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GOODNESS-OF-FIT TESTING FOR THE PARTIALLY LINEAR
MODEL

BELLY N’KOYOSSE MARTIAL AHOUTOU!, KOUAME FLORENT KOUAKOU!* and
ARMEL FABRICE EVRARD YODE!

ABSTRACT. In this paper, we propose a test to assess the relevance of using
a partially linear model (PLM). Constructing our test statistic requires esti-
mating the error variance in the context of a partially linear model. For this
purpose, we use specific estimators of error variance. The test statistic is based
on the difference between two such estimators. This difference is expected to
be close to zero under the null hypothesis Hy and significantly larger under
the alternative hypothesis H;. We establish the asymptotic properties of the
proposed test statistic, and through simulations on finite-sample data, we eval-
uate its performance.
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1. INTRODUCTION

Assume that the observations (X1, Y1), ..., (X,,Y,) € R? x R are independent
and identically distributed random variables such that

where f is an unknown real-value function defined on R, and the errors ¢, are
centered random variables. We assume that the random vectors (e, ..., €,) and
(X1,...,X,,) are independent.

To address the ” curse of dimensionality” commonly encountered in nonparametric
modeling, various dimension reduction approaches have been developed. Among
the most prominent are the additive model, the PLM, and the single-index model.
These models aim to retain model flexibility while reducing the effective dimen-
sionality of the covariates. In this work, we focus specifically on the PLM, which
combines the interpretability of linear models with the flexibility of nonparamet-
ric components. A model is said to be partially linear when it takes the following
form

[(X;) =05'Zi + g(U;),
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where the unknown parameter g € RP, and ¢ is an unknown real-valued function
defined on R? with p 4+ ¢ = d. We assume that the random vectors (Xy, ..., X;,)
and {(Z1,U1), ..., (Zn,U,)} are dependent, while the random vectors (7, ..., Z,)
and (U, ...,U,) are independent. To prevent the inappropriate use of partially
linear models, several statistical tests have been developed to assess the validity
of such models. Notable contributions include those by [11, 10, 4, 12, 9], who
proposed various testing procedures under different assumptions and frameworks.
It should be noted that the construction of the test statistics proposed by [11]
and [10] requires prior partitioning of the sample. The underlying idea is that,
if the data are split into two subsamples I'y and I's, the estimators computed
separately on these subsamples should be consistent under the null hypothesis Hy.
In practice, identifying subsamples I'; and I's on which consistent estimators can
be constructed under the null hypothesis Hy is not straightforward. Moreover, [1 1]
and [10] did not provide simulations to confirm or refute their theoretical results.
[9] highlighted that the dimension of the linear covariates negatively impacts the
test statistics proposed by [1] and [I2]. To address this issue, they proposed a
test statistic that is not affected by the dimension of the linear covariates. It
is worth noting that both [12] and [9] impose a structural assumption on the
dimension of the nonlinear covariates, specifically assuming that it equals one. It
should also be noted that the estimators used in the test statistics proposed in the
aforementioned studies incorporate mechanisms to account for potential outliers.
It is well known that outliers can adversely affect the bias and mean squared error
of estimators, see [3]. In this paper, we propose test statistics whose construction
does not require prior partitioning of the sample, and we impose no assumptions
on the dimension of the nonlinear covariate. We develop test statistics for both
heterogeneous and homogeneous error cases. In each scenario, we introduce two
types of test statistics: one based on estimators constructed using the entire
dataset, and another based on estimators computed after removing potential
outliers. In summary, we suggest a goodness-of-fit test to evaluate the relevance
of using a PLM, under both homogeneous and heterogeneous error structures.
The main idea of our approach is to compare a nonparametric regression function,
defined as f(X;) = E(Y;|X;), with a partially linear regression function, defined
This comparison serves to test whether the structure imposed by the PLM is
consistent with the true conditional expectation of Y;.

Ho: f(Xi) =B'Zi + g(U)

against

Hy: [(Xs) # B'Zi + g(Us),
Our test is motivated by the fact that if the null hypothesis Hy is true, then the
error variance of the model should be

o =E[(Y; - E(Yil(Z, U3)))]-

Under H,, the estimator of o7, denoted o2, should be very close to o2, whereas
under H7, it should be significantly larger than o?.

If the error variance o7 is known, then an obvious test statistic for the above test
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hypotheses would be

~

T =/n(o} - o?)
where o2

2 is an estimator of the error variance in a PLM. Under H,, using the
central limit theorem, we obtain 7" — N (0, ). Under Hy, |T| would take a large
value.

