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INVESTIGATION OF SOME EXACT SOLUTIONS AND
CONSERVATION LAWS FOR THE TIME FRACTIONAL
ZELDOVICH EQUATION
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ABSTRACT. In this paper, the Lie symmetry method is applied to examine
the time fractional Zeldovich equation. Based on the obtained infinitesimal
generators and for various constants, we show that the studied equation can
be transformed into a nonlinear ordinary differential equation in terms of the
Erdélyi-Kober fractional operator. Then, we are able to find some of its exact
solutions. Using Ibragimov’s method, we construct some of its conservation
laws.
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1. INTRODUCTION

Fractional calculus [9, 8] is a mathematical framework that generalizes the
concepts of differentiation and integration to non-integer orders. It allows for the
calculation of derivatives and integrals that can take on fractional values, which
is useful for modeling processes with memory effects or anomalies that cannot be
captured by classical calculus. This approach finds applications across various
disciplines, including physics and engineering, where it helps describe complex
systems more accurately [7, 4].

Lie symmetry analysis is an effective technique for examining the invariance
properties of partial differential equations [10]. It has attracted the interest of
many researchers, particularly for its ability to simplify these equations by solving
them or reducing their order and nonlinearity. Recently, various researchers [3, 2,

, 1] introduced an extension formula for an infinitesimal generator associated
with a fractional differential equation.

A conservation law asserts that a specific measurable characteristic of an iso-
lated physical system remains constant. They are essential for investigating differ-
ential equations’ uniqueness, integrability, and fundamental properties. Recently,
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Ibragimov [5] introduced a method for deriving new conservation laws, even for
equations that cannot be derived from a Lagrangian.

This research is devoted to the Lie symmetry method and the construction of
exact solutions for the time fractional Zeldovich equation:

U A+ puge + quP + 10* = 0. (1.1)

where v is the temperature of the medium, v (0 < a < 1) is the temporal
fractional evolution, pv,,; standard diffusion term and qv? + rv? is the non-linear
reaction term, and p, ¢, and r are arbitrary constants.

This paper is arranged as follows: First, we focuses on the construction of
the Lie symmetry algebra for the studied equation. In section (3), we use the
invariants of the obtained generators and the Erdélyi—-Kober fractional opera-
tor to reduce the studied equation to a nonlinear fractional ordinary differential
equation. Finally, we derive several conserved quantities based on Ibragimov’s
conservation theorem.

2. LIE SYMMETRY ANALYSIS

To begin with, recall that the classical Zeldovich equation emerges in the study
of combustion theory, where it’s often used to describe the propagation of flame

fronts [13, 14]. In this work, we focus on its time-fractional version given by
i = F(0,0a0), (2.1)
where
F(Ua v:m:) = —PUzz — qu - TUS’

and vy* is the Riemann-Liouville fractional partial derivative defined by:

oMy
o =1m
e} otm )
b = m € N.
t 1 om ot m—a—1

{F(m—a)at_m o(t—3) v(s,z)dr, m—1<a<m,

We consider a one-parameter group of point transformations
i=xz+ex+o(), (2.2)
where € is the group parameter, and 7, x, and 7 are infinitesimal functions.
Its associated infinitesimal generator is given by
V= T2 + X% + 77%. (2.3)

ot
Definition 2.1. The a—prolongation of V' is given by

o)
Ve =y 4

o (2.4)

+ T a + a,t
T . T B 0rv)
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where the extended infinitesimals 7%, 7°* and n®' are given by

1" =Da(n) = vz (Dax) — v¢ (Do)

1" =Dy (%) = Vaw (DaX) = Vat (Da7)
n““=D30D4XD?O&)—IXWXuﬁﬁD?(DATMO-D?“C%)+TEW+W?Z5)

where D, is the total derivative with respect to z and Dy is the total time
fractional derivative.

Theorem 2.2. The vector field V' generates a symmetry of the equation (2.1) if
and only if the invariance criterion

V(O‘)(E)‘EZO =0 and 7(t,z,v)|t=0 =0, (2.6)
. . 80(,1)
is satisfied, where B = 52 — F.

