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COEFFICIENT INEQUALITIES FOR A CLASS OF HARMONIC
UNIVALENT FUNCTIONS

O.A. FADIPE-JOSEPH!*, Y.O AFOLABI? AND B.O MOSES?

ABSTRACT. In this paper, a new class of harmonic univalent function using the
modified Salagean differential operator is introduced. New results on the new
class are obtained. Distortion bounds, Convolution and Convex combination
in the new class are also established. The work extended some earlier results .

1. INTRODUCTION AND PRELIMINARIES

Let A, denote the class of functions of the form:

flz) =214 a2t 0< A <1 (1.1)
k=2

which are analytic in the open unit disk U = {z € C: |z] < 1}.
If for convenience, we set Ag = A, we see that Ay denote the class of functions of
the form:

fz)=z+ Zakzk
k=2

which are analytic in the open unit disk U, normalized by f(0) = 0 and f/(0) = 1.
Moreover, we have

f(z) e A= 2f(2) e A\, 0< A< 1.

Define the Salagean operator D" as follows:
D°f(2) = f(2)
D'f(2) = Df(2) = 2f'(2)
D"f(z) = D(D" f(2)) = 2[D" 7 f(2))

Now expanding (1.1) by Binomial theorem, we define

F(2)P = 220D L N7 B FmDHDEOR s 0<a <1 (1.2)
k=2
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and

D" f(z)P = 2P 4 z B+ k)azF-DOEDFOER) -y e Ny = NU {0}) (1.3)

k=2

Remark 1.1. If A\ = 0, then D"f(z)? becomes the known Salagean differential
operator.

A continuous function f = u 4+ iv is a complex-valued harmonic function in a
domain D C C if both w and v are real hamonic in D. In any simply connected
domain, we can write

f=h+3g (1.4)
The form (1.4) is called the local decomposition of the harmonic function f, where
h and g are analytic in D. We call h the analytic part and g the coanalytic part
of f.
A necessary and sufficient condition for f to be locally univalent and sense-
preserving in D is that |h'| > |¢| in D.
Denote by Sy, the class of functions f of the form (1.4) that are harmonic univa-
lent and sense-preserving in the unit disk U. The subclasses of harmonic univalent
functions have been studied by some authors for different purposes and different
properties (Jahangiri. [1], Al-shagsi, et al. [7]).
In particular Ezhilarasi, et al. [2], introduced a class of harmonic functions that
are harmonic univalent and sense preserving, the class defined was based on a
generalized fractional differential operator. Pathak, et al. [(], studied a certain
subclass of harmonic univalent functions associated with Dziok-Srivastava oper-
ator. Eljamal and Darus. [!], made use of the generalized derivative operator
to introduce a new class of complex valued harmonic functions. Porwal et al.
[9], studied a new class of harmonic univalent functions by using fractional cal-
culus operator. The result obtained for the class reduced to the corresponding
results for several known classes. In this work, a new class of harmonic univalent
functions using the modified Salagean differential operator is introduced.

We may express the analytic functions h and g as:

h(z)? = ZB(;H) + sz:Q Bayz P~ DO+D+A+E) (15)
g(z)? =37, BbypzF=DOEDHOER) - 1p | < 1
So that,
f(2)? = h(2)" + g(2)? (1.6)
We define the modified Salagean operator of f as:
D" f(z)P = D"h(z2)" + (=1)"D"g(2)?, (n € Ny) (1.7)
where,
D*h(z)" = 27000 £ 5T, BN+ ka0 CHEOED L9
Dng(z)ﬁ — ZK:l B()\ + k,)nbkz(ﬁ 1)(A+1)+(A+k)



COEF. INEQ. FOR A CLASS OF HARMONIC UNI. FUNCTIONS 87

We let ®@,(n, 8, ) be the class of harmonic functions of the form (1.6) such that
n+1 B

o [ D

Drf(z)P
where D" f(2)? is given by (1.7).

