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Abstract. In this paper, we introduce the backwards fuzzy Itô-Henstock in-
tegral for the fuzzy set-valued stochastic process with respect to a Brownian
motion. We also formulate a version of Itô isometry and a version of continuity
for the fuzzy Itô-Henstock integral.
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1. Introduction

The Riemann integral is typically the first integral encountered by most stu-
dents in elementary calculus. However, it has certain limitations as it only encom-
passes a limited collection of integrable functions. To overcome these limitations,
the Lebesgue integral was formulated, which has gained widespread popularity
among professional mathematicians. However, the construction of the Lebesgue
integral requires a deep understanding of measure theory.

Despite its advantages, the Lebesgue integral fails to integrate highly oscillatory
functions effectively. For instance, the function f(x) = x2 sinx−2 if x 6= 0 and
f(0) = 0 is not Lebesgue integrable on the interval [0, 1]. Fortunately, there is
an alternative called the Henstock integral, also known as the Henstock-Kurzweil
integral. This integral was introduced and studied independently by Henstock
and Kurzweil in 1950s to address the integration of highly oscillatory functions
and can be considered more general than the Lebesgue integral in certain respects.

The Henstock integral, akin to the Riemann integral, allows for the integration
of functions like f on the interval [0, 1], and its integrability can be established us-
ing the Henstock integral, as shown in [8, Theorem 9.6]. The Henstock approach,
also known as the generalized Riemann or Henstock-Kurzweil approach, presents
this type of integral in a manner similar to the Riemann integral. Different from
the Lebesgue integral, the Henstock integral which is a Riemann-type definition
of an integral, does not require an extensive study of measure theory since its
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definition is more explicit. It is known that the Henstock integral includes the
improper Riemann, Lebesgue, and Newton integrals. This integral then has be-
come an interest to several authors, see [8, 9, 11, 12, 16, 17, 18, 22, 23]. The
Henstock approach to integration has also been used to deal with stochastic inte-
gration for finite and infinite-dimensional spaces, see [5, 13, 14, 15, 24, 25, 27, 28,
30, 31, 32, 33, 34], and with fuzzy-number valued functions, see [4, 6, 7, 19, 35, 36].

In the theory of fuzzy stochastic analysis, the fuzzy Itô integral addresses the
need to model systems characterized by two types of uncertainty: randomness
from unpredictable fluctuations and imprecision stemming from incomplete or
vague information about the system itself. Classical Itô calculus is effective at
capturing randomness through stochastic differential equations driven by Brow-
nian motion; however, it assumes that the parameters, coefficients, and initial
conditions are precisely known. In reality, these quantities are often uncertain.
For example, an engineer might estimate a damping constant as around 0.3, a
financial analyst may suggest the volatility is about 20%, or a physicist might
only have a range for a diffusion coefficient based on limited measurements. This
uncertainty is not merely statistical; it is epistemic, arising from a lack of precise
knowledge rather than inherent randomness. Fuzzy set theory provides a way
to represent and manage this imprecision by replacing crisp values with fuzzy
numbers or fuzzy functions. The fuzzy Itô integral merges these capabilities with
stochastic calculus, facilitating integration when the integrand or parameters are
fuzzy-valued while the driving process remains stochastic. This combination al-
lows for results that capture both the probabilistic variability of random behavior
and the broader blur introduced by imprecise knowledge of the system. As such,
it serves as a powerful tool for more realistic modeling in fields such as physics,
finance, and control theory, where uncertainty manifests in various forms.

In 2009, Arcede and Cabral [1, 2] introduced the concept of the backwards Itô
integral with respect to a Brownian motion. This integral considers processes
that initiate at a fixed time T > 0 and then move backwards to an earlier time s.
They employed the Henstock approach, incorporating the notions of backwards
δ-fine partial division and backwards filtration. In this case, the tags represent
the right endpoints of disjoint left-open sub-intervals.

Building upon the work of Arcede and Cabral, the authors in [27] extended the
concept of the backwards Itô-Henstock integral to an operator-valued stochastic
processes with respect to a Hilbert space-valued Q-Wiener process. This integral
employs backwards filtration as well. Similar to the previous formulation, all
processes begin at a fixed time T > 0 and then proceed backwards to an earlier
time s. The Henstock approach is utilized, along with the notions of backwards
δ-fine partial division. They also established the Itô isometry for this integral and
presented an equivalent definition using the concept of the AC2[0, T ]-property.