In most practical situations, the error variance is unknown. To address this, we

adopt the approach proposed by [0] for the construction of our test statistic. This

method involves comparing two versions of the estimated error variance o2, each

computed using a different weighting scheme. Under the null hypothesis Hj, both
versions are consistent estimators of o2. Consequently, if the test statistic yields
a value close to zero, this suggests that the PLM is appropriate. Conversely, a
large absolute value of the test statistic may provide evidence against the null
hypothesis. The test statistics we propose therefore rely on accurate estimation
of the error variance in the PLM framework. In [1], we introduced error variance
estimators under the assumption that the nonlinear covariate is univariate. In
[2], we have extended these estimators to accommodate cases where the nonlinear
covariate may be multivariate. This generalized formulation will be used in the
construction of our test statistics.

The organization of this paper is as follows. In Section 2, we present the mathe-
matical motivation underlying our test and introduce the proposed test statistics.
We also establish their asymptotic properties under both the null hypothesis Hy
and the alternative hypothesis H;. Section 3 reports the results of numerical
simulations conducted to evaluate the performance of the test statistics under
various scenarios. In Section 4, we summarize our findings and discuss potential
directions for future research. The appendix contains supplementary findings.

2. HYPOTHESIS TESTING PROBLEM

We aim to test
Hy @ f(Xi) = k(B'Z;, Us)
against
Hy: f(Xp) # k(B'Z:, U),
where f(X;) = E(Y;|X;) and k(5'Z;, Us) = E(Yi[(Zi, U3)).
2.1. Motivation. Let us define M (X;, Z;,U;) = f(X;) — k(B'Z;, Uy).

A certain value of M(X;, Z;, U;) can provide an indication of whether or not to
use a PLM. To evaluate M (X;, Z;,U;), we can use the following distance:

= E[M(X;, Z;, Uy

If f(.) is a nonparametric regression function that is similar to a partially lin-
ear regression function k(.,.), then we have E [M(X;, Z;, U;)]> = 0 under H, and
E[M(X;, Z;,U;)]> > 0 under Hy. Thus, if we estimate d(f(X;); k(8'Z;,U;)), then
a certain value of d(f(X;); k(8'Z;,U;)) can indicate whether or not a PLM should
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be used.

An estimator of d(f(X;); k(8'Z;, U;)) is given by
C/i\(f<Xi>§ k(B'Z;,U;)) = %Z (Vi — k(B Zi, Ui))Qv (2.1)

=1

n

where E(B’Zi, U;) = B/Zi +9(Us),

i= |z Byz- By |Svi-A@-ByY| @2
=1 =1
S K)o -
-l B rmetE e
L 0 else
(ymzE(SE)
ol By Bt
0 ' else

\
and

Z?:1 (Yy - B’Z»K(UJ‘};UZ-
Y ()

) if Sj K (%) #0 (2.5)

hn
else

Remark 2.1. The estimator proposed in (2.1) is nothing more than the classical
estimator of the error variance in a PLM found in the literature. We observe that
the process of constructing our test statistics naturally requires determining an
estimator of the error variance in a PLM.

2.2. Error variance estimators. In this subsection, we present the estimators
that we will use for constructing our test statistics. For the construction of error
variance estimators and test statistics, we distinguish between two types of PLMs.
For homogeneous errors, the considered PLM is

Y, =087+ gU)+&, 1<i<n (2.6)

We assume that the random vectors (1, ...,&,) and {(Z1, U), ..., (Z,, Uy,) } are in-
dependent, and that (Z;, U;) are independent and identically distributed random
variables.

For heterogeneous errors, the considered PLM is
Yi=0'Z;+9g(U;) + oik;, i=1,...n (2.7)

where k; are independent and identically distributed with zero mean and variance
1, and (Z;, U;) are independent and identically distributed random variables. In
this work, we assume that o; are functions depending on the nonlinear covariates.
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2.2.1. Atypical Values Withdrawal Procedure. We aim to suggest estimators of
the error variance that are constructed without accounting for potential outliers.
[7] introduced an outlier removal procedure for the covariate set in the context
of a single-index model. In this work, we adopt the same procedure within the
framework of the PLM. It must be pointed out that, in a partially linear model,
the covariates are split into two groups: linear covariates and nonlinear covariates.
The outlier removal procedure will therefore be applied to both sets. The steps
are as follows.

Step 1

Zi € R, k = 1,...,p, is the k-th component of the vector Z;, and U; € R,
t=1,...,q, is the t-th component of the vector U;.

