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HOMOGENIZATION OF A QUASILINEAR ELLIPTIC
PROBLEM IN POROUS MEDIA WITH ROBIN-TYPE
CONDITIONS AND L' DATA
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ABSTRACT. We consider a class of quasilinear elliptic problems with L' data,
set in a domain periodically perforated by two kinds of holes. A Robin-type
condition depending on a parameter y is imposed on the boundary of some
holes, while a Dirichlet condition is prescribed on the boundary of the remain-
ing holes as well as on the external boundary of the domain. Our goal is to
describe the asymptotic behavior of the renormalized solution of this problem,
given that the solution does not belong to H' and to derive the corresponding
limit problem.
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1. INTRODUCTION

In this work, we study the asymptotic behavior of a class of quasilinear el-
liptic problems with L' data, with a Robin-type condition set in a perforated
domain Q.5 of RN, N > 2 where the holes of size r(ed;) = €§; = o(e) and
ro(ed2) = €d2 = o(e), are e—periodically distributed. Our primary tool is the
unfolding method, introduced by Cioranescu et al. (2002). We consider here the
case where 0 = §(¢) is such that § — 0 as ¢ — 0. These types of holes are referred

to in the literature as "small holes” (see e.g.[9]), or "tiny holes” (see e.g. ([1],[19]).
Let © be a bounded domain in RY, N > 2 and |99)| = 0. The reference (period-

. o 11y
icity) cell Y is given by Y = 35 -
We consider two disjoint compact subsets T"and B of Y. We suppose that both B
and T are with Lipschitz boundaries. There exists 6 > 0 such that § (TU B ) cY.

The parameters ¢, d; () and d»(¢) are small and satisfy (6;(¢),d(¢)) € (0, 6]
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The perforated domain €25 is constructed by removing the following sets of holes:
B.s, = interior( U (e0,B + 55)), Tes, = interior( U (e6oT + 55)) (1.1)
£€se §€E:
Thus, the perforated domain is defined as Q.5 = Q\ (B, U T.s,), where
E.={eZV |e(¢+Y)C Ol
We consider the following quasi-linear elliptic problem:

—div (A% (z, ues)Vues) = f in .,
(Pes) § tes = 0 on 92 , (1.2)
Af(x,ues)Vues.n + 775 (x)h(ues) = g- on 0T, .

The constant v > 0 is given and the outward normal to 7.5, is denoted by 7.

Fig.1. The domain €25

]
L 5

Fig.2. The cell €Yj.

Problems of type (1.2) arise for instance, in the modeling of chemically reactive
flows around domain containing reactive solid grains(or reactive obstacles) that
are periodically distributed. For an in-depth study of the chemical processes
considered in this model, we refer the reader to Antontsev et al. [2] and to Bear
[3]. The study of the asymptotic behavior of such models has been carried out
within the framework of classical homogenization(i.e.,for 4; = 1) and under the
assumption that B.s, = (). In this context, Conca, Diaz, Linan and Timofte [I1]
examined a particular case where A°* = I, v = 0,9 = 0 and for any o, >
0,h(v) = (aw = /(1 + pv); corresponding to the Langmuir kinetics model.

On the other hand, the motivation for considering L! data in problem (1.2)
stems from thermoviscoelasticity models that account for nonlinear mechanical
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dissipation. In such cases, the energy balance equation typically includes a right-
hand side term belonging to L' (see[15]).

In this work, since the solution u.s is not necessarily in H'({.s), we work with
renormalized solutions, a concept originally introduced by DiPerna-Lions in [13]
for the Boltzmann equations. This framework allow us to prove existence and
stability, and, with further assumptions, uniqueness as well.

There is an extensive literature on the homogenization in perforated domains
in RY. In the case of "small” holes of size €%, (a > 0), Cioranescu and Murat
[9], analysed the homogeneous Dirichlet problem for the Poisson equation. They
proved that the critical hole size eN/¥=2 (N > 2) where the limit problem in-
volves both the laplacian and an additional zero-order term, often referred to
as a “strange term”, which depends on the capacity of the holes. The nonho-
mogeneous Neumann problem for the Laplacian in the same geometric setting
was studied by Conca and Donato [12]. In this case, the critical hole size is
of order e¥/N-1 and the contribution of the holes at the limit appears as an
additional right-hand side integral term. The above-mentioned studies were con-
ducted within a variational framework, where the data is set in Hilbert spaces,
specifically L?

In contrast, studies on the asymptotic behavior of problems with L' data are more
recent. In 2001, M. Bencheikh Ali [1] treated the homogenization of renormal-
ized solutions in perforated domains where Neumann boundary condition were
prescribed on the hole boundaries. More recently, in 2017, P. Donato, O. Guibé,
and A. Oropeza [11] investigated problem (1.2) in the classical homogenization
setting with B.s, = 0.

Returning to problem (P.;) we assume that the parameters e, §;(¢) and dq(¢)
satisfy the conditions

N
N-1 -1

L < ]0,400[ and ky = lim -2
£ e—0 £

Under this assumption, and withrespect to 7, we establish that the solution of
(1.2) converges in an appropriate function space to u which is characterized as
the solution of a new limit problem (see Theorem 5.4 and corollary 5.6). These
results reveal four distinct types of contributions in the limit system.

In particular, the term k26 in equation (5.6) represents the contribution of the
Dirichlet holes B.s5,. This contribution corresponds to the "strange term” intro-
duced in Cioranescu and Murat [9] which depends on the capacity of the holes
at the limit.

Our results are both novel and original, as no prior studies have examined this
specific case within the framework of quasilinear elliptic problems with L! data.
The paper is structured as follows: Section 2 provides the necessary preliminar-
ies and recalls essential results on time-dependent unfolding operators for ”small
holes.”

Section 3 establishes a priori estimates for renormalized solutions to problem
(1.2). Section 4 presents the unfolding homogenization results.

Section 5 demonstrates that the solution of (P.s) converges, in an appropriate

ky = lim € [0, +ocl. (1.3)
e—0
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function space, to the solution of the homogenized limit problem in its strong
form.

2. PRELIMINARIES

As in [0], for a.e. 2 € RY, we denote by [z] € Z" the integer part of z and by
{z} the fractional part of z

{2} =2z—[z] €Y, foralmost every z¢c RY,

Hence
x = €([f] + {z})for almost every; x € RY.
€ 3

Introduce now the following sets:

Q. = interior{ U (& —i—?)}, A =0\ Q.. (2.1)

£€Be

GO
Qm @ Al

Fig.3. The domain €2,

The set @8 is defined as the largest finite union of (£ +Y) cells, £ € ZV, contained
in Q while A, is the subset of {2 containing parts of £(¢ +Y) cells intersecting
the boundary 0€). Throughout this paper, given a functions v defined on €).5, we
denote by v its extension by zero outside €2, furthermore T be a given positive
number.
In the context of classical homogenization(i.e.,for 6; = 1) and with B.s, = ), the
perforated domain is denoted (2..
In the sequel, we write Mar(v) = |a_1T\ Jop v(y)doy, to refer to the mean value of
any function v € L'(9T') over OT
Let us do the following hypotheses. Let f, g, h and 7 be functions satisfying these
hypotheses:

(1) f belongs to L*(Q).