In this paper, we introduce the backwards fuzzy Itô-Henstock integral for the
fuzzy set-valued stochastic process with respect to a Brownian motion and for-
mulate a version of Itô isometry and a version of continuity.
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2. Preliminaries

Let R be the set of all real numbers and (Ω,G,P) be a probability space
equipped with a family {Gt : 0 ≤ t ≤ T} of σ-subfields of G such that Gt2 ⊆ Gt1
for 0 ≤ t1 ≤ t2 ≤ T , called backwards filtration. A probability space together with
{Gt : 0 ≤ t ≤ T} or simply {Gt} is called a backwards filtered probability space
and is denoted by (Ω,G, {Gt},P). A backwards filtration {Gt} on a probability
space (Ω,G,P) is called a standard backwards filtration if (i) GT contains all sets
of P-measure zero in G; and (ii) for each t ∈ [0, T ], G = Gt− := ∩s<tGs.

A stochastic process or simply a process f : [0, T ]× Ω→ R is said to be

(i) measurable if it is [0, T ]× Ω-measurable, i.e.

{(t, ω) ∈ [0, T ]× Ω : ft(ω) ∈ A} ∈ B([0, T ])× G,
for each A ⊆ B(R), where B([0, T ]) and B(R) are the Borel σ-field of [0, T ]
and R, respectively;

(ii) adapted to {Gt} or Gt-adapted or simply backwards adapted if ft is Gt-
measurable for all t ∈ [0, T ], i.e. for each t ∈ [0, T ], {ω ∈ Ω : ft(ω) ∈ A} ∈
Gt, for each A ⊆ B(R).

From now onwards, the backwards filtered probability space (Ω,G, {Gt},P) shall
mean a filtered probability space such that the real-valued Wiener process or
Brownian motion B satisfies (i) Bt is adapted to {Gt}, t ∈ [0, T ] and (ii) Bt −Bs

is independent of Gt for all 0 ≤ s ≤ t ≤ T .
Let N be the set of all natural numbers. Denote by P0(R) the collection of

all nonempty subsets of R, K(R) the collection of all nonempty closed subsets
of R, and denote by Kc(R) the collection of all sets in K(R) which are convex.
For any A,B ∈ P0(R) and λ ∈ R, define the addition and scalar multiplication,
respectively:

A+B = {a+ b : a ∈ A, b ∈ B} and

λA = {λa : a ∈ A}.
We remark that P0(R) together with the above two operations is not a linear
space since the inverse of a set A does not necessarily exist. Also, if A and B
are bounded closed sets, A + B is not necessarily a closed set. An example is
provided in [21, Remark 1.1.1]. The Hausdorff distance of A and B elements of
P0(R) is defined by

dH(A,B) = max

{
sup
x∈A

d(x,B), sup
y∈B

d(y, A)

}
,

where d(x,B) := infy∈B |x − y|. Let |||A||| := dH(A, {0}) = supx∈A |x|. We note
that if A,B are unbounded, then dH(A,B) may be infinite.

Let (Ω,G,P) be a complete probability space. Denote by L2(Ω,R), the space
of all square-integrable random variables from Ω to R. A set-valued mapping
F : Ω→ K(R) is called a set-valued random variable or random set if

F−1(O) := {ω ∈ Ω : F (ω) ∩O 6= ∅} ∈ G,
for each open set O ⊆ R. A random set F : Ω → K(R) is called Lp-bounded if
|||F ||| ∈ Lp(Ω,R). Denote by Lp(Ω,K(R)) the collection of all Lp-bounded random
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sets F : Ω→ K(R). For F1, F2 ∈ Lp(Ω,K(R)), define

∆p(F1, F2) := (E [dpH(F1, F2)])1/p :=

(∫
Ω

dpH(F1(ω), F2(ω)) dP(ω)

)1/p

.

Then by [10, Theorem 2.11], for p ≥ 1, (Lp(Ω,K(R)),∆p) is a complete metric
space.

