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CHARACTERIZATION RESULTS AND RIESZ SPECTRAL
THEORY FOR COMPACT LINEAR RELATIONS

ABDERRAHMANE ZOUAGUI! and ABDELLAH GHERBI?**

ABSTRACT. This paper extends Riesz’s theory of compact operators to the gen-
eral setting of compact linear relations. Using compact selections and studying
invariant subspaces, we develop new characterizations of compactness in the
multivalued setting. In doing so, we lay the groundwork for a spectral theory of
compact linear relations. Our investigation encompasses key structural proper-
ties, including the behavior of the range, Aronszajn—Smith and Riesz—Schauder
type results, and spectral notions such as ascent, descent, isolated spectral
points, the analytic core, and the quasinilpotent part. The results highlight
both deep analogies and essential differences between single-valued compact
operators and their multivalued counterparts.
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1. INTRODUCTION

Since their introduction by F. Riesz in the early 20th century, compact oper-
ators have held a central place in functional analysis and operator theory. By
mapping bounded subsets of normed spaces into relatively compact sets, they ex-
hibit a remarkable algebraic structure: they form a closed two-sided ideal in the
algebra of bounded operators, remain invariant under addition, and can be uni-
formly approximated by finite-rank operators. Their spectral theory is equally
elegant: on an infinite-dimensional Banach space X, the spectrum of compact
operator is at most countable with zero as the only possible accumulation point,
and each nonzero spectral value appears as an eigenvalue of finite multiplicity,
with a finite-dimensional spectral subspace. These properties underpin many
applications in infinite-dimensional analysis.

Over the last few decades, operator theory has been extended to the broader
framework of linear relations (or relations for short), i.e., multivalued linear op-
erators. In this setting, notions such as compactness have been generalized, yet
the classical spectral theory does not always carry over in a straightforward way.
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Recently, in [1, Theorem 3.6], the authors established a spectral theorem for com-
pact relations under certain restrictive conditions, but left open whether such
properties persist in the absence of these constraints. Moreover, classical results
such as the Aronszajn—Smith and Riesz—Schauder theorems require careful refor-
mulation. As demonstrated in Section 4, the Riesz—Schauder theorem does not
extend in full generality to compact linear relations. Furthermore, several spec-
tral notions that play a central role in the single-valued theory—such as ascent,
descent, isolated points of the spectrum, the analytic core, and the quasinilpotent
part—have not, to the best of our knowledge, been extensively investigated in the
framework of compact linear relations. Addressing this gap constitutes another
central motivation for the present work.

This paper develops a systematic extension of Riesz’s compact operator the-
ory to the setting of compact linear relations. Our first main contribution is a
set of fundamental characterizations of compact relations via compact selections
(Theorem 3.10, Corollary 3.11), which provide a direct bridge between the multi-
valued theory and its single-valued counterpart. We then establish a new version
of the Aronszajn—Smith theorem for compact linear relations (Theorem 3.15).
By exploring the invariant subspace problem, we prove in Theorem 3.17 a new
characterization of a compact linear relation 7" via a specific induced operator.
This result extends [I, Theorem 3.5], originally proved under the restrictive as-
sumption that 7°(0) is a T-invariant subspace, to the more general situation of
any closed T-invariant subspace M.

We also investigate the distribution of the spectrum for compact relations.
In particular, using the concept of compact selections, we show in Theorem 4.8
that the spectral description provided in [I, Theorem 3.6] remains valid without
the T'(0)-invariance assumption. This shows that the spectrum of a compact
relation shares the same structure as in the single-valued case. In addition, we
identify conditions under which the Riesz—Schauder theorem remains valid in the
multivalued setting (Proposition 4.1).

Building on recent results in [5, &, 10], we establish a concise description of the
isolated spectrum of compact relations. As a concluding result, Proposition 4.16
offers a new spectral decomposition of the Banach space X into a sum of the ana-
lytic core and quasinilpotent part, providing deeper insight into the fine spectral
structure of compact relations.

While revealing clear parallels and important differences between single-valued
and multivalued compactness, this paper extends classical results and develop
some new spectral and structural features for compact linear relations.

2. BASIC NOTIONS OF LINEAR RELATIONS

For the sake of a self-contained presentation, we recall in this section sev-
eral fundamental notions of linear relations, drawing from [1]. Throughout this
paper, all relations considered are assumed to be linear and defined on infinite-
dimensional Banach spaces X and Y. For brevity, we will omit the term ”linear”
when referring to such objects, and we will use the term relation to mean a linear
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relation unless stated otherwise. The collection of all such relations from X to Y

will be denoted by LR(X,Y).

Definition 2.1. [1] A relation T € LR(X,Y) is a linear set-valued mapping from
X into 2Y, assigning to each element z € D(T) a nonempty subset T'(z) C Y.
For x ¢ D(T), we set T(x) = (). Under this convention, we define the domain
of T as D(T) := {x € X : T(x) # 0}, while the range and kernel are given
by R(T) == U T(x), kerT := {z € D(T) : 0 € T(z)}, respectively. The
zeD(T)

multivalued part of T, is the set T(0) := {y € X : (0,y) € T}, it characterizes
the ambiguity of T" as a multivalued operator.

