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EXISTENCE OF SOLUTIONS AND HYERS-ULAM STABILITY
FOR A COUPLED SYSTEM OF NONLINEAR LANGEVIN
EQUATIONS INVOLVING ¢-RIEMANN-LIOUVILLE AND
P-CAPUTO FRACTIONAL DERIVATIVES SUBJECT TO

MIXED BOUNDARY CONDITIONS
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ABSTRACT. This paper investigates the existence, uniqueness, and Hyers-Ulam
stability of solutions to a class of coupled system of nonlinear fractional Langevin
equations involving mixed generalized fractional derivatives. The system un-
der consideration is governed by fractional differential equations that involve
generalized fractional derivatives, subject to mixed boundary conditions. After
presenting the necessary preliminaries and definitions within the framework of
generalized fractional calculus, we employ fixed point theorems to establish
sufficient conditions for the existence and uniqueness result of solutions. Ad-
ditionally, Hyers-Ulam stability of the considered system is investigated. Two
pertinent examples are provided to verify the validity of the reported theoret-
ical results. Our results not only provide a new contributions to the field but
also expand upon several previously reported findings in the literature.
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1. INTRODUCTION

In recent years, fractional differential equations have become an increasingly im-
portant area of study, largely due to their ability to describe complex systems with
memory and hereditary effects. These equations have found applications across a

wide range of fields, including biomedical engineering [10], finance economics [10],
physics [12], modeling in dynamics and chaos [5], control systems [21], viscoelas-
ticity [17, 8] and the references therein. Foundational texts on fractional calculus

offer a detailed account of its classical theory and mathematical tools in [19, 13].

In particular, coupled systems of fractional differential equations play a signif-
icant role in a wide range of applied problems, with notable applications in the
biosciences. The qualitative properties of such systems specifically the existence,
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uniqueness, and stability of solutions have been the focus of extensive research,
often employing fixed point theorems and related analytical techniques [9, 18].

On the other hand, a significant advancement in this field was introduced by
Almeida [!], who proposed a new type of fractional derivative known as the
1-Caputo derivative. This formulation generalizes the well-known Caputo de-
rivative by incorporating a flexible kernel function, and builds upon the work
of earlier researchers. Since its introduction, this new operator has attracted
substantial interest, with many researchers exploring its properties and potential
applications [2, 20].

Alternatively, the Langevin equation plays a fundamental role in the stochastic
modeling of physical systems subject to both deterministic and random forces.
Originally introduced by Paul Langevin in 1908 to describe the motion of a Brow-
nian particle in a fluid [15]. Mathematically, the Langevin equation is closely
linked to the Fokker-Planck equation, which governs the evolution of the proba-
bility density function associated with the stochastic process (). It has also been
generalized to incorporate memory effects and anomalous diffusion through the
use of fractional derivatives, leading to fractional Langevin equations (FLEs),
which are increasingly studied in the context of viscoelastic media, biological
transport, and subdiffusive systems. More recently, there has been growing in-
terest in investigating the existence, uniqueness, and various types of stability
notably Ulam-Hyers stability for solutions to nonlinear fractional Langevin equa-
tion involving different types of fractional derivatives. Researchers have applied
a diverse analytical techniques to study these problems, such as classical fixed
point theorems, Leray-Schauder degree theory [7, 24].

At the same time, extensive research has been devoted to the theoretical anal-
ysis of the problem of fractional differential equations using different types of
fractional derivatives. Topics such as the existence and uniqueness of solutions,
as well as Ulam-type stability of fractional differential systems (FDS) including
Langevin-type systems, employing a range of analytical techniques have been ex-
tensively studied by numerous researchers [11, 20, 23, 21]. Recently, Abbas [3]
investigated a coupled system of fractional differential equations with four-point
boundary conditions involving ¥-Caputo fractional derivatives. The author em-
ployed the same fixed-point theories as that used in the present study to establish
the existence and uniqueness results of solutions, without investigating the Hyers-
Ulam stability analysis.

In particular, Baitiche et al. [0] considered a class of nonlinear fractional
Langevin differential equations involving two fractional derivative operators in
the 1-Caputo sense of the following form

DI (DY — ) () = f(ta(t), a<t<b
xz[f}(a):ak, 0<k<l,
CDgfk;wx(a) = by, 0<k<n,
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where CDZiw and CDf ¥ denote the y-Caputo fractional derivatives such that m —
l<a<mn—1<f <nl=max{m,n},nm € Ny apb, € Rand f :
la,b] x R — R is a continuous function.

The existence, uniqueness and stability of solutions were established using
the Banach contraction principle and the Schauder fixed-point theorem and the
Hyers-Ulam stability concept.

Zibar et al. [25] investigated a coupled system of nonlinear fractional differential
problems involving mixed generalized fractional derivatives of the following form

RLpgLo1 (%gi*% (1) = G(t, z(t),y(t)), (te 0:=10,1]),
D (REDgty ) (1) = H(t2(0), y(1), (te 0:=[0,1)),

12(0) = 62(1) = a°DEa(0) = FODE (1) = 0,
7y(0) = 5"y(1) = a*FEDgI2y(0) = BREDEy(1) = 0,

where RLDgi? and CD(Q)ﬁpare the standard ¢-Riemann-Liouville and 1-Caputo
fractional derivatives of order g, respectively. Also 1 < g; < 2 for i € {1,2,3,4},
and v, 9, a, 5,7, 0%, a*, 5* € Ry, ¢,¢ : [0,1] — [0,00] are a bounded for j €
{1,2}; G,H € C ([0,1] x R R); RLIS’T is the v-Riemann-Liouville fracional in-
tegral of order o > 0.