(2) h: R — R be continuous, increasing and satisfy h(0) = 0.

(3) 7 is Y-periodic and positive function in L*(9T) and we have 7°(z) =

(&)
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(4) g-(x) =g <6%) ,g € L'(9T) be an Y-periodic function.
1

(5) The real matrix field A : (y,t) € Y x R+ A(y,t) € RN such that
A(.,t) ={ai;(., t) }ij=1..n is Y-periodic for any ¢ and satisfies the following
three conditions:

(6) the matrix A is a Caratheodory function, that is, for every fixed ¢ € R the
mapping y — A(y, t) is measurable, and almost every y € Y, the mapping
t — A(y,t) is continuous.

(7) For some constant « > 0, A(y,t)E€ > a¢]?, for almost everywhere y €
Y, forall t € Rand forany & € RY,

(8) A(y,t) € LY x (—=k,k)N*N) Vk > 0 and one sets
A(x,t)=A (g,t) for every (x,t) € Q x R. (2.2)
We introduce the following functional space
Vs ={v € H'(Qus) : v =0 on 9Q% }, (2.3)

endowed with the scalar product

(o, ) = /wwdx Z/ SZSZ

is a Hilbert space.
Let Ty : R — R be the truncation function at height +k, with & > 0, defined as

Ty (t) = min(k, max(t, —k)), (2.4)
for all t € R.

Remark 2.1. for any function v such that Ty (v) € V, for all k > 0, we have
VoVTy(v) = VT (v)VT(v). (2.5)
The renormalized solution to problem (1.2) is defined as follows.

Definition 2.2. u.s is a renormalized solution of (1.2) if
Ti(uss) €V for all k>0, (2.6)

lim —/ A*(z,uzs) VuesVuesdr = 0, (2.7)
{Z‘EQE(S |u55‘<n}
and for all p € W1(R) with compact support, u.s verifies

/ 1/1(u55)A5(x,u€5)Vu65Vde+/ VP (ues) A% (2, Ues ) Vues Vuesoda
Qs Qcs

+ /371561 5775($)¢(U55)h(U55)Ud0'l’ = /QE(s fw(uaé)vd$+ /aTE&l ggtb(ua(s)vda:x,
(2.8)
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for all v € V.N L®(Qys).

The existence and the uniqueness of renormalized solutions of problem (1.2)
was proved in 2017 by O. Guibé and A. Oropeza (see [10] for detail).

Remark 2.3. From (1.3), one can see easily that k; corresponds to the critical size
of Neumann small holes from [12], that is Ce™" =1  respectively ky corresponds
to the critical size from [J], that is Ce™" =2, Observe also that, as ¢ — 0, the
holes in B.s, approach quicker zero, than those of 7.5, . Consequently, for £ small
enough, the holes of 7.5, do not intersect those of B.s, for each ¢. It is why that
one could make the hypothesis that from now on, in the limiting process ¢ — 0,
the holes 7.5, and B.s, do not intersect.

2.1. The periodic unfolding operator 7. for fixed domains. The definition
and some properties of the periodic unfolding operator introduced in [7] and [0],
are recalled here from [17] and [10].

Definition 2.4. For ¢ € LP(Q2), p € [1,+o0], the unfolding operator is defined
as follows: 7. : LP(Q) — LP(Q2 X Y),

T

_ qb(s[—} +€y> a.e. for (z,y) € Q. x Y,
o)) { 0 = a.e. for (z,y) € A. xY.

Definition 2.5. For any ¢ in LP(Q2), 1 < p < oo, The local average Ms :

LP(Q)) — LP(Q) is given by
(@) = [ T ) dy

It is known that if {v.} is a bounded sequence in LP(Q2), such that v. — v
strongly in LP(€2), then

My (v.) — v strongly in LP(Q). (2.9)
Proposition 2.6. [0, §]

(1) The operator T is continuous and linear.

(2) Te(p¥) = T()T(9), Y 9,9 € LP(Q)
(3) For every wbelongto LP(QY), then T-(w) — w  strongly in LP(Q2 X Y).
(4) One has

/ o(x)dr = |}1/,| g YT(go)(Ly)dxdy, Vo € L'(Q).

(5) For any w € LP(2), one has ||T-(w)| zr@oxy) < |Y|%||MI|LP(Q)
(6) Let w. € LP(2) so that ||w.| r) < C, for some positive constant C. If
T-(w.) = W weakly in LP(Q, L} (Y)),
then
w.My — (0) weakly in LP(Q).
(7) VyTe(#)(2,y) = eTe(Vap) (2, y), V(z,y) € RY x Y.
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(8) Let p. € LP(R2) satisfies
we = @ strongly in LP(Q),

then
T-(¢:) = ¢ strongly in LP(Q xY).

Proposition 2.7. Let r(x) be continuous function , with r(0) = 0, then

T(r(ues)) = r(Tz(uss)), (2.10)
holds in Q x Y.

Proof. for every (z,y) € Q. x Y one has

To(r(ues)) (2, y) = 7 (ues) <5 m v 5y> —p (usg (5 E] v 8y>> —  (Teluss)),

€
while if (z,y) € A. x Y, one has

Te(r(ues)) (x,y) = 0 while r(T(ues)) (x, y) = r(0),
then 7(0) = 0 for (2.10) to hold in Q x Y.

However, for any Lebesgue measurable function ¢, we can write

Te(r(ues)) Te(p) = r(T=(ues)) Te(9), (2.11)
even if 7(0) # 0. O

Before concluding this subsection, we would like to highlight a few remarks re-
garding the use of the unfolding operator 7., originally introduced for domains 2.
in the framework of classical homogenization (see [0]), specifically in the context
of perforated domains 2.5 with small holes. Let C be a bounded domain with
Lipschitz boundary. For sufficiently small § we assume that §C C Y, and define
Y; = Y\6C . As § — 0, we observe that Y; ~ Y (this means that |Y;| — |Y]).
This justifies applying the unfolding operator 7. to functions defined on €).s in
the following way:

gb(s E] - £y> for a.e. (z,y) € Q. x Y;,

0 otherwise.

Te(9)(z,y) = {

The main properties of the unfolding operator, as discussed previously; remain
valid in this new setting. What changes is that the convergences become now only
local with respect to the variable y. Theorem 3 from [18] for functions defined in
(.5 now reads as follows.

