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ABSTRACT. This paper presents an efficient technique for approximating the
Bessel function of the first kind using Haar wavelet basis. This technique pro-
vides a suitable formula derived from the Haar wavelet series across different
levels. The key benefit of this method lies in its simplicity, speed and more
accurate than the standard power series method. Matlab-based illustrative ex-
amples highlight the efficiency and effectiveness of the proposed approach.
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1. INTRODUCTION

Bessel functions of the first kind J, [13] serve a central role in a wide range
of applications across physics and engineering. These functions represent solu-
tions of some differential equations, specially they are one of the solutions of the
Bessel’s equation [13] and constitute some of the most important special func-
tions, that must be evaluated by appropriate mathematical formulae. At the
present, the expansion of .J, using a power series still the most frequently used
formula to approximate its values. However, a lot of terms of this series are nec-
essary used to get a good approximation for large values of the argument t and
each term is complicated by the calculation of the Gamma function. So, the cor-
responding convergence rate will decrease more slowly. To address this issue and
improve the convergence rate, this paper introduces a new approach employing

Haar wavelets [3, 6, 7, 8] for the evaluation of Bessel functions of the first kind.
This type of wavelets has been applied for solving many problems such as, in
image processing [1, 5, 10, 11, 12] in integral equations [2, 4, 9, 141] and in other

branches of mathematics. In this work, we investigate the application of Haar
wavelets to solve the Bessel’s equation of order n with initial conditions, then we
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can easily evaluate the Bessel functions of the first kind. The main advantage of
our proposed method is that its algorithm is easy, fast and more accurate.

The structure of this paper is organized as follows: The following section re-
visits Bessel functions of the first kind, expressed through their power series
representation. Section 2 introduces Haar wavelets, which serve as the basis for
approximation. Section 3 outlines our proposed method, while Section 4 elabo-
rates further on this approach. Section 5 provides numerical results, showcasing
examples of J,. Finally, this work is concluded with a summary and the key
references.

2. BESSEL F'UNCTIONS OF THE FIRST KIND
Recall the Bessel’s equation of order n [13]:
2z 4tz + (& —n*)z=0. (2.1)

This equation has two linearly independent solutions, one of the solutions is
that can be obtained by using the Frobenius method, and it is called a Bessel
function of the first kind that is denoted by J,. This solution is regular at ¢ = 0
and defined by the following formula:

(- 1)k NG
BT (k+n+1) (2) ’ (22)

k>0

where I' is the Gamma function.
This series converges for all t € R and it has the following recurrence formulas

[13]:

tJn(t)—i- , () =t (b)),
tJn<t> Jy(t) = —tdypa (1),
n (t>+ 77+1 (t) = ZJ,(t),
Jpo1 (O) = Ty (1) = 2J,(1).

3. HAAR WAVELETS

The Haar wavelet basis, defined on the interval [a, 8], forms a family of func-
tions on subintervals of [a, B[, generated from the scaling and wavelet functions

through dilation and translation [3], these functions are derived from the scaling
functions:
{1, forteladl,
hilt)= { 0, otherwise, (3.1)

and the wavelet function:

1, forte [a,a—;/’)[,

fat)=4¢ =1, forte [%w’ﬁ[, (3.2)

0, otherwise.

For the other wavelet functions f;:
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1, forté€la,b|,
fit)y=< —1, forte b, (3.3)

0, otherwise,

where ¢ = a+ (B—a)E, b =a+ (B-a)H22 ¢ = a+ (B-—a)E i =

9.3,4, ... 2M. Andm =29, j = 0,1,...J, M =27 k=0,1,...m—1,i = m+k+1.
In [1] E. Babolian and A. Shahsavaran have proved that g, defined by:

2M
am (t)zz)‘zfz (t)7 )‘z:<gvf$>a izlv"'72M’ (34)
=1

converges to g in L? ([, 3[) norm.
So, any function g € L? ([, B[) can be decomposed as:

g(t) = Nfi(t). (3.5)
i>1
4. OUR PROPOSED APPROACH
Consider the following second order linear differential equation:
t2:l:"+ta:/+(t2—772)x:0, te o, B, neR, (4.1)

with initial conditions z (a) = d, ' (a) = e.
To solve the eq. (4.1) using Haar wavelets, we must follow the following steps:
Step 1. We assume that

oM
w (t) =Y _Aifi(t), t € o, B[, for a given level M =27, (4.2)
i=1
Step 2. By integrating both sides of eq. (4.2) from « to ¢, we find:

2M
v () =2 () + > NRii(t), (4.3)

i=1

where
t—a, fortéela,b,
Riy(t)=4 c—t, fortelb, (4.4)
0, otherwise,

fori=2,...,2M, and Ry, (t) =t —aforall t € [o, (].

Step 3. Also by integrating both sides of eq. (4.3) from « to ¢, we get:

2(t) = z(a) + 7 (@) (t — ) + Z NRis (), (4.5)

where
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0, fort <a,
Lt —a)? fora<t<b
Ri t) = 2_ 2 7 o ’ 4.6
2 () (imaQ)Q_%@_C)Q’ for b<t<c, (4.6)
(54;:;)’ fort>c,

for i =2,...,2M, and Ry (t) = 3 (t — a)? for all t € [a, B[
Step 4. By substituting the eq. (4.2), eq. (4.3) and eq. (4.5) into eq. (4.1),

we obtain:
2M
> gi (t) A = h(t), (4.7)
=1

where g; (t) = 2 fi(t) + tRi1(t) + (t* — n?) Rio(t) for i = 1,...,2M and h(t) =
—tz' (@) — (£ —n?) (z(a) + 2" (a) (t — @) .

Step 5. We introduce the collocation points t, = a + (f — «) %, (=

1,...,2M, and by replacing them into eq. (4.7), we obtain the following system
of linear equations:

D git) i =h(t), 1<0<2M (4.8)
This system can be written in the matrix form as:

GA=H, (4.9)

where G (j, k) = g (t;), 1 < ] <OM, 1<k <2M and A= (A, Ag, .o, Aons)
H=(h(t1),h(t2),. 7h22))

Step 6. By solving (4.9), we obtain the wavelet coefficients A = G7'H to
replace them into eq. (4.5), then we get the numerical solution of eq. (4.1).

5. ERROR ESTIMATION

Lemma 5.1. The coefficients \; that are given in (4.2) wverify
1
\Ai!:(9<22 ) i=2 +k+1,Yi>2.
Proof. We have, Vi > 2 :

B
v [ s

— /abx”(t)dt—/bcx"(t)dt

= (b—a)z (&) —(c—b)a" (&);& € [a,b],& € [b,d].

Since: b—a=c—b= _:ija then

"

Ai = W(fl—&)ﬂ? (€);€ €&, &l
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We have
a<& <band b< & <c,
then
0<&H -6 <c—a= f-a = ﬁ_-&~
m 27
Therefore
(6 — Oé)2 "
M < S [
Consequently

1
A = O (QTJ) :

Lemma 5.2. The function R; o for i > 2 wverifies

Fy e RL |Riall,, < 50 = 2+ k+1

Proof. We have, R; 5 is positive and increasing on [a, b], then

b—a)? 1/(8-a\> _ ~v
[Fizllee < =5 2\ 2m ) — 2%

On the interval [b, ¢], the function R; 5 is also positive and increasing, therefore
2
B-a) _ T
4m?2 T 2%
For ¢ > ¢, the function R, is constant and verifies

< L
00_22]

[ Rzl <

| Ri2

O

Theorem 5.3. Let x be the exact solution of problem (1) and xy; its approzima-
tion formula, which is expressed in (4.5), then