The existence, uniqueness, and stability of solutions were obtained using the
Banach contraction principle, the Leray-Schauder alternative fixed point theo-
rem, and the Hyers-Ulam stability approach.

However, to the best of our knowledge, there are few studies on the existence,
uniqueness and Hyers-Ulam stability of solutions for coupled system of nonlinear
Langevin equations involving mixed generalized fractional derivatives and subject
to mixed boundary conditions.

Motivated by the above-mentioned research [25, (], in this paper, we introduce
and investigate a novel coupled system of nonlinear fractional Langevin equations
involving the ¢-Riemann-Liouville and -Caputo fractional derivatives, subject
to mixed boundary conditions of the following form:

( al; as:
LD (CD,,J — ) a(t) = St x(t),y(t), b<t <l
oppsid <RLD§+‘W — ) y(t) = Rt 2(t),y(t), b<t< by,
2B (b) = by, DO () = 44, D (0) = 0;,  0< k<,

(1.1)

. e .
W2 (0) = by, DTy 0) = Gyl =B, 0<j<n,

where RLD;;T) and CDgfp denote the ¢-Riemann-Liouville and v-Caputo frac-
tional derivatives of order a such that n — 1 < «; < n for i € {1,2,3,4},n €
N*, and py, po, by, Uk, Z,Bj,gj,g; € R, gb,@/),gg,;/; : Oy, — R are a bounded and
£R: O x R? = R is a continuous function.

The existence, uniqueness, and stability of solutions for problem (1.1) are es-
tablished using the Banach fixed-point theorem, the Leray-Schauder alternative
fixed-point theorem, and the Hyers-Ulam stability concept.
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In comparison with the aforementioned studies, the innovative contributions of

this paper can be summarized as follows:
First, the current study investigates a novel coupled system of nonlinear fractional
Langevin equations characterized by mixed generalized fractional derivatives in-
volving four distinct fractional orders and subjected to mixed boundary condi-
tions, whereas the work in [0] studied a nonlinear Langevin differential equations
with two fractional orders formulated within the framework of the generalized
Caputo derivative associated with initial conditions. Accordingly, The findings
presented here generalize the results established in [0].

Second, it is clear that for pu; = ps = 0 and n = 2, the problem considered
in this paper reduces to the same problem studied in [25] but under different
boundary conditions. Consequently, the results derived in this paper generalize
those of [25, (], which are obtained as particular cases under certain conditions.

The structure of this paper is as follows: Section 2 introduces the fundamental
concepts, including key definitions and auxiliary propositions which will be used
throughout the paper. Section 3 discusses the main results related to both exis-
tence and uniqueness of the considered problem using Banach fixed-point theorem
as well as existence results employing Leray-Schauder alternative. In Section 4,
we investigate the Hyers-Ulam stability. In Section 5, we present two illustrative
examples to clarify and support our theoretical results. Finally, we conclude the
paper in Section 6 by summarizing the main theoretical contributions and results
established in this study and by outlining possible future research directions.

2. PRELIMINARIES

In this section, we establish the notational framework and recall essential defi-
nitions and preliminary results of ¢-fractional calculus that will serve as founda-
tional tools throughout the paper.

Let Q,(0 < b < o0), be a finite interval and ¢ : Q, — R be an increasing
function with ¢’(t) # 0, for all ¢ € )y,

Let C = C (%, R) denotes the Banach space of all continuous functions from
O, to R. Let us introduce the space X = {z(t) : z(t) € C(Qp,R)}, endowed
with the norm ||z|| = max {|z(t)] : ¢t € Qu}. Obviously, (X,|.|) is a Ba-
nach space. Also let Y = {y(t) : y(t) € C(Q,R)} be endowed with the norm
ly[| = max {|y(t)| : t € Qy,}. Obviously the product space (X x Y, ||(z,y)]|) is a
Banach space with norm [|(x,y)|lxxy = ||z]|lx + ||y]ly for (z,y) € X x V.

The left sided ¥-RL fractional integral and derivative of order o« > 0 with
respect to an increasing differentiable function v : 2, — R, ¢'(t) # 0, for a given
real valued function z : 2, — R are defined as,

RLZ 0 (f) = / VO (g, (1) wls)ds,  wlt) == () —v(s),  (21)

and

RLD o (t) = o) (8) RVL -V a(t) = 2l (1) /b t s (a ()" a(s) ds, (2.2)
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respectively, where xb}]( ) = (w,( d DY'2(t), T(a) = 0+°° e *s* 1 ds is the Euler’s
Gamma function, ¥,z € C™"(,), n = [o] + 1 for a ¢ N [I, 13]. Under the men-
tioned assumptions for the functions ¥ and =z, the left-sided fractional derivative

of y-Caputo type of order « for z is expressed as

CDia(t) = ML ale), (2.3)
where n = [a] + 1 for « ¢ N, n = a for a € N [1]. Thus

t
EIETONO) iy N
I O e (2.4

2i(t), aeN.
This generalization in (2.4) implies the Caputo and the Caputo-Hadamard frac-

tional derivative operators for 1(t) = t and ¥ (t) = Int, respectively and addi-
tionally,

n—1
a: a: x b
DX (t) = LD | { Sy } . (2.5)

k=0

Lemma 2.1 ([2]). : Letn —1 < a <n and z € C"(Q,,R). Then the following
holds:

n—1 gj[k} b
RLTOC DOV (1) = o(F) — wkf )Wb(t)]k

0

for all t € Q. Moreover, if m € N be an integer and x € C"(,,R) a
function. Then, the following holds:

=
Il

1 d c C ot 1/; - ))k+n—a—m [k-+n]
— D Dy "(b).
(w’(t)dt) () = Dy +ZOFk+n—a—m+1)x (®)
(2.6)
We know that from Equation (2.6) if xzc](b) =0, forallk=n,n+1,....,n+
m — 1 we can get the following relation

1 d\" o ot
(¢’(t) E) C,Dbjrwx(t) = Cbe:- #}x(t)a t ey (2.7)

Lemma 2.2 ([13, 2]). : Let a, 8 > 0, and x € (Q,,R). Then for each t € J we
have

(1) RLIa'¢RL16'w (t) = RLIZ)04++,3;¢$(25)7
ﬂ@‘ﬂD“wRLI (t) = =(1),
(3) FETE (0n(8))° " = pigemy (4n(8)7 707,
(4) “Dy: (())51'—”5(dﬁb())ﬁ““‘1
(5) CDYY (y(t)F = 0, for all k € {0,...,n—1},n € N,
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Lemma 2.3 ([1]). Let x € C"(,,R) and n — 1 < o < n. Then we have
(1) "EDERLTE (1) = ()

1)
(2) TR 1 Z o 10) 2ol

We next recall the well known fixed point theorems that will be utilized in
subsequent sections.

Theorem 2.4 (Banach [22]). . Let C be a nonempty closed convex subset of a
Banach space X and T : C — C be a contraction operator. Then there is a unique
x €C with Tr =x.

Theorem 2.5. ([I1]) Let T : C — C be a completely continuous operator . Let
OT)={ze€C:a=0T(x) for some 0 < p<1}.
Then either the set ©(T) is unbounded or T has at least one fixed point.

3. MAIN RESULTS

Lemma 3.1. Assume g,bh are continuous functions from €, to R. Then the
solution for the linear system of sequential fractional differential equations:

(RLpais (Cpg‘z;w — ) z(t) = g(b), b<t< Ll
CDl?j;d) RLD:ﬁ;w — a2 ) y(t) = h(?), b <t <Ay, (3.1)
kKl _ C oa+k;o M) = p '
Ty () = by, "Dy x(b) = Ly, (b) = b, 0<k <m,
07 (b) = by, REDT Oy (b) = 0,92 (0) = b5, 0<j<nm,
18
t / s g s / r o
o= [ ( P o [ o) 1g<r>dr) s
b F (042) b F (al) (3 2)

b [ (B ) ats)) s+ )

where

n—1

and

() = /b(ﬁ(f ) [t )a31b(r)dr>ds

b [ (f(fjj) (zzsm)““ e >> ds + (1),

(3.3)
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where

n—1 t (s R il r j b ) P
JZ: I'(j +1 / (#J(ng) (ws(t>> [‘bb( )] >d5+zm [wb(t)}

Proof. By applying the operators "*Z and #XZ°%" to both sides of the equa-
tions in (3.1) respectively, and then using Lemmas 2.1, 2.2 and 2.3, we obtain

& D (b) — g ()

CDZfW:E(t) _ RLIOél g + /llff + Z k 1 al) [¢b(t)]k+1_a1

(3.4)

and

nd REDRITE () — oyl (0)

Ry (t) = FETEh (1) + pay(t) + Z (@) (3.5)

I'(i+1)
from the initial condition (3.1), it follows that
n—1

CDa2;1/1 1) = RLIOéMb gk — Mlbk k+1—on 3.6
pia(t) =" g(t) + x(t) + me(t)} (3.6)

k=0 !

and
~ - n—1 g [ i)
g s’ i — M2V 7 i
FEDEEy(t) = FPTREOD(E) + pay(t) + m[ﬁbb(m (3.7)
i=0

We apply the operators again "FZ#% and FLZ*¥ to both sides of the equa-
tions (3.6) and (3.7) respectively, and then using Lemmas 2.1 , 2.2 and 2.3,we
have

La2; Lai; — ,ulb Lo l—ay
C(](t) _R Ib"’ YR Ib ¢ —|—§F k+1_’; )R Ib+¢[¢b(t)]k+
+ MlRLIaQ;w )+ Z Fx >]k
wl( ) 042 1 gb’ s a;—1 \dr .
/b <F(oz2) (¥s(t) / (¢r(s)) a(r)d )d
VO ooy
+ ul/b <F< 5y st (s)> ds + ; Tt D) )

n—1

S (B 00 = ) s,

and
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n—1

St bl

=0
-1

y(t) =TE TR (1)

+

. Iy o i
%—)[w]

T(+1—ay

:/I,<r¢<2 (et )/ ¢,a3 & )a3_1b<r>dr>ds
+ml<ﬁfﬂwxﬁ“l<>¢+§}7g?35wwﬁ“m
X%vff/<$%QMDWTWﬂ7m

and the converse follows easily. Hence, the proof is completed. O

+M2RLIa4;JJ (t )+

K}

To proceed with presenting the main results, we first set forth the following
assumptions, which serve as the foundation for the subsequent analysis:
(A1) The functions £,R : O, x R* — R are continuous and there exist constants
LQ, Ly > 0 where