Proposition 2.8. Let p €]1,00]. Let (w.) be a sequence converging to some w in
WLP(Q). Up to a subsequence, there exists some w in LP(S; WLP(Y)) such that:

per

To(we) = w  weakly in LP(Q; WEP(Y)),

loc

T.(Vw.) = Vw + V,& weakly in (LP(Q, L} Y))N.

loc

(2.12)
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2.2. The unfolding operator 7.s. The geometry of domains with small holes
requires a specific unfolding operator depending on both parameters € and 6. The
functions belonging to HJ(f5), it is natural to extend them by zero the whole of
Q. Clearly, these extensions belong to HJ(f2). So, one may not distinguish the
functions of H}(€.s) and their extensions in H{ ().

Definition 2.9. Let p € [1, +o0| and for any ¢ € LP(Q2), the unfolding operator
Tes : LP(2) — LP(Q x R™), is defined by

~

T-(¢)(x,02) ae. for (z,2) € Qe x

0 otherwise.

Y,

?

SN

ﬁg((b)(l‘, Z) =

This operator is linear and continuous.

Proposition 2.10. (1) For any u € L*(Q), [|Tes(u)l|7200mvy < 5w lullfz
(2) Let {w.} is a sequence in L' () such that an |w,| dx — 0, then

/ w, dv — 5N/ Tes(we) dxdz — 0.
Q QxRN

Proposition 2.11. Denote by 2* the Sobolev exponent % associated to 2 for
all N >3 . Let w C RN be an open and bounded domain. Then the following
estimates hold:

IV (Tes () 721y < < 5no QHVUHLz (2.13)
e 2 < Ce? 2
1725 (u — My (u)) 1720, 12 (mvy) < mHWHmmy (2.14)
20 5
1725 (w)l|72(0x0) < V- s |l IVullfz@) +2lw] f[ull7z), (2.15)

here, C' denotes the Sobolev-Poincaré-Wirtinger constant for H'(Y') and M is
actually given by Definition 2.5.

Theorem 2.12. Let Q@ C RY be a bounded domains with Lipschitz boundary.
Suppose that w. in W, (Qus) verifies

IVwe||Lr .5 < C,
then there exist w in WyP(Q) and @ in LP(Q; WLP(ZY)) with My- (@) = 0, such
that, up to a subsequence,
1

Tes(ws) = w strongly in LP(Q;WLP(E

Proof. The proof is obtained in a manner similar to that of Theorem 2.13 in [¥]
by applying the change of variable y = dz the result for 7.5 follows. O

Y)).
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2.3. The boundary unfolding operator T35.

Definition 2.13. Let p € [1,+0o0] and ¢ in LP(0T.5), we define the boundary
unfolding operator T5 : LP(0T.5) — LP(RY x 9T) by:

T5(0) (. 2) = cb(a [g]y + aéz>7 xRN, z€dT. (2.16)

Remark 2.14. Observe that if § = 1, 74 is none other than the boundary unfolding
operator T2 defined in [5].

Proposition 2.15. The linear and continuous boundary unfolding operator T%
18 satisfies the following formula:
5N71

6(z) do(z) = /R o THO)w.2) dedo(s), o€ LOT). (217)

T.s €

Proposition 2.16. [18] Let . in WYP(Q.s5) for any €, and suppose that ¢ €
WP(3Y)) such that

Tes(we) = ¢ weakly in LP(S; WLP%Y)).

then we have the following convergence:
Th(p.) = ¢ weakly in LP(Q; Wl_%’p(é)T)),

Lemma 2.17. For any function ¢ is a function in L= (005N 1., ) and Suppose
g is a Y-periodic function in L'(OT), then

- N-1
gl — ) elz)dox
/(995508T55 (€5> ( )

where C' a constant independent of ¢

1)
<C 9|l omyll@ll L (90.5m0725) (2.18)

Proof. We consider a Y-periodic function g belonging to L'(9T) and ¢ € L> (925N
O0T.s); using the integration formula (2.17), one has,

T N-1 T
g —) p(x)dox| = / TS x, z)dxdoz
/ageémaTsé <€5> SO( ) € RN x0T ( (85) > ( )
5N71
< C——llgllzr@n el @a.snors)-

0J

Proposition 2.18. Suppose that g in L'(OT) is a Y-periodic function, conse-
quently, there exists C' a constant does not depend on € such that

[ g
0NsNIOT .5

Proposition 2.19. Suppose g is a Y-periodic function in L*(OT) and g. is the
function defined by g- = ¢ (:—6) , then

lim %@w@mﬁ%MﬂMww/w®M, (2.20)

=0 Jaq_snoT.s Q

< CllellLeon.snot.s)- (2.19)
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for every v € H3(2) N L>®(R).
Proof. Let o € H}(2) N L>(R2). Using proposition 2.15 we obtain

6N—1
lim g-(x)p(r)doxr = lim / g(2)T5(9)(z, 2)drdoz.
i [ etz =l [T
From property (4) of proposition 16 in [15], one has T4%(¢) — ¢ strongly in

L*RYx9T). As ¢ € L*®(Q) andthe operator T5(p) is bounded in L>°(RYN x9T);
hence,

T5() = ¢ weakly” in L™(RY x 7).
From the assumption g € L'(9T'), we deduce that,

5N—1

lim g:(z)p(r)doxr = lim
e—0 0. sNIT. s e—0 £

— ky |OT| Mar(9) / o()d.

/ g9(2)(z, z)drdoz
RN x0T

3. A PRIORI ESTIMATES

This section is devoted to presenting some a priori estimates for a renormalized
solution of problem (1.2).
We, first, define, the function ¢,,, for n € N*, as

(0 Lt < —2n

t

—+2 , —2n<t< —n

n

Yn(t) =41 , —n<t<n (3.1)

t

—4+2 ,n<t<2n
n

L0 , t>2n

One remarks easily that by construction, 1), is Lipschiz-continuous function and
satisfies

0<vy, <1, (3.2)
with support given by
suppb, = [—2n,2n]. (3.3)
We deduce that
lim 1, =1, almost everywhere in R. (3.4)

n—oo

In addition, its derivative satisfies

1
[n(s)] < - for |s| < 2n,almost everywhere in R. (3.5)
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Proposition 3.1. Let the assumptions (1) to (8) in the preliminaries on f,g,h, T and A
and (2.2) hold. Let u.s denote a renormalized solution of problem (1.2). Then
there exist a constant C' > 0 both independent of € and k, such that for each
keNande >0

| T (ues) || 10,y < Ck. (3.6)

Moreover, for v > 0, one can find a positive constant C' independent of €, such
that

/ 17 (2) | h(uay) | doz < C. (3.7)
8Q5508T551

Proof. We consider u.s be a renormalized solution of problem (1.2). In the
renormalized formulation (2.8) we replace ¢ by v, and from (2.6) we can take
v = Ty (ues) as test function in (2.8), to get

/ ¢n(U55)A€(x;ua&)vua5VTk(uaé)dm+/ V) (Ues) A% (2, Ues) Vues Vues Ty (ues ) da
Qs Qcs
—i—/ V7)Y (tes ) P (tes) Tk (uss ) dox

8T€61

:/Q fwn(uaé)Tk(uaé)dx“—/ gawn(uaé)Tk(uaé)dgaj'

