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CHAIN MODULAR UNITS AND EXPLICIT UNIT GROUPS IN
RAY CLASS FIELDS OVER IMAGINARY QUADRATIC FIELDS

MOHAMMED EL BARAKA!* and STHAM EZZOUAK?

ABSTRACT. We introduce chain modular units: products of Siegel functions
attached to cyclic chains of f-isogenies between CM elliptic curves of type
Oy. We prove that their CM values lie in the ray class field Ky» and that
a finite, explicitly constructed family generates, modulo roots of unity, a sub-
group of finite index in OIX(NH . We describe the Galois action via the ideal class
action on chains, give effective criteria for multiplicative independence using
Baker—Wiistholz bounds, and determine the stable index along the ¢-power
ray class tower. Computations for D = —7 and D = —11 confirm the theory.
The method leverages the combinatorics of isogeny chains to control conductor
growth and produce many independent units.
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1. INTRODUCTION

Let K = Q(vD) be an imaginary quadratic field with fundamental discriminant
D < 0, and fix an order

O = Z+ fOg C Ok

of conductor f > 1. Denote by K the ring class field of conductor f, by Clg(K)
the corresponding class group, and by K¢m the ray class field of conductor f¢" (for a
rational prime £t fD and n > 1). Class field theory and the theory of complex multi-
plication (CM) describe Ky and Ky as fields generated by special values of modular
functions at CM points; see, e.g., Deuring [3], Schertz [15], and Stevenhagen [10].
Much less explicit, however, is the structure of the unit group O[X(Nn. While Dirich-

let’s unit theorem gives its rank, locating a concrete set of generators (or even a finite-
index subgroup generated by modular units) is generally hard. Classical constructions
(Weber functions, Siegel units, n-quotients) do yield many algebraic units, but con-
trolling their independence and the index they generate inside Oﬁﬂn remains delicate;

compare, for instance, the work of Kubert-Lang [10].
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Idea of the paper. We introduce a new family of modular units indexed by cyclic
chains of £-isogenies

Pn—1 n
Ey 2% By 25 .. 228 B 2 B,

where each F; has CM by an order contained in Ok and the composite isogeny has
degree ¢™ with cyclic kernel. From such a chain we define a product of Siegel functions
(a chain modular unit) whose specialization at the CM points (Ey, ..., Ey) is an alge-
braic unit in K. The key point is that the combinatorial data of the chain encodes
conductor growth, allowing us to “aim” exactly at the ray class field and to produce
sufficiently many independent units.

Main results. Let Uy» denote the chain modular unit attached to a length-n cyclic
¢-isogeny chain (see §3 for the precise definition). Our three main theorems are:

Theorem 1.1 (Generation of ray class fields). Let K = Q(v/D) be an imaginary
quadratic field with discriminant D <0, let Oy C O be the order of conductor f > 1,
and let £ fD be a prime. Consider a cyclic chain of (-isogenies of length n

By 2 B 2 2L B, P By
between CM elliptic curves with End(Ey) = Oy, and define the chain modular unit
U (Ey, ..., Ey) as in (3.3). Then

K(Z/{fn(E()a s 7En)) = Kff"a

the ray class field of conductor f™ over K. In particular, Um (Ey, ..., Ey) is a primitive
generator of Ky over K up to adjoining roots of unity.

Theorem 1.2 (Degree and Galois action). With notation as above, the minimal poly-
nomial of Upm (Ey, ..., E,) over K has degree hgen, the ray class number of conductor
f0". Moreover, the canonical isomorphism

Gal(ngn/K) = legn(K)

is realized by transporting the ideal class action on CM elliptic curves to the set of
£-isogeny chains; this action is faithful on the values of Uyn.

Theorem 1.3 (Multiplicative independence). Let m # n > 1. The invariants Upm and

Upn are multiplicatively independent modulo @X, except for a finite, explicitly describ-
able exceptional set of tuples (K,¢,m,n) determined by wy and local conditions at {.
Consequently, for a suitable finite set Sy, of chain units,

ranky, ((Syen) /(K fem)) = rankg( Ix(ﬂm).

The proofs combine: (i) the action of the ray class group Clym(K) on CM elliptic
curves and on {-isogeny chains (Kohel’s volcano formalism [9], Fouquet—Morain [5]);
(ii) integrality and transformation laws for Siegel functions ([10]); (iii) Baker’s method
on linear forms in logarithms for transcendence/independence (Baker—Wiistholz [1]).

Novelty. To our knowledge, no previous work has:

(1) indexed modular units by isogeny chains so as to encode conductor escalation
and obtain a controlled supply of units in K,

(2) proved that these units generate (up to torsion) a finite-index subgroup of
X
Kf[ﬂ’

(3) quantified the index and its stabilization along the ¢-power ray class tower.
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This goes beyond classical Weber—Siegel constructions, where independence issues are
usually handled indirectly and without the combinatorial leverage provided by /-isogeny
graphs.

Structure of the paper. Section 2 recalls CM, ray class fields, Siegel functions, and
the volcano structure of f-isogenies. In Section 3 we define the chain modular units
and prove they specialize to algebraic units in Ky¢n. Theorem A is proved in Section 4,
via a determinant/non-vanishing argument. Section 5 contains the independence proof
(Theorem B), relying on Baker’s theory. Section 6 establishes Theorem C for towers.
Explicit examples (minimal polynomials, regulators) are given in Section 7.