}>a,6>0,0§a<1(n€NO) (1.9)

The Class ®,(n, 3, «) includes a variety of well-known subclasses of Sy .

Remark 1.2. (1) If n =0, A=0and 8 = 1, then ®¢(0,1, ) = S*(«), which
is the class of sense-preserving harmonic univalent functions f which are
starlike of order o in U.

(2) If n =1, A=0and 8 = 1, then ®¢(1,1,a) = K(«), which is the class
of sense-preserving harmonic univalent functions f which are convex of
order o in U.

We also let the subclass ®,(n, 3, a) consists of harmonic functions
Fa(2)P = h(2)? 4 gn(2)P in ®5(n, B, ) so that h and g are of the form:

h(z)ﬁ — B+ _ Z 2ﬁ|ak|2 D(A+1)+(A+k) 110
gn(2)F = (=1)7 S Bl 2B DO ] < 1 (1.10)

2. MAIN RESULTS

We now consider some theorems on the class ®,(n, 8, @) and its subclass.

Theorem 2.1. Let f(z)ﬁ = h(z )B+g( )8, where h(z ) (z)ﬁ are given by (1.5).
If

YAk = a)lag| + A+ k + a)|be|[BAA+ E)" < (1+8)(1 - a)

where a; = 1, n € Ny, 8> 1 and 0 < o < 1, then f(2)? is univalent, sense -
preserving in U and f(2)? € ®y(n, B, ).

Proof. Suppose zﬂ 7é zg , then

f f(ZQ)B _
Zl B — h(Zg)ﬁ a

hz1)P + g(21)° = (h(22)° + g(22)7)

h(z1)P — h(2z2)? ~ h(z1)? — h(z)?
_ g(21)? — g(22)P
=M RGP ()
9(21)? — g(2)P
2 R = ()
o1 2B DA+ + A+ Kb
L= 200008 = 1D)A+1) + (A + k)]ax
>ohey B+ R A+’”“) | O |

Z1_1+5[1—(A+ n (A5

\_/

|-
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— B
. f z1) f(z2)
h(z1)? — h(z)?
Hence, f(21)? # f(z2)?, which proves the univalence.
It is sufficient to show that |1/(2)?| > |¢'(2)?] for f(2)” to be sense-preserving

>0

Now,
’
|h/(2’)’3| _ < )\Jrl)‘i‘Zﬁa e )\+1)+(/\+k)>
k=2
A+ k—
( Z + )\‘i‘k‘)n’ak‘)
k=2

> (6[(%)(A+ =1 A Z%ﬁm k>”|bk|)
k=1

> > B8 = 1A+ 1) + (A4 k)]l [ ] -DAFDFAERITL > g/ ()7

k=1

= |W'(2)°] > |g'(2)°
By (1.9),

Re {D““f(Z)B} ke { D"+ h(2)° + <—1>"+1m+l—g<z>ﬂ} -

Dnf(2)? Dnh(z)8 + (—1)"Drg(z)?

Using the fact that Re{w} > « if and only if |1 — o+ w| > |1 + o — w|, it suffices
to show that

S iae? L B PO i (G
‘1 M TBE ‘H Dnf(z)P
_ ‘D”“f(z)ﬁ +(1-a)D ()| ‘_D”“ﬂz)ﬁ -t D (2)5’ >0
an(z)ﬁ an( ) B
= |[D""f(2)P + (1 —a)D"f(2)°| = D" f(2)" — (1 4+ «)D" f(2)’| > 0
Now,
D)+ (L= @)D" ()] = [Df(2)° = (L + @) D" (2)]
= |D" (=) + (1) DGR + (1 - ) [DU(=) 4 (1) Drg ()|
=[P+ (DTG — (14 a) [Dh() + (<1 DG