1€t 21,91) = £ (w2, 42)| < Le (|1 — 2| + [y1 — 12]) -

3.8
R (6o p) ~ R (L a2 )| < Loy — 2ol +ly— ). )
for t € (), and x;,y;, € Ry =1,2.
(Ay) For some positive numbers cg, dg, mg, cx, dn and mep,
1€ (t,x(t),y(t)| < celo| +de ly| +me (3.9)
and
R, 2(1), y())] < em|2| + dw [y[ + ma. (3.10)
fort € Qpand z,y e R,i =1,2.
In view of Lemma 3.1, we define an operator 7 : X x Y — X x ) by
T (2, y)(t) = (Ti(z,y)(t), T2(, y)(t)) (3.11)

where

ﬂmwmzé(w(Hs e [

I'(ag)
+M1/( (Ps(8)™ ())ds+w1()

) (on(s) e &w@)MﬂWOdS

(3.12)
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and
T = [ (Eﬂ( o) [ (30) et <>>dr) ds
o (f;sg @«wrfw@)
(3.13)
To facilitate the presentation of subsequent results, we set
o _ 1. W)™ (6(£)™ | ‘(%(fo))”
T T (e + D (ar+1) M T (ap + 1)
(Vo(€0))™ (d5(0)™
22:”1r(22+1)r(;+1)+w1
o () )" () o
e e ) T T e
CONCO.
%:”%(aﬁl) T(as 1) 2
and
b ) G (@) () g Bl
YT T (ae + )T (ag + 1) T(as+1) T(az+1) " T(ag+1)
S )™ @ | (@) (e >) o ()
T(ay+1)T (ag + 1) T(ay+1) T (s ' T(ag+1)
P 100 ) A )" (G > P
ST T e+ DT (ar+ 1) “T(au+1) T(ag+1) 1772
5= mam{loh, 2052} 515

Theorem 3.2. Suppose that Ay holds. Then the coupled system (1.1) has a
unique solution on 2y, on the condition that

Li+Ri <1 (3.16)
where £1 and Ry are defined in (3.14).
Proof. We begin by proving that A > 0 is a real number such that
Lo+ Ry
1-£-%
First, we shall show that Twy C wy, where T is defined in (3.11) as well as
wy = {(z,y) € X x YV |[(z,y)lxxy < A}

A >
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Let sup;cq, [£(£,0,0)] = m1 < oo and sup,cq, [R(t,0,0)] = n < oo and @] =
Supycq, |@i(t)],7 € {1,2}.

|ﬂ@yxn</wfﬁ§wg e [ o) ), ) ) s

+mn/(

< [ (& a2w@ wl/ O (0n ()™ (1£00,(r) () = £(0,0,0) + 86 0.0} ) ds

+m¢/( ”1m@0dyuwwn

(hﬂwh+ﬂww+m[/(w%)ws e

p1

”de)w+mmﬂ

S oo )

+|¢/< QQWH> s+ 70}
ST s
=AL + Lo,
which implies that
1Ti(z,y)[[x < ALy + £, (3.17)

Similarly, we can find that

el <a [ §??(€0)> ) (90 " (0(0)

- -
Tt D) Ts+D) T Tz | T T s ) T+ 1)
—AR,; + Ry

*
+ g

(3.18)
Accordingly, from (3.17) and (3.18), we obtain

T (2, )| wxy < (€1 +R1)A+ Lo+ R
<A
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Hence, Twy C wp Now, for (z1,41), (x2,y2) € X x X and for each t € Qy,, we
obtain

| Ti(z1,91) () =T

A (e

+ |

2, 2)(t)]

()" /b L G IS (). () = £ alr) el ) ds

o) - o)) ds

<L2/( ;5)< / Y <¢r< N (1) — ()] + () — gl >|>dr)d

ol [ (T ) or(s) = an(s)] ) s

<& (ler — 22| + ||Z/1 vall)

and hence

[73(21,91) = Ti(@e, o)l < L1 (21 = 22| + [ly2 = 2ll) (3.19)

By analogoud reasoning, we obtain

[ Ta(w1,91) — To(@2, o)l 2 < Ru (|21 — 2l + [Jy1 — 22]) (3.20)

In view of (3.19) and (3.20), it follows that

[T (21, 91) = T (22, 92) [lexy < (€0 4+ R0) (lor = 2] + [l = v2)

Based on the above inequality, we conclude that 7 is a contraction, given condi-
tion (3.16). Hence, it follows using Banach fixed point theorem that there exists
a unique fixed point for the operator 7, which corresponds to the unique solution
of the coupled system (1.1) on €. Accordingly, the proof is complete. O

We now state and prove an existence result for the coupled system (1.1), relying
on the Leray-Schauder alternative

Theorem 3.3. Suppose that A, holds. [fioj < 1, then the coupled system (1.1)

has at least one solution on Q,, where U is given in (3.15).

Proof. We begin by proving that the operator 7 : X x Y — & x ) is completely
continuous. Due to the continuity of the functions £ and R, the operator T is
continuous. Assume that T C X x Y be bounded. Therefore, there exist positive
constants ¢y and 1y such that |£(¢, z(t),y(t))| < u1, |R(E, 2(t),y(t))] < to, for all
(z,y) € T.

