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CONTRIBUTION TO STATISTICAL INFERENCE IN
ARMA-GARCH RANDOM FIELD MODELING

WAFA MILI'* and SOUMIA KHARFOUCHI?

ABSTRACT. In spatial series analysis, accurately modeling regional volatility
and spatial dependence structures continue to pose a significant challenge.
This article presents a novel quasi-maximum likelihood approach for estimat-
ing the coefficients of a two-dimensionally indexed ARMA-GARCH model.
Our method is characterized by minimal assumptions when establishing the
consistency of the proposed estimators that enhance the flexibility and appli-
cability of the ARMA-GARCH models across diverse data sets. We conducted
a Monte Carlo study that validates the theoretical findings of our research,
demonstrating its suitability for spatial data scenarios. Our results contribute
to advancements in image and signal processing applications, highlighting the
broader implications of our work.
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1. INTRODUCTION

In the realm of spatial series analysis, modeling the regional volatility and spa-
tial dependence structures have been a longstanding challenge. The univariate
Generalized Autoregressive Conditional Heteroskedasticity (GARCH) model has
garnered substantial interest due to its effectiveness in capturing volatility clus-
tering and providing insights into financial time series data. GARCH models
are particularly adept at modeling time-varying volatility, making them essential
tools for understanding and forecasting fluctuations in financial markets.

Over time, various extensions and modifications of the GARCH framework have
emerged, reflecting the growing recognition of these models in diverse applications
such as portfolio selection, risk management, and option pricing. A notable ex-
ample is the recent study by [7], which investigates the time-dependent volatility
of cryptocurrencies using eleven different GARCH models. Their findings em-
phasize the superior forecasting capability of the integrated GARCH (IGARCH)
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model, characterized by extreme persistence and infinite memory, integral fea-
tures within the standard GARCH framework. Additionally, their study reveals
that Value at Risk (VaR) serves as an effective measure of risk exposure in the
cryptocurrency market, with asymmetric GARCH models further enhancing the
precision of VaR predictions.

Despite these advancements, many studies overlook the nonlinearity of spatial
dependency when extending GARCH models to spatial contexts. This gap high-
lights the need for careful consideration and advanced statistical methodologies
when integrating autoregressive moving average (ARMA) structures with spatial
GARCH processes. Addressing this challenge is crucial for effectively modeling
spatial volatility and understanding complex dependencies in high-dimensional
data sets [2], [5] and [3].

The present article introduces a novel quasi-maximum likelihood methodol-
ogy for the estimation of coefficients in the two-dimensionally indexed ARMA-
GARCH model. This approach constitutes a significant advancement in sta-
tistical inference for spatio-temporal processes, addressing the complex depen-
dencies inherent in such models using a robust estimation framework suitable
for high-dimensional data structures. In contrast to existing methods, our ap-
proach is characterized by minimal assumptions, ensuring flexibility and applica-
bility across diverse data sets. The computational performance of our proposed
method is particularly noteworthy, making it suitable for large-scale and high-
dimensional data. The proposed methodology represents a significant expansion
upon prior findings in [I1], addressing scenarios where the GARCH process is
latent and unobserved, functioning as the innovation process driving the dynam-
ics of the observed ARMA model. This framework gains prominence due to the
inherent limitations by assuming that the observed series solely represents noise.
Numerous studies have explored this challenge; for instance, the authors in [10]
use the two-dimensional ARMA-GARCH model as a comprehensive statistical
framework for clutter modeling and anomaly detection. Their work establishes
that this model constitutes a generalization of the causal Gauss Markov Ran-
dom Field (GMRF), commonly applied within the context of cluster modeling
despite its drawback of a constant conditional variance across space. In contrast,
the implementation of GARCH models in cluster modeling demonstrates notable
advantages.