Note that if z € D(T') and y € Y, then y € T'(x) if and only if T'(x) = y+T7(0).
Hence, T is an operator if and only if 7'(0) = {0}. Every relation T € LR(X,Y)
is uniquely determined by its graph G(T') = {(z,y) : = € D(T), y € T(x)}. The
nullity, deficiency, and index of T" are a(T") = dim ker(7"), f(T") = dim(X \ R(T))
and k(T) = a(T) — B(T), respectively. If both «(7) and B(T") are infinite, then
k(T is undefined.

Definition 2.2. [1] A relation 7' € LR(X,Y) is called injective if ker(7") = {0},
surjective if R(T) =Y, and invertible if it is both injective and surjective.

Independently of whether T is invertible in this sense, one may always define
the inverse relation 7-! € LR(Y, X) by reversing the graph:

GT Y ={(y,z) €Y x X : (x,9) € G(T)}.

This definition yields the identities ker(7~') = T'(0) and ker(7") = T~(0), which
reflect a duality between the injectivity of T" and the multivalued nature of its
inverse. In particular, T" is injective if and only if T~! is single-valued operator.

Definition 2.3. [!] A relation T € LR(X,Y) is said to be closed if its graph
G(T) is closed subspace in X x Y.

In this case, both T'(0) and ker T" are closed. The collection of all closed relations
from X to Y is denoted by CR(X,Y'). In the case X =Y, we adopt the notation
LR(X)=LR(X,X) and CR(X) = CR(X, X).

The notions of adjoint, restriction, sum, and product are also well-defined for
linear relations.

Definition 2.4. [1] Let T € LR(X).

The adjoint of T', denoted by 7", is the closed relation 7" € CR(X') defined by
G(T)={,2): y(y)—2'(x) =0 for all (z,y) € G(T)}, where X’ denotes the
dual space of X.

If M C D(T) is a linear subspace of X, then the restriction 7}, is defined by
G(Tim) =G(T)N (M x X). When D(T) N M # 0, we write Tiaxinpiry = Tjm-

Let 71,75 € LR(X). The sum T} + T is the relation on X whose graph is given
by G(Ty + 1T3) == {(z, y + 2) : (z,y) € G(T1), (z,2) € G(T3)}. For any scalar
A € C, the relation A — T is defined by GA=T) := {(z, \x —y) : (x,y) € G(T)}.

Moreover, if Ran(77) N D(T3) # 0, the product 75T} € LR(X) is defined by

G(TyTy) == {(x, z) : y € X such that (z,y) € G(T1), (y,2) € G(T»)}.
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Since the product is associative, the powers T" for n € Z are defined recursively
by T° = I, T""' = TT", where [ is the identity.

The sequences (ker 7"),en and (RanT™),cn are respectively increasing and
decreasing. If for some m € N, we have ker T = ker T*!, then ker T™ = ker T"
for all n > m. Similarly, if RanT™ = Ran7™"!, then RanT™ = RanT™ for all
n > m. These observations give rise to the ascent and descent concepts.

Definition 2.5. [3] Let " € LR(X), The ascent and descent of T" are defined,
respectively, by

asc(T) = min {k € N: ker(T*) = ker(T**")},
des(T) = min {k eN: Ran(Tk) = Ran(Tk“)} ,

whenever these minima exist. If no such k exists, the corresponding quantity is
taken to be oo.

We often work with single-valued operators associated with a given relation
through a process of selection. This motivates the following definition.

Definition 2.6. [!] A selection of 7" is a linear operator A from X to Y such that
T=A+4+T—-T and D(T) = D(A). That is, A is a single-valued representative
of T satistying G(T) = G(A)+{0} x T(0) where + denotes the componentwise
sum.

Proposition 2.7. [3] If Ay and Ay are selections of Ty and Ty, respectively. Then,
Ay + Ay is a selection of Ty + Ty. In addition, if X =Y and RanTy C D(T3),
then As Ay is a selection of ToTy. Furthermore, if D(T) = X, then, for alln € N,
AT is a selection of TV

To define a norm for T € LR(X,Y), let @7 be the natural quotient map

from Y to Y/T(0) . Obviously, Q7T is a single-valued operator, and we define
[Tz|| = [|QrTz||, € D(T) and ||T|| = [|QrT].

Definition 2.8. [1] A relation T' € LR(X,Y) is continuous if ||T'|| < oo, bounded
if it is continuous and everywhere defined, open if its inverse is continuous, and
bounded below if it is injective and open.

The class of all bounded closed relations is denoted by BCR(X,Y) or BCR(X)
when X =Y.

Definition 2.9. [1] A relation T € LR(X,Y) is said to be semi Fredholm, if
RanT is closed and at least one of «(7T") and B(7T) is finite. If a(T") and 5(T’) are
both finite, then we say that T" is Fredholm relation.

We use the notation ®(X,Y) when we deal with closed Fredholm relations.

Definition 2.10. [3] Given T' € LR(X), a complex number A € C is called an
eigenvalue of 7' if there exists u € X such that (u, Au) € G(T'). The set of all
such eigenvalues is denoted by o, (7).