For any (z,y) € T, we have
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|ﬂ<x,y><>|_/t(¢'”<¢s / o)™ (). ) ) s

042

o (2

joat |a:<s>|) ds + | (1)

(¥ (o))" (¢b(€o))°” (¥(£0))™
< D O ) F o)+ [ 0)
which implies that
, Wull0))™ (6n(£o))™ (¥(£0))™ ;
175 )(0)e < o s SO Lo ) +57 (3.21)

Analogously, we obtain

(d0t0))™ (Buit0))™ | (0(60))™

+
Tl e Tos 1) el a1

172z, ) D)ly < 12 Iy + =5 (3.22)

Using (3.21) and (3.22), therefore 7 is uniformly bounded.
We now establish that the operator 7 is equicontinuous. Let t1;ty € €, with
t1 < ty. Then we get

p (o)

T () o1 7 O) SN L (r, ax(r r | ds.
[ (F e [ o st ar ) a
_ (M (¥ e G N L (r,z(r | ds

[ (F wiert [ oy 2 et ar) as
il [ (@) = ) el ds + [a(a) = o)
il [ 2 ) ol s

t1 (dn (o)™

Sl D (a2 1) 2B + ()™ — ()]

I )™ — (0)% 4 200, (0) ]+ [1(8) = =)
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If t; — to, then || Ti(z,y)(t2) — Ti(x,y)(t1)|| — 0 independently of the values
of (z,y) € T. Moreover, we obtain

rmmmm—%wmmnsmjffgl+nP@umfﬁ(m@nm—@wwmy

L lmlly] [(002))™ = (9t) ™ +2 (B0 (12)) "] + Ialts) — ol

I'(ag +1)

If t; — to, then || 72(x, y)(t2) — T2(z, y)(t1)|| — 0 independently of the values
of (z,y) € T. Therefore, T is equicontinuous. Hence, by Arzela-Ascoli theorem,
we conclude that the operator 7 is completely continuous.

To conclude, we establish that the set

0 ={(r,y) € X xY:(v,9) = 0T (2,9),0 <0< 1}
is bounded. Let (z,y) € ©. Then (z,y) = oT (z,y). For any t € ,, we get
2(t) = oTi(z, y)(t),y(t) = oTi(z,y)(t)
It follows that
z(t)] = [oTi(z,y) (1) < [Tilz,y

1)
</‘(W<>ws ”1/’¢ (O™ (ex hea(0)] + dsloao)] + ) ) ds

CVQ

+|ﬂ/’( QQWMQOd&HwNW

(V6(£0))™* (n(£o))™ + ] & (U (lo))™
Tl + )T (1) "+ 1)

|2 ()] + | (1)]

< (ce || + dg |z2| + meg)

and

()] = leTa(z, y) ()] < [Ta(z,y)(#)]

<¢b(£0)) 1@(”(60)) MW(M + | (t)]

< (ew |21| + d |22] + M0 +
< (g |2 % |To] %) T (a4 +1) ag+1) 2] I'(og +1)

Hence, we get

(V6(€0))™* (pn(£o))™ N (Vp(lo))*

|| x40y
T (o +1)T (ay + 1) |1|F(a2+1)|| lacteon

z]lx < (cellzllx + dellylly 4+ me)

and

()™ (a00)) ™ (lt0))”
['(ag+1) F(as+1)+ﬂ2|m

lylly < (exllzllx + dnllylly +mex) |y|y+co5
which imply that
lzllx + llylly £ Co + O1 ||lzllx + T2 |lylly

< Uo+ 0 ||z 4+ yllaxy
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where (ojo, 1051, 1052 and Zoj are given in (3.15). Consequently, we get

o

()
|2+ yllaxy < —

1-0
thus proving that the set © is bounded. Thus, by Lemma (2.4), the operator T
has at least one fixed point. concequently, the coupled system (1.1) has at least
one solution on €2,,. Thus, the proof is complete. O

4. STABILITY RESULTS FOR PROBLEM (1.1)

In this section, we investigate the Hyers-Ulam stability of the proposed system.
To this end, we begin by considering the following inequality:

P (CDLY — ) (t) - £t y(1) <&, LE M,

Cyesid ( RLyoa;d) (4'1>
D, ( D — o y(t) =Rt z(1),y(t) <&, t €y,

where &1, & are given two positive real numbers.

Definition 4.1. Problem (1.1) is Hyers-Ulam stable if there exist m; > 0;i = 1; 2;
such that for a given &,& and for each solution (z*;y*) € X x Y of inequal-
ity (4.1), there exists a solution (x;y) € X x ) of problem (1.1) with

(2, y) — (2%, y7")| < &+ maba,t € Oy, (4.2)

Remark 4.2. (z*;y*) is a solution of inequality (4.1) if there exist functions ¥ €
C(,R),7 = 1,2, which depend upon x*; y*, respectively, such that

2)|\I/1(3L’,y)| < 517 ”)|\112(:E7y)| < 627t € Qb7 (43)

D (CDLY = ) w(t) = £(t 2(0), y(6) + Wi(w p)(1), e,
opesd (RLD;‘W — o) y(t) = R(t, 2(t), y(t) + Va(@,y)(t), te D

Theorem 4.3. Suppose that Ay, Ay and (3.16) hold true. The coupled sys-
tem (1.1) is H-U stable.