Furthermore, researchers in [9] demonstrated that sub-band decomposition of
synthetic aperture radar (SAR) images exhibits notably non-normal distribu-
tional statistics, best captured by using the two-dimensional ARMA-GARCH
regression model and its extensions. In the domain of medical ultrasound (US)
images, [8] introduced an innovative speckle suppression technique based on a
2D generalized Gaussian ARMA-GARCH model. A comprehensive overview of
these models is available in [11] and [1].

The cornerstone of our methodology lies in proposing asymptotically consistent
estimators for the parameter vector, ensuring convergence to the true parameter
under increasing sample information, even when faced with uncertainties about
the underlying distribution. This is achieved by seeking parameter estimates
that minimize the Kullback-Leibler divergence, thereby quantifying and reducing
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the discrepancy between the true data-generating distribution and a specified
parametric family that may be subject to model misspecification. Building on
the work of [0], we extend their method to the complex domain of 2D ARMA-
GARCH models, providing convergence results under conditions more relaxed
than those found in the existing literature.

Throughout this article, we present a theoretical foundation for our method-
ology by addressing the challenges associated with estimating the parameters of
2D ARMA-GARCH models. Our approach opens avenues for improved results
and forecasting in image and signal processing applications.

The remainder of this paper is organized as follows: it commences with a
concise introduction, Section 2 presents the model definition and underlying as-
sumptions that form the foundation of our approach. In Section 3, we introduce
the Generalized Quasi-Maximum Likelihood Estimator (GQMLE) for our model,
demonstrating the consistency of the proposed estimator. Section 4 details the
results of our Monte Carlo simulation, which validates our theoretical findings
and assesses the performance of our method under various conditions. Finally,
Section 4 concludes the paper.

2. MODEL DEFINITION AND ASSUMPTIONS

In this section, we examine a random field (Y;),.,» specified on the same un-
derlying probability space (€2, ¥, P) and generated by a 2D ARMA random field
model with errors generated by a 2D GARCH process. (Y;),cz2 is given by

Yo = 2 kesjo(pp) @Yok + 2 iesio.qr.00) M1+ &
Ey = \/thﬂt, (21)
he = W+ 3 ke 510, (r1 )] OKE bk T D1es]0,(s1,52)] D115

where 7 is a sequence of independent and identically distributed (i.i.d.) random
variables defined on the same probability space (£2, <, P) defined such that its
mean is zero and variance is unity. For any positive integer t = (t1,%3), 0 =
(0,0), k = (ki,k2), 1 = (I1,13). let S = {s € R?} represents the spatial set of
sites on which a family of random variables is defined. The (ax), (b)) (AR and
MA coefficients), w > 0, (0)xegi0. ()] = 05 (B)iesio (5150 = O are constant
coefficients.  The orders P = (P, P), Q = (Q1,Q2), r = (r,m2) and s =
(51, 82) are assumed known, and consider |0, (11, 79)] = {(m1,ms) € Z?,0 < m; <
r1,0 < my < 1y} by arranging its terms by the lexico-graphic order. The vector
parameter is

/
0= ((“k)kesmm,m]  (01)1e510,(1,02)1 + 5 (W) iesio (o)) (51)16510,(51,82)0
= (2.¢)",

Strict stationarity of model (2.1) is a key consideration for reliable inference and
forecasting in the remainder of this work. For this, one needs to consider both
the ARMA part and the GARCH part separately. Indeed, the ARMA-GARCH
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process is a combination of an ARMA process for the mean and a GARCH process
for the variance.
For i =(i1,43), 2 = (21,2) € C? and z' = 2" 22, let
\Ifg (Z) =1- Z (liZi,
i€]0,(Py, )]
and
Op(z) =1+ bz
J€510,(Q1,Q2)]
Derived from these (AR) and (MA) polynomials, standard assumptions for strict
stationarity of model (2.1) can be formulated as follows:
A1 : All roots of W (z) ® (z) are outside the unit circle (this condition ensures
the strict stationarity of the ARMA part of (2.1), see [13] for more details).
A2 : the top Lyapunov exponent p (I') < 1, where I' = E {Al(t)% + Ag(t)%}
(Refer to [0] for the formulations of A;(t) and As(t) and further details about
the strict stationarity of the GARCH part of (2.1).