A mapping F : [0, T ]×Ω→ K(R) is called a set-valued process if F (t, ·) : Ω→
K(R) is a set-valued random variable for every t ∈ [0, T ]. A set-valued process
F : [0, T ]× Ω→ K(R) is said to be

(i) adapted to {Gt} or Gt-adapted if Ft is Gt-measurable for all t ∈ [0, T ], i.e.

F−1
t (O) := {ω ∈ Ω : Ft(ω) ∩O 6= ∅} ∈ Gt,

for each open set O ⊆ R;
(ii) measurable if it is [0, T ]× Ω-measurable, i.e.

{(t, ω) ∈ [0, T ]× Ω : Ft(ω) ∩ A 6= ∅} ∈ B([0, T ])× G,
for each A ⊆ B(R).

When no confusion arises, we may refer to a set-valued process F adapted to {Gt}
as simply a backwards adapted process.

In the following discussions, the given closed interval [0, T ] is nondegenerate,
i.e. 0 < T and can be replaced with any closed interval [a, b]. If no confusion

arises, we may write (D)
∑

instead of
n∑
i=1

for the given finite collection D.

Definition 2.1. Let δ be a positive function on [0, T ]. A finite collection D =
{([ui, ξi], ξi)}ni=1 of inteval-point pairs is a backwards δ-fine partial division of
[0, T ] if {[ui, ξi]}ni=1 is a collection of non-overlapping subintervals of [0, T ] and
each [ui, ξi] is backwards δ-fine, i.e. [ui, ξi] ⊂ (ξi − δ(ξi), ξi].

The term partial division is used in Definition 2.1 to emphasize that the finite
collection of non-overlapping intervals of [0, T ] may not cover the entire interval
[0, T ]. Using the Vitali covering theorem, the following concept can be defined.

Definition 2.2. Given η > 0, a given backwards δ-fine partial division D =
{([u, ξ], ξ)} of [0, T ] is said to be a backwards (δ, η)-fine partial division of [0, T ]
if it fails to cover [0, T ] by at most length η, that is,∣∣∣T − (D)

∑
(ξ − u)

∣∣∣ ≤ η.

Definition 2.3. [29, Definition 3] Let F : [0, T ] × Ω → Kc(R) be a backwards
adapted process. Then F is said to be backwards Itô-Henstock integrable, or
IHB-integrable on [0, T ] with respect to a Brownian motion B if there exists
A ∈ L2(Ω,Kc(R)) such that for every ε > 0, there exist a positive function δ
on [0, T ] and a positive number η such that for any backwards (δ, η)-fine partial
division D = {([ui, ξi], ξi)}ni=1 of [0, T ], we have

∆2
2

(
(D)

∑
Fξ(Bξ −Bu), A

)
< ε.
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In this case, F is IHB-integrable to A on [0, T ] and A is called the backwards
Itô-Henstock integral or IHB-integral of the set-valued process F which will be

denoted by (IHB)

∫ T

0

Ft dBt or (IHB)

∫ T

0

F dB. Denote by Λ2
IHB(Kc(R)), the

collection of all IHB-integrable set-valued processes F on [0, T ].

It is worth noting that the backwards Itô-Henstock integral of a set-valued
process possesses the standard properties of an integral namely, uniqueness of an
integral, linearity, and integrability on every subinterval of [0, T ], the sequential
definition, and the Cauchy criterion. The following results are found in [29].

Lemma 2.4. [29, Lemma 4] Let F ∈ Λ2
IHB(Kc(R)) and define

A[u, ξ] := (IHB)

∫ ξ

u

F dB

for any [u, ξ] ⊆ [0, T ]. Then for any ε > 0, there exist a positive function δ such
that

∆2
2

(
(D)

∑
Fξ(Bξ −Bu), (D)

∑
A[u, ξ]

)
< ε

whenever D = {[u, ξ], ξ} is a backwards δ-fine partial division of [0, T ].

Theorem 2.5. [29, Theorem 8] Let F : [0, T ] × Ω → Kc(R) be a backwards
adapted process. If F is IHB-integrable on [0, T ], then E

[
|||Ft|||2

]
is Lebesgue

integrable on [0, T ] and

E

[∣∣∣∣∣∣∣∣∣∣∣∣(IHB)

∫ T

0

Ft dBt

∣∣∣∣∣∣∣∣∣∣∣∣2
]

= (L)

∫ T

0

E
[
|||Ft|||2

]
dt <∞.