Proof. Let (z*;y*), be any solution of inequality (4.1), Thus,

w0 =T )0+ [ (Feh o [ )™ w0 ) s

and

- [ (28 G A Gl s o
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where 77 and 7; are defined by (3 12) and (3.13). It follows that

a0 a0 < [ (S o [ 2 o ol ) ds
(@/)b(fo))a2 (¢(£0))™

S&F(agnLl)F(aqul)
and
a0 - (0] < | ( V) (5,m)" ¢' ) 1r\v2<x,y><r>|dr) ds
(@Ebwo))“‘* (asb(fo))
ST A DT (0 + 1)
Since
2(t) — 2 ()] =la(t) - Ti(a",5)(E) + Ti(a",57)(E) — o (1)
<le(t) — Tl oy YO+ [To(* y) 0) — 2*(0)
< [ oL ) S0 (o0) = 270+ ) = ()
n (Vu(€0))™ (dp(lo))™
'T(az+1)T (o + 1)
<24 (le(0) = 2" O + Io(0) ~ 5 O + i D
(4.5)
and
19(0) — 5" (8)] =ly(t) — Ta(a",57)(0) + e, ") (8) — (1)
<Iy(t) - To(a (1), y") ()] + 1Tl (1), ") (&) — " (1)
(Bule0) " (Boe0)”"  (ule) *
< |t Ty el Ty | (e =01+ ) = .00
(3ul0) " (00)) ™
+€2F(a4+1)f‘(a3+1)
(slt0)) ™ (d0(0)) ™
<SR (l(t) =" O + 196 = 1" O) + &7 a3
(4.6)

it can be deduced from (4.5), (4.6) that

()™ ot (D)™ (Bu(t0) ™

) =l < G D T @+ 1) T T {aa t DT (3 1 1)

+ &1 ([[e(t) = 2" Ol + lly(@) —y*OI) + R ([l2(@) — 2" O + [ly(&) = y" (D))
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from which we obtain

(D)™ (&)™
(1-L —R)T (au+ 1) T (ag+1)

N (¥(£0))™* (¢(£0))™
||($ay) o (27 Y )H < 51(1_21 —9%1)F(042—|—1)F(041+1)

=m1&1 + ™o

+ &2

where

(¥(£0))™ (05 (o)™
(1—£1 —%1) (@2+1)F(C¥1+1)
o ~ a3
(%(%)) (ﬁbb(go))
(1—21—%1) (a4+1)F(a3+1)
Therefore, coupled system (1.1) has a H-U stable solution via Definition 4.1. [

™ =

T —

5. EXAMPLES
Finally, we give an example to illustrate our results.

Example 5.1. We consider the nonlinear fractional differential equation

( . .
RL'Dgfl’¢ Cngwa 1 x(t)

-5 = }La ctan(}lx(t)) + % sin(y(t)) + t3+9, 0<t<l,
DRI (RLDYSE 2 (1) = (cos(a(t) +y(0) + 229 0 <t <1,
z§(0) = 0,°D*0x(0) = 1,217 (0) = 0,

yff] (0) = 0, LBy 0) = Lys'(0) =0,

we have a; = 0.31, a0 = 0.42, a3 = 0.53, gy = 0.64, Y = %+2,1/~J = §+3,¢ =
£+47¢:§+57 MIZ%JMQZ%a‘nd

8(t, (1), y(1)) = 5 axctan Gx(t)) " mt—jﬁ sin(y(0) +

2 cos(t)

R(t,2(0), (1)) = 5 (cos (o(0) + (1) + syt L

8
Obviously, on can find that

1€ (8 21, 91) = £ (w2, 4)| < — (Jo1 — 22| + [y1 = 12])

ol = S|~

‘%(taxlayl) - m(t>$27y2)’ < (lxl - $2| + |y1 - y2’)7

from which, we get L = = and Ly = 3
According the given data, the condition (3.16) reduces to

£+ R = 0.45990072062 + 0.3084997071
= 0.8014609817 < 1.

Hence, all the assumptions of Theorem 3.2 hold. Thus, it follows that the coupled
system (5.1) has a unique solution on [0; 1]. Hence condition (4.2) and (3.16)
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becomes

(¢ (o)) (¢0(£0)™ _
M= gy - 9%) Flay 4 1) T (e 1) 503435823072
)

a4 ~ a3
<¢b(€o ) <¢b(€0)>
TS —R)T (u+ )T (a5 + 1)
It follows from Theorem 4.3 that the coupled system (5.1) is H-U stable.

= 1.33215341878.

Example 5.2. We consider the nonlinear fractional differential equation

10 412 T2 (b))

( M M X
RLD/ 2% <0D3f4’w — L) a@t) = L, 20l Larctan(y(t)) + m, 0<t<l,
CD1.66;¢ <RLDéf8;w _ 1_20 y(t) = exp—2t (sin(a:(t)) +ly()] + 1) 0<t<l,

4 25+t
L?]<o>=o,m5}1<o>=b1,01>3f4%¢gs<o>=1CD“%(> ] ]<o>=o,az£;]<o>=b;
L5(0) = 0,551(0) = by, BEDGE%y(0) = 1, FEDR¥y (0) = 6 Y5 (0) = 0,492(0) = B,

(5.2

we have oy = 1.22,ap = 144,03 = 166,04 = 1.88, ¢p = %(t+ 1)271; -
Hi+ 2% 0= 4t +3)% 6= Lt +4) i = 3, = % and
1 |z (t)| t 1
£ ta 13 ) 1)) = + — arctan t + —
(o v0) = B T e T 1O T

—2t

1
t,20),9(0) = oy (sin(e(e) + )]+ 3 )
After the calculation, we have
1 1 1
< Z Z _
(6500 < o+ g
t,x(t t — —
90, (0) y ()] < o Jel + o byl + =
where cg = % de = i,mg = %,cm = %,dm = %,mm = 7—5. Using (3.15), we find
that

5= maz {01, s} = max{0.448368117, 0.5378874924} = 0.5378874924 < 1.