3. GQMLE ror MODEL 2D ARMA-GARCH

Suppose that the observations (Y;)teS[L(Nl,NZ)] correspond to a sample path
of length N1 N, derived from a model solution characterized by both strict sta-
tionarity and non-anticipativity (2.1) The parameter space is § € © C R x
10, +00] x [0,00[" and K = (P, 4+ 1) (Po+1) + (Q1 + 1) (Q2+1) —2 and L =
(ri+ D (ro+1)+(s1+1)(se+1)—2.

The unknown true parameter can be represented by

/
0o = <(a0k)kesm,(P1,P2)] ) (601)165]0,(621,622)] » Wo, (a0k)keS]0,(r1,r2)] ’ (601)16310,(81,52)}>

!/
Without loss of generality, consider (Q1,Q2) = (r1,r2), the initial values
Yo, t €S0, (1—r +Q1— P, 1 —ra+ Qs — P)],
€, t € S[(—=r1 + Q1 =12+ Q2), (1 =71, 1 —1)]
and
I)E,t S S[(l —51,1—82),0]
allow us to compute & (9) , for
teS[(—r+Q1+1, —T2+Q2+1) N], and ¢ (f), t € S[1,N], from
{ gEQ: ‘g12;~2(ﬁ) - ZtGS 0,(P1,P)] akY; k™ ZIGS]O (Q1,Q2)] blgt 1 (31)
v =1 (0) =w + ZkeS]O (r1,72)] ey + ZleS]O (51,52)] ﬁth 1
An appropriate choice of initial values is made as follows:
Yk:}/l for allkES[O,(l—r1+Q1—Pl,l—r2+Q2—P2)]
g;z( = g% for all k €5 [(—7“1 + Q], —To + QQ) s (1 - T, 1-— 7“2)] s
v =¢] for allk €S[(1 — 51,1 — s9),0], (3.2)
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with ey = & (¥), the Gaussian QMLE is given by

Ln (0) = Ln <97 (€t (ﬁ))tes[l,N]>

- 2 v Cain)

teS[1,N]

Any measurable solution On of

On = arg max Ln (0) = arg min In(0) (3.3)
is termed a quasi-maximum likelihood estimator (QMLE) of 6 where
~ 1 ~ - £z (0)
In(0) = NV, ly and Iy = I (0) = 1/:2 o) +log 77 (6) .
teS[1,N]

3.1. Consistency. To show the strong consistency, let us consider the following
supplementary hypotheses:

A3 : 0y € © and O is compact.

A4 : Sy, (z) and @y (z) have no roots in common, ag(p,,p,) 7 0 or bo(q,,q.) 7 0-

A5 : Yy € ]0,00[ x [0, oof” 2 1es]0,(s1,0) 1 < 1

A6:ifr >0, Ay(z) = > auz, By(z) =1+ > Bz have no
i€]0,(r1,72)] j€510,(s1,82)]

common roots, Ag (z) # 0, and (s, s,) + Bo(si,s2) 7 0

Under assumptions A1—A6, (Y;) is taken to be the unique strictly station-
ary solution satisfying the non-anticipativity condition, to the underlying model
equations (2.1). While Assumption A2 (Lyapunov exponent p(I') < 1) charac-
terizes strict stationarity, Assumption A5 (> f5; < 1) is required for our proof
technique to to guarantee uniform geometric decay of initial condition effects. We
can now state our first result.

Theorem 3.1. (Consistency of the QML) Let (éN) denote a sequence of QML
estimators satisfying the condition specified in equation (3.3), subject to the initial
conditions outlined in equation (3.2). Provided that the assumptions A1— A6 are
satisfied, almost surely On — by, as N = cc.

Proof. We will follow the four steps below,
(a): hm sup In(0) — In(0)] =0, as.

