Gulf Journal of Mathematics ISSN: 2309-4966
Vol 20, Tssue 2 (2025) 474-488 https://doi.org/10.56947 /gjom.v20i2.3262

EXISTENCE OF EXTREMAL SOLUTIONS FOR MIXED
NONLINEAR FRACTIONAL DIFFERENTIAL EQUATIONS
WITH P-LAPLACIAN

HAMZA TABTI** and MOHAMED NEHARI?

ABSTRACT. In this study, we establish the existence of minimal and maxi-
mal solutions for a class of mixed fractional differential equations involving the
p-Laplacian operator, under appropriate boundary conditions. The nonlinear
term is assumed to be continuous. By employing the method of upper and
lower solutions together with a monotone iterative approach, we investigate
the existence of extremal solutions. To demonstrate the effectiveness and ap-
plicability of the theoretical results, an illustrative example is included.
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1. INTRODUCTION

Fractional differential equations FDEs have emerged as powerful tools for mod-
eling complex dynamics across a wide range of scientific and engineering fields.
Their applications span areas such as viscoelasticity, physics, biology, chemistry,
biotechnology, polymer rheology, and electromagnetic theory in complex media,
as well as population dynamics and economics, among others. For additional

context, see [0, 7, 8, 15, 16, 22] and the references therein. The theoretical frame-
work of FDEs is well established and has been thoroughly developed in various
monographs, including, [10, 13, 11, 17, 18]. In recent years, FDEs have attracted

considerable attention owing to their effectiveness in modeling processes that ex-
hibit memory and hereditary characteristics, which commonly arise in areas such
as physics, biology, and control theory. Of particular importance are problems
that involve nonlinearities and nonstandard boundary conditions, which have at-
tracted considerable research attention. Numerous existence results have been
obtained through methods such as fixed point theory, topological degree theory,
and the Leray-Schauder principle (see, [2, 5, 19, 20]).
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Despite this progress, the application of the upper and lower solutions technique
to FDEs involving the p-Laplacian operator remains relatively under-explored.
Furthermore, fractional problems with nonlinear and nonlocal boundary condi-
tions especially when formulated through functionals introduce additional ana-
lytical challenges that warrant deeper investigation. In this work, we consider
the existence of extremal solutions, specifically minimal and maximal solutions,
for the following mixed fractional BVP:

198, ((CD0b(k))) = F(,b(K)), K € (0,1),
5(0) = '(0) = 0, (1.1)
arb(1) + a; “Dg.h(1) = L(h),

where ¢,(h) = |h|’~> b, such that p > 1. 92, and C@f; denote the Riemann-
Liouville and Caputo fractional derivatives respectively, with 1 < o < 2 and
0< B <1. f:[0,1]xR — Ris a continuous function, and the boundary condition
involves a nonlinear functional £ : C([0,1]) — R which is also continuous and
increasing. The coefficients a;, a, € R™.

Our methodology relies on the classical technique of upper and lower solutions.
By imposing appropriate conditions on the nonlinear term f, we demonstrate
the existence of extremal (minimal and maximal) solutions for problem (1.1). To
support the theoretical findings, a concrete example is provided.

The method of upper and lower solutions is a well-established and versatile
tool for proving the existence of solutions to various boundary value problems
BVPs, particularly those with nonlinear, multi-point, or nonlocal boundary con-
ditions. In this work, we extend and generalize several cited results by combining
the Riemann-Liouville and Caputo fractional derivatives within the p-Laplacian
framework. Our operator L is designed to incorporate a broad class of boundary
conditions, including classical, multi-point, integral, and weighted integral condi-
tions, thereby significantly extending the scope of existing studies on integer-order
differential equations (see [3, 4, 11, 12, 21]).

The structure of the paper is as follows. Section 2 presents preliminary defi-
nitions and results from fractional calculus. In Section 3, we state and show the
main existence results. Section 4 is devoted to an example that demonstrates the
usefulness and effectiveness of our theoretical findings.