The following result holds:
Lemma 2.11. [13] If A is a selection of T, then 0,(T) = 0,(A).
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If for some A € C, the relation Ry(A\) = (T — AI)~! is an everywhere defined
operator, then A\ belongs to the resolvent set p(7') of T. Rp()\) is called the
resolvent of T" at A\. The spectrum o(7T") of T is the complement of p(7") in C.

Definition 2.12. [8] A point A € o(T') is said to be isolated if there exists v > 0
such that the only spectral point of 7" within the open disk {u € C: |u—A| < v}
is A itself. We denote the set of all isolated spectral points of T' by o5 (7).

In the context of closed and everywhere defined relations, the isolated spectrum
admit a more precise description. Specifically, it was established in [, Theorem
3.1] that if T" € BCR(X), then a point A € o(7") is isolated if and only if K(A—T)
is closed and X = Hy(A—T) ® K(A —T), where K(A —T) and Hyo(A — T) are
the analytic core and the quasinilpotent part of A — T

According to [8], the analytic core K(T') of T € BCR(X) is defined as the set
of all x € X for which there exists a > 0 and a sequence (u,), C X satisfying
T = ug, Up € Tupy1 and dist(u,, T(0)) < a™dist(x, T(0)) for all n € N. While the
quasinilpotent part of 7', denoted by Hy(T'), is defined as the set of all z € X for
which there exists a sequence (u,), C X such that ug = z, u,41 € Tu, for all
n € N and [|Ju,|'™ — 0.

Proposition 2.13. [10] Let T € LR(X). The analytic core K(T) and the
quasinilpotent part Ho(T) satisfy the following properties:
(1) T(0) C K(T') C R>*(T), where R>*(T) := |J Ran(1T™).
neN
(2) T(K(T)) = K(T) and T(Ho(T)) C Ho(T).
(3) K(T) and Ho(T) are generally not closed.
(4) If F C X is a closed T-invariant subspace, then F' C K(T).

3. SOME CHARACTERIZATIONS OF COMPACT RELATIONS

This section investigates several characterizations of compact relations. We
begin by establishing fundamental algebraic and topological properties. We then
develop some characterization results in terms of compact selections and invariant
subspaces.

3.1. Definitions and immediately consequences.

Definition 3.1. [!] A relation 7" € LR(X,Y) is said to be compact if Q7T is a
compact operator from X into Y/T'(0).

It is often more convenient to consider precompact relations when X and Y
are not complete.

Definition 3.2. [1] A relation 7' € LR(X,Y) is called precompact, if Q7T Bpr)
is totally bounded in Y, where Bp(r) denotes the unit sphere in D(T").

Equivalently, T' is precompact if and only if for any bounded sequence (z,) in
D(T) C X, the sequence (Q7T'z,) has a Cauchy subsequence.

Example 3.3. Let A and B be two bounded operators from X to Y, and consider
the relation 7" in Y defined by G(T') = {(Az,Bz) : © € X}. It can be easily
confirmed that D(T') = Ran(A), Ran(7T") = Ran(B), and T'(0) = B(ker(A)).
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If B is compact, then T is also compact. Indeed, let (y,,) be a bounded sequence
in Ran(A). Since A is bounded, there exists a bounded sequence (z,,) in X such
that y, = Ax, for all n € N. Consequently, QrTy, = QrBz, foralln € N.
Since B is compact, the operator Q7B is compact, as it is the product of a
compact operator with a bounded one. So, the sequence (Q71(y,)) = (QrBxy)
has a convergent subsequence in Y, which implies that 7" is compact.

Example 3.4. Continuous finite rank linear relations from X to Y are compact
(See [1, Proposition V.1.3]. )

The following proposition shows that the class of compact relations in BOR(X)
behaves like an ideal.

Proposition 3.5. [1| Let ' € BCR(X) be compact. Then:

(1) T is continuous. Moreover, if D(T) = X then T is bounded.

(2) Let S,R € BCR(X), if R has a bounded selection then the relation STR
1S compact.

(3) If X is a Hilbert space, then the class of compact relations in BCR(X) is
a two-sided ideal.

(4) Scalar multiples of compact relations are compact.

(5) The sum of compact relations still compact.

Remark 3.6. A compact relation 7' can only be injective if dim D(T") < co. In-
deed, assume T is injective. By Proposition 3.5, the identity Ipiqy = T 'T
on D(T) would then be compact, which is possible only when D(T) is finite-
dimensional.

Proposition 3.7. Let (T,,) be a sequence of compact relations converging to a
continuous relation T' € LR(X,Y) such that |J T,(0) C T(0). If Y is complete,
n=1

then T is compact.