1
2 = 2l 2 a8y = O (W) M =27,

Proof. We have

2M

ru(t) = 2(a) +2 (@) (t—a) + > NiRiz (1),

i=1
and

w(t) =z(a) +2 (@) (t—a)+ Y NRia (1),

1>1
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we use the notation ||.|| 2, 5y = [I-llo, We see that

> NRia(t)

1>2M+1

2

2
|z — mM”z =

2
8
= D D> AN / Ris (1) Ry (t) dt.
I>2M+1i>2M+1 @

Ifweputi=2+k+1andl=2"+ s+ 1, we have

2r—1 271

B
Hx_xMH; = Z Z Z Z)\21+k+1)\27'+s+1/ Roitpt12 (1) Rorystr2 (1) dt

r>J+1 s=0 j>J+1 k=0

IN

8
>y M2J‘+1/\2T+1|/ |Ryip12 () Rorya2 (2)| di

r>J+15>J+1
2r—1

B
+ Z Z Z |>\2j+1)\2T+s+1|/ |Rait1 (t) Rorgsn o (£)] dt

r>J+1 s=1 j>J+1
27 -1

B
+ Z Z Z |>\2f+k+1>\2T+1|/ | Roi k12 (1) Roryaa (1)] dt

r>J+15>J+1 k=1
2r—1 27 -1

B
+ > Z|>\2j+k+1)\2r+s+1|/ | Roi 12 (1) Rorgopro (1) dt.

r>J4+1 s=1 j>J4+1 k=1
By using Lemma 5.1 and Lemma 5.2, we have

) 11
le—aully < X > Voo

r>J+1j>J+1

11 (-1
+ . D, Vﬁ-ﬁ'( Sar )

r>J4+15>J+1

1 1 (2-1

r>J+1 5> J+1

1 1 (2n—1) (2 -1)
+Z Z’Yﬁﬂ 92r  ° 92j

r>J+1j>J+1
1 2
Y (QTJ) ;

|z — xMHQ <

IN

where v € R, so

val
b
Therefore

1
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6. NUMERICAL RESULTS

This section presents numerical examples to demonstrate the efficiency of the
proposed Haar wavelet-based approach, implemented in Matlab. So, the numer-
ical results of examples (5.1, 5.2, 5.3) compare the values of J, for n = 0,1,2 on
[0, 1] by using their tabulated and their Haar wavelet approximations values at
different levels J. For example 5.4, we compare the values of J% using its analytic
and its Haar wavelet approach formula. All results are presented in tables.
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Example 5.1: Consider the Bessel function of order n = 0.

Table 5.1. Comparison of tabulated Jy(t) using power series and wavelets

methods
t | Jo(t) using power series Jo(t) using wavelets
J=5 J=6 J=1
0 1 1 1 1
0.1 0.99750 0.99750 0.99750 0.99750
0.2 0.99002 0.99002 0.99002 0.99002
0.3 0.97762 0.97762 0.97762 0.97762
0.4 0.96039 0.96039 0.96039 0.96039
0.5 0.93846 0.93846 0.93846 0.93846
0.6 0.91200 0.91200 0.91200 0.91200
0.7 0.88120 0.88120 0.88120 0.88120
0.8 0.84628 0.84628 0.84628 0.84628
0.9 0.80752 0.80752 0.80752 0.80752
1 0.76519 0.76519 0.76519 0.76519