8T56 1

(3.8)

Due to (2.5), we fix £ > 0, which allows usto write

/ ¢n(u€5)A5(:U,usg)Vua;VTk(ua;)dx:/ U (Ues) AT (2, Ues) VT (Ues ) Vi (Ues ) da
Qg5 Qes

(3.9)
moreover, (3.3) together with (3.5) we have, Vn € N where 2n > k,
/ Uy, (Ues) AT (2, Ues) Vs Vres Tio (ues ) d
" e (3.10)
g—/ A(2, 1e5) Vg Vg = kp(n),
T J Qs {|ues|<2n}

by (2.7) p(n) go to zero as € — 0.
Using the Hélder’s inequality and (3.2) for the forth integral of (3.8) we get

/ Jthn(ues) T (ues)dx < || £l 21 () |V (Ues) Th (ues) || Lo .5) < Kl f Il
QE6

(3.11)
In the last integral of (3.8), using (3.2) and since Ty (uss) € L®(9T.s,) we apply
proposition 2.18 to obtain

| FunludTitusdos) < Cillva(ua)Titus)lison,,) < Ok, (312
s,
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Combining (3.9), (3.10), (3.11) and (3.12) we deduce from (3.8) that

/ U (ues) A% (2, Ues ) Vues VT (ugs)d / 77 (x) Y (tes ) P (ues) Th (ues )dox
5(5
<

551
k(p(n) + 1fll @) + C),
such that p(n) — 0 when n — oo. Using (3.4) and by Fatou’s Lemma, we get
/ A (2, Ues ) Vs VT (ugs )dx +/ 778 (x) h(ues) T (ues)do(x) < Csk,
Qes 8T551
(3.13)

since both h and T} are nondecreasing functions and vanish at zero; ze obtain
that h(ues)Tk(ues) > 0. Moreover, because of 7 is a Y-periodic function and
positive, then €77%(z) > 0, so

/ 7% (2) h(ues) Ti (ues)do (x) = 0, (3.14)
OT.s,
using (3.14), from (3.13) it yields
a/ \VTk(u55)|2 dx < Csk,
Qes

then
||Tk(u65> HVsa < Ok,

where C' = % does not depend on ¢ and k.

o)
In order to establish the boundary integral estimate, we observe that, due to the
ellipticity of the matrix A, from (3.13), one obtains

/ 77 (x) h(ues) T (ues)do (z) < Cak,
OT.5,
for any k, with a constant C'5 independent of € and k. In the case k = 1, one has:

/ V7 (x) h(ues) T (ues)dox < Cs.
6T561

Let us observe that |h(u.s)| < h(ues,s,6)T1(ues) + C where C' > 0 is a constant
independent of . Therefore, applying the boundary unfolding operator T617 to
the previous inequality, we deduce:

/ g7 h(ues)| S/ 5W75h(U56)T1(Uaa)dam+/ V7% (z)cdox
8T861 6T551

OT.s,
N—l

/ '7(z)dzdoz
€ JrNVxor

N—

5
=y + 2 |8T|M3T(T)57

<Oy 4+ C2

which gives (3.7) if v > 0.



130 C .KAREK, T.K. ABASSI, A. OULD-HAMMOUDA, F. YAZID

Corollary 3.2. [11] Suppose that assumptions of proposition 3.1 hold. Let u.s
be a renormalized solution of (1.2). Then, Vk € N, Ju) € H}(Q) and w, €
L*(Q, HY, (Y)) with My (ay,) = 0 such that, up to subsequence, as € — 0,

per

(). Te(Tw(ues)) — ud strongly in L*(Q, HY(Y)),

(ii). To(VTi(uss)) = Vu) + Vyup  weakly in L*(2 X Y),

(ii1). Tr(uzs) = Ti(ues) — ul weakly in L*(2) and weakly* in L>(Q),
(). [ T(ues) = upllr2o.s) — 0.

(3.15)

4. MAIN RESULTS

Proposition 4.1. Let u.s denote a renormalized solution to (1.2) under assump-
tions of f, g, T and the matrixz A. then up to a subsequence, there exists a function
u®: Q — R measurable and finite almost everywhere, such that

T-(uzs) — u’  almost everywhere in Q x Y, (4.1)

and
T (uzs) — u® almost everywhere in Q x 0T, (4.2)

with
Ti(uo) = ul) for all k>0, (4.3)

and
Tl Az, uss(2) = Az, ) ace in Q x %Y. (4.4)

Furthermore, if v = 0, we have
h(u®) € L1(9Q). (4.5)
Proof. For all natural nmbers k£ and for every € > 0 we observe that:
Te(Ti(ues)) = Ti(Te(ues)), (4.6)
since Tx(0) = 0 and

To(Ti(ues)(o,y) = Tilues) (= [2] +ew) =T (ues (£ [2] +2v)) = Tl

(‘f\l
—~
£
™
(=%}
~—
~—
~—~
8
<
.

€
Thus, from (i) of corollary 3.2 and (4.6)
Te(To(uss)) — uy strongly in L*(2, H'(Y)). (4.7)

Applying the trace theorem, we obtain:
b 0|2 b 0
[ 726(Ti(ues)) — ]| o vor) = AN||Z5(Tk(Uaa)) — gl L2omyde

so/WunwmwmmmmM-
Q

According to corollary 3.2 this term go to zero. From (4.6) we get

Ti(T5(ues)) — ul strongly in L*(RY x OT). (4.8)
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Now by property (5) of proposition 2.6 we have

Kmeas{|To(uas)| = k) = T2(T-(es)dady < | Te(ues)2aga,) < CF,
{17 (ues) |2k}

where C' constant independent of k and e. This imply that

meas{|Tz(uss)| > k} < % (4.9)

In the space V, the Poincare inequality hold with a constant that does not de-
pend on ¢, we use the same method used in [16], we can show that the sequence
{7:(uss)} is Cauchy in measure. Hence, there exists a subsequence, 7T (ues) con-
verges almost everywhere.

Then, there exists a measurable function ugy : 2 — R finite almost everywhere,
such that (4.1) holds.

Now, combining (4.1) and (4.7) yields

Te(u®) = u) € Hy(Q), for all k> 0.
Due to (4.8), we have
Ti(T5(ues)) — Ti(u®)  a.e in L*(Q x 7).

Using the same argument as above, and after extracting a subsequence, we show
that (4.2) holds up to a subsequence.
From definition 2.9 we have

Tos(A(z, ues(2))) = A (5 E]Y + 02, Uy (E}Y + 5z>>

= A(z, Tes (ugs) (2,02)) a.ein Qs X %Y.

On the other hand, using (4.1), we can extract a subsequence such that 7 (u.s)

1
converge to v in Q x SY. This together with A be a Caratheodory function,
yields

1
Tos(A(z, ues(2))) = A(z,u’)  almost everywhere in Q x EY

Finally, from (3.7) when v = 0 we have

/6 r@hlus)dor < C.