The application of the invariance criterion leads to:
N>t 4+ pn™* + 2qun + 3rv*n = 0. (2.7)
Following some algebraic calculations, the condition for invariance results in a

system of determining equations:

( =Ty =Xo=xt =0,

p(277m - Xm) =0,
P (M — 2Xz) =P (1w —aDy(7)) =0,
p (77111) - QXZ‘U) = 07 (28)

G — v+ (—qv = 10®) (n, — aDy(7)) + 2qun + 3rv*n + i, = 0,

0] "y, 0] m—+1
L — D 7)=0, m=0,1,2...

where ( ?n > is the generalized binomial coefficient:

( o > (=)™ al(m —a)

m ) T(1—-a)(m+1)"

The solution of the above system is found to be of the following form:

2 3
reat, x=pte, po-if

—_— , 2.9
2 2q + 6rv ava (2.9)

where ¢; and ¢y are constants.
Then, the Lie symmetry algebra of the studied equation is spanned by the fol-
lowing vector fields:

0 ard 2¢+3rv 0

Vi=t— 4+ —— — ————aqv—
! 3t+28x 2q+6rvom(9v’

Vo = —.
27 Ox

(2.10)
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With the commutator:

(e
Vi, Vo] = —5 V. (2.11)

3. LIE SYMMETRY REDUCTIONS AND EXACT SOLUTIONS

In what follows, we develop similarity variables and similarity solutions to re-
duce equation (1.1).

Case 1. For ¢ =0

Reduction with V| = b 0 : + %a% — %v%

The similarity variables can be obtained by solving the following characteristic
equation

dt d d
P (3.1
A )
The invariants are:
v=1t2¢(), and E=ugat7 . (3.2)

Theorem 3.1. The similarity transformation v = t= ¢(&), where & = xt=2
converts the equation (1.1) to a fractional ordinary differential equation given by:

(Py%0) (&) + poec +16* =0, (33)

where P2°¢ is the Erdélyi-Kober fractional operator defined by:

m—1

(PI29) (€) = H (ﬁ+y——£ g)( Krrem=eg) (€)

k)
—~
©w
e~
~—

a, a €N,

d —
TN+, agN,
with

{(/Cfi%) (6) = iy [ = 1ot g (s ) dp, >0,
(KZ29) (&) = 8(£). a=0,

is the Erdélyi-Kober integral operator{0].

Proof. Using the invariants: v = t= ¢(¢) with £ = 2t

we have:
0%v om 1 t ] =@ —a
S5 = o (F(m — ) /0 (t—s) S ¢ <a:3 ) ds) : (3.6)




94

BRAHIM EL ANSARI, EL. HASSAN EL KINANI AND ABDELAZIZ OUHADAN
Let up= é, then ds = —P%d,u.

Thus:
0%  JI™ 1 1 b ot E = N N —_t
(e Lo () () )
o™ tm_‘La 00 (37)
o <F<m —a) / (=1t (et 2)g (gt du)

Using the Erdélyi-Kober fractional integral operator formulation and the last
equation, we obtain:

0% o™

g = g (" F (K270) ©).
Furthermore, we have:

o

(3.8)

By using the chain rule, we obtain:

tm_% 2 <]C1—%,m—o¢

- St () ©).
and thus:
o (e (KT ()
g [ (oo S ) (] O
After (m — 1) iterations, we get:
(% () )
g [ (o ) ()
(3.12)
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95
Applying the Erdélyi-Kober fractional differential operator, we obtain:

o™ m— 3 1-¢ m—a _3a 1—37",04
S (e (K7 00) @) =7 (PP 0) (9. (313)
By the computation of u, and u,,, we see that the equation (1.1) simplifies to
3a

(P2 570) (€) + poee + 16" = 0.

OJ
In order to determine the equation’s solution, we now examine the explicit
solution using the power series method.

o0

$E) =D amé™ (3.14)
So, we have: "
%= i(m +and™, dec = i(m +1)(m A+ 2)an 2™ (3.15)
and " ) m; .
(7?% 37&%) (&) = mzoamf ((2 — 327&1 %a)) &, (3.16)
Thus:

3
00 T(2_« ma 00 00
Z (m ( 32 i 2 ) fm +p Z(m + 1)(771 + 2>am+2£m +r Z amém = 0.
= TR-F ) =0 =0

This yields:

(3.17)
9] F(Q—%—{-%) . (9 N
" + +1)(m + 2)an,
mzoa F@—%w%)f pz;(m )(m + 2)am 26

(3.18)
+7r Z Z Z Am—k—i QL iaié‘m =0.