2. PRELIMINARIES

In this section, we provide the foundational definitions and preliminary results
necessary for the development of our main results. We first introduce fundamental
notions from fractional calculus, then define the concepts of lower and upper
solutions, and finally present a weak comparison principle relevant to our study.

Definition 2.1. [17] The Riemann-Liouville fractional integral operator of order
0 > 0 corresponding to a function ¥ : (0, +00) — R is expressed as

Bil) = g7 [ =970 ds,

(0
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Definition 2.2. [I7] The Riemann Liouville fractional derivative operator of
order p > 0 of a continuous function ¥ : (0, +00) — R is formulated as
1 d\m ["
R n—op—1
D+ V(k) = m(@) /0 (k—s)"770(s) ds, n=[o]+1.
Lemma 2.3. [17] Let o > 0. Then

32,508, 9(k) = I(K) + dok® ' + dik? P+ -+ dy kT,
where d; € R; 7 =0,1,.....,n—1 withn -1 < o <n.

Definition 2.4. [10] The Caputo’s fractional derivative operator of order ¢ > 0
of a continuous function ¥ : (0, +00) — R is formulated as

‘DL, I(k) = ﬁ /OH(R — 5)" e 9 (s) ds.

Lemma 2.5. [10] Let o > 0, then

32,CDE. (k) = V(k) — 9(0) — ¥ (0)r —

wheren —1 < o < n.

e We now consider the following BVP:
—"DE. (2p(“Dyb(K))) = =W(s, h(x)), K € (0,1),
h(0) =bH'(0) =0, (2.1)
h(1) + a®Dg,h(1) = A,
where W : [0,1] x R — R is assumed to be both continuous and strictly
increasing in its second argument, a > 0, and A\ € R.

Lemma 2.6. (Weak comparison principle)
Let bh1,hy € C1([0,1]), pp( C@gﬂ)j) e C([0,1)), j = 1,2. Suppose that:

—FD8 (2p( “D () + Wk, b1(r)) < =D (0,(“Dg, ba(k))) + Wk, ba(r)),

h1(0) < h>(0),
h1(0) < b5(0),
b1(1) + a®Dg, h1(1) < ba(1) + a“Dy, ba(1).
(2.2)
Therefore, it follows that b (k) < ba(k), Vk € [0, 1].
Proof. Assume by contradiction that there exists k¢ € [0, 1] such that
%(/ﬁo) = bg(lio) — {)1(:‘%0) = Ogl{ig}{o %(H) < 0, (23)
and that
R(k) > R(ko), for all k € (Ko, 1]. (2.4)
We distinguish the following three cases:
Case 1:

If kg = 0, we obtain a contradiction
0> b2(0) — h1(0) > 0.
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Case 2: If kg = 1, then

0> hao(1) —bi(1) > —a( D ha(1) — “DF h1(1))
- v 1—s_ﬁ's—'s S
- Fe [ 09 — i) d

= — 1—3’*8/53 )
_F(l—ﬁ)/(](l )09 (s) ds > 0

The final result is obtained by using the fact that R is decreasing, this leads to
another contradiction.

Case 3: If ky € (0,1), we distinguish the following subcases:

() If C@&_%(/ﬁg) > 0, then j§+C@§+%(FLO) > 0, therefore by the use of lemma
2.5, we obtain: R(kg) > P(0) > 0, which contradicts the definition of kg
in (2.3).

(i3) If C@é%(lﬂ)g) < 0, so ’J§+C®g+9‘i(/<:o) < 0, thus R(kg) < PR(0) for all

R(ro) — R(O)

ko € (0,1). Consequently < 0 <= R(0) < 0, again

Ko
contradicting the condition 93/(0) > 0.
(i33) TECDS, R(ko) = 0,50 DL, by (ko) = DL, ha(kp) and then o, (CD1, b1 (ko)) =
QDP(C©€+[)2(I€0)). The strict monotonicity of ¢, leads to

"8 [—0p (D, ba(k0)) + p(“Dgbi(ko))] = 0.
Here, we observe that

—FDL (0, (“DL, ba(ko))) +W (K0, b2 (k) +DE, (0, (CDL, b1 (ko)) =W (Ko, b1 (%)) > 0.
This indicates that

D (0, (“D, ha(k0)))+HDE (0p(CDL b1 (ko)) = Wiko, b1 (k) =W (Ko, ba(k)).