Related work in isogeny algorithms and PQC.. Recent work by El Baraka and Ez-
zouak develops algorithmic facets of isogeny-based cryptography: optimized pipelines

for computing isogenies in post-quantum settings [13], quantum-resistant modifications
of ECDSA for blockchain security [19], and efficient isogeny algorithms on hyperelliptic
curves with applications to PQC [20]. Our arithmetic results are complementary: in-

stead of performance optimizations, we construct and control explicit units in ray class
fields via isogeny chains and Siegel units. The common structural theme—exploiting
isogeny graphs and controlled conductor growth—suggests fruitful interactions between
explicit CM theory and post-quantum protocol design.

Throughout, 1 (L) denotes the roots of unity in a number field L, wx = |u(K)|, and
$ is the upper half-plane. We adhere to the notation of [15, 16] for CM fields and ray
class groups, and of [10] for Siegel functions.

2. PRELIMINARIES

In this section we collect the arithmetic and analytic background needed in the
sequel. Throughout, K = Q(v/D) is an imaginary quadratic field with fundamental
discriminant D < 0, Ok its maximal order, and Oy = Z + fOf the order of conductor
f > 1. A rational prime £{ fD and an integer n > 1 are fixed.

2.1. Quadratic orders, ray class groups and conductors. Let m = f{"Og be the
(finite) modulus we consider. The ray class group modulo m is

fractional ideals prime t
Clu(K) = {frac 1onz.1 i efsprlme om}7
{aOk : a=1 (mod m)}

and the corresponding abelian extension Ky /K is the ray class field. We abbreviate
legn(K) = Clm(K) and ngn = Km.

Let hy := |C1(Oy)| be the class number of O, and hpgn := |Clgen (K)| the ray class
number. The analytic class number formula yields

21 (27)™2 R gn

hpen =
wi /| D|

Ress=1(K ;n (s), (2.1)

where 1 = 0, ro = [Kgpm : Q]/2, Ryen is the regulator of Kpm, wx = |u(K)|, and
CKjen 1s the Dedekind zeta function. We will only need the existence of Ry and its
positivity.
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2.2. CM elliptic curves and ideal class action. Let 7 € ) and E, := C/(Z +
7Z). Then End(E;) = Oy if and only if 7 is a root of a primitive positive definite
binary quadratic form of discriminant f2D (see [2, 15]). The main theorem of complex
multiplication asserts that

K(j(1)) = Ky, and K/K is abelian with Galois group Cl(Oy).

More generally, if F' is a modular function of level dividing N and integral over Z[j],
then F(7) is algebraic and lies in an abelian extension whose conductor divides fN
(Shimura reciprocity; cf. [16, 15]).

Let a be an ideal of Oy prime to £. The ideal class [a] acts on CM elliptic curves by

la] - E; := By with End(Ep) = Op, and j(7') = ®4(j(7)),
where ®, is the classical modular polynomial associated to a. This action extends to

chains of isogenies by transporting kernels.

2.3. Siegel functions and modular units. For a = (a1, as) € Q% \ Z?, the Siegel
function ga(7) is defined by

0
ga(T) _ _em'ag(alfl) q%Bg(al) H (1 - qm+a162ﬂ'ia2) (1 - qm+1fa1 6727ria2)’ (22)

m=0

with ¢ = €™ and By(x) = 22 — 2 +
shall use are:

%. The fundamental properties (see [10, 12]) we

(1) Modularity. ga is a modular function of weight 0 for a congruence subgroup
contained in I'(N), where N is the denominator of a.

(2) Unit property. ga is a modular unit: its zeros and poles are supported only at
cusps of X (N).

(3) Transformation law. For v = (ch Z) € SLy(Z),

ga(’YT) = 6(77 a) (CT + d)1/2ga’7(7-)7

where €(y,a) is a certain 24-th root of unity explicitly known, and a7y is the
usual right action of SLa(Z) on row vectors.

(4) Divisor at cusps. The order of g, at a cusp corresponds to %BQ(al), allowing us
to compute divisors of products of Siegel functions via Bernoulli polynomials.

A product [, ggj is again a modular unit if the set {a;} and the integers {«;} satisfy
the two classical congruence conditions (cancellation of characteristics and Bernoulli
sums). We will impose these to build our chain units.

2.4. Tg(£™), cusps, and integrality. Let X((¢") be the (compactified) modular curve
attached to T'g(¢™). Its cusps correspond to pairs (¢ : d) with ¢ | £, ged(ce,d) = 1,
modulo the action of I'g(¢"). The width of each cusp is explicit. A modular unit U on
Xo(€™) has a divisor supported on these cusps:

divyy(eny(U) = > ordp(U) - P.
cusps P

If U is integral over Z[j], then the specialization U(7) at a CM point is an algebraic
integer. Since U has no zeros/poles on CM points, U(7) is an algebraic unit. We will
build U as a product of Siegel units where these cusp orders cancel.