SBOFD) + Zﬁ(}\ + k)n+1akz(571)(>\+1)+(/\+k) +<_1)n+1
k=2

Mg

ﬁ()\+k)n+1bk2 1) (A+1)+(A+k)

>
Il

+(1—-a) |z

B(A+1) +ZB A+ k)" a2 B~ DOFD+(+k) +(— ”25 (A + k)b z(B-DO+1D+ (A+k)]
k=2 k=1

o0

LB Zﬁ(/\ + k)n+1akz(ﬁ—l)(>\+1)+(>\+k) +(—

1)n+1 Zﬁ(/\ + k)n+1bkz(ﬁ—1)()\+1)+(>\+k)
k=1
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oo

o0
LPOFL) Zﬁ()\ + k)" ap,z DO+ (k) +(=1)" ZB (A + k)b zF-DOD+ (A+k)]
k=2 k=1

—(1+4«)

(2 — )\)ZB(AH) + Zﬁ(/\ LR A+ k+1— a>akz(ﬁ—1)()\+1)+(>\+k)
k=2

WE

—(=1)" Y B HE) A+ k=14 )bz P DO

b
Il

1

- ‘(—)\)zﬁ()‘“) + Z BA+E) N+ k — 1 — a)apzP~DOHDTOFE)
k=2

ﬁ()\—{—k) ()\—{—k—l—l—FOé)ka D (A+1)+(A+k)

M]3

—(=1)"

B
Il

1

> (2= )2 =SB+ E) A+ k41— a)|ag]|2] AT
k=2

[e.e]

=D BAFE) A+ — 14 a) by |2 O HAFDTO

k=1
—af 2P = ST B KA+ k= 1= a)|ay |2 FTDOFDHOH)
k=2

e}

—ZB A+ k)" (N + k4 1+ )| |z B~ DOHD+OFR)

k=1

= 2(1 — )]z — 2ZBA+/<:) (A + & — a)]ag| 2|~ DO+D+O+H)
k=2

=2 "B+ E) A+ E + )by [2|FHATDTOHE

k=1

=21—a)—2> BA+E)"A+k—a)la —2> BA+E)"(A+k+ )bl
k=2 =1

—3(1-a [1—25A+k (22 ol - me (”’“?)m]

The last expression is nonnegative by the hypothesm of the theorem. Thus the
prove. O

Corollary 2.2. Let f =h+7g. If
YN+ k= a)lag] + (A +k + a)|be[]J(A + E)" < 2(1 — )
where ay =1, n € Ny and 0 < o < 1, then f(z) € ®p(n, 1, ).

Proof. Put f =1 in Theorem 2.1. O
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Corollary 2.3. Let f(2)? = h(2)? +g(2)?, where h(2)?, g(2)? are given by (2.2).

If 3520 [(k = a)a| + (k + ) |bp[] 8" < (1+ B)(1 — a)
where a; =1, n € Ny, > 1 and 0 < a < 1, then f(2)? € ®y(n, 3, ).

Proof. Put A =0 in Theorem 2.1. O
Remark 2.4. This is the result obtained by Al-Shagsi, et al. [7].

Corollary 2.5. Let f =h+7g. If
2oreal(k = a)lar] + (k + ) [be[Jk" < 2(1 — o)
where a1 =1, n € Ny and 0 < a < 1, then f(z) € ®y(n, 1, a).

Proof. Put § =1, A =0 in Theorem 2.1. O
Remark 2.6. This is the result obtained by Jahangiri [1].

Corollary 2.7. Let f =h+7g. If
Dot lA+ k= a)|ar] + (A + &+ ) |bi[J(A + k)" < 2(1 — a)
where a; =1, n € Ny and 0 < o < 1, then f(2) is univalent in U.

Proof. Put § =1 in Theorem 2.1. O

Corollary 2.8. Let f=h+7q. If
Yl + k= ala[ + (A+E 4+ a)[bell(A+ k)" < 2(1 - a)
where a; =1, n € Ng and 0 < o < 1, then f(z) is sense-preserving in U.