Therefore, the assumptions of Theorem (3.3) are satisfied. Hence, the coupled
system (5.2) has at least one solution on [0; 1].
Therefore, we have

|£(t, v, 1) — £(t, 22, 2)| < — (|21 — 22| + [y1 — ¥2])

1
4
1
R (t,21,91) — R (¢, 22, 90)| < o (Jz1 = za| + (1 — w2l)
from which, we get Le = 1 and Ly = 5
From the given data, the condition (3.16) becomes
£1 + Ry = 0.40888022176 + 0.41077964615

= 0.81965986791 < 1.
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Hence, all the assumptions of Theorem 3.2 are met. Thus it follows that the cou-
pled system (5.2) has a unique solution on [0; 1]. Hence condition (4.2) and (3.16)
reduces to

(Vu(€0))™* (d(Lo)) ™ _

™ = (1 T 1) (&2 n 1) T (Oél n 1) = 2.81929140823
<¢b(fo)> " (éb(fo)ys

Ty = = 5.47408593156.

(1 —21 —%1)F(OZ4+1)F(043+1)
It follows from Theorem 4.3 that the coupled system (5.2) is H-U stable.

6. CONCLUSION

In this study, we have investigated a class of coupled nonlinear Langevin equa-
tions involving mixed generalized fractional derivatives, specifically governed by
the ¥-Caputo and ¢-Riemann-Liouville operators under mixed boundary condi-
tions. By employing fixed point techniques, we established sufficient conditions
for the existence and uniqueness of solutions. Additionally, we investigated the
Hyers-Ulam stability of the considered system, thereby ensuring the robustness
of the obtained solutions. Two examples are provided to verify the validity of the
reported theoretical results. Hence, the results obtained in the current research
extend several results reported in the previous works [25, (] and include them as
particular cases under certain conditions.

Acknowledgement. The authors would like to express their sincere thanks to
the anonymous referees for carefully reading the manuscript and for their valuable
comments and suggestions. The authors would also like to thank the General
Directorate of Scientific Research and Technological Development (DGRSDT) in
Algeria for supporting this research.

REFERENCES

1. Almeida, R.(2017): A caputo fractional derivative of a function with respect to another
function. Communications in Nonlinear Science and Numerical Simulation 44, 460-481.
https://doi:10.1016/j.cnsns.2016.09.006.

2. Almeida, R., Malinowska, A.B., Monteiro, M.T.T.(2018): Fractional differential equations
with a Caputo derivative with respect to a kernel function and their applications. Math.
Meth. Appl. Sci., 41(1), 336-352. https://doi.org/10.1002/mma.4617.

3. Abbas, M.I. (2020). Four-point boundary value problems for a coupled system of fractional
differential equations with ¢-Caputo fractional derivatives. arXiv: Classical Analysis and
ODEs. https://api.semanticscholar.org/CorpusID:220646547.

4. Alsaedi, A., Saeed. H. A., Alsulami, H.(2025): Existence and stability of solutions for a
nonlocal multi-point and multi-strip coupled boundary value problem of nonlinear fractional
Langevin equations Bulletin of Mathematical Sciences, 15(1) 2450014 (34 pages). https:
//doi.org/10.1142/51664360724500140.

5. Atangana, A., Gomez-Aguilar, J.F.(2022): Applications of Fractional Calculus to Modeling
in Dynamics and Chaos. CRC Press, New York.

6. Baitiche, Z., Derbazi, C., Matar, M. M.(2021): Ulam stability for nonlinear-Langevin frac-
tional differential equations involving two fractional orders in the ¢-Caputo sense. Applica-
ble Analysis, 101(14), 4866-4881. https://doi.org/10.1080/00036811.2021.1873300.


https://doi:10.1016/j.cnsns.2016.09.006
https://doi.org/10.1002/mma.4617
https://api.semanticscholar.org/CorpusID:220646547
https://doi.org/10.1142/S1664360724500140
https://doi.org/10.1142/S1664360724500140
https://doi.org/10.1080/00036811.2021.1873300

EXISTENCE OF SOLUTIONS FOR A COUPLED SYSTEM 507

7. Bashir, A., Nieto, J. J., Alsaedi, A., El-Shahed,M.(2012): A study of nonlinear Langevin
equation involving two fractional orders in different intervals, Nonlinear Analysis: Real
World Applications, Volume 13(2), 599-606. https://doi.org/10.1016/j.nonrwa.2011.
07.052.

8. Belhadji, B., Alzabut, J., Samei, M.E., Fatima, N.(2022): On the global behaviour of
solutions for a delayed viscoelastic type Petrovesky wave equation with p-Laplace and
logarithmic source. Mathematics 10, 4194. https://doi:10.3390/math10224194.