306 M. EL BARAKA

2.5. (-isogeny graphs and volcanoes. Fix a prime ¢. Consider the graph G, whose
vertices are isomorphism classes of CM elliptic curves with endomorphism ring con-
taining Oy, and edges are cyclic f-isogenies. Kohel [9] and Fouquet—Morain [5] showed
that Gy has a volcano structure: a “crater” (top level) where the endomorphism ring is
maximal at ¢, and successive lower levels where the conductor increases by factors of £.

A cyclic chain of length n is a closed walk of length n in G, without backtracking.
Such a chain can be viewed as a path in the volcano whose beginning and end have the
same endomorphism ring. The degree of the composed isogeny is £™.

Key facts we need:

Lemma 2.1. Let Ey — E1 — --- — E, — Ey be a cyclic chain. Then the conductor
of End(Ey) differs from f by at most a power of £. More precisely, there is an integer
0 < s < n such that End(Ey) = Oy and maxy, s = n if the chain is geodesic.

Proof. Standard volcano theory: an (-isogeny either stays on the same level (horizontal)
or moves one level down (ascending/descending depending on direction) by multiply-
ing/dividing the conductor by ¢. Along a geodesic cycle of length n, one must descend
exactly n times and ascend n times to return, whence the bound. O

2.6. Logarithmic embeddings and regulators. Let L be a number field with r
real and rg pairs of complex embeddings. The (absolute) logarithmic embedding is

A L — R™2 a > (logloi(a)l,... log o 41, ()]),

where for complex o, we take one representative in each pair and multiply the coordinate
by 2. The image of L*/u(L) is a lattice of rank r; + ro — 1, and the regulator Ry, is
the covolume of this lattice.

In our setting, L = Ky¢m is CM, so r1 =0, o = [L : Q]/2, and

rank Of =ry — 1.

If Uq,...,U; are units, set M = (log ’O—j(Ui)DISiSt, 1<j<ry; ANy (t X t) minor with full
rank gives a non-zero determinant if the U; are independent. This criterion, together
with Baker’s theorem, will be used to prove independence.

The objects just defined will be used as follows. We will build for each chain a
modular unit Uy (Section 3); Proposition 3.8 will assert that U is an algebraic unit
in Kysm. Then, by choosing a suitable family of chains and applying the logarithmic
embedding, we prove Theorems 1.1-1.3.

3. CONSTRUCTION OF THE CHAIN MODULAR UNITS

We now define the modular units Up» attached to cyclic £-isogeny chains and prove
that they are well defined (independent of auxiliary choices), modular for I'g(£"), and
specialize to algebraic units in K.

3.1. Chains, orientations, and level structure. Fix a prime ¢{ fD and an integer
n > 1. A (cyclic) (-isogeny chain of length n is a tuple

v: Bo 2B .. 2L B, Y E, (3.1)

where each ¢y, is a cyclic f-isogeny and the composite ®, := ¢, 0 --- 0 ¢q has kernel of
order ¢". We call v geodesic if it contains no backtracking edge in the f-isogeny graph
Gy (cf. Lemma 2.1).

Choose a period matrix 7, € § with Ey, ~ C/(Z + 74Z). The isogeny ¢y, is repre-
sented (up to isomorphism) by a cyclic subgroup Cy C Ej[¢]. Fixing a basis of Ej[¢"]
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containing a generator of C}, allows us to define rational characteristics ay, ;, by ; € K%ZQ
that encode the kernels we “kill” or “keep” in the product of Siegel functions.

Definition 3.1 (Local factors). For each step ¢y : Fx — Ej11 we choose a finite list
of pairs
(akjs k), (brys Bry) (1<j<my)

with ag j,by; € ((7"Z)? \ Z* and ay j, Br,; € Z, satisfying the congruence conditions
(3.4)—(3.5) below. The local unit associated to py is

mg «
Gay ; (Th) 3
u () = 2 5 (3.2)
j=1 gbk (Tk) J
The global chain modular unit is then
n—1
Up (v) = ] ur(me). (3.3)
k=0

We now spell out the conditions ensuring that (i) uy is a modular unit on Xo(¢");
(ii) Upn (7y) is independent of the representative periods/bases; (iii) specialization at CM
chains produces algebraic units.

3.2. Cuspidal cancellation and modularity. Let N = ¢". Recall (Subsection 2.3)
that any product of Siegel functions is a modular unit for I'(V) if two linear congruences
are satisfied.

For a finite set {v;} C (+Z)? with integer multiplicities ¢;, define

V.= ZCiVi € (%2)2, BQ(Vi) = BQ((V/L')l).

The classical conditions ([10], Chap. 1) read:

S ewie 22, (34)

When (3.4)-(3.5) hold, U(7) = [, gv,(7)¢" is modular for I'(N) and has divisor sup-
ported on cusps.

Lemma 3.2 (Lifting to I'g(N)). Let U be a modular unit for I'(N). Then there exists
M > 1 such that UM is modular for To(N). Explicitly, one can take M to be the
least common multiple of the denominators of the nebentypus multipliers e(~y,v;) in the
transformation law of gy, under T'o(N).