Suppose that Z;; has support Sz, and U has support Sy,. Let c,, and r,, be
the center and the radius of the set Sz, , respectively. Similarly, let ¢,, and r,,
be the center and the radius of the set Sy,, respectively. We will use a linear and
a nonlinear covariate for constructing our estimators of o2 if and only if Z;, and
Ui are not too far from the centers c,, and c,,, for all 7« = 1,...,n. To achieve
this, we set a constant p < 1 as a control parameter for the radius r,, and r,.
Let p,, = pr., and p,, = pry,, then we obtain the k-th component of the linear
covariate as

and the t-th component of the nonlinear covariate as
/1915 = [Cut - put;cut + put]
Step 2
For each 1 < i < n, we check if (Z;,U;) € § x O, where 6 = [[i_, 0x and
V=110 Uforany i, Z, € dand U; ¢ ¥, or Z; ¢ § and U; € O, or Z; ¢ §
and U; ¢ 9, then the pair (Z;, U;) is not considered in the process of constructing
the error variance estimator. Let us denote (Z;,U;) as the pairs of covariates

belonging to § x 1, then we obtain:
for homogeneous errors:

Y; = 5/2 + g(ﬁz) +e&, 1<1<m, (2.8)

for heterogeneous errors:

Y, =87+ g(Us) + 0i(Ui)ks, 1 <i<m. (2.9)

2.2.2. MSE-type estimators for the heterogeneous errors. The estimator 02,3(Ui)
presented below was constructed without removing outliers from the different sets
of covariates.
n o ~ 2. (U;=U;
T (- B - ) K (S
o’ (UZ) = )
p'3 n e (Ui=Ui
> i K =5,

where

(S5 - (). 2.10)
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K, is a one-dimensional kernel, h,, — 0 and nh,, — 400, as n —> +00.

Remark 2.2. The estimator we propose is a generalization of the estimator pro-
posed by [5], where o; are functions depending on the nonlinear covariates.

The estimator 023(171-) presented below was constructed after removing outliers
from the different sets of covariates.

moS w5 2 (-0

S - B 50) K (52

7s(Ui) = s K(ﬁj—a) ’
Jj=1 hm

Z (Y 51”15 ) (U]h:nU

) em e (T,
3(0) = s k(50 iR E(E) 0 o)

else

(B = TP, 212)

K, is a one-dimensional kernel, h,, — 0 and mh,,, — +00, as m — +o0.

Remark 2.3. The estimator we propose is a generalization of the estimator pro-
posed by [1].

Remark 2.4. The asymptotic properties of the above estimators of the error vari-
ance were established in [2].

2.2.3. U-statistic estimators for the homogeneous errors. In this subsection, the
proposed estimators are constructed based on Neumann’s difference-based method

[5].

For the first estimator, we consider the model (2.8). We obtain

Y, — 8'Z; = g(ﬁz) + ;.

Let S; = }7; — B’Z, then the model becomes:

S; = g(U;) +&;.
We define S; = Y; — 3'Z;, where 6 is similar to B defined in (2.2). We order the
values Sl, 1 <i < m, such that 81 < Sg . < S We propose the following

U-statistic estimator:

S S (8- 8K (52
25 S K (5E)

where S, =Y, — 7, 1€ {i,j}and K(.) is a multidimensional kernel defined
n (2.12).

-~

V=

(2.13)




GOODNESS-OF-FIT TESTING FOR THE PLM 275

The second U-statistic estimator is a generalization of the one proposed by [1].
We define the estimator as:

_ S Y (S — *5?1)2K<Uh;nU]>
2> 2 K <Ui’;nt>

where S; = Y; — B’ Zy, le{i,j}, and K(.)is a multidimensional kernel defined
in (2.10).

Remark 2.5. - 11 is the U-statistic estimator obtained by removing atypical
values from the sets of covariates.
- 1 is the U-statistic estimator obtained by not having removed atypical
values from the sets of covariates.
- The asymptotic properties of these estimators were established in [2].

(2.14)

iy

2.2.4. Assumptions. We shall make the following technical assumptions, which
will be used to establish the results of the above theorems.