Using the monotonicity of W in its second parameter and the fact that
ha2(ko) < b1(Ko), we reach a contradiction as follows:

—"D8, (2p(“Dg ha(k0))) + D2 (“D b1 (R0))) > 0.

Definition 2.7. A function & is called a lower solution of problem (2.1) if
(i) & € CH[0,1]), ¢,(“Dg. X) € C([0,1]).
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—RDE (p(“D X (K))) < —W(k, X(k)), k € (0,1),
(i) X(0) <0,
X'(0) <0,
X(1) 4+ a®D5, X (1) <\
Definition 2.8. A function Z is said to be an upper solution of problem (2.1) if
(i) 2 € CH([0,1]), 9,(“Dy, Z) € C1([0, 1)),
—RD2 (p(“D Z(K))) = —W(k, Z(k)), k € (0,1),
(id) Z(0) >0,
2'(0) >0,
Z(1) +a%®), Z(1) > A,
Theorem 2.9. Assume that X and Z are lower and upper solutions of (2.1),
respectively, and that X (k) < Z(k), V& € [0,1]. Then problem (2.1) admits a
unique solution b € C ([0, 1]) with gpp(C@g+b) € C' ([0,1]) such that

X(k) <bh(k) < Z(k), Yk € ]0,1].

Proof. The proof of Theorem 3.1 in [1] is based on constructing a modified bound-
ary value problem and defining a corresponding integral operator whose fixed
points represent solutions. The operator is shown to be well-defined, bounded,
and continuous in a Banach space, allowing the application of Brouwer’s fixed
point theorem. A contradiction argument is then used to ensure the solution re-
mains within the prescribed bounds. We follow a similar construction by defining
an appropriate compact operator in a function space and proving that it satisfies
the conditions for the Schauder fixed point theorem. Uniqueness follows from
a contraction argument as established in Lemma 2.6. These steps mirror the

approach in [1] and justify the statement in the original proof.
]

3. MAIN RESULTS

The purpose of this section is to formulate and rigorously show our key results.

Definition 3.1. A function b is said to be a lower solution of problem (1.1) if:

(i) b € C'([0,1]), @p(“Dyg.h) € C'([0, 1]).
R©§+(¢p(09§+9(%))) < f(k,h(k)), k€ (0,1),
ORES
H'(0) <
arh(1) + a2%€+h< ) < L(h).
Definition 3.2. A function b is said to be an upper solution of problem (1.1) if:
(i) b € C*([0,1]), 2,(“Dg.h) € ([0, 1]).
—HD8 (pp(ODgB(K)) = f(r,B(r)), K € (0,1),
h(0) >0,
b'(0) >0,
arB(1) + DL B(1) > £

(i)

=
SN—



EXISTENCE OF EXTREMAL SOLUTIONS FOR MIXED FDES WITH P-LAPLACIAN 479

e Due to the nonlinearity of f, we require the ensuing hypothesis to hold:

(G) There exists a continuous and strictly increasing function g : R — R such
that for all k € [0, 1] the mapping (k, h(k)) — f(k, H(k))+ g(b(k)) is increasing.
The principal finding of this study is encapsulated in the following theorem.
Theorem 3.3. Assume that hypothesis (G) is fulfilled and b and by are respectively

lower and upper solutions of problem (1.1) such that h < b on [0,1]. Hence
problem (1.1) admits a minimal solution b and mazimal solution Hyax such

that for any solution b of (1.1) satisfying h < b < b on [0,1], the following
expression holds:

Egbminghghmaxgg on [0,1]

To prove this theorem, we begin by establishing an auxiliary result in the form
of the following lemma.

Let 5t and R € C* ([0, 1]) be two functions such that
G) ¢» (“DG-R), o (DG, R) € ([0, 1)),
(i) h <K <R <hon0,1].