Identifying the coefficients, for m = 0, we obtain

—apl'(2—%
FEQE?)Qai) - m% (3.19)
as 2p ) .
and for m > 0,

S— PR-5+%) NN
{2 Cp(m A+ 1D)(m +2) (F (2 — 37‘" + 7%&) G+ TZ Z Upp—f—iQf—i Q| -

k=0 =0

(3.20)
Now, examine the series solution’s convergence. From (3.20), we have

m k
|am| + ZDam_k_inak_iHazw] ,

k=0 =0

|am+2| <M

(3.21)
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with,

M = max
p

I(2-g+m2

2

il e 3.22
r&—%+%>’@ o
Consider now another power series defined as
= ™, (3.23)
m=0
where
and
m k
bisz =M b+ Y > bmkibkibi] . b=0,1,2,... (3.25)
k=0 i=0
So, Q(&) is the majorant power series of (3.14), in fact
Q) =bo + D&+ Y byl
m=0
= bo+bls+MZ [ mfm+2+22bm kibrib; &m“]
k=0 =0
:b0+b1§+M[Q§ + Q%]
The implicit functional equation with respect to £ is given by
GEQ)=Q—by—0§—M [sz + Q?’gﬂ . (3.26)
Following to the implicit function theorem [12], we have convergence since G is
analytic in the neighborhood of (0,by) with G (0,by) = 0 and %5 5 (0,b0) =1 #0.
Hence:
—aol'(2-5) 3
= m F(Q_STOS — % 2
:Zam£ =ap+ ;& + 3
m=0 2]9

WE

+

3
Il

~1 (F(Q—%Jr%
p(m+1)(m+2) \T'(2-3

m+2
+wam+7ﬂ§ E A ——i Ak — zaz)é
2

k=0 =0
(3.27)
Then, the power series solutions are:
faOF(Qf%) _ 3
e | o D ML ey
(t,x) = apt? + ayat™* + xt 2

2p

> re-s+ @

S e = 2
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where ay and a; are arbitrary constants.
Now, we look to 3D plots of the above solution for some particular cases of the
parameters m, ag, a; and different values of a.

FIGURE 1. Representation of the solution (3.28) for ag = a; = p =
r =1, ¢ = 0 and different values of a.

Reduction with 1,
The characteristic equation is:
dt dr dv
0 1 0
So, the invariant v is a function depends only on time and the equation (1.1)
became:

(3.29)

v +rv° = 0. (3.30)
Then, the solution for r = —1 is given by:
-9\ -
v(t) = —i) t= . (3.31)
( r-%5)

Below, we plot the solution for different values of «.
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FIGURE 2. Solution of (3.31) for ¢ = 0 and different values of .

Figure (2) illustrates the effect of the fractional order a on the behavior of the

solution. We see that if « is large, the solution decreases rapidly, which physically
means an increase in temperature.
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Case 2. Forr =0

Reduction with V| = t% +od 4yl
The invariants are given by:

v="1t"() and £=xt=. (3.32)

Theorem 3.2. With the similarity transformation v = t=*¢(€), where & = xt =,
the equation (1.1) is transformed to the following fractional ordinary differential
equation:

( %‘2‘”%) () + pdee + q¢° = 0. (3.33)

Using the power series method as before, we obtain the following solutions:
—apl'(2—a)

—aol'(2—a) 2
I'(2—20) 4% 222
2p

S -1 (2 — o+ mo) m e

" (3.34)

3a
v(t,z) = apt™ * + apat” 2 +

where ag and ay are arbitrary constants.

Now, we examine the 3D plots of the above solution for some particular cases
of the parameters m, ag, a; and different parameters a.
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FIGURE 3. Representation of the solution (3.34) for ag = a; = p =
g =1, r =0 and different values of a.

Reduction with V,

In this case, the invariant v is a function depends only on time and the equation
(1.1) became:

v® + qv® = 0. (3.35)
With the solution: (- o)

In what follows, we plot the solution for ¢ = —1 and different values of a.



TIME FRACTIONAL ZELDOVICH EQUATION 101
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FIGURE 4. Solution of (3.36) with ¢ = —1, » = 0 and different
values of a.

Figure (4) shows the effect of a on the solution. We see that as « increases, the
solution decreases, which physically translates into a decrease in temperature.