0,0,
K(52)

N 0i—0;
v k(%)

and

- (A1) The weights functions Qmi(ﬁj)

()
= L satistying SUp iy, [Qui (05)] = O(b,) and
()
SUP; <<y, |@Qni(Uj)| = O(bn). _ _
- (A2) g(.) is Lipschit continuous, sup,<;<,, |9(U;) — g(Us)| = O(c;n) and
Supy<i<p [9(Us) — 9(Us)| = O(cy)
- (As) i) The errors ¢; and &; have moments of at least fourth order.
ZZ) maxj<i<m |Ez| <m®, and maxj<i<n |§7,| <n® se€ R
ii1) 0 |4l = Ollog log(m)) and S-r_, |6 = Oflog log(n)
- (A4) Z) maxi<i<m HZ1H S )\0 and maxi<ij<m HZZ — ZJH S )\, where )\0, A E
R,
ZZ) maxj<i<n HZlH S /\1 and maxi<i j<n ||Z1 — ZJH S )\2, where >\17 )\2 S R+
- (A5) ¢ and ¢ are the density functions of U; and U; — U, respectively.
- (Ag) The domains Sz of Z and Sy of U are compact.
- (A7) K(.) is Lipschitz continuous of [—1 : 1]9, sup,, |K(u)| < K. where
K nae is a positive real number, || K||2 < oo
by, = m 2/ Chta) 1og T /R (1) e = R (k49 Jog (1m), and b, = n~ 2/ (2k+a) Jog T/ @R (),
cn = n~*/(k+4) Jog(n) where k is the order of differentiability of g(.).

Qni(Uj)

2.3. Test. Our test hypotheses are
Hy: f(Xi) = B'Zi +g(Us)
against
Hy : f(Xq) # B'Zi + g(Us).
As mentioned in the introduction, if 2 is known, our test statistic would be in

the form R
T =+/n(c? —07)
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where ¢ is an estimator of the error variance in a PLM.

For homogeneous errors, the error variance is constant. Let us denote 0? = o2.

e If we have removed outliers from the covariate sets, the test statistic will

be R
Ty = vVm(vi — o?).
e If we have not removed outliers from the covariate sets, the test statistic
will be

For heterogeneous errors,
e If we have removed outliers from the covariate sets, the test statistic will

be
1 &K Ty
T3 = —F
where

Tgi = \/m[0§3(UZ-) — J?(Ul)} .
e If we have not removed outliers from the covariate sets, the test statistic

will be
1 — Ty
T, = — —
Vn 2 VW,

where

T4z‘ = \/E[O';/S(Uz) - U?(U@)} .

In the theorems below, we establish that under the null hypothesis Hj, when
m or n tends to infinity, the test statistics converge in distribution to a mean-zero
normal distribution. Under the alternative hypothesis H;, we establish that, in
absolute value, the test statistics take on increasingly large values as m or n tends
to infinity.

Theorem 2.6. Let assumptions (A1) - (A7) be satisfied, we have
under Hy

T1 — N (0, 7T) R
where

m =

1 U — Uin o
v k(T Dy
EQ[ZZ# K(Uzthg)] oy hom,

and, under Hy, |T1| diverges to infinity at the rate of \/m.

Theorem 2.7. Let assumptions (A1) - (A7) be satisfied, we have
under Hy
5 — N (0,7’(’)

1 Var(fg)E[(ZK<Ui_Uj>)2}

U;—U; hny
B[, K( " )} i+
and, under Hy, |Ty| diverges to infinity at the rate of \/n.

where

m =
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Theorem 2.8. Let 7;; = aj(ﬁi)/-ij, s = E[TZK<%>} , t= E[K<Uj;Ui>}, and

C = E(Té)
Suppose that assumptions (A1) - (Ay) are fulfilled. Then, we have
under Hy,

Ty — N (0,1)

where

w; = 1 <t2CE[K2<Uth)] +52E[K2<Uh U)} _28t05<ﬁi)E[K2<[7jh;f>]>

tt m

and, under Hy, |Ts| diverges to infinity .

Theorem 2.9. Let us define v;; = 0,;(U;)k;, ' = E[v%K(Uj,;U’

and ¢ = E(vy).
Suppose that assumptions (Ay) - (A7) hold. Then, we have
under Hy,
Ty — N (0,1)
where
1 2 2 (Ui — Ui 52 2 (Ui — Ui 2 2 (Ui — Ui
wi= o (t E[K* (L — = O]+ 2R [K2 (L = )] - 250 (UE[K? (L — = )]

and, under Hy, |Ty| diverges to infinity.

In most cases, o7 is unknown. In such cases, we cannot use T' = /n(0? —07) as
a test statistic. We therefore propose test statistics based on the method used by
[6] for the single-index model. We propose the following construction. Let K (.)
and K5(.) be two arbitrary kernels chosen for constructing the two estimators of
the error variance that compose the test statistic.