The focus is on the following class of problems:

—RD2 (0,(°D0.0(k))) + h(b(k)) = f(r, R(k)) + g(R(k)), x € (0,1),

h(0) =0,
f)/(O) =0, .
arh(1) + a0, (1) = L(R),
(3.1)
and
—RD8 (pp(“Dg-b(K)) + h(b(k)) = f (5, R(K)) + g(R(r)), k€ (0,1),
h(0) =0,
h'(0) =0,
arh(1) + a:°Dy, h(1) = L(R).
(3.2)

Lemma 3.4. Let R and R be a lower and upper solutions respectively of problem
(1.1), and assume that (G) holds. Then, the auziliary problems (3.1) and (3.2)
admit unique solution b and by, respectively, such that

h<R<H<H<R<H on [0,1].

Proof. The demonstration is carried out step by step for clarity.
First Step: R is a lower solution of (3.1).
Let k € (0,1), we have

—DE, (0p(“DgiR(K))) + g(R(r))

IN N
=
x =
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It follows that

Vi € (0,1): = "DF, (2, (“Dg. R(K))) + 9(R(%)) < f(r,R(K)) + g(R(r)). (3.3)

Furthermore
R(0) < 0, (3.4)
with
R'(0) < 0, (3.5)
and we have
aR(1) + a:"DER(L) < L), (3.6)

By (3.3), (3.4), (3.5) and (3.6), we conclude that R is a lower solution of (3.1).
Second Step: fR is an upper solution of problem (3.1).
Let k € (0,1), we have

—RD2 (0, (“D0. R (k) + g(R(K)) > f(r,R(k)) + g(R(k)).
We obtain
Vi € (0,1) 1 =D, (p,(CDL R(k))) + g(R(K)) > f(k, R(k)) + g(R(x)). (3.7)

Moreover, we have

R(0) >0, (3.8)

with
R'(0) > 0, (3.9)

and
aR(1) + a0, R(1) > LR). (3.10)

Then, by (3.7), (3.8), (3.9) and (3.10), it follows that 9 is an upper solution
of (3.1).

From First Step and Second Step, and given that the mapping (k, h(k)) —
f(k,b(k)) + g(b(r)) is continuous, bounded, and strictly increasing, we apply

Theorem 2.9, to conclude that problem (3.1) admits a unique solution b satisfying
N<h<H

Following the same approach, one may deduce the existence and uniqueness of
a solution to problem (3.2), denoted by b with

R<h<R

Ultimately, the result follows by employing a proof technique analogous to that
of Lemma 2.6, We infer that § < b on [0, 1]. O
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Proof. We establish Theorem 3.3 by means of the following successive steps.
We have b, = b, by = b and let’s introduce the sequences (h )nen- and (b, )nen-
by

—R®§+<¢p<0©§+gﬁl<m>>> +9(b, ,(x) = f(sb, (k) +g(b, (), k€ (0,1),
h...0)=0,
9;1+1(0) =0,
arh, (1) + @Dy b . (1) =L(D,),
(3.11)
and

=08 (2p(“D 041 (7)) + 90,1 (R)) = F(5,0,,()) + 9(b,. (), & € (0,1),
E71+1(0) = 07
hni—l(o) = 07 _ _
1,11 (1) + 2D, 0,11 (1) = £(D,,)-
(3.12)
Step 1. We begin by showing that

VneN:h<bh <b <b, <h, <h on [0,1].

(i) Firstly, for n = 0:

—DE (0p(“Dgih, (1) + g(b, (k) = f(r, b, (%)) + g(b,(5)), & € (0,1),
b (0) =0,
51 (0) =0,
arh, (1) + ax“Dg,h, (1) = L(h,),
(3.13)
and

=05, (2p(“D0:01(K))) + g(01 (%)) = f(8, Do (k) + g(bo(K)), 5 € (0,1),
hl&o) =0, _ _
a1b, (1) + a9y, b, (1) = L(By)-
(3.14)
Since b, b are a lower and upper solutions for problem (1.1), respectively,
an application of Lemma 3.4 yields

h<b,<b <bh <bhy<h, on [0,1].
(ii) Assume n > 1 fixed, then
h<h,  <b <b,<h,,<bh on[01],
and we demonstrate that
h<bh, <b . <b,y<h, <h on [0,1].