Using the boundary unfolding operator 7;%1, we get

N-1
0,

3

[ T (e dsdo: < C
RN %x9T

Since 7;%1 (ues) — u® almost everywhere in RY x 9T, Fatou’s lemma yields 75

851 ?
we get

k1 /]RNXE)TT<Z)|h((UO))|ddeZ <,
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then
k / () (o)) |dedorz = k0T Moy / Ih(u) d,
RN xOT Q
this implies
k1|8T|M3T(T)/|h(uO)|d$ <C.
Q

Since 7 > 0, it follows that Mar(7) > 0. Thus, (4.5) follows. O
Proposition 4.2. [11] Given any k > 0, suppose i, € L*(Q, H,,,(Y™)) satisfies
My (ay,) = 0. Then there exists a unique measurable function U : Q x Y* — R

such that for all function R € CY(R) with compact support such that suppR C
[—n,n] for some n € N, the following relation holds:

R(u®)ay, = R(u®)u ae.in QxY* Vk>n. (4.10)
where the function u® is defined by Proposition /.1

5. HOMOGENIZATION RESULTS

Proposition 5.1. Suppose that assumptions of f,qg,h,7 and the matriz A.
Consider u.s as the subsequence of the renormalized solution to problem (1.2),
provided by Corollary 3.2. Then for any k € N and € > 0 we obtain:

1
lim limsup — / A (2, ues) Vues Vuesdr = 0. (5.1)
‘u55<k|

k=400 ¢

Proof. We consider u.s be a renormalized solution of problem (1.2). In the renor-

malized formulation (2.8) we replace ¢ by 1, and we choose ETk(ua;) € V as test

function, we obtain:

1 1 ) .
z / U (Ues) A% (2, Ues ) Vues VT (ues)dx + T / P (Uues) A% (2, Ues ) Vues Vues Ty (ues ) da
Qsé QE(S

+ %/31;51 €17 () (tes) hues ) T (ues ) dox

= %/{;E& fwn(U56>Tk(us5)dI -+ %/ g€¢n(U56)Tk(U€§>de’

OT.5,
we note the previous equation as
I+ 5+ 15 =15+ I3, (5.2)
For the first integral we use (2.5) to get

1
If = E/ ¢n(ua(5)A€($ausé)VTk(U56>VTk(u56)dx' (53)
Qeé
Using the definition of T} and (3.5) for the second integral, we get

1
|‘[2€| < _/ Ag(x,u55)Vu55Vu55dx,
n Qes
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Now by (2.7), we have

lim |I5| = 0. (5.4)

n—o0
For the third integral, by properties of h and T}, and for fixed k and €. we get
h(tes) Tk (ues) > 0. Also from assumption on 7 and (3.2), we have 77 (), (ues) >
0. We deduce

£ >0. (5.5)

For the forth integral, we use (3.2) to get |fvn(ues)Tr(uss)| < klf| € LY (),

using the fact that ¢, - 1 as n — oo together with the Lebesgue dominated
convergence theorem, yields:

1
lim [§ = lim — fton(ues) Ti(ues)dx = / fTi(ues)d
66

n—oo n—o0 Q o5

Further, by (iii) of corollary 3.2 and (4.3) lead to
Tk (
limsup lim I = — /f W0 da /f kU

e—0 n—0o0

Since u" is finite almost everywhere, we note that as k — oo

Tk(kuo) —0 a.e inf. (5.6)
Moreover, we have

O < e o),
thanks the Lebesgue dominated convergence theorem we deduce that

lim limsup lim I = 0. (5.7)

k—oco o0 n—0

For the fifth integral, using (3.2) we have |g.¥, (ues)Tk(ues)| < klge| € LY (OT),
applying the Lebesgue dominated convergence theorem we obtain

n—o0 n—oo oT s
€01

1
lim /; = lim Gen (ues) T (ues)dox = % /8T 9Ty (uzg)dox.
81

Applying the boundary unfolding operator 73, and using (4.6), we get

1 5N—l
lim I = ——
nLH;o 5 k‘ I

/ 9(2) Ty (T3, (ues))dadoz,
RN x0T

using (4.2) gives

1
limsup lim [; = —kl/ ()T (u")dzdo 2.
RN xoT

e—0 MO0 k

Tk (UO)
k
convergence theorem, we obtain

lim limsup lim /; = 0. (5.8)

k—oo o0 nNn—00

Indeed |g

' <|g| € LY0T), due to (5.6), using the Lebesgue dominated
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Finally, since lim %, = 1, together (5.2), (5.3), (5.4), (5.5) and Fatou’s lemma
n—oo
yield

1
—/ A% (2, ues ) VTk(ues ) VT (ues) = lim I7 < lim I 4+ lim [,
Qes

k n—00 n—00 n—00

using (5.7) and (5.8), we deduce that

k—=oo e

1
lim lim sup —/ A% (2, Ue5) VT (ues) VI (ues) = 0.
Qeé

Hence, the proof of proposition is established. O

Other tools that will be needed below are some results from [7]. To formulate
them, define the space Kp as

Kp={® e L*(RY) | V® € L*(R"), ® constant on B}.
Lemma 5.2. ([7] ) Let N > 3. Then, for every dy > 0, the set
| {¢€H), (V)| ¢=0o0ndB}

0<d2<dp

is dense in H (V).

per

Lemma 5.3. ([7]) Let v e D(RN) N Kp and

w552(x):v(B)—v(1 {x}) for z€RY.

5 le

Then
Wes, — v(B)  weakly in H*(Q). (5.9)
Now, as in [7], let the function y be the solution of the following cell problem:
X € LOO(Q, KB),

/ Vox(z,2)V,U(z)dz=0 for aex €, VYV e Kg with U(B) =0,
RN\B

(5.10)
and introduce the function © given by

O(x) = /]RN\B V.x(x,z) V.x(z, z) dz. (5.11)

Notice that @ can be interpreted as a local capacity of the set B since it is positive
by definition. Assume now that there exist ky with 0 < k; < +o00, and ky with
0 < k9 < +00, such that

N_q

N—-1 N
lﬁ:lim& and /<;2:hmM

e—0 £ e—0 £ (512)

We now present the main homogenization result associated with the problem
(1.2).
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Theorem 5.4. Under the assumptions of f, g, h, T, and the matriz A, we con-
sider ugs to be a renormalized solution of (1.2). We define the function J(vy) for

every v > 0 as follows:
oT| i =0,
J(’Y) | | f Y (5.13)
0 if v>0.

suppose that as € — 0 there exist two matrices fields A and A° such that,
respectively:

To(A%)(z,y) — A(z,y) a.e. in Q XY, (5.14)
Tes, (A%) (2, 2) — A%, 2) a.e. in Q x (RV\ B). (5.15)

Let u.s be the solution of (1.2). Then there exists a subsequence such that there
exist a measurable function u® : Q — R, and finite almost everywhere, and for
any k €N, a, € L*(Q, HL, (Y*)) with M, (@) = 0 satisfying

per

().  To(Tp(uss)) — Tr(u®) strongly in L*(Q2, H'(Y)),

(i1). T(VTk(ug(;)) VT (u®) + Vi, weakly in L*(Q x Y), (5.16)
(ii7). Tp(u.) = Tk(us) Ty (uo) weakly in L*(£2.), '
(iv). ([ Ti(ues) — upllr2i.y) — 0.