When the errors are homogeneous, we have

S Sy (- B7 Y+ D7) R (T
221 1Zz¢]Kl( B )

Yu=

or
LB, (- PZi- Y+ 7) R ()
v )
A = 2y Zw&] Kl(Ul UJ)

[ e {1;2}.

For heterogeneous errors, we have

n 7y ~ 2 U;—U,
gy - D 0= Pl —9(00) KU
p'3l i n K <Uj_Uz
ijl A
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or

T (V- B - (0) K (B
Up3l(Ui) = . T—0, )
Zj:l Kl( Jhm 1)
le{1;2}.

The test statistics we propose for the case of homogeneous errors are

[ ]
T = Vm(vi — ),
when the estimators that compose the test statistic have been constructed
by removing atypical values from the sets of covariates,

[ J
T2 = \/E(V221 - V222)a
when the estimators that compose the test statistic have been constructed
without removing atypical values from the sets of covariates.
The test statistics we propose for the case of heterogeneous errors are

3\

where

Ty = Vm[(’gzﬂ(Ui) - 0532([]2‘)}’
when the estimators that compose the test statistic have been constructed
by removing atypical values from the sets of covariates.

T4z
-y Tk

where

Ty = \/5[03/31(@) - 0;2;/32(Ui)}7
when the estimators that compose the test statistic have been constructed
without removing atypical values from the sets of covariates.

In the theorems below, we have also established that under the null hypothesis
Hy, when m or n tends to infinity, the test statistics converge in distribution to
a mean-zero normal distribution. Under the alternative hypothesis H;, we have
also established that in absolute value, the test statistics take on increasingly
large values as m or n tends to infinity.

Theorem 2.10. Let assumptions (A1) - (Ay) be satisfied, we have
under Hy,

T — N(O,TF)
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where

_ 1 . ﬁj>]vmgg)E[(ZKl(Uih—?nt))Q]

1 2 Ui —Uj\\2
: EQ[Z#;‘K2<ah—ﬁ)]var(€i)E[(zK2< Fom )H

and, under Hy,|T1| diverges to infinity at the rate of \/m.

Proof. To show the asymptotic normality, we will rely on the following result used
by [7]. Suppose that the random variables S; have mean s, 7} are independent
with mean ¢ and with finite variances respectively. We have:

(é@ (zm_s/t__zts T) + 0(m).

m v Qs v 217 \2 ﬁi*ﬁj
- > i Zi;ﬁj (Y;_HZZ‘_YJ"FBIZJ') Kl( han )
i = m ﬁlfﬁ
2Zi=1 Zi;ﬁjKl( hmj)
let Sy = € ZZ¢JK1<U U) Tiij = Yy Kl( ) Soij = gfzi#KZ(Uih:nt),
TQUZZ#]&(%) 51 = ]E[Z.Z#]IQ( )} , tle[Z#jK1<Uih;

ﬁj)}’

7. 7. o E[E%Zi jK1<ﬁi:nﬁj ]
Tl SR R C I
igtj 1 R
R ~
or o = o N Qumin (Uj) = - 71, and Qmia(Uj) =
E[E#JM( th]N D it Zz’;éjK1< lhmj)
K2<Ui,;1UJ>

m U;—U;
Zi:l Zi;ﬁj K2< hom >

From proposition (4.1), we obtain:

T, = \/m ngQmil(ﬁj) - 02 - Z{f?szg(ﬁ]) + 0-2
L i=1 i=1
\/_

[ _ - Sl" 8111" 52" 8212"
1 1) 1) 1] i
m |m E - - +
( t 2 ty 3

_ Sy s1T145 _ Saij EPYPYT
Let X;; = . 2 and G;; = o z

V(M”(Xij - GU) = V(IT(XZ']‘> + V(IT(GZ‘j)
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Applying the central limit theorem, we obtain:

Shij Tiij  Saij T5i; Shij T S9ij
lij 51 21]— 2j+82 22J)]—>N(0,Va7“( lij 101 21])+Va7“( 24
tl Z51 t2 tQ tl tl t2

Vim ™y

hence the result under H,.
From proposition (4.1), we obtain under H;

Tl = ZZS szl Zzngmﬂ +ZZ Z/ﬁ g(

1=1 i#£j =1 i#j 1=1 i#j

— (X)) + ZiB + g(0;))’ Qun (U Z > (s —g(Uh) — (X))