Let x € (0,1), we have

— D2 (0, (“D) B0 (K)) + 90,11 (k) = F(k, B, (k) + g(Ba(k)),  (3.15)



482 H. TABTI, M. NEHARI

such as b, ; > b,,, and by employing the hypothesis (G), we get

F(5,5,1(8)) + (0,1 (%)) > f(k, B (k) + g(by (). (3.16)
Therefore, combining (3.15) and (3.16), we deduce that

Vi € (0,1): = "DF. (0p(“DY B, (R))) = f (. B, ())-

In addition, we observe that

b.(0) = 0, (3.17)
Z )
with
b (0) = 0, (3.18)
Z )
and
a1h, (1) + a9, h,(1) = L(b, ), (3.19)
> L(D,).

From (3.16), (3.17), (3.18) and (3.19), it follows that b, is an upper
solution of problem (1.1). Similarly, using the same arguments, one can
verify that b is a lower solution of (1.1). Therefore, by invoking Lemma

3.4, we conclude that there exist unique solutions QM . and b, 41 to prob-
lems (3.11) and (3.12) respectively, such that

h<bh <bh <D,y <b, < on[01].
Consequently, we obtain
VTLEN b<b <bn1—bn+1§6n§670n [071]

Step 2. Let K; > 0 be a constant independent of the index n € N, such that:

||C@€+Hn||oo < Kq,Vn € N.
Let n € N and & € [0, 1], by the lemma 2.3, we have:

3698, (9p(“D7 Ba () = 38| F(5,8,(9)) + 9B, (k) = 9(B,a ()]

SO

‘ ~

—0p(OD0 0,41 (K)) = dik® Hdor® 2

—
c:‘l
/-\
\_/
S~—
Q
~
K=p
3
_l’_
=
—~
SN—
S~—

| I

QL
)

= / (5,B.(5))+(0,

Since C©§+En+1(0) = 0 implies that dy = 0.
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Therefore
CaB 1w 1 1 i ., _ _ _
Db ()| = | s [ = 977 [£(5.8(5) + 0(Bul5) — 9 a(s)) s
< i) PHOEERD yena
My (f) + 2M,(g)
< ‘d1| + F(g—l— 1) ,
where B
M (f) = max {[f(x,h)]: k €[0,1], h < h <h},
and

My (g) = max {|g(h)[: h<bh<h}.
Accordingly, by setting

Kt = |dy| +

we obtain
19D D lloo < K.
In addition, we get

Briille = 119090000100
D0, i1l
- LB+1)
K,

= rB+1)

The first result follows directly from Lemma 2.5 with condition b,,;(0) = 0, and
the second result follows from Lemma 2.1 part (a) in [10]. Consequently, the two
sequences (C©§+En)neN and (B, )ney are uniformly bounded.

Step 3. Let K5 > 0 be a constant independent of the index n € N, with:

1990, [l < K3,¥n € N.

Since the proof follows the same arguments as in Step 2, it is omitted here.
Step 4. (C©§+En)neN is equicontinuous on [0, 1].

For this, let € > 0 such that

" %mm{ (M) - (z[mi%gfzsl);e(gﬂ ) E }

Then, for any k1, ke € [0, 1] satisfying k1 < ke with ko — k1 < 1, it follows that

i}




484 H. TABTI, M. NEHARI

0p(CD D1 (K2) — (OB, B, 1 (k1))

K2

o1y 1 ko —8) [ f(s, b ) — s 5
g™ — i +H@J<2 7 [F(6.8,(5)) + 9(6,(5)) — 95,1 (5))] d

1 A ) .
_Wo/(m —5) [f(S,f) (s)) + g(h,(s)) _g(hn+1(8)):| ds

K1

/ (12 —8)°7" — (k1 — 5)°"]
['(o)

[f(5,0,(5) + 9(b,(5)) = g(B,41(5))] ds

IN

dil(s5™" = KT +

+F—1/m?—®@IU@5<>w+w6<»—gwMﬂ@ﬂds

IN

_ _ 29)?
dal(ng ™ — w87+ 2 ‘* 2 / (k= 5] ds
0

K2

My(f) + 20 (g) o1 g
+ I'o) /(HQ — ) d

K1

My (f) + 29Ma(g)

< Janl(eg ™ =) R

(k5 — KY).