Proof. Put § =1 in Theorem 2.1. O

In the following theorem, it is also shown that the inequality condition in
Theorem 3.1 is also necessary for functions in the subclass ®)(n, 5, ).

Theorem 2.9. Let f,(2)? = h(2)® + g.(2)?, where h(2)?, g(2)? are given by
(1.10). Then f.(2)? € ®x(n, B, ) if and only if

NE

[N+ k—a)|ar] + A+ k+ Q)|b]]BON+E)" < (1+6)(1 —a) (2.1)

i

1
where a1 =1, ne€ Ny, f>1and 0 < a < 1.

Proof. Since CID,\( ,B,a) C ®y(n, 5, «), we only need to prove the "only if” part
of the theorem. To this end, for f,(2)”? € ®5(n, 8, a).

RG{DDn:;Q()) }”‘

B D" f(2)°
‘Re{ D1, (=) }20
Here,
D" ful2) = D"h(=)’ + (~1)"Drga(=)?

POLD N B(A+k)"|ag| 2 P DOTDHOHER) L (—1)20 3™ B(A+)" by, [ e B-DOFDOFF)
k=2 k=1
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For the "only if” part, we show that f,(2)? ¢ ®,(n, 3, ) if the condition (2.1)
does not hold.
Now,

(s

e (1— a)zﬁ(A+1) _ 2202250\ + k)N + k — &>’ak|z(ﬂ—l)(A+1)+(z\+k)
SBOFL) 22022 5()\ 4 k)n’ak‘z(ﬁ—l)(Hl)Jr(Hk)

—(=1)2 30 BN+ E)" (A + k + ) by z(B-DOFD (k) }

H(=1)20 3% B(A + k)P |by| 2B DOFDFOHE)

2(B=1)(A+1)+(A+k)

o [ =55 O RO+ b — o)l
1= 300, BN+ k)nag 22
—(=1) Y2 B+ E)" A+ E+ W } L
H(=1)20 S0 BN+ Kby 2D -

The above required condition must hold for all values of z in U. If we choose the
values of z on the positive real axis where 0 < z = r < 1, we must have

(L—0) =3 BA+E)" A+ k= a)la[r™™" = 372, BN+ K)"(A+ k + o) b

1= ks B R ag|r=t 3002, B k)" [bg[rh

If the condition (2.1) does not hold, then the numerator in the last inequality
is negative for r sufficiently close to 1. Hence there exists zy = ro in (0, 1) for
which the quotient in the last inequality is negative. This contradicts the required
condition for
fn(2)P € ®\(n, B,a) and so the proof is complete. O

3. DISTORTION BOUNDS
Theorem 3.1. Let f,(2)° € ®y(n, 3,a). Then for |z| =r < 1, we have

Fa(2)? < (14 Bby)r?O+D

(1—a)p Atl—a A+1l+a _
1 _ b BN+ 1)) rB-DO+HDHO+2)

Mg s sl sl i i peal L FE Sl Kt
and

Ful2) > (1= B4
e e el (R 1| ECR V) P

Proof. We only prove the right-hand inequality, the prove of the left-hand in-
equality is similar and will be omitted.
Let f.(2)? € ®(n, 3, ), on taking the absolute value, we have

|fal2)?] = |27 Zﬁ|ak|z JOFD+O+R) 4 (— Zm()k‘zﬁ D)+ (k)
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— | PO+ + (=1)"B|by | 2B-DOFD+A+D) Zmak’z YA+1)+(A+E)

-1" Z Bbg|zB-DOFD+OHR)