=1 i#£j

> e 12#] 52szl( ;) —> 0% and Y " 12#] ngmZQ( ) — o2

Finally we have

]

Ty = \/E[ZZ(JC()NQ)—BIZ—Q(&‘)—“ )+ B2+ g(U )) Quir (U;)
=1 i

-y Zi = 9(U;) = £(X;) + B'Z; + 9(0)) " Qun(T)]

1=1 z;ﬁj
hence the fact that under Hy, |T;| diverges to infinity at the rate of y/m. O]

Theorem 2.11. Let assumptions (A1) - (A7) be satisfied, we have
under Hy,

TQ — N(O,Tr)

where

1
T = B2 [Zl#Kl( U)}VCLT ;fﬁ( > }

L U0, Var(§ ZIQ(U U)}

B2 [ 3, Ko (Z5 )] i

and, under Hy, |Ty| diverges to infinity at the rate of \/n.

Proof. Similar to that of Theorem (2.10). O]

Theorem 2.12. Let 7,; = o;(U;)k;, s = E[Tinz(C[’%f)], t, = E[Kz(UﬂnUi)] ,
with | = 1,2, and ¢ = E(7}).

Suppose that assumptions (A1) - (Az) are fulfilled. Then, we have

under Hy,

T3 — N(O,]_)

32T2ij

t3

)



GOODNESS-OF-FIT TESTING FOR THE PLM 281

m

wi = % (t?CE[Kf(ﬁjh_ ﬁi)] T szE[Kf(ﬁjh‘ (72')] - 231tla?((7i)E[Kl2<ﬁjh_ 171->]>

=t
|
S

and, under Hy,|T3| diverges to infinity.

Proof. Let Si;; = 7; K1< ) Ty = Kl(%iji)’ Soij = T'2~K2(ﬁ])1:nﬁi> Ty =

KQ(UJ}L;UZ.>, S1 = E[T K1< )} tl = E[K1<UJ}L;UZ>}, So = E[TéKQ(UJ}L;Ui)L
ty = E[K2<U2;Ui>]>a

K, (%) ~ Kz(

= and QmJQ(UZ) == T,

Z] lKl( > Z] 1K2< >

From proposition (4.1), we obtain'

Z mel - U - Z meQ + 0, }

Sz STZ Sz STZ“
Z 1]_ 1 1]_ 2]+ 222]>]
3 b2 t3

Q}
Ci
\_/

ngl( )

Let X; = Sl” — SltT# and G; = S:” _ 52tT2z'j_
1 2 2
Var(X; — G;) = Var(X;) + Var(Gy)
Applying the central limit theorem, we obtain

1 & Slij SlTlij SQz'j S2T2ij } Siij 517114 Soij 89T
— Sl L — N (0, Var (S =200y var (222220
m[m;( h 2 B ) (3, 2 J+Var(= 2 )

ng‘ — N(O, wi)
hence the result under Hy.
From proposition (4.1), we obtain under H;

\/E[Z Qmjl Z Qm]2 + Z (f(jzj)
- Z/B g( ) Qmjl Z ﬂ/ZJ _g( )> ngZ( )}

7j=1
Z;nl ngmJI( i) — o} and E] 1 ngmﬂ( i) — 0}

Finally we have

Z 52 9( Qmjl Z 52 9( )) Qmﬂ( i)]

J=1 7=1
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hence the fact that under Hy, |T3| diverges to infinity. O

Theorem 2.13. Let vy; = 0;(Uy)k;, s) = Elug K (B02)], ¢ = BIK(S=2)], with
1=1,2, and ¢ = E(vy).

Suppose that assumptions (A1) - (Ay) are fulfilled. Then, we have

under Hy,

T, — N (0,1)
where
1 U, —U; U, —U; U;, —
o (et (S om0 et
U, = U; U, -U,

1
t (t’fdﬁz 3 ( )] + sZE[K3 (<
and, under Hy,|Ty| diverges to infinity.
Proof. As in Theorem (2.12). O

n

Thus, in the case of homogeneous errors, our test would be to reject the null
T,
hypothesis if {’—\/l;l > (o /2} where ¢,/2 denote the quantile of order a/2 of the
T
standard normal distribution, 7 is an estimator of 7, and k =1, 2.

For the case of heterogeneous errors, our test would be to reject the null hypothesis

: 1 | T4 } { 1 | T }

if S ——=3"" T2 > gaep OT S —= > == > a2 ¢, Where q,/o denote the
{\/mZz_l \/E Qo/2 \/ﬁZz_l \/E Qo /2 Qo2

quantile of order a/2 of the standard normal distribution, @; is an estimator of

Wi .