1 1
To estimate the expressions k3 = — k7 = and 3 — x{, we adopt an approach

analogous to that presented in | } We have

Case 1. n <K < Ky < 1:

0 My (f) +20Ma(g)

ep(“DG B4 (2)) = @p(CDG B (k1)) | < wnnij“é—ﬁﬂ*' Tern 2™
om m
< (g — et + T IT)
€ 6_
< 5"‘5—6-

Case 2. 0 < Ky <1, ke < 21

M (f) +2Ma(g)

(pp(c©'§+5n+1(/€2)) - ‘Pp(cggranﬂ(“l)) < |d1|’€§71 F( +1) 2
< Lyt 4 P ETRA) e
S,

2 2
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Therefore, the sequence (C’D&En)nEN is equicontinuous on [0, 1]. Such us ¢ Lis
the homeomorphisms from R into R, we deduce that

€D B, (ko) — D0, (k1) | = |05 (0p (DL, (12))) — 05 (0 (CD B, (k1))

and, we have also

[B2) = B0 = [35,“D(. B, (2) — 3. CD7.B, )]

Consequently (C©§+En)n€N and (h,,), ., are equicontinuous on [0, 1].
_In view of the Arzela-Ascoli theorem, one can extract a convergent subsequence
(B, Jnyen in the space C* ([0, 1]).

Set

therefore

By using Step 1, the sequence (h,,)nen is monotone decreasing and bounded
below. Hence, it converges pointwise to a limit, denoted by bax.

Hence, h = hpay and the whole sequence converges to huax in C* ([0, 1]).

Let x € (0,1), we have

K

C n _ o—1 1 o—1 n n
~0p(“Dg 0,00 (K) = dire T 0/(/@'-8) (f(s,0,(5))+9(0,,(5))=9(,41(5)))ds,

Letting n — 400, we deduce that

F(5,0,(5)) + 9(0,,(5)) = 9011 (5)) = F(5, Bmax(s))-
Also, we have
3Q > 0;¥n € N;Vs € [0,1]: [ £(5,0,(s)) + 9(0,(s)) — 9(b,11(s))| < Q-

It follows from the dominated convergence theorem of Lebesgue that

K

— 0p(CDE B () = dai? / (5 — )2 F (5, Dun(5))ds.

L) J
So, we get Vk € (0,1)
- wp(CQng bmax(/{)) - dlﬁg_l + /J(Q)+f(l<’7 bmax(/i))a (320)
Also, we have
hmax(o) =0, (321)
Bmax (0) = 0, (3.22)

and
a10max(1) + 625D, Brna (1) = L(Bima)- (3.23)
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From (3.20), (3.21), (3.22) and (3.23), it follows that by is a solution of the
following problem

_RQ(SB(QOP(ngJrhmaX)) = f(li, hmax), K€ [O, 1] ,

hmax 0) = 07

bmax/<0) — O, (324)
alhmax(l) + a2C©§+hmax(1) = ‘C(hmax)a

We now prove that if b is the another solution of (1.1) verifying h < b < b on

[0, 1], then it follows that h < hax on [0, 1].
Since b is a lower solution of (1.1), then with Step 1, we get

Vn e N: h <b,,
Taking the limit as n — +o00, we obtain

h S lim En = bma}m

n—-+4o0o

which confirms that bay is the maximal solution of (1.1).

Step 5. Similarly, one can show that the sequence (h ),en converges to a

minimal solution b, of (1.1). This concludes the proof. - O

4. APPLICATION

Now, we employ the previous result to establish the problem described below.

—"Y? (4, (CDYD(x))) = Vo b ()] — b(r) + 7, 5 € (0,1),
b(0) = b'(0) =0, 1 (4.1)
h(1) +“Dy*h(1) = [ @ ()h(s)ds.

o is a positive real number, and w is real positive function.