Proof. Use the transformation law (S3) and that I'g(N) normalizes I'(N). The scarcity
of possible € (bounded by 24-th roots of unity) ensures a finite exponent kills all char-
acters. g

We impose (3.4)—(3.5) separately for each uj (hence for Upn). This guarantees cusp-
idal cancellation stepwise.



308 M. EL BARAKA

3.3. Existence of suitable characteristics. We must show that for each ¢ one
can pick the data in Definition 3.1 so that: (i) (3.4)-(3.5) hold; (ii) the resulting unit
encodes the kernel of ¢ and is compatible with the chain structure.

Let C) C Eg[f] be the kernel of . Any basis of Ei[¢("] gives a surjective map

O (HZ)*)Z* — Eg[t").
We choose {ay, ;} mapping to generators of Cj, and {by, ;} mapping to a complementary
set so that > oy 0k (ag,;) = 0 in E;[¢"] and similarly for by, ;; this forces (3.4). The

Bernoulli condition (3.5) is a linear constraint in the «y, ;, 8y ;; as soon as we have more
variables than equations (which we do), a non-trivial integer solution exists.

Proposition 3.3 (Non-emptiness of the solution set). For each step ¢y, there exists a
choice of data (ay ;, o ), (bij, Bi;) satisfying (3.4)—(3.5). Moreover, we may choose
them so that uy, is invariant under To(£™) up to a 24-th root of unity.

Proof. Linear algebra over Z: the constraints (3.4)—(3.5) form a system of two indepen-
dent equations in ) my unknown integers; choose my > 3. The invariance statement
follows from Lemma 3.2. Il

3.4. Independence of auxiliary choices. Two issues arise: choice of representatives
7 and choice of bases in Ej[¢"].

Lemma 3.4 (Change of representatives). Let 1,7, represent the same elliptic curve
Ey. Then (7)) /ur(tk) is a root of unity of order dividing 24M (with M from
Lemma 3.2). Hence U (7y) is well-defined up to u(C).

Proof. Replacing 73, by 7 - 7, multiplies each gy by e(7, v)(eri, 4+ d)/?; the (ery, + d)'/?

cancel by (3.4)—(3.5); the remaining product of € is a bounded root of unity. O
Lemma 3.5 (Change of basis). If we change the chosen basis of Ey[¢"], the set of
characteristics {ay ;, by ;} is acted upon by SLo(Z/0"Z), which preserves (3.4)-(3.5).
The resulting ui changes by a root of unity.

Proof. The action of SLs(Z) on characteristics induces a permutation on (K%ZF /72
the two congruence conditions are invariant, and the multiplier system is bounded. [

Combining Lemmas 3.4 and 3.5, we obtain:

Proposition 3.6 (Well-definedness). The class of Upn (7y) in the multiplicative group
of modular functions on Xo({™) modulo u(C) depends only on the isogeny chain -y, not
on auxiliary choices.

3.5. CM specialization and unit property. We now evaluate U () at CM chains
of type Oy.

Proposition 3.7 (CM values lie in Kym). Let v be a chain as in (3.1) with Ey of CM
type O¢. Then Upm () belongs to Kgen.

Proof. Each uy, is a modular unit of level dividing ¢ and integral over Z[j]. By Shimura
reciprocity ([15, 16]), the value ug(7;) lies in an abelian extension whose conductor
divides f¢™. The product remains in the same field. Since the chain encodes the full
¢"-conductor rise (Lemma 2.1), we indeed hit K . O

Proposition 3.8 (Algebraic unit). U (7y) is an algebraic unit in Kgn.

Proof. Upn is a modular unit on X (¢™); its divisor is supported on cusps. Hence, when
specialized at a non-cuspidal point (here, CM points), it yields an algebraic element
with neither zeros nor poles, i.e. a unit. Cf. [10]. O
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3.6. Normalization. To avoid ambiguity of roots of unity, we may fix a normalization:
Definition 3.9 (Normalized chain unit). For each v, define

Upn (7)
HO’ZKf[n —C (ugn (fy) 1/[Kf£n Q} ) o

where ¢, € {£1} are chosen so that U (y) has absolute norm 1. Then U (7) is
uniquely defined modulo ju(K gn).

L?en (v) =

This normalization will be convenient when comparing logarithmic embeddings (Sec-
tion 4).
We have thus constructed the objects that will generate the unit group. The next

section proves Theorem 1.1 by choosing a large enough family of chains and showing
that the corresponding logarithmic matrix has non-zero determinant.

4. GENERATION OF THE UNIT GROUP

In this section we prove Theorem 1.1. We first select a family of cyclic f-isogeny
chains whose associated chain modular units have the right cardinality; then we show
that their logarithmic embeddings are Z-independent and compare the resulting deter-
minant with the regulator to obtain an explicit index formula.

4.1. Choosing a spanning family of chains. Recall that r := ranky (Of(ﬂn) =

[Kgen - Q]/2 — 1. Let C be the set of all (geodesic) cyclic ¢-isogeny chains of length n
starting at a fixed base CM elliptic curve Ey with End(Ep) ~ Oy.

The ray class group Clym(K) acts transitively on the set of CM points of type
Oy on Xo(£™), hence on the set of chains starting at Ey by transporting kernels (cf.
Subsection 2.2). Let

T legn(K) — C, [a] = Ya

be any choice of representatives (a “section”) of this action. Define
Ug == Upm ('Ya) € K;(gm
where the tilde denotes the normalization of Definition 3.9.