3. SIMULATIONS

The simulations were carried out on the assumption that the errors were ho-
mogeneous. The estimators that make up the test statistic were constructed by
taking all data into account.

The simulations were based on finite sample sizes (n=50, n=100). The lin-
ear covariates are of dimension 2, 4, 6 and 10, each component of these co-
variates is generated according to the uniform distribution U[0;1]. The non-
linear covariates are of dimension 1 and are also generated according to the
uniform distribution U[0;1]. For dimension 2, 4, 6 and 10 we have taken re-
spectively B = (1,1.5)", B = (1,1.5,0.75,v/2)", B = (1,1.5,0.75,v/2,1,0.5)" and
B = (1,1.5,0.75,4/2,1,0.5,/3,1.75,1.25,0.25). The & errors have zero mean
and variance 02 = 0.09. For the test statistic, we used the Gaussian kernel de-
fined by K,(z) = exp(—(z)?/2)/v/2r and the Epanechnikov kernel defined by
Ky(z) = 0.75(1 — 2?)I(Jz| < 1).

In Tables (1) and (2), under Hy we have used ¢;(u) = sin(2u), go(u) = sin(3u),
g3(u) = sin(mu) and g4(u) = sin(0.57u), for the nonparametric part. In Tables
(3) and (4) under H; we have used fi(u) = 8’z +exp(2mu)+sin(u), fo(u) = f'z+
exp(2mu) + cos(u), f3(u) = f'z+ Texp(ru) and fi(u) = 'z + 7exp(mu) + sin(u).
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TABLE 1. Values of the test statistic under H
n dim TS g 92 9s 9a
50 2 |T| 0.0008 0.0008 0.0008 0.0014
50 4 |T| 0.0014 0.0017 0.0015 0.0015
50 6 |T| 0.0024 0.0016 0.0011 0.0022
50 10 |T'| 0.0036 0.0038 0.0044 0.0042

TABLE 2. Values of the test statistic under H

n dim T.S ¢ 92 g3 g4
100 2 |7 0.0010 0.0018 0.0031 0.0028
100 4 |7 0.0010 0.0026 0.0014 0.0011
100 6 |7 0.0001 0.0009 0.0012 0.0029
100 10 |7'| 0.0028 0.00008 0.0006 0.0001

TABLE 3. Values of the test statistic under H;

n dim TS  fi /2 E Ja

50 2 |T| 3635.01 3891.58 323.05 340.08
50 4 |T| 3812.13 3877.82 348.59 311.32
50 6 || 3507.62 3646.12 319.04 335.25
50 10 |T'| 3836.64 3794.58 318.58 328.80

TABLE 4. Values of the test statistic under H;

n dim T.S fi fo f3 f1
100 2 || 5117.00 5155.42 432.81 415.45
100 4 |T| 4981.27 5026.14 417.04 431.80
100 6 |T] 5321.38 5202.54 430.68 425.17
100 10 |7 5260.69 5121.33 424.20 439.76
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In Tables (1) and (2) under Hy the values of the test statistic are close to zero
despite the fact that the dimension of the linear covariates is increases. Therefore,
the dimension of the linear covariate does not adversely affect the performance of
the proposed test statistic. The choice of kernels does not affect the consistency of
the estimators of the error variance that make up the test statistic. We can affirm
that under Hy, whatever the dimension of the linear covariates, and the kernels
chosen for the construction of the estimators of the error variance that make
up the test statistic, the test statistic will provide us with sufficient information
regarding the use of a PLM.

In Tables (3) and (4), under Hy, the dimension of the linear covariates does not
affect the performance of the test statistic. In fact, despite that the dimension
of the covariates increases, the test statistic takes on a large value. Under H;
the choice of kernel has an adverse effect on the values taken by the estimators
of the error variance that make up the test statistic, hence the fact that the test
statistic takes on a large value.

The test statistic detects whether or not a PLM is used, whatever the dimension
of the linear covariates.

Remark 3.1. - Simulation results confirm that, under the null hypothesis
Hy, the test statistique T converges in distribution to a centered normal
distribution as n tends to infinity, whereas under the alternative hypoth-
esis Hy, |T| diverges to infinity.

- For our simulations we used the PLRModels package of the R software.