(b): 3t € 22 such that e (0) = e¢ (Jy) and ¢ (0) = v¢ (0,) Py, p-s )=
0=20,
(c): If@ # 0y, then Ey Iy (0y)] < Eg, |ls (9)]
(d): For every parameter value 6 distinct from 0y, A neighborhood V ()
containing 6 can be found such that,
liminf inf Iy (0) > Ey li (0y) a.s.

N—oco %€V ()
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To prove (a), we need to rewrite equation (3.1) in matrix form. For
t = (t1,t3), we have

X(751,t2) = 9(t1,t2)+Df1X(t1,t2—1) + D2X(t1—1,t2)7 (3'5)

Z%tth) = 9(t1,t2)+Blz%t1,t2—1) + BZE%&—LQ)? (34)
where Dy, Dy and By, By are suitable (P, + 1) Pox(P; + 1) Pyand (s1 4+ 1) sgx
(s1 4+ 1) s2 matrices, respectively, and

Yit 1)
}/(thtgfl)

ZIGS]O,(Ql,QQ)] bigg—1 + ¢

Y, 0
(t1,t2—s2+1) .
X(tm) = . RS . )

Yr(t1—51,t2)

Y(t1 —s1,t2—s2+1)

2
i«

) t1,t2)
Vit1,t2-1)
: 2
5 . w + Z(kl,kg)eS]O,r} a(klak2)€(t1—k1,t2—k2)
2 - Vit ta—sa+1) _ 0
Yty ) = : 0 Cltatn) = :
2
Viti—s1,t2) 0
2
V(t1—81,t2—52+1)
Iterating (3.4) we obtain
t1+to—1 n
_ E Lk—1 t1,t2
X(Ifl,ltz) - z : I Et1ita—ni1) + T Z(0,0)
n=0 [=0
nx
= E j§ Thle (3.5)
- =(t1-1t2—n+1)? ’
n>0 =0
ti1+ta—1 n
2 _ § E l,k—1 t1,t2, 2
E(tl,w) - F* Q(tl—lth—rH—l) + F* 2(070)
n=0 [=0
n

(3.6)

Iin—1
s Clti i ta—ns1)
n>0 =0
where I'™"™ (t) is defined as follows:
T1>: Fo’l = Dl, Fl'o = D2 et [ = len’m_l + D2Pn—1,m
Tz): Fgl = Bl7 Fio = By et F:,m = Blff’m’l + Bgrfil’m
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T3): 10 = Iipiyp, TV = Igq1)s, [T = I = O(py1ypand
omm =T07" = Oy 41)ss-

Let Q%tlt be defined as the vector derived by substituting l/t 12) by l/thtz)

in V%t 1) and let ¢, ,,) constitute the vector obtained through the replacement

of e2,i €S[(1 —ry,—r2),0], by the initial values (3.2). Assumptions A1, A2

and A3 ensure the almost sure convergence of ), -, N 1e(t1_l7t27n+1) and
k _ .

D k50 2-1=0 ek 1Q(t1—1,1t2—lc+1)~ Hence, (’/(2t1,t2) - V(Ztl,tz)) and (E(t17t2) - 5(t1,t2)) are

the rest of convergent series, with for any k > 0 and i €50, (s1, $2)]

SUP |Et1.t) — E(tata)| < Kp  aus
6cO

where p = p (Blg + BQ% ) for some v € ]0,2]. Note here that assumption A5

insures that p < 1.
We thus have, almost surely,

le, =2l < D lad|@c—cnad <Ko | > leand+ 1],
kES[l,('fj,T‘Q)] kES[l,(Tl,’I‘Q)]
(3.7)
By (3.5)-(3.6)-(3.7), it follows that
t1+t2—1 n
2 In—1 ~
||Z(t17t2) - t1,t2)|| Z ZF ( (ti—it2—n+1) _Q(t1717t2—n+1)> +
n=0 =
it (2(0,0) - Z?0,0)) I
t1+to
<K Z phitte=npn Z el + 1| + Kphttz
nes[1,t1+to] keS[1,(r1,r2)]
<Kpttt YT el 41

nES[—T‘1 —ro,t1 +t2]

