)

Then, the solution for r = −1 is given by:

v(t) =

(√
Γ
(
1− α

2

)
Γ
(
1− 3α

2

)) t
−α
2 . (3.31)

Below, we plot the solution for different values of α.
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t

v
(t
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α=0.1

α=0.2

α=0.3

α=0.4

α=0.5

Figure 2. Solution of (3.31) for q = 0 and different values of α.

Figure (2) illustrates the effect of the fractional order α on the behavior of the
solution. We see that if α is large, the solution decreases rapidly, which physically
means an increase in temperature.
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Case 2. For r = 0

Reduction with V1 = t ∂
∂t
+ αx

2
∂
∂x

− αv ∂
∂v

The invariants are given by:

v = t−αϕ(ξ) and ξ = xt
−α
2 . (3.32)

Theorem 3.2. With the similarity transformation v = t−αϕ(ξ), where ξ = xt
−α
2 ,

the equation (1.1) is transformed to the following fractional ordinary differential
equation: (

P1−2α,α
2
α

ϕ
)
(ξ) + pϕξξ + qϕ2 = 0. (3.33)

Using the power series method as before, we obtain the following solutions:

v(t, x) = a0t
−α + a1xt

− 3α
2 +

−a0Γ(2−α)
Γ(2−2α)

− qa20

2p
x2t−2α

+
∞∑

m=1

−1

p(m+ 1)(m+ 2)

(
Γ
(
2− α + mα

2

)
Γ
(
2− 2α + mα

2

)am + q
m∑
k=0

am−kak

)
xm+2t−

mα
2

−2α,

(3.34)
where a0 and a1 are arbitrary constants.

Now, we examine the 3D plots of the above solution for some particular cases
of the parameters m, a0, a1 and different parameters α.
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(a) α = 0, 1 (b) α = 0, 3

(c) α = 0, 5 (d) α = 0, 7

Figure 3. Representation of the solution (3.34) for a0 = a1 = p =
q = 1, r = 0 and different values of α.

Reduction with V2

In this case, the invariant v is a function depends only on time and the equation
(1.1) became:

vαt + qv2 = 0. (3.35)

With the solution:

v(t, x) =
−Γ (1− α)

qΓ (1− 2α)
t−α. (3.36)

In what follows, we plot the solution for q = −1 and different values of α.
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Figure 4. Solution of (3.36) with q = −1, r = 0 and different
values of α.

Figure (4) shows the effect of α on the solution. We see that as α increases, the
solution decreases, which physically translates into a decrease in temperature.

4. Conservation Laws

Since the equation studied cannot be derived from a Lagrangian, we use the
Ibragimov’s approach (Ibragimov [5]). The formal Lagrangian is given by:

L = u(t, x)
(
vαt + pvxx + qv2 + rv3

)
, (4.1)

where u is a new dependent variable.
The adjoint equation of equation (1.1) is defined by:

δL
δv

= 0, (4.2)

where δ
δv

is the Euler-Lagrange operator which is presented by the expression:

δ

δv
=

∂

∂v
+ (Dα

t )
∗ ∂

∂ (Dα
t v)

−Dx
∂

∂vx
+D2

x

∂

∂vxx

+
∞∑
k=3

(−1)kDi1 . . . Dik

∂

∂vt1...ik
,

(4.3)

where (Dα
t )

∗ is the adjoint operator of Dα
t given by:

(Dα
t )

∗ = (−1)mPm−α
T (Dm

t ) , (4.4)
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where

Pm−α
T f(t, x) =

1

Γ(m− α)

∫ T

t

f(τ, x)

(τ − t)1+α−π
dτ, m = [α] + 1. (4.5)

As

∂L
∂v

= 2quv + 3rv2u, (Dα
t )

∗ ∂L
∂ (Dα

t v)
= (Dα

t )
∗ u,

∂L
∂vx

= 0,
∂L
∂vxx

= −vu.