4. CONCLUSION

In this paper, we proposed a test for assessing the adequacy of fitting data to
a PLM. The construction of our test statistics relies on an estimate of the error
variance, for which we used a generalization of the estimators proposed by [1].
Under the null hypothesis Hy, we established the asymptotic normality of our test
statistics. Under the alternative hypothesis H, we showed that they tend to take
large absolute values, which makes it possible to consistently detect deviations
from the PLM structure. The simulation results presented in tables 1 through 4
support our theoretical findings. They also show that the dimension of the linear
covariates has no impact on the performance of our test statistics under either
H() or Hl.

Based on the results of the test, the data appears to follow a PLM. However, it
is possible that the dimension of the nonlinear covariates is greater than or equal
to three. In such cases, it would be relevant to develop a test to assess whether
the nonlinear component can be approximated by a single-index or an additive
regression function. This remains an open problem.
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APPENDIX

Proposition 4.1. Let assumptions (Ay) - (As4) and (Ag) be satisfied, we have

under Hy,
. s 2 (Gl
o2 (0) = =" <~hT >+O<bm)+O(c$nbm)+O(W1/2cmbm)
m K U;—U;
S K (%)
+  4+0(loglog(m)cmbm) + O(m~Y%c,,),
and
—_ 27}:1 U22K izl
02,3(UZ-) = ’ ’ ( i ) —i—O(bn)—i—O(cibn)—i-O(cnbnn’l/Q)

n U;—U;
Sk (55)

+ 40(epbyloglog(n)) + O(cnn_l/Q),
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under Hy,
0% (U) = Sk () R [£(X;) = B'Z; - (~')}2K<U2;U")
Zj:1K< Jh;l> Zy 1K< = )

O(bm) + O(cibm) + O(cmbm) + O(byn loglog(m)) + O(milﬂbm) + O(bmenm)
+  O(loglog(m)cmbm) + O(m=2¢c,,)

and
n / 2 i—Ui
= ] 1 1] ( ) ] 1 [f(XJ)_ﬁzj_g(U])} K<UhnU)
Up’3(Ui) - U n U,—U;
Z] 1K > Z]:1K< Jhn )
+ O(b,) + (cn n) + O(cpby) + O(loglog(n)b,) + O(bun™Y?) + O(loglog(n)caby)
+ O(n_l/an) + O(bncy)
Proof. Similar to that of [1]. O

Proposition 4.2. Let M= 3", Z#] (Uh—U> U = 0V 2ChEm~+2/3K 0em® e

and d,, = /2Cohtm + 2/3m*B¢ where C = || 1, Kil3l|¢illoos B = Kinaw +
h|Chl, Co = [ (XTI, Ki(w)) du(vihun)dvr and Cy = [ TTE, Ki(v)i(viha)duy
Suppose that assumptions (Ay) - (A7), are fulfilled, then

under Hy, we have

. 2211 & i#] K(%:?) 9 1 9
o= FD + [O(m*hi) + o(dn)] " [O(am loglog(m)) + O(c,dm)
Zz 1 Zz#y < hm >
+ O(m™dy) + O(amem) + O(m Y 2a,,) + O(m™ e, d,y)],

under Hy, we have
S S K(5E) L S (D@ - D) 2, K (5)
~—— +
S Y K (52 M
+ [O(m*hL) + o(d,,)] HO(am loglog(m)) + O(c2,dp) + O(m ™ d,,) + O(amenm)
+ O(amm ™) + O(cmdpmm™?) 4+ O(c,n) + O(m™2d,) + O(ay,)]

Proof. Similar to that of [1]. O

Proposition 4.3. Let M= 3"" Z#] (Uh;nU]» an = 0V 2Chin+2/3K pnaen®tis
and d, = \/2Cohin+2/3n* B¢ where B = Kpep +hi|Ch| C = || TTL, Kill3 61l 0os
Cr = [T, Ki(w)di(vha)dvr and Cy = [ (35 T, K(w)) éu(viha)do

Suppose that assumptions (As) - (A7), then
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under Hy, we have

O rner k(R | 2
Uy = + [O(n*hl) + o(d,)] " [O(loglog(n)a,) + O(c;d,)
S Y K (Y52)
+ O(n7td,) + Olancy,) + O(n~Y2a,) + O(n ™ ?¢c,d,)),
under Hy, we obtain
S T K (52) | T Ty (DIT) = DT s K (552)
S Y K (Y52) M
+ [0(nRE) + o(d,)] "' [O(an loglog(n)) + O(cpd,) + O(dun™) + O(ancn)
+ O(apn %) + O(cad,n™?) + O(an) + O(dyn™"?) + O(c,)]
Proof. Similar to that of [1]. O
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