Proof. Let (z,)neny be a bounded sequence in X. Since T} is compact, there
exists a subsequence (x1,) of (z,) for which (Q7,Tix1,) converges. Applying the
same argument to Th, we obtain a further subsequence (z3,) C (z1,) such that
(Qr,Toxs,) converges. Continuing inductively, for each k& € N we construct a
subsequence (Zx,) of (2(k-1),) for which (Qz, Tkrr,) converges. Now define the
diagonal sequence (z,,). By construction, for each fixed k, the sequence (x,,)
coincides (up to a finite number of terms) with a subsequence of (xy,), and hence
(Qr, Txnn) converges as n — oco. We claim that (QrT'z,,) also converges. To

this end, it suffices to show that it is Cauchy in the quotient space Y/7T'(0), which
is complete since Y is complete. Let £ > 0 be fixed. Because ||T,, — T'|| — 0 and

U T..(0) C T(0), there exists K € N such that ||QrT — Qr, Tk || < 357, where
n=1

M > 0 is chosen so that ||z,,| < M for all n. Moreover, for this K, there exists
N € N such that ||Qr Tx(Tnn — Tmm)|| < 5 whenever m,n > N. For m,n > N
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we then have
||QTTxnn - QTTxmmH S ||QTT:Enn - QTKTKJJnnH + HQTKTK('T'IZTL - Imm)”
F Q1 T Trmm — QT T |

13 & 13
ity S =
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Thus, (QrTT,,) is a Cauchy sequence in Y/T'(0), and hence convergent. We
conclude that Q)71 is compact, so 1" is compact as claimed. O

In general, if Y is not complete, the limit in LR(X,Y) of compact relations
does not need to be compact.

Theorem 3.8. Let X,Y be Banach spaces and T € LR(X,Y) be compact with
closed range in'Y, then dim Ran(T) < oc.

Proof. Let Yy = Ran(T') and define Ty € LR(X,Yy) by Tox = Tz forallz € X. It
is clear that Tj is compact, and thus 7§ is compact by [!, Proposition 3.2]. Since
Ran(7p) = Yo, and Yj is complete (being closed in the Banach space Y'), it follows
from [, Proposition II1.4.6(b)] that 77 is invertible. Therefore, by Remark 3.6,
dim Y < oo, and hence dim Yj < oo. O

Remark 3.9. When dim 7'(0) < oo, the relation 7" has a closed range if and only
if there exists a selection of T" whose range is closed.

3.2. Characterization by means of compact selections. We now emphasize
the connection between compact operators and compact relations. Indeed, we
investigate the compactness of linear relations through the concept of compact
selection.

Theorem 3.10. Let T € LR(X,Y). If T(0) is topologically complemented in Y
with a topological complement M, then T has a selection A : X — M. Moreover
T is compact if and only if A is a compact operator.

Proof. If T(0) is topologically complemented in Y, there exist a bounded projec-
tion P on Y and a subspace M in Y such that 7(0) = ker P and M = RanP
is the topological complement of T(0). Let Q% denote the restriction of Q7 to
M, clearly Q¥ : M — Y/T(0) is invertible with bounded inverse (Q¥ )_1. Let
A be a selection of T. Then, Q7Tr = Qr(Ax + T(0)) = QrAx = Q¥ Ax for all
x € D(T) because RanA C M. Therefore,

QrT = QY A. (3.1)

and
A=(Q¥) Qs (3.2)
If A is compact, then T is compact by (3.1). Conversely, if 7" is compact, then

A is also compact by (3.2), since the composition of a compact operator with a
bounded operator remains compact. O

Theorem 3.10 reveals a number of significant observations. Firstly, as a con-
sequence of statement (2) in Proposition 3.5, if 7" is a compact relation with
T(0) topologically complemented, then the selection PT is compact. Here, P
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is the bounded projection whose kernel satisfies ker(P) = T'(0). Note that P is
guaranteed to exist because T'(0) is topologically complemented.

Secondly, since every finite-dimensional subspace and every closed subspace of
finite codimension in a normed space is topologically complemented, we obtain
the following corollary.

Corollary 3.11. Let T € LR(X,Y), if T(0) is either finite-dimensional or a
closed subspace of finite codimension in'Y , then T is compact if and only if it has
a compact selection.

Thirdly, in the context of Hilbert space, every closed subspace is topologically
complemented by its orthogonal complement. More generally, a Banach space X
has the property that all its closed subspaces are complemented if and only if X
is isomorphic to a Hilbert space (see Paragraph 11.4.3 in [1]). So, for every closed
relation 7' that acts between such spaces, T'(0) is topologically complemented.
This observation gives rise to the following result.

Corollary 3.12. Assume that Y is a Hilbert space and let T € CR(X,Y'), then
T is compact if and only if it has a compact selection. In particular, if P is a
continuous projection with domain Ran(T') and kernel T(0), then T is compact if
and only if the selection PT is compact.

The following theorem provides a similar result to the previous theorem when
X and Y are arbitrary normed spaces.

Theorem 3.13. Let T € LR(X,Y) with T(0) compact. If A is a selection of T,
then T is compact if and only if A is compact.

The proof of this theorem relies on the following lemma.

Lemma 3.14. [3] Let FF C X be a compact linear subspace. Let (z,) in X be a
sequence such that (Qrx,) is a convergent sequence, then (x,) has a convergent
subsequence.

Proof of Theorem 3.15. Let A be a selection of T. If A is compact, then T is
compact. Indeed, since T'(z) = A(x) 4+ T(0) for all z € X, we have

QrT(Bx) = Qr(A(Bx) + T(0)) = QrA(Bx).