1
Theorem 4.1. Assume that [ w(s) ds < 1, then problem (4.1) admits a mazimal

0
solution Huax and minimal solution by, .

Proof. Set (b, h) = (0,0). Firstly, for x € [0, 1], we have

0= —FDY% (0, (“D%h(K)) < 0, K E(0,1),
BH(0) =0<0,
H'(0)=0<0,

1
0="h(1)+a®®’p(1) < [0 ds.

0



EXISTENCE OF EXTREMAL SOLUTIONS FOR MIXED FDES WITH P-LAPLACIAN 487

1

Secondly, since [w(s)ds <1 we have
0

0= —FDY2(p,(“DyB(K))) > —0, K€ (0,1),
mm—aza
E’(O) =0>0,

B(1) +a“D7H(1) >

w(s) ds.

GSH
Q

\

Therefore h and b are respectively a lower and an upper solution of problem
(4.1).

Then, by Theorem 3.3, we conclude that problem (4.1) admits both a maximal
solution b, and a minimal solution b,;,, such that

0 < Bmin(k) < hmax(k) <o forall k€ [0,1].
0

Acknowledgement. The authors would like to thank the referees for their
interesting suggestions on the improvement of the paper.

Conflict of Interest. No potential conflict of interest was declared by authors.

REFERENCES

1. Agarwal, R., & Akin-Bohner, E. (2007). A Generalized Upper and Lower Method for Sin-
gular Boundary Value Problems for Quasilinear Dynamic Equations. Advanced Studies in
Contemporary Mathematics, 15(2), 213-228.

2. Bai, Z., & Lii, H. (2005). Positive solutions for boundary value problem of nonlinear frac-
tional differential equation. Journal of mathematical analysis and applications, 311(2), 495-
505.http://dx.doi.org/10.1016/j. jmaa.2005.02.052

3. Derhab, M. (2011). Existence of minimal and maximal solutions for a quasilinear elliptic
equation with integral boundary conditions. Electronic Journal of Qualitative Theory of
Differential Equations, (6), 1-18.

4. Derhab, Mohamed, & Mekni, Hayat. (2016). Existence of minimal and maximal solutions
for a quasilinear differential equation with nonlocal boundary condition on the half-line.
Communications in Applied Analysis, 20(2).

5. El Gmairi, A., Mounsif, L., & Melliani, S. (2024). Hybrid Langevin equations involving ¥-
Hilfer fractional-order with nonlocal boundary values. Gulf Journal of Mathematics, 18(1),
204-217. https://doi.org/10.56947/gjom.v18i1.2407

6. Fallahgoul, H., Focardi, S., & Fabozzi, F. (2016). Fractional calculus and fractional pro-
cesses with applications to financial economics: Theory and application. Academic Press.

7. Golmankhaneh, A. K., & Baleanu, D. (2015). Calculus on fractals. Fractional Dynamics”,
Edited by: Carlo Cattani, Hari M. Srivastava and xiao-Jun Yang, De Gruyter.

8. Hilfer, R. (2000). Applications of Fractional Calculus in Physics. World Scientific, Singa-
pore. http://dx.doi.org/10.1142/9789812817747_0002

9. Khaldi, R., & Guezane-Lakoud, A. (2017). Upper and lower solutions method for higher
order boundary value problems. Progr. Fract. Differ. Appl, 3(1), 53-57. https://www.
naturalspublishing.com/files/published/1x2p51cqlqe917.pdf


http://dx.doi.org/10.1016/j.jmaa.2005.02.052
https://doi.org/10.56947/gjom.v18i1.2407
http://dx.doi.org/10.1142/9789812817747_0002
https://www.naturalspublishing.com/files/published/1x2p51cq1qe917.pdf
https://www.naturalspublishing.com/files/published/1x2p51cq1qe917.pdf

488 H. TABTI, M. NEHARI

10. Kilbas, A. A., Srivastava, H. M., & Trujillo, J. J. (2006). Theory and applications of frac-
tional differential equations, 204. Elsevier. https://doi.org/10.1016/S0304-0208(06)
80001-0