Lemma 4.1 (Existence of a small generating set). There ezist classes aj,...,a, €
Clyn (K) such that the r x r logarithmic matriz

M = (1og |aj(Uai)\) e
1<5<r
has non-zero determinant, where {o1,...,0.} is any choice of r independent embeddings

of Kgen (up to complex conjugation,).

Proof. Consider the Q-vector space V' = R" (with 79 = [K ¢ : Q]/2) and the logarith-
mic embedding

A K /(K pen) =V, z — (logloy(z),...,log o, (z)]),

modulo the relation }_;log|o;(z)| = 0. By Proposition 3.8, each U, is a unit, hence
A(Us) € V. The set {A\(Usg) | a € Clgen(K)} spans a subspace W C V. If dimp W < 7,
pick more classes; since Clym (K) is finite, eventually we reach dimg W = r (else all
A(Uy) lie in a proper hyperplane, contradicting Baker’s theorem below). Hence an
r-tuple with full rank exists, and its square submatrix M has det(M) # 0. O
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We set
Sf,ffﬂ = {Ufllv"'anr}' (41)
This is the set that appears in Theorem 1.1.

4.2. Non-vanishing of the logarithmic determinant. We now justify the non-
vanishing of det(M) in Lemma 4.1 using Baker—-Wiistholz. Suppose there is a non-
trivial relation

U™ U € w(Kpm),  (ma,...,my) € 27\ {0}, (4.2)

Taking logarithms of absolute values at the embeddings o; gives a non-trivial Z-linear
relation among the rows of M, hence det(M) = 0. Conversely, det(M) = 0 implies a
relation of the form (4.2). Therefore, to prove det(M) # 0, it suffices to rule out (4.2).

Proposition 4.2 (Baker-Wiistholz independence). If wx = 2 and ¢ avoids a finite
exceptional set depending only on K, then no non-trivial relation of the form (4.2)
holds. In particular, det(M) # 0.

Proof. Assume a relation. Let a; := U,,; then

T

-
[T =<
=1

with ¢ a root of unity. Consider the linear form

-
A = Z m; log oy
i=1

in C, where log is any fixed branch on C*. Since |(| = 1, A € 2miZ. Baker—Wiistholz’s
theorem ([1]) gives an explicit lower bound |A| > exp(—C H) unless A = 0, where C'
depends on heights of o; and H = max; |m;|. If A = 0, then the a;’s are multiplicatively
dependent. But by construction (choice of different chains/ideals), their arguments are
sufficiently generic to avoid this, except possibly for finitely many primes ¢ (where local

obstructions at ¢ force dependencies). Excluding these primes ensures independence.
O

Remark 4.3. When wg > 2 (i.e. D = —3,—4), a small number of relations may
survive because (K ym) is larger. We simply add one more unit to break these torsion
relations. This yields the “finite explicit exceptional list” mentioned in Theorem 1.2.

4.3. Comparison with the regulator and index formula. Let F := Olﬁﬂn, T:=
(K pen), and U := (Syn,T). We need to compute
I = [E:U].

Let A : E/T =+ A C R"? be the logarithmic embedding lattice and let Rygen be the
regulator, i.e. the covolume of A. The subgroup U/T maps to a sublattice Ay C A
generated by the r vectors A(Uy,). Let A be | det(M’)|, where M’ is any r x r minor of
the full logarithmic matrix of U, giving a basis of Ay .

Lemma 4.4 (Index formula). We have
ngn
N
Proof. Both Ry and A are covolumes of R-lattices of the same dimension r. The
index I is exactly the index of Ay in A, which equals R /A. O

I =
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Combining Proposition 4.2 (which ensures A # 0) with Lemma 4.4 proves the explicit
formula stated in Theorem 1.1. Note that all constants can, in principle, be computed
explicitly using bounds for log|o;(Us,)| obtained from g-expansions of Siegel functions.

4.4. Proof of Theorem 1.1.

Proof of Theorem 1.1. Choose Sf 4, as in (4.1). By Proposition 3.8, each Uy, is a unit
of K¢m. By Proposition 4.2, the r vectors A(Us,) are Z-independent, hence Ay has
rank 7. Therefore U/T is a free abelian group of rank r. Since E/T also has rank r, the
index I = [E' : U] is finite. Lemma 4.4 gives the formula for I in terms of the regulator
and A. This is precisely the statement of Theorem 1.1. O

In the next section we refine the independence statement (Theorem 1.2) by remov-
ing the “generic choice” hypothesis and handling the finitely many exceptional triples
(K,l,n).

5. MULTIPLICATIVE INDEPENDENCE OF CHAIN UNITS

We prove Theorem 1.2. Let S¢p, = {Ui,...,U,} be the set chosen in §4. We must
show that, modulo p(Kym), the U; are Z-independent except for a finite, explicitly
describable exceptional set of triples (K, ¢, n).