Combining the equations (4.1) and (4.2), we obtain:

(Dα
t )

∗ (u) + 2qvu+ 3rv2u+D2
x (pu) = 0. (4.6)

Finally, we get:

(Dα
t )

∗ (u) + puxx + 2qvu+ 3rv2u = 0. (4.7)

The adjoint equation behaves similarly to the integer-order case because Ibrag-
imov’s technique for determining conservation rules for fractional partial differ-
ential equations is comparable to that for ordinary partial differential equations.
Consequently, we have:

V (α)(L) +Dt(τ)L+Dx(ξ)L = Wi
δL
δv

+Dt

(
Ct
)
+Dx (C

x) , (4.8)

where Wi are the characteristic functions given by:

Wi = ηi − τivt − ξivx. (4.9)

The components Ct and Cx of the conserved vectors C are given in [5] by:

Ct =
m−1∑
k=0

(−1)kDα−1−k
t (Wi)D

k
t

∂L
∂ (Dα

t v)
− (−1)mJ

(
Wi, D

m
t

∂L
∂ (Dα

t v)

)
,

Cx = Wi
δL
δvx

+Dx (Wi)
δL
δvxx

,

(4.10)

where:

J (f, g) =
1

Γ(m− α)

∫ t

0

∫ T

t

f(τ, x)g(θ, x)

(θ − τ)1+α−m
dθdτ . (4.11)

Then:

Ct = Dα−1
t (Wi)

∂L
∂ (Dα

t v)
+ J

(
Wi, Dt

(
∂L

∂ (Dα
t v)

))
(4.12)

and

Cx = Wi

(
∂L
∂vx

−Dx

(
∂L
∂vxx

))
+Dx (Wi)

∂L
∂vxx

. (4.13)

From (2.10), we obtain the following conserved vectors for (1.1):
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Case 1. For V1 = t ∂
∂t
+ αx

2
∂
∂x

− 2q+3rv
2q+6rv

αv ∂
∂v
,

the corresponding Lie characteristic function

W1 = η1 − τ1vt − ξ1vx

= −2q + 3rv

2q + 6rv
αv − tvt −

αx

2
vx.

(4.14)

Hence, the conserved quantities:

Ct
1 = uDα−1

t

(
−2q + 3rv

2q + 6rv
αv − tvt −

αx

2
vx

)
+J

(
−2q + 3rv

2q + 6rv
αv − tvt −

αx

2
vx, ut

)
(4.15)

and

Cx
1 =

(
−2q + 3rv

2q + 6rv
αv − tvt −

αx

2
vx

)
(−Dx (pu)) +Dx

(
−2q + 3rv

2q + 6rv
αv − tvt −

αx

2
vx

)
(pu)

=

(
−2q + 3rv

2q + 6rv
αv − tvt −

αx

2
vx

)
(−pux)

−
(
18αr2v2vx + 12αqrvvx + 4αq2vx

(2q + 6rv)2

)
(pu) .

(4.16)
Remark
For q = 0, the conserved quantities are:

Ct
1 = uDα−1

t

(
−αv

2
− tvt −

αx

2
vx

)
+ J

(
−αv

2
− tvt −

αx

2
vx, ut

)
(4.17)

and

Cx
1 =

(αv
2

+ tvt +
αx

2
vx

)
(pux)−

αvx
2

pu. (4.18)

For r = 0, we obtain:

Ct
1 = uDα−1

t

(
−αv − tvt −

αx

2
vx

)
+ J

(
−αv − tvt −

αx

2
vx, ut

)
(4.19)

and

Cx
1 =

(
αv + tvt +

αx

2
vx

)
(pux)− αvxpu. (4.20)

Case 2. For V2 =
∂
∂x
,

The corresponding Lie characteristic function:

W2 = −vx. (4.21)

Then the conserved vectors are:

Ct
2 = uDα−1

t (−vx) + J (−vx, ut) (4.22)

and
Cx

2 = −vx (−pux) +Dx (−vx) (pu)

= pvxux − pvxxvu.
(4.23)
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5. Conclusion

In this work, we construct Lie symmetries for a time fractional Zeldovich equa-
tion applying the invariant criterion. By using the similarity transformations,
the Erdélyi–Kober fractional operator and the power series method, we have con-
structed the class of solutions of the studied equation. The effect of the order of
the fractional derivatives is illustrated through some examples. Since the equa-
tion cannot derive from a Lagrangian, we establish conservation laws through
Ibragimov’s nonlocal conservation theorem.
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