4. CONSERVATION LAWS

Since the equation studied cannot be derived from a Lagrangian, we use the

Ibragimov’s approach (Ibragimov [5]). The formal Lagrangian is given by:

L =u(t,z) (v + pug, + qu* +10°), (4.1)

where u is a new dependent variable.
The adjoint equation of equation (1.1) is defined by:

oL
— =0 4.2
(51} Y ( )
where % is the Euler-Lagrange operator which is presented by the expression:

o 0 0 0 0

— =+ (D) ———-D, D?

ov  Ov + (D7) 0 (Do) v, + YO0V

o0 . 5 (4.3)
-1)"D;, ... D; ,
* kz_?)< ) ! i avh...ik

where (D#)" is the adjoint operator of D& given by:
(D) = (=1)"Pp~* (D)) , (4.4)
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where
1 T frx)
Tt = ’ d = 1. 4.5
PR S() = o | o m= a1 (49
As
oL s OL o
5 = 2quv + 3rv*u, (DY) 7 (Dv) = (D) u,
oL 0 oL .
v, | OUpw )
Combining the equations (4.1) and (4.2), we obtain:
(D) (u) + 2qvu + 3rv*u + D2 (pu) = 0. (4.6)
Finally, we get:
(D) (1) + Pty + 2quu + 3rv*u = 0. (4.7)

The adjoint equation behaves similarly to the integer-order case because Ibrag-
imov’s technique for determining conservation rules for fractional partial differ-
ential equations is comparable to that for ordinary partial differential equations.
Consequently, we have:

oL
V(L) + Dy(1)L + D (&)L = Wi— i5+ D (C") + D, (C"), (4.8)
where W, are the characteristic functions given by:
Wi =ni — 7vp — &ivg. (4.9)
The components C* and C® of the conserved vectors C' are given in [5] by:
m—1
oL oL
€ = Y (0D (1) Dl s = (g (WD ),
k=0 0 (Ditv) 9 (Div) (4.10)
- oL oL
=W, TP,
where:
)
J(f,9) = — // —7'1+— ————=dfdr. (4.11)
Then:
oL oL
b= Dy (W, Dy | = 4.12
0= 017 ) gy + 7 (W2 () 4
and oL oL oL
T — —D, D ; ) 4.1
cr =W, ( o ( a@ﬂ)) + Dy (W) 5= (4.13)

From (2.10), we obtain the following conserved vectors for (1.1):
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— 9 4 o d  2q+3rv ., 0
Case 1. For V) =t + S o~ 5qtoro Wan»

the corresponding Lie characteristic function
Wi =m —nv — &g
2q + 3rv ax (4.14)

Hence, the conserved quantities:

2q + 3rv ax 2q 4+ 3rv ax
C{ = qu“_l ( 24O o — tu, — 7%) +J ( q—av — vy — — Vg, Uy

_2q—|— GTUaU _2q+6rv 2
(4.15)
and
2q + 3rv azx 2q + 3rv ax
Ci{=————av—tyy— —v, | (=D, D, | ———av —tvy — —,
i ( 2q+6rvcw V= 5 ) ( (pu)) + ( 2q+6rv(w v = 5
2q + 3rv ; ax ( )
= ————av—ty, — —v; | (—pu,
2q + 6rv L9 P
(18ar2v20x + 12aqrvv, + 4aq2up) (o)
— u) .
(2q + 6rv)? P
(4.16)
Remark

For ¢ = 0, the conserved quantities are:

Cl = qu‘l (—% —tuy — %v» +J (—% — tu; — %vx,ut> (4.17)

2 2 2
and
av ox vy
CY = <— + tu, + —Um> (pug) — ——pu. (4.18)
2 2 2
For r = 0, we obtain:
Ct = uD*! (—ow — tu, — %v» +J (—ow — tv, — %U”UO (4.19)
and
ax
CY = <0w + to, + TUI) (pug) — avgpu. (4.20)
Case 2. For 1, = 8%,
The corresponding Lie characteristic function:
Wy = —v,. (4.21)
Then the conserved vectors are:
Cl=uD* ' (—v,) + T (—va, uy) (4.22)

and
Cy = —vg (—pug) + Dy (—v2) (pu)

4.23
= PUzU; — PUggVU. ( )
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5. CONCLUSION

In this work, we construct Lie symmetries for a time fractional Zeldovich equa-
tion applying the invariant criterion. By using the similarity transformations,
the Erdélyi-Kober fractional operator and the power series method, we have con-
structed the class of solutions of the studied equation. The effect of the order of
the fractional derivatives is illustrated through some examples. Since the equa-
tion cannot derive from a Lagrangian, we establish conservation laws through
Ibragimov’s nonlocal conservation theorem.
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