1.4

1.2+

08r

06F

0.4r

0z2r

— Absolute Error at level /=5

Ahsolute Error at level J=6
Ahsolute Error at level J=7

F1GURE 1. Absolute Error for the Bessel function By at levels J =
5,6 and 7
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Example 5.2: Consider the Bessel function of order n = 1.
Table 5.2. Comparison of tabulated .J;(t) using power series and wavelets
methods

t | Ji(t) using power series J1(t) using wavelets
J=5 J=6 J=7
0 0 0 0 0
0.1 0.04993 0.04993 0.04993 0.04993
0.2 0.09950 0.09950 0.09950 0.09950
0.3 0.14831 0.14831 0.14831 0.14831
0.4 0.19602 0.19602 0.19602 0.19602
0.5 0.24226 0.24226 0.24226 0.24226
0.6 0.28670 0.28670 0.28670 0.28670
0.7 0.32899 0.32899 0.32899 0.32899
0.8 0.36884 0.36884 0.36884 0.36884
0.9 0.40594 0.40595 0.40595 0.40594
1 0.44005 0.44005 0.44005 0.44005
 10°
35+
Absolute Errar at level J=5
Absolute Error at level J=6
ar Absolute Errar at level J=7
26+
2 L
1AF
1 L
0s+
DD EI.I1 nz EI.I3 III.Iri D.I5 EI.IE III.I? D.IB EI.I9

FIGURE 2. Absolute Error for the Bessel function By at levels J =
5,6 and 7
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Example 5.3: Consider the Bessel function of order n = 2.
Table 5.3. Comparison of tabulated J(t) using power series and wavelets
methods

t | J2(t) using power series Jo(t) using wavelets
0 0 0 0 0
0.1 0.00124 0.00124 0.00124 0.00124
0.2 0.00498 0.00498 0.00498 0.00498
0.3 0.01116 0.01116 0.01116 0.01116
0.4 0.01973 0.01973 0.01973 0.01973
0.5 0.03060 0.03060 0.03060 0.03060
0.6 0.04366 0.04366 0.04366 0.04366
0.7 0.05878 0.05878 0.05878 0.05878
0.8 0.07581 0.07581 0.07581 0.07581
0.9 0.09458 0.09458 0.09458 0.09458
1 0.11490 0.11490 0.11490 0.11490
 10°
1 —
— Absolute Error at level /=5
08 Ahsolute Error at level J=6
Absolute Error at level J=7
oa+
07E
0GB+
o0&+
04+
03t
o2+
01+
DD EI.I1 IZI..2 EI.I3 0.4 0.5 EI.IE IZI.I?' D.IB EI.I9 1I

FIGURE 3. Absolute Error for the Bessel function By at levels J =
5,6 and 7
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Example 5.4: Consider the Bessel function of order n = %, where its analytic

formula is .J; (t) = /2 sint for t > 0.

Table 5.4. Comparison of tabulated J% (t) using power series and wavelets
methods

t | Jy (t) using exact values J1 (t) using wavelets
J=5 J =6 J=7
0 0 0 0 0
0.1 0.25189 0.25189 0.25189 0.25189
0.2 0.35445 0.35451 0.35446 0.35445
0.3 0.43049 0.43056 0.43051 0.43049
0.4 0.49127 0.49135 0.49129 0.49128
0.5 0.54097 0.54105 0.54099 0.54097
0.6 0.58161 0.58169 0.58163 0.58162
0.7 0.61436 0.61444 0.61438 0.61436
0.8 0.63992 0.64000 0.63994 0.63993
0.9 0.65881 0.65889 0.65883 0.65881
1 0.67139 0.67147 0.67141 0.67140
3571
Abszolute Errar at level J=5
5L Absolute Error at level =6
Absolute Errar at level J=7
25+
2 L
15¢
1 L
05+

FI1GURE 4. Absolute Error for the Bessel function B% at levels
J=56and 7

Obviously by comparing columns of Tables (5.1-5.4), one can easily see that
our proposed approximations for Bessel functions n = 0,1,2 and n = % are in

excellent agreement with their tabulated and exact values. Where, the results of
our approach are very significant and more accurate when the level J increases.
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Conclusion In this paper, an effective approach for approximating Bessel func-
tions of the first kind J, has been presented. This approach is obtained by using
Haar wavelets, and then it is very simple and efficient. By using this approach,

a good agreement between the results obtained and the tabulated values is very
significant.
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