Since A is compact, A(By) is relatively compact, and thus so is Q77 (Bx), imply-
ing that T is compact. Conversely, suppose that 7' € LR(X,Y’) is compact. For
any bounded sequence (x,,) in X, there exists a subsequence () for which the
sequence (QrT'Ty(m)), defined by QrTx,m) = Qr(Azem) + 1(0)) = Qr(Azywm))
for all n, p(n) € N, converges. Since T'(0) is compact, it follows from Lemma 3.14
that (Az,(,)) has a convergent subsequence. Hence, A is compact.

O

3.3. Characterization by means of invariant subspaces. The classic Aron-
szajn and Smith theorem states that every compact operator has a nontrivial
closed invariant subspace. In this paragraph, our goal is to present a weaker
version of this theorem for compact relations.
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A subspace M C X is invariant under a relation 7' € LR(X), or T-invariant,
if T(M) € M. Similarly, M is called weakly invariant under 7', or T-weakly
invariant, if T(M) N M # (. Clearly, every T—invariant subspace is T—weakly
invariant. However the converse is not true. Since 7'(0) is a linear subspace of X,
it is trivially T'—weakly invariant subspace. So, a T'—weakly invariant subspace
is said to be nontrivial if it is not reduced to {0} and is not equal to 7°(0). When
T(0) is invariant under 7', we say that the relation T satisfies the stabilization
criterion.

Theorem 3.15. Let T' € LR(X) be compact. If T(0) is topologically comple-
mented in X, then T has a nontrivial weakly invariant subspace.

Proof. Let A = PT be a selection of T', where P is a bounded projection such that
ker(P) = T'(0). By Theorem 3.10, since T" is compact, the selection A is compact
as well. Thus, by Aronszajn’s theorem, A admits a nontrivial closed invariant
subspace M C X, that is, A(M) C M. Since A(z) € T'(x) for all x € X it follows
that A(M) C T(M), and thus M is a T-weakly invariant subspace. Moreover, M
is nontrivial because A(M) C Ran(A) C Ran(P), and by construction Ran(P) is
a topological complement of 7°(0). Therefore, M is not contained in 7°(0). O

To further explore the compactness of a relation 7', an alternative approach
based on induced relations is adopted, under the assumption that 7' admits a
closed invariant subspace.

Let M be a closed T-invariant subspace of X, i.e., T(M) C M. Denoting by
X/M the quotient space, we can associate with M the relation

[T)pr - X/M — X/M  such that [Ty ([x]ar) = [Y]ar,
where [z]yy =2+ M and y € Tz.

Lemma 3.16. Let M be a closed T-invariant subspace of a Banach space X, and
let T € BCR(X) be a compact relation. Then QuT : X — X/M is a compact
operator.

Proof. Let (x,) be a bounded sequence of X. Since T is compact, there exists
a subsequence (x,, ) such that (QrTz,,) converges.That is, there exists y € X
such that ||QrTz,, — Qr(y)|| — 0. Since M is closed T'—invariant subspace,
we obtain 7'(0) C M, and Qy = Qﬁ/?(((g)QT (see [1, Lemma IV.5.2]). Thus,

(QumTxy,) converges to Q(y) due to the continuity of Qﬁ//:;(&)). Consequently,

QT is a compact operator. |

Theorem 3.17. Let M be a closed T-invariant subspace of a Banach space X,
and let T'€ BCR(X). Then T is compact if and only if [T]ar is compact.

Proof. Assume that T is compact and let ([z,]) be a bounded sequence in X /M.
Then, there exists @ > 0 such that ||[z,]|| < « for all n. Thus, for each n,
there exists u, € M such that ||z, — u,|| < ||[z.]]| + 55 < a + 5=. Hence,
the sequence (z, — u,) is bounded in X. Since T is compact, there exists a
subsequence (z,, — Uy, ) such that QuT(zy, — un,) = QuT Ty, converges. As

QuT (zn,,) = [T)a([Tn,)ar), there is a subsequence ([x,,]) such that [T]a([xn, ]ar)
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converges. Therefore [T]); is compact. Conversely, suppose [T]y; is compact
and let (z,,) be a bounded sequence in X. Then ([x,]y) is a bounded sequence
in X/M since 0 € M and ||[z,]|| < ||xn — 0| = ||z,]|. Since [T]as is compact,
there exists a subsequence ([z,,]) such that [T]5/([xy,]) converges. For each ny,
T av([zn,]) = QuT () = Qﬁ//:;(((z)))QTT(xnk), thus there is a subsequence (z,, )
such that Q7T (x,, ) converges. Therefore T is compact. O

4. SPECTRAL THEORY OF COMPACT LINEAR RELATIONS

4.1. Riesz—Schauder Theorem. The Riesz—Schauder spectral theorem for com-
pact operators stands as one of the central achievements in the functional anal-
ysis of Banach spaces. This naturally raises the question of whether a simi-
lar result holds for relations. Recall that the Riesz-Schauder theorem asserts
that if T is compact operator, then for all A # 0, A\ — T is Fredholm. In
[1], the authors suggest that this result may extend to closed compact rela-
tions. However, this is not the case. To illustrate this, let X be an infinite-
dimensional Banach space and consider the relation 7" defined by G(7') = X x X.
Since D(T) x X = G(T) + ({0} x X), {0} x T(0) = G(T) N ({0} x X) and
ker(T) x {0} = G(T) N (X x {0}), we obtain the following: on the one hand,
D(T) = ker(T) = T(0) = X, , implying that 7" is bounded, compact and closed
relation. In the other hand, since T'= I +7T, it follows that 1 +7T ¢ ®(X) because
a(l+1T) = oo.