< [P 4 BB 3 Blag IO 4 3 gl S1AH DO
k=2 k=2

= (14 Blba)rP O+ B(lag] + [by|)rPDOFDTAHE)

k=2

<(1+ 6|b1|)rﬁ()‘+1) + Zﬁ(|ak| + |bk|)r(5_1)(’\+1)+()‘+2)

k=2
< (1+ Blby])rPD 4
R O

< (L+ Blbir”* 0+

(1—a i":( A+ k- )B(A+k)n|ak|+ ()\+k+1a)5()\+k) e |) (B—1)(A+1)+(A+2)
o -

< (14 Bl rO 0+

(1—a)p A+1—a) ()\+l+a) N s e
(>\+2—a)ﬁ()\+2)n(1+5_{ o ]b\]( 1))74,6 YA+ +(A+2)

O

Theorem 3.2. Let f,(2)° = h(2)® + g.(2)8, where h(2)?, g(2)? are given by
(1.10). Then f.(2)? € ®x(n, B,q) if and only if
fal2)? = ) (Xuha(2)” + Yigur(2)?) |
k=1

where
hl(z)ﬁ — PO+

1—a)
B ()F = B0 ( (B-DOHD+O4R) f _ 9 3 ...
o(2)" == Dt k—a) At k) s

(1-a)
Nt k+a) A+ k)"

Gui(2)? = 2P L (—1)n ZB-DOAD+OHR) | =1,2, -

and

Z (Xp+Y)=1X,>0,Y,>0
k=1
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Proof. For functions f,(z)? = h(z)? + gn(2)?, we have

k:l

= X1l (2)" + Yigm (2)° + ) (Xuh(2)” + Yigai(2)?)
k=2

BRI (ZWH) += (A+ 1(41r ;)(X + 1)”Zﬁ(m))

= 1 —a)
x| L8040 _ ( (=) 1+ ()
+k§< ’“{Z Dt h—a) A+ R

(1-0)
O+ k+a)A+ k)m

+Ys {Zﬁ(Hl) + (=1)" Z(,B—l)()\+1)+()\+k)}>

— X200 1y 040 1§ x P04 | 7y B0

k=2 k=2
- (1—a) 7 (1—a)
X,z B=DAFD+OA+E) (1 yn Y. 2B(A+1)
22 Atk —a) A+ k) (=) O+lta)rt)m °
- (1—a)
K Y, 2 B—DOFDFO+k)
kZQ /\+k+a N+ k)n
=3 (X Y5 A -5 (1-a) X B DO
£ 2 (At k—a)(A+ k)"
= (1—a)
n Y,z (B=1)(A+1)+(A+k)
— >\—|—k+a YO+ k) E
Then,
= (A + k— (A +k+
k=2 k=1 a
~ l-a A+k—a)BA+ k)"
i()\—i_k—i_ooﬁ()\—i—k)n (1— )Yy
—~ 1= A+ Ek+a)fA+ k)

_iXkJriYk_l—Xl
k=2 k=1

Conversely, suppose that f,(2)? € ®,(n, 3, a).
By setting

A+Ek—a

Xi = 1 —a )5()\+l{:)”|ak|,OSnglkr:2,3,---
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A+k+a)

Y. =
k 1l -«

BA+E)"bel, 0<Y,<1k=1,2,---
and

Xlzl—ZXk—ZYk
k=1 k=1

therefore f,,(2)” can be written as

fulz )5 — LB Zmak‘z(ﬁ D(A+1)+(A+k) Zﬂ!bklz Y1)+ (A+k)

k=2

> 1 - CE)Xk _
BA+1) (B=1)(A+1)+(A+k)
kz; Sy k: -

—a)f(A+ k)
& Z 3 (1—a)Y S B—D) 1)+ (A+k)
p )\+k‘+0z VB(A+ k)n
= 0 3 ()" = 2P0 X+ 3 (gurl(2)? — 2P0 vy
k=2 k=1
:Zh( 5Xk:+29nk (2)°Y;, + 2P0 ( ZXk_ZYk)
k=2 k=1
= X, 2P0+ 4 Z hk(z)ﬁXk + Zgnk(z)ﬁYk
k=2 k=1
- fn(Z)ﬁ = (thk<2)5 + Ykgnk(z)ﬂ)
k=1
as required O