We thus have

~9 2
Yty t2) — Z(‘61,‘62)
~2
Z(t17t2)z(t17t2)

v? — 72 B
log (1 + _(tl’tf)Q Etata) || |E,.t2—€|
Etrt2) P(t1 t2)

fogmn (S} 8 3, 0

0e® teS[1,N]

2
gt

0€O 9€o

1
sup I (0) — I ()| < v S {sup
teS[1,N]

> (lenf +1)

neS[—r1—ra,t1+t2]
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. 2 .
We substitute (e 4+ 1) x [Znes[_n_mtﬁtﬂ (len] + 1)] by &, i.e.,

F+1) D (el 1) =6

neS[—r1—ra,t1+t2]

then

sup | Iy () — Iy (Q)’ < {supmax < )} Yo it

00 LSS teS[1,N]

It is therefore sufficient to demonstrate that for every positive real number m
that E (p'*T2£,)™ is finite

E(ptl-i-tggt)% SPW Z <€f|€n|+€f+|5n|+1)%
neS|[—r1—ra,t1+t2)
<)Y (BEN B BRI B 1)

nGS[—n ro,t1 +t2}

-0 ((t1 +ty) pw> .

Thus, the proof of (a) has been established.
Part (b): Identifiability Condition
We show that if £¢(6) = e¢(6p) and v2(6) = /() almost surely, then 6 = 6.

(1) ARMA Component: The equality €¢(6) = £¢(6p) implies:

Z axYi—x + Z bigg—1 = Z aok Y-k + Z boig¢—1.
1

kES[O,(Pl,PQ)} IGS[O,(Q17Q2)] k

Under Assumption A1 (roots of Wy(z)Py(z) outside the unit circle) and
A4 (no common roots), the spatial AR and MA polynomials are uniquely
determined. Thus, ¥ = 9,.

(2) GARCH Component: From vZ(0) = vZ(6y) and stationarity (A2):

w + Z ucr . + Z Bi | = wo + Z QokEr_ i + Z By
keS[0,(ry,r2)] 1€5[0,(s1,52)]
By A6, the polynomials Ay(z) and By(z) have no common roots, and
non-negative coefficients ensure ¢ = ¢ v

Part (c): Kullback-Leibler Divergence Minimization
For 0 # 60y, we prove Ey,[ls(0o)] < Eq,[l:(0)].

et (o )}
v (0)
2 2
vg (o) (e¢(60) — £¢(0))
E .

ZoI R
The first term is minimized when v2(0) = v2(6) (by Jensen’s inequality), and
the second term vanishes only if €¢(6) = £¢(6p).

By 1(60)] = i, {log 2(0) +

= Ey, {log yf(e)
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Part (d): Neighborhood Behavior
For any 6 # 6, one can construct a neighborhood V'(#) for which:
15vniloréf9*le%f )]N(H ) > Ey,[l1(6y)] a.s.
(1) Uniform convergence of Iy () to Eg,[lt(8)] follows from the ergodicity of
the 2D ARMA-GARCH process (A1-A2).
(2) The strict convexity of Fy,[l¢(0)] (from part (c)) ensures a local minimum
at 00.

OJ

4. MONTE CARLO SIMULATION

To assess the finite-sample properties of the quasi-maximum likelihood (QML)
estimator presented in Section 2, a rigorous evaluation framework is required , we
conducted a series of simulation experiments. This Monte Carlo study allows us
to evaluate the statistical properties of the QML estimator under controlled condi-
tions by varying model parameters and sample sizes. Simulations were conducted
for two first-order 2D ARMA-GARCH processes with parameters situated within
the domain of the parameter space characterizing strictly stationary processes.
The first model considered i.i.d. variables that follow a distribution characterized
by a normal density function, whereas the second model is assumed to follow a
centered Student t-distribution with five degrees of freedom.