The following proposition provides a necessary and sufficient condition for
which the Riesz-Schauder theorem remains valid for compact relations.

Proposition 4.1. Let T € LR(X) be compact, and let X # 0. Then,
A—T € &(X) if and only if dimT'(0) < +o0.

Proof. Assume that A — T € ®(X), then Qr(A —T) € ®(X, X/T(0)). Hence,
the operator Qr = +(QrT + Q7 (A — T') is also Fredholm. Thus, ker(Qr) = T(0)
is finite-dimensional. Conversely, suppose that dim7(0) < oo and let A be a
selection of T'. It is easy to show that A\ — A is a selection of A — T". Since T is
compact, it follows from Corollary 3.11 that A is compact operator, hence for all
A€ C\ {0}, Ran(\ — A) is closed. Therefore, Ran(\ — T') = Ran(A — A) + T'(0)
is also closed since dim7'(0) < oo. Now, let’s check that both of a(A — T') and
B(A —T) are finite. We have in one hand,

ker(A—T) C ker [Qr_r(\ — T)] = ker(Qs_r)NR(\—T) = T(0)NR(A—T) C T(0).

Hence, o(A —T) is finite. In the other hand, Since Ran(\ —T') is closed it follows
from (i) of [7, Lemma 2.1.3], Ran(Qr(A—T)) is closed. Hence, 5(Qr(A—T)) < co.
By the statement (ii) of the same lemma, we get S(A —T) = B(Qr(A—T)) < 0.
Consequently, A — T" € ®(X). O

Corollary 4.2. If T is finite rank relation, then for all X # 0, A =T € ®(X).

Remark 4.3. In the previous example, we observe that 7'(0) = X is infinite-
dimensional. This reveals a distinctive feature of compact relations: unlike com-
pact operators, they may map bounded subsets into infinite-dimensional ranges
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due to T'(0). This represents a fundamental structural distinction from the single-
valued case.

4.2. Ascent and descent. Throughout this paragraph, we are concerned with
the study ascent and the descent of A — T when T' € LR(X) is compact and
A # 0. The following proposition will be essential to prove Theorem 4.6 below.

Proposition 4.4. Let T € LR(X) be compact. There ezists no infinite chain of
closed subspaces M, of X such that

M, C M,.1 and (A —T)(M,41) C M,. (4.1)
The proof of this result is based on the following lemma.

Lemma 4.5. Let M and N be subspaces of a Banach space X, with M closed in
X and M C N. Then, for every e > 0, there exists a vector y € N with |ly|]| =1
such that dist(y, M) > 1 —e.

Indeed, let yo € N\ M. Since M is closed and yo ¢ M, there exists xg € M
such that a = [jyo — zo| > 12, where § = dist(yo, M). Define y = < (yy — o).
Then y € N, |ly|| = 1, and dist(y, M) > 1 —e.

Proof of Proposition /j.4. We prove the result for n > 0; the case n < 0 can be
treated analogously.

Assume, by contradiction, that there exists an infinite chain of closed subspaces
(Mp)n>o of X satisfying (4.1). By Lemma 4.5, for each n > 0 and for any
e > 0, there exists x,.1 € M,.1 with ||z, = 1 and dist(z,41, M,) > 1 — €.
Since (A — T)(M,+1) C M, C M,.1, it follows that T (M,+1) C M,.1, i.e.,
each M, is invariant under 7. Now, fix integers 0 < k < [, and let x, € M,
x; € M; be such that ||zgx|| = ||| = 1, and dist(x;, M;—1) > 1 —e. We have,
(AN=T)x; C M;_1, and Tz, C My, C M;_1. Thus, (A = T)x; U Tz, C M;_1, and
so dist(z;, (A — T)a; U Txy,) > dist(a;, M;—1) > 1 — €. Therefore, for all y € Ty,
and y; € Ty, we have |lyx — will > l|lz1 — will — |21 — yx|| > 1 — €. This implies
that 7'(Bx) contains an infinite sequence of points with mutual distances greater
or equals to 1 — €, contradicting the compactness of 7. Hence, no such infinite
chain (M,,) can exist. O]

Theorem 4.6. Let T € BCR(X) be compact. Then asc(A —T) < oo. If, in
addition, T(0) is relatively compact, then des(A — T) < oo. Furthermore, if
p(T) # 0, then asc(A—T) =des(A\—T) = q < oc.

Proof. Since T' € BCR(X) is compact, we obtain, due to the Newton’s formula
and Proposition 3.5, for every n € N and every A € C,

(A=T)"=\"—=T,, where T, is compact relation on X. (4.2)

For the clarity of the proof, let’s split it into three parts.