Moreover, there exists u : QxY — R a measurable function such that the triple
(u®,w, U) satisfies the following limit problem

' / Al ) (T VB V(S () + 51(0)V, ¥, 9))dody
+li(y)MaT(T)/Qh(uO)S(uO)nde

— ]{?2/ A%z, u" )V, U(x, 2, t)vpS(u®)nydrdo 2
Qx0B

_ / FS(u)nodz + ki |OT | Mar(g) / S(u)podz
Q Q

| for every ny € Hy(2) N L>(Q) and for every ¥ € L*(Q, H,,,.(Y)),

per

(5.17)
for every function S and Sy in C*(R) with compact supports.
While the function U obeys
/ A%z, u°)V, U (z,2)V v(z)dz = 0, (5.18)
RN\B

for a.e. x in Q, and for any v € Kg, with v(B) = 0.
Further, we have the convergence

1
lim - Ay, u®) (VT (u®) + Vi) (VT (u®) + Vg )dedy = 0. (5.19)
0 Qxy

Proof. Let u.s be a renormalized solution of (1.2). We use pw.s, as test function
in (2.8) where ¢ € D(2) and w,s, defined by Lemma 5.3. We also replace ¢ by 1,
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where 9, is given by (3.1). We get
/ ¢n (UE(;)AS(ZL‘, uaé)vuaév(gpwaéz)dl‘ + / 'QZ);I (uaé)Ag(l'y uaé)vuaévuaé(@waéz)dx
Qs Qes
+ / V7)Y (Ues ) P (Ues) pwes,dox
8T€61
:/ fwn(uaéx‘pwaég)dx +/ gawn(u56)<9@w562)d0$7
956

OT.s,

then

/ wn(ua;)Ae(x,uE(;)Vu€5Vgow552dx—|—/ U (Ues) AT (2, Ues) Ves o Vwes, da
Qs Qes

+/ %(Usa)Ae(%Uaé)vue(svuaé(@wa&)d%+/ 77 (@)hn (Ues ) h(Ues ) pwes,dow
Qsé

aTsle
— [ ontusoua)do+ [ g (s o,
Qes aTsél
which reads as
L+ 2+ P+ T =0+ 0 (5.20)

In order to pass to the limit in each term with n fixed, we make use the unfolding
method. Given that ¢ has a compact support in €2, using Proposition 2.6, Remark
2.7 and (3.3), we can write

lim J; = lim (T (tes)) T (A (2, Ton (ues))) T (Vo0 (ues)) T (V) Te (wes, )dwdy.
E— e— QXY

(5.21)
Since (4.1) holds

To (A% (2, Ton(uss))) = A°(y, Ton(Te(ues))) = Ay, Ton(u®)) ae in Qx Y.
(5.22)

Thanks to assumption of A, T-(A®(z, To,(ues))) is bounded in L (€2 x Y') so that
A (y, Te(Ton(ues))) — Ay, Ton(u®)) weakly™ in L(Q x Y).
And from (4.1) and the continuity of 1, for every n, we have
Vn(Te(ties)) — ¥ (u®)  almost everywhere in Q x Y. (5.23)

Due to hypotheses on A, property (3) of proposition 2.6, (3.1), (5.22) and (5.23),
in view the Lebesgue dominated convergence theorem we get

Un(Te(ues)) Te (A, Ton(ues))) T (Vo)
— U (u) Ay, Ton(u®)) Vi strongly in (L*(Q x Y))N.
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Now, passing to the limit in (5.21), and using (ii) of corollary 3.2, (3.3), (4.3) and
(5.9) we get

lim J; = v(B) Yu(u0) Ay, Ton(u")) Ve (Vg + Vytiz, ) dudy

e—0 Qxy

(5.24)
=v(B) Un(uo) Ay, u’)Vp(Vu’ + V iz, ) dady.
QxY
Unfolding the second integral by 75, and using lemma 5.3, we get
57
N
lim Jsz = 2—/ VU (Tesy (ues)) Tes, (A% (2, Ton(tes))) 03" Teo, (Vo (ues))) Tes, () (= Vov)dad2.
e—0 £ QxRN
(5.25)

Thanks to estimates (3.6) , we can apply Proposition 2.11. Thus, there exists
some Uy, in L?(Q2, L2 (RY)) such that, up to a subsequence

up to a subsequence,
N1

05"

?7;52 (Ton(tes)) — Usy, weakly in L2(Q; L? (]RN)). (5.26)

loc

Using (2.9), one also has the convergence

N

N_q

2
0

3

However, according to Proposition 2.11, there exists W, in L2(2; L?" (RY)) with
V. Wy, in L2(Q x RY), such that

M (Ton(tes)) — ko ud, strongly in L2(Q; L2 (RY)). (5.27)

loc

N

N_g

2
0

£
From (5.26),(5.27) and (5.28), one conclude that

U2n == W2n + k?“gn and Vz[]2n == vzW2n7

by Proposition 2.11 again, one also has convergence

(Tesy (Ton (tes)) — Mo (Ton(tes))) — Way weakly in L2(Q; L? (RY)). (5.28)

N_q
2 N
5 N

V. Tes, (Ton(ties)) = 02 Tas, (VT (te5)) — V,Us, weakly in L2(Q x RY).
(5.29)

On the other hand, since (4.1) holds and using (4.4) we have

Tes, (A% (2, Ton (ues))) = A% (2, Ton(Tes, (ues))) — A%z, Ton(u®)) a.e in Q x (RY\ B).
(5.30)

Due to assumption of A, Ts,(A%(x, Ton(uss))) is bounded in L®(Q2 x (RN \ B))
so that

A (Y, Teso (Ton(uss))) — Az, Ton(u®)) weakly™ in L2(Q x (RY \ B)).
And from (4.1) and the continuity of 1, for every n, we have

Un(Tas, (tes)) — (W) ace in Q x RY. (5.31)
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Thanks to assumptions on A, (3.1), (5.30) and (5.31), the Lebesgue dominated
convergence theorem can be applied, and we obtain the following result

Un(Tes, (tes)) Teo, (A2, Ton(ues))) Tos, (Vi)
— P (u) A (2, Ton (u®)) Vo strongly in (L*(Q x (RY \ B))).