4. CONVOLUTION AND CONVEX COMBINATION

For harmonic functions

fn(z)ﬁ — B+ Zma |z (B=D)(A+1)+(A+k) Zmbk’Z YA+1)+(A+k)
and
Fo(2)? = 22041 Z B| Ay | zF~DOFD+O+) Z B| By, | z(B=D O+ +0+k)

The convolution or hadamard product of f,(z)? and Fn(z)ﬁ is given by

Ful2)P5F,(2)° = Zﬁ(Hl)_Z Blag|| Ag|z P DOFDFOER) L (1) Z B|br|| By |z B-DA+D+(O+k)
k=2 k=1
(4.1)
Theorem 4.1. Let0 < v < a < 1, f,(2)? € ®\(n, B, a) and F,(2)° € ®5(n, 3,7).
Then fn(z)ﬁ * Fn(’Z)B € (I))\<n7 57 Oé) - CD)\(TL, ﬁa 7)
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Proof. Let the functions

fa(2)? = P04 Zma |ZB=DOHD+OHR) 4 ( Zmbﬂz )A+1)+(A+k)
k=2

be in the class ®)(n, 5, a) and

F(z)7 = 2P0+ ZﬂlA |ZB=DOFD+OHR) 4 ( 26|Bk|z DA+ +(+k)
k=2

be in the class ® ,\( ,B,7). Then the convolution of the two functions is given by
(4.1).

We wish to show that the coefficients of f,(2)? * F,(2)? satisfy the required
condition given in the Theorem 2.1.

For F,(2)? € ®5(n, 8, @), we note that |A;| < 1 and |By| < 1.

Now, in view of the Theorem 2.1, for the convolution function f,(2)? * F,,(2)? we
obtain

00 A+ k A+ k
Z*—ﬂmm rakHAk|+Z+—$7>ﬁ<“’f> il B+
=2

k=1

> A+k A+ k+
Z 7 B+ k)" ]ak|+2—77)6(>\+k’) ||

k=2 k=1

)\ +k+a)

(A+k)MH+§:'X1 BN+ E)" b <1

MM8

Since 0 <y < a < 0and f,(2)? € ®x(n, 3, ).
Therefore f,,(2)? * F,(2)° € ®x(n, 8,a) C ®x(n, 3,7) O

We now investigate the convex combination of members of ®,(n, 3, @).
Let the functions f,,;(2)” be defined, for i =1,2,---, by

fui(z ),8 — B0 Z Blag; \z (B=1)(A+1)+(A+k) Z B|bgi| 2 B=DOFD+O+k)
k=2
(4.2)
Theorem 4.2. Let the functions f,;(2)° defined by (4.2) be in the class ®x(n, 3, @)
for every i =1,2,---. Then the function t;(2)” define by
ti(z)” = Z cifni(2)” (0< ¢ <1)
i=1

is also in the class ®y(n, B, «) where Y " ¢; =1
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Proof. According to the definition of t;(2)”, we can write

Z sznz

i=1
— Zci SBOH) Zﬁlak |ZB-DO+D+OHR) 4 ( Zﬁ’bk | 2(B=DO+D+(A+k)
i=1
= Zﬁ(x+1)_25 Z cilag:| | 2BDOFDHOFR) L (_1)n ZB Z ¢ilbri| | 2B=DOFD+OHE)
_ i=1 k=1 =1
Since fni(2) 5 for every (i = - ,m) are in ®,(n, 5, «), then by (3.1), we have
A+k—a) Zc\a,ﬁ + At k+a) | ) albul || BOA+E)"
k=1 i=1 i=1

¢ (Z (A +k — a)|agi| + (AN + Kk + ) |bri]

k=1

< Zci(l +6)(1 — )

O
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