11. Liu, X., Jia, M., & Ge, W. (2017). The method of lower and upper solutions for mixed frac-
tional four-point boundary value problem with p-Laplacian operator. Applied Mathematics
Letters, 65, 56-62. http://dx.doi.org/10.1016/j.am1.2016.10.001

12. Lu, H., Han, Z., Sun, S., & Liu, J. (2013). Existence on positive solutions for boundary
value problems of nonlinear fractional differential equations with p-Laplacian. Advances in
Difference Equations, 2013, 1-16. https://doi.org/10.1186/1687-1847-2013-30

13. Miller, K. S., & Ross, B. (1993). An introduction to the fractional calculus and fractional
differential equations.

14. Oldham, K.B. (1974). Spanier, J.: The fractional calculus. Academic Press, New York,
London.

15. Ortigueira, M.D. (2011). Fractional Calculus for Scientists and Engineers. Lecture
Notes in Electrical Engineering, 84. Springer Dordrecht. http://dx.doi.org/10.1007/
978-94-007-0747-4

16. Podlubny, I. (2002). Geometric and physical interpretation of fractional integration and
fractional differentiation. Fract. Calc. Appl. Anal. 5(4), 367-386. https://doi.org/10.
48550/arXiv.math/0110241

17. Podlubny, I. (1998). Fractional differential equations: an introduction to fractional deriva-
tives, fractional differential equations, to methods of their solution and some of their appli-
cations (Vol. 198). Elsevier.

18. Samko, S. G., Kilbas, A.A. & Marichev, O.I. (1993). Fractional intearals and derivatives:
theorv and agglications.

19. Tabti, H., & Belmekki, M. (2024). Multiple positive solutions for fractional boundary value
problems with integral boundary conditions. Mem. Differential Equations Math. Phys. 91,
161-173. https://rmi.tsu.ge/memoirs/vol91/vol91-10.pdf

20. Tian, Y.S., Bai, Z.B. & Sun, S.J. (2019). Positive solutions for a boundary value problem
of fractional differential equation with p-Laplacian operator. Adv. Difference Equ. 2019,
1-14. https://doi.org/10.1186/s13662-019-2280-4

21. Wang, J., & Xiang, H. (2010). Upper and Lower Solutions Method for a Class of Singular
Fractional Boundary Value Problems with p-Laplacian Operator. In Abstract and Applied
Analysis (Vol. 2010, No. 1, p. 971824). https://doi.org/10.1155/2010/971824

22. Zaslavsky, G.M. (2005). Hamiltonian Chaos and Fractional Dynamics. Oxford: Oxford
University Press UK.

! FACULTY OF APPLIED SCIENCES, DEPARTMENT OF SCIENCES AND TECHNOLOGY, IBN-
KHALDOUN UNIVERSITY, BP P 78, ZAAROURA, 14000, TIARET, ALGERIA.
Email address: hamza.tabti@univ-tiaret.dz

2 FACULTY OF SCIENCES AND TECHNOLOGY, DEPARTMENT OF MATHEMATICS, UNIVER-
SITY OF TisSEMSILT, B. P. K TiSSEMSILT 38000 ALGERIA.
Email address: nehari.mohamed@univ-tissemsilt.dz


https://doi.org/10.1016/S0304-0208(06)80001-0
https://doi.org/10.1016/S0304-0208(06)80001-0
http://dx.doi.org/10.1016/j.aml.2016.10.001
https://doi.org/10.1186/1687-1847-2013-30
http://dx.doi.org/10.1007/978-94-007-0747-4
http://dx.doi.org/10.1007/978-94-007-0747-4
https://doi.org/10.48550/arXiv.math/0110241
https://doi.org/10.48550/arXiv.math/0110241
https://rmi.tsu.ge/memoirs/vol91/vol91-10.pdf
https://doi.org/10.1186/s13662-019-2280-4
https://doi.org/10.1155/2010/971824

	1. Introduction
	2. Preliminaries
	3. Main results
	4. Application
	References