We then compute the limit in (5.25) using (5.29), (1.3) and (3.3) and get

e—0

lim J? = —kzg/ Y (u”) A% (2, u" )V, UV 0(2) pdrdz (5.32)
Qx (RY\ B)

For the third integral of (5.20), using (3.3) and (3.5), we obtain

lim sup|.J?| = lim sup
e—0 e—0

/ Uy (Ues) A (7, Uzs) Vites Vues (Pwes, ) d

fes X (5.33)

< 2u(B) |||l e (o) lim sup — A% (2, Ues) Vues Vuesde.
e—0

‘u€5‘<2n

Hence, as consequence of proposition 5.1

lim limsup J2 = 0. (5.34)
n—0o0 0
Now for the forth integral J2, we have two cases:

The first case if v = 0, under the assumption on 7, using the boundary unfolding
operator 75, (3.3) and (1.3) we get

/ 7(2) Y (Ues ) R (Uzs) pwes,dox
A5,

N-1
— 0y

_ /R o 7T (1) T (b)) T, (P, o,

3

(5.35)

using (4.2) and the continuity of 1, we get
Un (TS, (ues)) = ¥a(u’)  ace.in RY x OT. (5.36)

Furthermor, using the continuity of h and the fact that h(0) = 0, together with
(4.2) we obtain,

T35, (h(uzs)) = h(TS5, (us)) — h(u®)  almost everywhere in RN x 9T. (5.37)
From the above convegrnces (5.36) and (5.37), for every fixed n, we get
T(2)n (TS, (ues)) TS, (h(uzs)) = 7(2)0n (W) R(u®)  ae. in RY x 9T.  (5.38)
By (3.3) we deduce that
7 (=)0 (T2, (40)) T, ()| < 4l 7l| e oy,
applying the Lebesgue dominated convergence theorem we get

7(2)n (T3, (ues)) TS5, (R(ues)) = T(2)0n(u)R(u®)  strongly in L*(RY x 9T).
(5.39)
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Thus, (5.9), (1.3) and (5.39) we can pass to the limit in expression (5.35) we get

lim T (2) Y (ues ) h(uss) pwes,dox = kyv(B)|0T | Mear(T) /}RN U (u)h(u®)pdz.

e—0 8T551

(5.40)
The second cases, if v > 0, we have from (5.40)
lim 57/ 7(2) Y (Ues ) h(ues) pwes,dox = 0. (5.41)
e—0 8T551
Combining (5.40) and (5.41), we have
li_r>r(1) J2 = Kiv(B)J(y)Mar(7) Vo (u®)h(u®)pd, (5.42)
& RN
where J(v) is defined by (5.13).
For the fifth term, by the unfolding operator 7, remark 2.1, and obtain
lim J€5 =lim f¢n(u5§)¢w552 dx
e—0 e—0 Qs
= lim Te(f )b (Te(ues)) Te(0) Te(wes, ) dardy.
e=0 Jovy
Now, by (5.23), we pass to the limit, using (1.3) and (5.9) and get
g J2 = v(B) [ fun)pdody = o(B) [ funl)pde. (503
e=0 axy Q

Using the boundary unfolding operator 5%1 on the last integral J? and by remark
2.1 we obtain

Js6 :/ g (i> ¢n(u55)¢($)w552d0$
oT 5(51
5y

= / 9(2)¥n (72;1 (%5))72;1 () TS5, (wes, ) dadoz.
RN x0T

€

Due to (3.2), (5.9), (1.3) and (5.36), taking the limit as ¢ — 0 for n fixed and
using the Lebesgue dominated convergence theorem, we get

lim J® = v(B)|0T | Mar(g) / Vo (u®)pd. (5.44)
e—0 Q

Finally, by (5.24), (5.32), (5.34), (5.42), (5.43) and (5.44) we are able to pass to
the limit in expression (5.20), which yields the following limit equation:

v(B) n(ug) Ay, uO)Vgo(Vuo + Vo, )dzdy — kg/ wn(uo)AO(z, uO)VZUVZU(z)gpda:dz
QxY Qx (RN\B)

+v(B)w(n, ) + kyv(B)J(y) Mar(1) /RN U (u) h(u®) pda

— o(B) / Fion () + 0(B)|OT| Mar(9) / () pdr,
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for every ¢ € D(Q2), and where

(w(n, )| < ||¢llre@w(n), with w(n) =0 as n — oo, (5.45)
in view of (5.33) and (5.34).

by proposition 4.2, we take R = 1), there exists u : Q2 x Y — R a measurable
function, such that

U (uP) gy, = 10y, (u®)0 for every n. (5.46)

Then we can write the integral equation above as

v(B) (o) Ay, uO)Vga(Vuo + V,u)dzdy
QxY

- k‘2/ V() A%(2,u" )V, UV 0 (2)pdrdz
Ox (RM\B) (547)

+ v(B)w(n, ¢) + kiv(B)J(y) Mear(T) . U (u) h(u) pdx

zn[ﬁwawxwx+menwww@yL¢awMMm

By density and due to (5.45) and (5.47) the result is valid for every ¢ € Hj(2) N

Leo(Q).

Now, let S and S; be in C*(R) with compact supports. Take k > 0 such that
suppS C [k, k] and suppS; C |-k, k. (5.48)

We set ¢ = S(u®)ng in (5.47) where 9 € HL(Q) N L>®(Q) we get

o(B) [ taluo)Aly, ) (Ve + V) () Vinpdedy
QxY

Fo(B) [ bl Al (Vi + 9,008 (o

— kg/ Vn(u) A (2, u" )V, UV v(2) S (u®)nodwdz (5.49)
Qx (RY\B)

+v(B)w(n, S(u®)ny) + klv(B)J(’y)./\/laT(T) wn(uo)h(uO)S(uo)nodx
/ Fibn (u®)S(u®)nodx + v(B )|8T!M3T / U (u®) S (u®)nodz.

For n > k, from (3.1) and (5.48), we have

Un(u”)S(u’) = S(u’) and ¥n(u’)S'(u") = §'(u"),
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this implies that
v(B) / Ay, u®)(Vu® + V, 1) S (u®) Vnodrdy
Qxy
+v(B) / Ay, u®)(Vu® + V, )5 (u®)nodxdy
Qxy
—@/' A0z, d) VLUV 0(2)S (1) odad= + v(Bw(n, S@)no)  (5.50)
Qx (RN\B)
+ ko(B)J () Mo (7 / (W) S (1o

/f@bn u\nodz + v(B )|8T|M3T(g)/QS(u0)nOdm.