First part. We prove that M, = ker(A — T)™ is closed subspace of X for all
n € N. In view of (4.2), it suffices, without loss of generality, to establish that
M, is closed. Let x € ker(A —T'). Then there exists x,, € ker(A — T') such that
T, converges to x. Since x,, € ker(A — T, we have (x,,,0) € G(A — T), and
thus (z,, Ax,,) € G(T). Therefore, (x,,, A\x,,) converges to (z, Ax). Since T is
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closed, it follows that (z, \x) € G(T). Hence (2,0) € G(A—T') and M, is a closed
subspace of X. Consequently, M, is a chain of closed subspaces of X that satisfy
the conditions (4.1). If this chain is not stationary then it would be contradict
the proposition 4.4. Hence there exists a smallest integer p € NU {0} for which
M, 1 = M,. Therefore, asc(\ —T) is finite.

Second part. Firstly, we show that Ran((A — T)"), n € N is closed. Since
T € BCR(X) is compact and 7'(0) is relatively compact, we obtain immediately
dim7(0) = dimker(T™') < oo, so, by [I1, Lemma 5.4 (i)] we have for every
n € N, dimker((T71)") = dim 7"(0) < oo. Now, applying the identity (4.2) we
conclude, via Proposition 4.1, that Ran((A — 7)") is closed for all n € N. To
prove that des(A — 7)) is finite, we put for all n > 0, M_,, = Ran((A — 7)") and
the claim follows in a similar fashion as the first part.

Third part. If p(T) # (), then by combining [12, Lemma 6.1], [2, Lemma 2.4,
and statement (i) of [ 1, Theorem 5.7], we obtain asc(A —T) < des(A—T). Since
D(T) = X, we may further apply statement (ii) of [ 1, Theorem 5.7] to conclude
the desired equality. 0

4.3. Spectrum of compact relation. In this paragraph, we present some re-
sults concerning the structure and distribution of the spectrum of compact rela-
tions in Banach spaces.

Proposition 4.7. Let T' be a compact relation on X. Then:

(1) For any nonzero eigenvalue A of T, the corresponding spectral subspace
Ny ={z € X :(z, x) € G(T)} is finite-dimensional.

(2) For any k > 0, the set of eigenvalues of T with modulus greater than k,
18 finite.

Proof. (1) Suppose that dim Ny = oo and let 1 € N, with ||z1|| = 1. By
Lemma 4.5, we can inductively construct an infinite sequence (z,,) C Ny such
that ||z,|| = 1 for all n and the distance from z, to the linear span of {z; :
1 < j <n—1} is greater than 1 — e. It follows that the sequence (Az,) has no
convergent subsequence, since ||[Az, — Az, || > (1 — €)|A[, m # n. This cannot
occur if T"is compact.

(2) Suppose there is an infinite sequence (A,) of distinct eigenvalues of T with
|An| > k > 0. Define M,, = N, +Ny,+:--+N,,. Then by the first statement, each
subspace M, is finite-dimensional. Also, for n > 2, M,,_; is a proper subspace
of M,. To see this, suppose that z; € N, and |[z;|| = 1 (j = 1,2,--- ,n).

n—1
Suppose also that xy,--- ,z,_; are linearly independent. If z, = > a;x; then
j=1
n—1 n—1
YA =Nz € (A —T)xy, thus, > aj( A, —A;)Qrz; = Qr(N, —T)x,, = [0],
j=1 Jj=1
since A, — A; # 0 for j # n we have a; = 0 (j = 1,2,---,n) and z, = 0,
a contradiction. By Lemma 4.5 we can choose z, in M, with ||z,|| = 1 and

dist(z,, My—1) > 1 —€ (n > 2). Now, the sequence (A\,x,),>2 cannot have a
convergent subsequence. Indeed, for n > m, we have

IAan — Al = [Aall|zn — /\m/\;lme > (1 =e)|A] > (1 —e)k.
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This contradicts the compactness of T, and the proof is complete.

OJ

Theorem 4.8. Let T'€ BCR(X) be compact. Then every nonzero point in o(T)
is an eigenvalue of T', that is, o(T) = 0,(T) U {0}.

Proof. We begin by noting that 0 € o(7"). Indeed, if this were not the case, then
T would be invertible with bounded inverse. By Remark 3.6, this would imply
that the identity operator I = T—'T is compact on X, which is impossible since
X is infinite-dimensional. Now, since T' € BC'R(X) is compact, it follows from
[1, Proposition 11.4.7] and Proposition 3.5 that the operator A = PT', where P is
a linear projection with domain Ran(7") and kernel 7'(0), is a compact selection
of T. Therefore, by the spectral theorem for compact operators together with
Lemma 2.11, we obtain o(T") D 0(A4) D o(A) \ {0} = 0,(A) = 0,(T).

O

Corollary 4.9. If X is a non separable Hilbert space and T € BCR(X) is
compact, then 0 € o,(T).

Proof. The claim follows directly from Lemma 2.11 and Corollary 3.11 since the
range of any compact operator is separable. O

4.4. Analytic core and quasinilpotent part. We now extend to compact rela-
tions a result initially established by Gong and Wang in [5] for compact operators.
Our analysis begins with the following theorem.