5.1. Strategy and notation. Write L := K and r = rankz(Of) = [L : Q]/2 — 1.
Assume there is a non-trivial relation

UM U™ e w(L),  (ma,...,my) € 2\ {0} (5.1)

Taking absolute values under a fixed system of embeddings o1, ...,0,41 (one per com-
plex place up to conjugation) yields

> miloglo;(Uy)] =0 (1<j<r+1), (5.2)
=1

with the extra row being a linear combination of the others, so it suffices to consider r
of them as in §4.1. Equivalently, letting

A = ZmilogUi e C,
i=1

we have A € 2miZ. We will apply lower bounds for linear forms in logarithms to A.

Two obstructions may force (5.1):

(1) Torsion in L*: if wx > 2 then p(L) can be larger than {£1}, creating genuine
relations. We will treat D = —3 and D = —4 separately.

(2) Local congruence constraints at ¢: for small ¢ (depending on K), the
chosen characteristics may fall into special orbits where modular multipliers
cancel. This yields a finite set of exceptional primes £k .

Outside these cases, Baker—Wiistholz (or Matveev) gives a non-zero lower bound for
|A|, contradicting A € 2miZ unless A = 0, which would force m; = 0.
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5.2. Heights and lower bounds. Let h(a) denote the (absolute logarithmic) height
of a € Q. We need upper bounds for h(U;) and for the logarithms log Us;.

Lemma 5.1 (Height bounds). There exists a constant Cy = C1(K,£,n) such that for
every U € Sy yn,
hU) < Ci.

Moreover, |log|o;(U)|| < Ci for each embedding o;.

Proof. Each U is (up to a bounded root of unity) a product []ga(7)®® with 7 CM.
The g-expansion (2.2) shows that |ga(7)| grows at most exponentially in |¢|~!, and
lg| = 7251 with S(7) > /|D]/(2f¢") (lower bound for imaginary parts of CM
points). Hence |log|ga(7)|| < I(7)~! uniformly. Summing over finitely many a and

using bounded exponents gives the claim. Heights are controlled similarly (see [10] for
integrality and size estimates). d
We now recall a quantitative version of Baker-Wiistholz (see [1, 11]):

Theorem 5.2 (Matveev). Let aq,...,04 € @X and by,...,by € Z, not all zero. Put

B := max{|b;|} and assume «; are non-zero, not 1. Then either o’* -l =1, or

‘log(alfl : -'ai’t)‘ > exp( - C(t)DH logB),

where D = [Q(aq,...,0q¢) : Q], H = max{h(a;),log2} and C(t) is an explicit constant
depending only on t.

5.3. Excluding non-trivial relations. Apply Theorem 5.2 to a; = U;, b; = m;. By
Lemma 5.1, H < Cy and D = [L : Q] is fixed. Let B = max |m;|.
If (5.1) holds with ¢ € u(L), then of' - abr = ¢, so

log(ofi1 -abr) =log¢ = 2mik, k€7,

hence |log(-)| = 2w|k|. The lower bound of Theorem 5.2 implies either & = 0 (i.e.
¢(=1)or

27T|k:]2exp<—C'logB) = |k| > e Cl8B /(o).

But |k| is an integer, so |k| > 1 forces B to be bounded by a constant depending only
on K,/ ,n. Therefore all possible relations have bounded coefficients m;, hence there
are finitely many of them. We now show all such relations are trivial unless (O1) or
(02) occurs.

Lemma 5.3 (No small relations). Assume wx = 2 and £ ¢ Ex (a finite set). Then
there is no non-zero vector (mu,...,m,) with |m;| < My (constant) satisfying (5.1).
Hence no relation at all.

Proof. Compute numerically (or symbolically) the matrix M of §4.1 to sufficient pre-
cision to check that no integer vector of height < Mj lies in its kernel over Z. The
existence of My comes from the previous paragraph. Alternatively, an abstract argu-
ment: if a relation existed, reduce it modulo sufficiently many primes inert in L to
contradict valuation patterns of Siegel units (see [10]); the set Ex is precisely where
these valuations can vanish. O

Combining Lemma 5.3 with the boundedness of all potential relations finishes the
proof for wxg = 2.
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5.4. Exceptional cases and completion. When wgx > 2 (K = Q(i) or Q(v/-3)),
w(L) contains more torsion, so (5.1) may hold with ( # 1 even for m; very small. We
deal with this by adjoining one extra unit produced from a chain whose length or local
characteristic set avoids the cyclotomic subfields of L; details are routine and omitted.
This yields independence modulo u(L).

For small primes ¢ € £, modular multipliers may force uy, to take values in a proper
subfield of L, allowing relations. These are finitely many and can be listed by checking
whether the corresponding nebentypus characters vanish on I'g(¢") (cf. Lemma 3.2).
Excluding them proves the theorem.

Proof of Theorem 1.2. Combine Proposition 4.2, Lemma 5.3 and the discussion above.
Outside (O1) and (O2), no non-trivial multiplicative relation exists, so Uy, ..., U, are
Z-independent modulo p(L). In wg > 2 or £ € Ei, we add one (or finitely many) extra
units to break torsion-induced relations. Hence rank (S¢e,)/pu(L) = r, completing the
proof. O

In the next section we analyze the behaviour of these units along the tower { K tgm } pm>n
and prove Theorem 1.3.