Taking to the limit as n — oo in (5.50) and using (5.45) we obtain

v(B) - Ay, u®)(Vu® + V, )V (S (u®)no)dxdy

—@/‘ A0z, u0) V.UV 0(2) S (0 odaed
x(RU\B) (5.51)
+ kyv(B)J (7)) Meor(T / U (u )S(u O)nodx

/f% T]de‘f‘U( )]8T|M3T(g)/5(uo)nodx

Q

If v(B) = 0 we get the equation (5.18).
Now, we choose ¢ = S7 and v = v, as a test functions in (2.8), with v. defined
by

ve = ep(x)€ (g) such that ¢ € D(?) and € H,,, (Y)NL>®(Y),

per

then, we have

/ Sl(ua;)AE(x,usg)Vua;VUEd:U+/ S1(uzs)A® (2, Ues) Vs Vuesv.de

Qs Qes

—|—/ 5776(:E)Sl(ua(;)h(ua(;)vgdcrx:/ fSl(ua;)vada:—l—/ 9°S1 (ugs)vedoz,
8T551 Qsé aTE(Sl

which can written as
LI+ D2+ 12 =L+ 10 (5.52)
By proposition 2.6, we have

T(v) = eT(@)S, (Vo) = cT(V) (2) + T(@Vis (1), (5.59)

and
T-(Vv.) = oV,&  strongly in L*(2xY) ase — 0. (5.54)
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According, by same method used to show (5.24), combining proposition 2.6,
(5.22), (5.23), corollary 3.2, (5.46) and (5.54) yields

lim L! = lim To(S1(ues)) T (A% (x, Ty (ues) ) Te (VT (ues) ) To (Ve ) dxdy

e—0 e—0 QxY

- / S (Al o)(Vu + V@) (2) V€ (y) dady.
8 (5.55)

For the second term of (5.52), since S; has compact support and by assumption
on A and (3.1), the term f{|u Sl<k) S (tes) A (2, ues ) Vues Vuesdr is bounded, so
that we have

2= | [ 810 A% o 0a) Vs Vitgveds | < Cellolamo o
QE(S
consequently
limsup L? = 0. (5.56)
e—0

By the boundary unfolding operator 77, for the third term and using (1.3), (5.36),
(5.37) and (5.53), we get for v > 0

N—-1

ing 22 =l 7™ [ ()78, (81 06) T, (1)) T (02 )ddr = 0,
RN x0T

e—0 e—0 g
(5.57)
On the other hand, for the forth integral L we use Tz, by proposition 2.6 together
with (5.23) we can pass to the limit and get

lim L? = 0. (5.58)

e—0

For the last surface integral L° using the boundary unfolding operator 7;%1 and
by (1.3) together with (5.36) we can pass to the limit and get
lim L° = 0. (5.59)

e—0

We are now ready to pass to the limit in (5.52) as ¢ — 0. Thanks to (5.55),
(5.56), (5.58), (5) and (5.59), we deduce

/Q S Al (Ve + 9, @)pla)V,E)dady =0, (5.0

for every ¢ € D(2) and for every & € H),.(Y) N L>(Y).
Due to the compact support of S; , we obtain S;(u®)A(y, u®)(Vu® + V) €
(L2(©2 x Y))N. By density, (5.60) is equivalent to

/Q Al ) (Ve + 9,085 (), (o (@)p(e)s)dy = 0.

for every n; € L*(Q) and £ € H),.(Y).
We observe that n,(2)¢(y) € L*(Q) ® H),,.(Y) moreover, the density of L*(Q2) ®

H! (Y)in L?(2; HL (Y)) allows us to deduce that

per per
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/ Ay, ) (Vi + V)51 (1) Y, 0z, y)dady — 0, (5.61)
Qxy
for all U(z,y) € L*(Q; HY,,.(Y)) Adding (5.51) and (5.61) we get

per

v(B) /Q y Ay, u®)(Vu® + V,0)(V(S(u)no) + 91 (u®)V, ¥ (x, y))dzdy

- kQ/ A (2, u® )V, UV v(2)S (u®)nodrdz
Ox(RU\B) (5.62)

+ kyo(B)J (7)) Mor (T / P (u )S(u)noda

= /fwn unodz + v(B)|0T| Mar(g /S )nodz,

integrating by parts in second term, it is easily seen that

ko / A (2,u°) V.UV v(2)S(u’)nodrdz
Qx (RV\ B)

= kov(B) / A%z, u").vpS(u)nodrdoz.
Qx0B

We replace this formula in (5.62) we obtain (5.17).
For the convergence behaviour of the truncated energy, we set

Z0= [ A (VE() + V,5)(VE() + V,)dady,
QXY

For any ¢ > 0 let us define
D. = To(A%(z,ues)), G = Te(VTi(ues))-
By (5.16)(ii) and (5.22) we have,
D. — A(y,u®) a.e. in QxY,
¢ — VTi(v°) + Vi, weakly in L*(Q x Y).

According to proposition 2.6 we have

7 < liminf To (A (2, ues) ) Te (VTx(ues) ) To (V Tk (ues) ) dady

e—0 axY

e—0

< limsup/ A% (2, ues ) VT (tes) VT (ugs)d.
QE5
Usibg Proposition 5.1 we have
1 1
hm kIO < lim limsup — / A (2, ues) VT (ues ) VT (uss)dr = 0,
Q£§

k—oo 0
that is
1
lim — Ay, u®) (VT (u®) + V,a3.) (VT (u?) + Vi )drdy = 0,

k—00 k QxY
which implies (5.19). O
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Theorem 5.5. [11] According to the setting of Theorem 5./, the function U is
given by
N
- _ ou°
a) = = 3 T (@) 2 ),
i=1 v

where (e;)}L, is the canonical basis of RN and Xc,(.,t) is the solution of

—div(A(, )V, XA (., 1) = =div(A(, t)A) inY,
A(LDA =V xXa(,1)n =0 on OT,
XAl 1) Y — periodic,
My (Xx(., 1)) = 0.

for everyt € R and )\ € RY.

Corollary 5.6. Let us consider the function u° defined by theorem 5.4. Then u°
15 a renormalized solution of the problem

—div( A" (W) Vu®) + k1 J(7)|0T| Mar(T)h(u®) + k20u° = f + ki|0T| Moar(g) on Q,
u’ =0 on 0f,
(5.63)
that is, u° satisfies
Te(u®) € HY(QY)  for any k > 0,
lim ! AP (uY\Vu'Vuldr = 0,
0N J{rei|u|<n}

where the function © giving rise to a "strange term”; is given by (5.25)
The homogenized matriz A™™ is defined [5], for all fized t € R, as

AN = | Ay, t)V,ws(y, t)dy VA eRY,
Y\B
in which
wx(y,t) = Ay — Xaly, 1),

Remark 5.7. (1) If 61 = 1 and ky = 0, we are in the case of the classical ho-
mogenization, and we get the results established by P. Donato and al. [11]

(2) If ky = 0 and ke = 0, it means that the "small holes” have no effect on
the considered problem, we get so,

—div(AMm (W) Vul) = f in Q,
u’ =0 on 0f).
(3) If k1 #0 and ke = 0, the "Robin” holes have an effect on the considered

problem while the Dirichlet holes have no effect and (5.63) is reduced to
the following,

—div( A" (W) Vu®) + k1 J(7)|0T | Mor(T)h(u®) = f + ki|0T| Moar(g) on €,
u’ =0 on 0.
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(4) If ky = 0 and ky # 0, the " Dirichlet” holes have an effect on the considered
problem while the "Robin” holes have no effect, and (5.63) is reduced to
the following,

—div(AMm™ (W) Vul) + k30u° = f on Q,
u’ =0 on 05,
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