Theorem 4.10. Let T' € BCR(X). If Ao € 0iso(T), then for every X\ # Ay we
have {0} C Ho(Ag —T) C KA —T).

Proof. Since Ay € 0is0(T), [2, Theorem 3.1 and Remark 3.1] ensure that
K(T — Mol) is closed and X = K(A\g —T) @ Ho(Ao — T') = ker(Py,) ® Ran(P,).
Thus, for any A # Ao, one has A € p(TRan( pAO)), which by [0, Theorem 49.1] implies

that (A —T)Ran(p,,) is invertible. Hence Ran(P),) is invariant under A —7'. Since
Ran(P,,) is also closed, [10, Lemma 2.8] yields
{0} € Ho(Mo — T) = Ran(Py,) C K(\ —T).
0

Remark 4.11. Let T'€ BCR(X). If A € 045(T) \ {0}, then Hy(A—T) is invariant
under 7', i.e., T[Ho(A —T)] = Hi(A=T).

Proposition 4.12. Let T € BCR(X). If Ao € o(T) satisfies K(Ao —T) = {0},
then Ao is the only possible isolated point in o(T').

Proof. Suppose that A; is an other isolated point such thatA; # Ag. Then, by
Theorem 4.10, {0} C Hyo(A —T) C K (Ao — 1) which contradicts the hypothesis.
O

This result reveals a simple condition that must be satisfied for o(7T) to have
more than one isolated point.
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Corollary 4.13. Let T' € BCR(X). If o(T) has more than one isolated point,
then for all A € C, {0} C K(A=T).

Theorem 4.14. IfT € BCR(X) is a compact, then the following are equivalent:
(1) 0 € 04 (T);
(2) K(T) is closed;
(3) dim K(T") < oo;
(4) K(T") is closed;
(5) dim K(T") <

Proof. (1) = (2) follows immediately from [%, Theorem 3.1]. (2) = (3) Since
K(T) is closed, the restriction Tjxr) is compact. By [10, Proposition 2.7 (2)],
this implies that T}k (r) is surjective. Therefore, Theorem 3.8 ensures that K (T')
is finite-dimensional.

(3) = (1) Since Tjk(r) is surjective and K (T') is finite-dimensional, T} (p) is
invertible. So there exists 0 > 0 such that (A — T)k(p) is invertible for |A| < 4.
On the other hand, for A # 0, ker(A —T") C K(T'), so we can assert

ker(A — T') = ker((A = T) k() = {0} if 0 < |A| <6.

Thus, by the Fredholm Alternative we have Ran(A — 7)) = X if 0 < |A| < 6.
Consequently, A € p(T) if 0 < |[A| < §. Hence 0 € 0y, (7T).

The equivalence with (4) and (5) follows in the same way, using [!, Proposi-
tion 3.2] and |1, Proposition VI.1.11]. O

Corollary 4.15. Let T € BCR(X) be compact. Then, o(T) = {0} if and only
if K(T) ={0}.

Proof. If o(T) = {0}, then by [9, Remark 1.1], it follows that Hy(7) = X.
Moreover, by [8, Theorem 3.1], we have Hy(T) N K(T') = {0}, which implies
that K(T') = {0}. Conversely, if K(T) = {0}, then by Proposition 4.12, the
only possible isolated point in o(7") is 0. Since T' is compact, it follows that
o(T) = {0}.

O

If T is a compact relation with closed range, then 0 € 0y, (T"), since Ran(T)
is finite-dimensional by Theorem 3.8. However, the converse does not hold in
general. There exist compact relations 7" such that o(7T") = {0}, while the range
of T is not closed. For example, consider the compact operator T on ¢! defined by
T(zy,x9,73,...) = (O,xl, %mg, %:133, . ) , for all (x1, 2, 23,...) € £*. This opera-
tor is injective and quasinilpotent, and thus its range is not closed. Nevertheless,
0 is the only spectral value of T', and it is isolated, since K(7') = {0}.

Proposition 4.16. Let T € BCR(X) be compact. If there exists Ao # 0 such
that Hy(Ao —T) + Ho(T) = X, then 0 € 045,(T).

Proof. By [8, Remark 3.1 and Theorem 4.1] together with Proposition 4.7, for
any compact relation 7" € BCR(X) and g # 0, there exists an integer v(7') > 1
such that K(\g — T) = ran((Ag — 7)) and Hy(\g — T) = ker((Ag — T)"1)),
where Hy(Ag—T) is a finite-dimensional, T-invariant subspace of X. Hence, there
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exists 0 > 0 such that (A — T)Ho(Ao — T) = Ho(Ao — T) for all |A — Ag| < 0.
Since for all A # 0, we have Hy(T) C ran(A — 7)), it follows that

X =Ho(Ao—T)+ Ho(T) Cran(A —T) for 0 < |\ — Xo| <.

Applying the Fredholm Alternative, we conclude that ker(A — 7)) = {0}, and
hence A € p(T) for all A with 0 < |\ — A\g| < d. Therefore, Ay is an isolated point

of the spectrum o (7).
UJ
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