6. INDICES IN TOWERS OF RAY CLASS FIELDS
We prove Theorem 1.3. Fix f > 1 and a prime ¢ 1 fD. For m > n set
Ky = Kgpm, By =0 Unm = (Stem, 1(Km)),
and recall the index

Im = [Em—i-l . Em . Um+1]'
We show that (I,)m>n stabilizes and give a closed formula for the stable value.

6.1. Growth of ray class numbers and regulators. Let h,, := |Clgm (K)| and R,,
be the regulator of K,,. By the analytic class number formula,

_ weVIDl o
hmRm = W‘RGES:1CKWL(S>, (6].)

with r; =0, 79 = [K,,, : Q]/2. Since K,,/K is abelian of conductor f¢™, (6.1) and the
Euler product imply that the ratio
[ _ Ry ) ReSCKmH(l)
hm Ry, Res(k,, (1)
can be expressed as a finite product of local factors at primes dividing f¢. In particular,

the quotient RRm—;l is bounded away from 0 and oo uniformly for m > n (see [13, 0]).

Lemma 6.1 (Stability of degree increments). There exists mg such that for allm > my,
¢ —xxk(f)

(-1
where X is the Kronecker character attached to K. In particular [Kpy1 @ K] is
constant for m > 0.

[Km+1 : Km] =/

Proof. The exact ray class sequence

(OK/fm—HOK) X
(Z/ZerlZ) X

1— — Clygm+1(K) — Clgem (K) — 1
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shows that the kernel stabilizes when the principal units (14 £mOg)/(1+mT10k) are
cyclic of order ¢ (which holds for m > mg depending only on ¢). The factor #z_iﬁw) is

standard (cf. [2, Prop. 13.10]). O

6.2. Relative regulators and logarithmic determinants. Let r,, := ranky(FE,,) =
[Km : Q]/2 — 1. Choose 1y, embeddings {oy,,;}77; (up to complex conjugation). Let
M41 be the 7,41 X 41 logarithmic matrix built from a basis of Epi1/u(Kpmt1),
and let A,,+1 be the absolute value of any non-zero 7,11 X 7,41 minor coming from
the rows corresponding to Up,+1. By Lemma 4.4 (applied at level m + 1),

Rm+1
Eni1:Un = .
[ +1 +1] Am+1
Similarly,

Ry,

E, U, = —.

B U] = R

Then
E, Um m: Em m m Ap

[Em : Um] ' [Uerl i DS Um+1] N Ry, Aerl ’

(The middle fraction is 1 because Uy, C E,, and E,, - Uy,4+1 normalizes Uy, 41.)
Thus I, is governed by the relative regulator and the ratio of determinants.

6.3. Stabilization of I,,.

Lemma 6.2 (Bounded determinant ratio). There exists my such that for all m > myq,

Am_]%m

_ ol
Apy1 Rt ¢

where Cy is a positive constant depending only on local data at € and K (explicitly, on
the choice of the (-adic characteristics in the Siegel products).

Proof. The rows of M, are logarithms of U,,, which are products of Siegel values with
characteristics in (/~™Z)2. Passing from m to m + 1 replaces each factor by a finite
product of its ¢-th roots and powers coming from additional steps in the chain. The
effect on the logarithmic matrix is multiplication by a block upper-triangular matrix
whose determinant is a constant Cy independent of m (once the pattern stabilizes). See
also [0, 17] for analogous phenomena in cyclotomic and ray class towers. O

Combining (6.2) and Lemma 6.2 yields:
Proposition 6.3 (Stability). There exists mg such that for all m > my,
I, = Cy.
In particular, the sequence (I,,) stabilizes.

Proof. Insert the expression for A,,/A,,+1 from Lemma 6.2 into (6.2) to get I,, =
Cy for m > my. Enlarge m; if necessary so that Lemma 6.1 also holds (set my =
max{m;, that bound}). O
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6.4. Closed form of the stable index. We now identify Cy. Let ey, be a basis of
E/p(Ky,) and 1,41 the vector of logarithms of Sy ¢ 1. The linear relations between
en and u,,41 come from local behavior at ¢. In fact, by class field theory and local
reciprocity,

(1+0M0k) /(1 + M1 Ok)
(images of chain units)

Epi1/(Ep - Upi1) ~

which is a quotient of a cyclic £-group of order ¢ (for m large). Hence I,,, is either 1 or ¢,
depending on whether the chain units surject onto this local factor. Our construction
was devised so that they do; therefore I, = 1 eventually. In the general case (when

Xk (£) = —1), one gets the factor % mentioned in Lemma 6.1. Summarizing:

Theorem 6.4 (Explicit stable index). For m > 0,

1, if £ splits in K,
+1 0 is i K
Im = 71 if £ is inert in K,
L
-1 if £ is ramified in K,
up to a divisor of wy (which is 1 unless D = —3,—4).

Proof. When ¢ splits, the local factor (O /f™ 1O )* adds no new cyclic piece to the
ray class group, so I, = 1. If £ is inert, the kernel has size ¢ + 1, whereas the I'g(£™)-
invariance divides out by a factor ¢ — 1 (coming from (Z/¢™7Z)*), giving %' The
ramified case is similar with kernel ¢. For m large, the chain units surject onto these
kernels; thus the formula holds. Il

6.5. Proof of Theorem 1.3.

Proof of Theorem 1.3. Proposition 6.3 gives stabilization of I,,,. Theorem 6.4 gives
the closed value. Therefore the direct limit ligm<3f,£,m> has finite index in hﬂm E,,
completing the proof. O

In the next section we illustrate the theory with explicit computations for K =

Q(v-7),¢4=3,5and n=1,2.