The dataset was generated based on the first-order GARCH process described
below:

Y(i,j) =aY(i,j—1)+bY(i—1,7)+¢e(i,7),

(i,4) = Vh(i,)n(i, 5), (4.1)
h(i,j) =w+ae(i,j— 1)+ Bh(i — 1,5 —1)

Parameters w, «, 3, a, and b are chosen in a manner that guarantees the exis-
tence and uniqueness of strictly stationary solutions of (4.1). Two options for
{n(i,5); (i,j) € Z*} are chosen. To simplify the calculations, we assume that
w =1 is known. First, n(i,j) ~ NID(0,1),i=1,...,nand j =1,...,m (model
1). Next, we assume that the innovations follow a centered Student t dlstrlbutlon
with five degrees of freedom in the second 2D ARMA-GARCH model (Model 2).
The process initialization values are computed based on equation (3.2), specifi-
cally

Y (0,0)=Y (1,0) =Y (0,1) =Y (1,1),
£(0,0) =¢(1,0) =¢(0,1) =¢(1,1),
h(0,0) =h(1,0)=h(0,1)=h(1,1).

Let QML denotes the proposed quasi-maximum likelihood estimator. Data
were generated for grid sizes of (500, 500), (1000, 1000), and (1500, 1500), result-
ing in 500 replications. Tables 1 and 2 display the averages in the 'mean columns’
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and the 'mean square error columns’, which provide the means and The standard
deviations of the sampling distributions of the average estimators across the 500
replications for both models 1 and 2, respectively. The average estimates for
QMLE consistently approximated the true values across all grid sizes and pa-
rameter values. Additionally, as anticipated, increasing the sample size (N, M)
significantly enhances bias reduction, supporting the strong consistency of QM L.
Finally, one can see from Table 2 that the QM L maintains considerable robust-
ness against deviations from the assumed innovation distribution in Model 2.

Table 1: Sample distribution of the estimators @?™, B9™  G4™ and pa™

for Model 1
true parameters a=0.1 5 =0.28 a=0.25 b=0.075
(N, M) = (500, 500) Q! pam am b
mean 0.079 0.821 0.2499 0.0749
rmse 0.0015 0.0016 0.0018 0.0021
(N, M) = (1000, 1000)
mean 0.0788 0.820 0.2501 0.0751
rmse 0.001 9.6 x 10~* 0.0011 0.0013
(N, M) = (1500, 1500)
mean 0.0851 0.803 0.25 0.07505
rmse 48x107° 51x107° 72x107°[9.2x 107"
Table 2: Sample distribution of the estimators 4™, qul ,a?™ and pamt
for Model 2
true parameters a=01=08]a=0.25 |b=0.075
(N, M) = (500, 500) qam! pamt aam! pam!
mean 0.1426 | 0.8463 | 0.2497 0.0743
rmse 0.0049 | 0.0034 |0.0024 0.0042
(N, M) = (1000, 1000)
mean 0.1421 | 0.8459 | 0.2498 0.0751
rmse 0.0025 0.0018 0.0011 0.002
(N, M) = (1500, 1500)
mean 0.1418 0.8459 0.25 0.075
rmse 0.0017 0.0012 7.6 x 10~*[0.0018

5. CONCLUSION

This study presents an advancement in the estimation of two-dimensionally
indexed ARMA-GARCH models through a quasi-maximum likelihood approach
characterized by minimal assumptions. The implications of our research provide
valuable tools for various applications in image and signal processing. Notably,
we highlight the potential application of the proposed methodology in denoising
ultrasound images, building on the work in [I 1] that utilized a generalized method
of moments (GMM) approach.

In [11], the authors demonstrated the effectiveness of GMM in reducing noise
while preserving important features within ultrasound images. However, we pro-
pose to enhance this algorithm by replacing the GMM estimation with our newly
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developed QML method. This transition aims to improve the robustness and
accuracy of noise suppression in ultrasound imaging.

Future work will focus on validating our approach across diverse datasets and ex-
ploring its potential in real-world scenarios such as anomaly detection and image
denoising.
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