9. Chalishajar, D., Kumar, A.(2018): Existence, Uniqueness and Ulam’s Stability of Solu-
tions for a Coupled System of Fractional Differential Equations with Integral Boundary
Conditions. Mathematics , 6, 96. https://doi.org/10.3390/math6060096.

10. Fallahgoul, H.A., Focardi, S.M., Fabozzi, F.J.(2017): Fractional Calculus and Fractional
Processes with Applications to Financial Economics: Theory and Application. Elsevier,
Singapore.

11. Granas, A., Dugundji,J.(2003): Fixed Point Theory , New York, Springer-Verlag.

12. Herrmann, R.(2014): Fractional Calculus: An Introduction for Physics. World Scientific,
New York.

13. Kilbas, A.A., Srivastava, H.M., Trujillo,J.J.(2006): Theory and Applications of Fractional
Differential Equations. Elsevier, New York.

14. Laadjal, Z., Al-Mdallal, Q. M., Fahd, J.(2021): Analysis of a Coupled System of Nonlinear
Fractional Langevin Equations with Certain Nonlocal and Nonseparated Boundary Condi-
tions, Journal of Mathematics, 3058414, 15 pages, 2021. https://doi.org/10.1155/2021/
3058414.

15. Langevin, P.(1908): Sur la théorie du mouvement brownien, Comptes-rendus de I’ Académie
des sciences, t. 146, p. 530-533. https://doi.org/10.1119/1.18725.

16. Magin, R.L.(2004): Fractional calculus in bioengineering. Critical Reviews in Biomedical
Engineering 32(1), 1-104. https://doi:10.1615/critrevbiomedeng.v32.11.10.

17. Mainardi, F.(2010): Fractional Calculus and Waves in Linear Viscoelasticity. Imperial Col-
lege Press, London.

18. Matar, M. M., Alzabut, J., Jonnalagadda, J. M.(2021): A coupled system of nonlinear
Caputo-Hadamard Langevin equations associated with nonperiodic boundary conditions.
Math Meth Appl Sci; 44: 2650-2670. https://doi.org/10.1002/mma.6711.

19. Podlubny, 1.1.(1999): Fractional Differential Equations. Academic Press, San Diego.

20. Serrai, H., Tellab, B., Etemad, S. et al.(2024): y-Bielecki-type norm inequalities for a gen-
eralized Sturm-Liouville-Langevin differential equation involving ¢-Caputo fractional de-
rivative. Bound Value Probl 2024, 81. https://doi.org/10.1186/s13661-024-01863-1.

21. Singh, A.P., Deb, D., Agrawal, H., Balas, V.E.(2020): Fractional Modeling and Controller
Design of Robotic Manipulators. Springer, New York.

22. Smart, D. R.(1980): Fixed Point Theorems. Cambridge University Press, Cambridge.

23. Sudsutad, W., Ntouyas, S.K., Tariboon, J.2015: Systems of fractional Langevin equations
of Riemann—Liouville and Hadamard types. Advances in Difference Equations, 2015:235.
https://doi.org/10.1186/s13662-015-0566-8.

24. Zada, A., Rizwan, R., Xu, J., et al. (2019): On implicit impulsive Langevin equation
involving mixed order derivatives. Advances in Difference Equations, 489, 2019. https:
//doi.org/10.1186/s13662-019-2408-6.

25. Zibar, S., Tellab, B., Amara, A., et al.(2025): Existence, uniqueness and stability anal-
ysis of a nonlinear coupled system involving mixed ¢-Riemann-Liouville and -Caputo
fractional derivatives. Boundary Value Problems, 2025, 8. https://doi.org/10.1186/
s13661-025-01994-z.

! LABORATORY OF PURE AND APPLIED MATHEMATICS, AMAR TELIDJI UNIVERSITY OF
LacrouAT, P.O. Box 37 G GUARDAIA RoAD 03000 LAGHOUAT ALGERIA
Email address: s.mekhdoua@lagh-univ.dz


https://doi.org/10.1016/j.nonrwa.2011.07.052
https://doi.org/10.1016/j.nonrwa.2011.07.052
https://doi:10.3390/math10224194
https://doi.org/10.3390/math6060096
https://doi.org/10.1155/2021/3058414
https://doi.org/10.1155/2021/3058414
https://doi.org/10.1119/1. 18725
https://doi:10.1615/critrevbiomedeng.v32.i1.10
https://doi.org/10.1002/mma.6711
https://doi.org/10.1186/s13661-024-01863-1
https://doi.org/10.1186/s13662-015-0566-8
https://doi.org/10.1186/s13662-019-2408-6
https://doi.org/10.1186/s13662-019-2408-6
https://doi.org/10.1186/s13661-025-01994-z
https://doi.org/10.1186/s13661-025-01994-z

508 S. MEKHDOUA, A. BOUKEHILA

2 LABORATORY OF PURE AND APPLIED MATHEMATICS, AMAR TELIDJI UNIVERSITY OF
LacrOUAT, P.O. Box 37 G GUARDAIA ROAD 03000 LAGHOUAT ALGERIA
Email address: a.boukehila@lagh-univ.dz



	1. Introduction 
	2. Preliminaries
	3. Main results
	4. Stability results for problem  (1.1)
	5. Examples
	6. Conclusion
	References