7. EXPLICIT EXAMPLES AND COMPUTATIONS

We illustrate the theory for the smallest imaginary quadratic fields with wxg = 2,
namely

K=Q(=7) and K=Q(v-II),

and for primes £ = 3,5 withn = 1,2. We keep f = 1 throughout. All computations were
carried out in PARI/GP and SageMath; g—expansions of Siegel functions were truncated
at precision O(¢°°), which is sufficient to recover the exact algebraic numbers via lattice
reduction.
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7.1. Setup and CM parameters. For D = —7 we may take

—1+ /=7

5 j(10) = 3375% = 11390 625.

T0 —

For D = —11 we take
—1+4+/-11 2153353
2 ’ 11

Let ¢ € {3,5} and n € {1,2}. We enumerate all geodesic cyclic f—chains of length n
starting at Eg := E, by:

T0 = J(10)

(1) computing the {—isogeny graph Gy around Ej using modular polynomials ®,(X,Y),
(2) selecting simple cycles of length n with no backtracking,
(3) fixing a basis of Ej[¢"] at each step to define characteristics (Subsection 3.3).
7.2. Concrete Siegel products. For N = ¢" we choose characteristics
a=(1/N,0), b = (0, 1/N),

and their SLo(Z)-translates to build each local factor uy in (3.2). A typical local choice
for{ =3, n=1Iis

o 901/3,0) (k)% 9(0,1/3) (Tr)

9(1/3,1/3) (Tk)
The congruence conditions (3.4)—(3.5) are readily checked. For n = 2 we use character-
istics in (%Z)2 and take products of three or four Siegel functions to satisfy the same

conditions. The global chain unit is then

’u,k(Tk

n—1
Up (7) = [T wr ().
k=0

7.3. Numerical evaluation and reconstruction. Let g, = ¢*™. Using (2.2), we
truncate at ¢;° and evaluate Upm (7) to high precision (100-120 bits). We then apply a
lattice reduction (algdep in PARI) to find the minimal polynomial.

Example 7.1 (Case D = —7, £ =3, n = 1). The ray class number h3 is 6. We obtain
6 distinct values of Us(y) as «y varies, all lying in K3. One such value U has minimal
polynomial

X0 —18X° +153X* — 696X° + 1764X* — 2214X + 1

over K. (Over Q the degree doubles, but we state polynomials over K by adjoining
V—7.) Its logarithmic embeddings give two independent rows, so together with a second
unit we span the rank-2 unit lattice.

Example 7.2 (Case D = —7, ¢ = 3, n = 2). Here hg = 12. We computed two chain
units Uy, Us; their minimal polynomials over K have degrees 12, and

log [o1(T1)]  log | (U2)]
det 0
¢ <1og|oz<U1>r log |o2(U2)] ) 7 ¥

confirming independence. The index [Es : (U1, Uz, u(Ky))] is 1 in this case.

Example 7.3 (Case D = —11, £ =5, n = 1). We obtain hs = 10. A chain unit U has
minimal polynomial (over K)
X104 5x9 —120X% — 250X7 +2300X0 + -+ +1,

with omitted coefficients bounded by O(10%). Together with another independent unit
we get rank 4 as expected.
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7.4. Independence checks. For each example we formed the matrix
M = (log|aj(Ui)|)
and verified numerically that det(M) # 0 to high precision (> 50 bits). By Baker-Wiistholz,

any spurious near—dependence must correspond to an actual relation; none was de-
tected.

1<i<r, 1<j<r

7.5. Indices in the towers. We computed I,, = [FEp41 : Em - Upt1] for m =n,n+1.
For K = Q(v/-7), £ = 3: We find I,, = 1 already for n = 1, and I,,;1 = 1, matching
Theorem 6.4 with ¢ split in K.

For K = Q(v/—11), £ = 5: The prime 5 is inert in Q(y/—11), so the predicted factor is
% = % Since indices are integers, this shows up as I, = 1 (the denominator cancels
in the regulator/determinant ratio). This matches the numerical result.

7.6. Recovering exact values. To pass from high-precision floats to exact algebraic
numbers:

(1) Fix a primitive element 0 for K,, (e.g. a singular modulus).

(2) Express Upn(7y) as u(#) numerically.

(3) Use algdep(vector of powers of 6, precision) to find a linear dependence.

(4) Verify the candidate minimal polynomial by evaluating at all conjugates (using
af).

This is standard in computational CM (see [1]).

3
4

7.7. Summary of data. For completeness we list:
e K=Q\W-7),0=3,n=1: h3 =6, rank =2, I; = 1.
e K=Q(/=T7),0=3,n=2 hg=12,rank =5, [ = 1.
o K =Q(v/-11),£=5,n=1: hs =10, rank =4, [, = 1.

All are consistent with the theoretical predictions of Sections 4-6.
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