Definition 2.6. [29, Definition 4] A set-valued process A : [0, T ] × Ω → Kc(R)
is said to be continuous with respect to ∆2 if for each t ∈ [0, T ],

E
[
|||At|||2

]
<∞ and lim

s→t
∆2(As, At) = 0.

Theorem 2.7. [29, Theorem 9] Let F ∈ Λ2
IHB(Kc(R)) and define

At := (IHB)

∫ t

0

Fs dBs.

Then A is backwards adapted and continuous with respect to ∆2.

3. Backwards Fuzzy Itô-Henstock Integral

This section presents the backwards fuzzy Itô-Henstock integral of a fuzzy set-
valued stochastic process with respect to a Brownian motion B.

Let F(R) (resp., Fc(R)) be the collection of mappings u : R→ [0, 1] such that
[u]α := {x ∈ R : u(x) ≥ α} ∈ K(R) (resp., [u]α ∈ Kc(R)) for all α ∈ (0, 1] and
[u]1 := {x ∈ R : u(x) = 1} 6= ∅. The set [u]α is called the level set, or α-cut. The
elements of F(R) are called fuzzy sets. Define the support set

u0+ := Cl ({x ∈ R : u(x) > 0}) .
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A fuzzy set-valued mapping G : Ω → F(R) is called a fuzzy set-valued random
variable or fuzzy random set [26] if for every α ∈ (0, 1], Gα : Ω → K(R) defined
by

Gα(ω) := {x ∈ R : G(ω)(x) ≥ α},
is a set-valued random variable. A fuzzy random set G : Ω→ F(R) is said to be
Lp-bounded [20] if |||G0+||| ∈ Lp(Ω,R). It is known that [20, p.172]

|||G0+||| := sup
α∈(0,1]

|||Gα|||.

Denote by Lp(Ω,F(R)) (resp., Lp (Ω,Fc(R))) the collection of all Lp-bounded
fuzzy random sets G : Ω → F(R) (resp., G : Ω → Fc(R)). For G1, G2 ∈
Lp(Ω,F(R)), define

Dp(G1, G2) := supα∈(0,1]∆p(G
α
1 , G

α
2 ).

Then by [10, Theorem 2.11] p ≥ 1, the space (Lp(Ω,F(R)),Dp) is a complete
metric space and Lp(Ω,Fc(R)) is a closed subspace of Lp(Ω,F(R)). Two fuzzy
random sets G1 and G2 are considered to be identical [10, p.497] if Dp(G1, G2) =
0. Moreover, since every closed and convex set in R is compact, if G1, G2 ∈ Fc(R)
and λ ∈ R, we define

(G1 +G2)α = Gα
1 +Gα

2 and (λG1)α = λGα
1 ,

see [20, p.167].
Let (Ω,G, {Gt},P) be a backwards filtered probability space. A mapping G :

[0, T ]× Ω→ F(R) is called a fuzzy set-valued process or fuzzy process if G(t, ·) :
Ω → F(R) is a fuzzy set-valued random variable for every t ∈ [0, T ]. A fuzzy
process G : [0, T ]× Ω→ Fc(R) is said to be

(i) adapted to {Gt} or Gt-adapted or simply backwards adapted if Gα : [0, T ]×
Ω→ Kc(R) is backwards adapted for every α ∈ (0, 1]; and

(ii) measurable if Gα : [0, T ]× Ω→ Kc(R) is measurable for every α ∈ (0, 1].

When no confusion arises, we may refer to a fuzzy set-valued process G adapted
to {Gt} as simply a backwards adapted fuzzy process.

Next, we define the backwards fuzzy Itô-Henstock integral of a fuzzy set-valued
stochastic process with respect to a Brownian motion.

Definition 3.1. Let G : [0, T ] × Ω → Fc(R) be a backwards adapted fuzzy
process. Then G is said to be backwards fuzzy Itô-Henstock integrable or IHB

f -
integrable, on [0, T ] with respect to a Brownian motion B if there exists A ∈
L2(Ω,Fc(R)) such that for every ε > 0, there exists a positive function δ on [0, T ]
and a positive number η such that for any backwards (δ, η)-fine partial division
D = {([ui, ξi], ξi)}ni=1 of [0, T ], we have

D2
2

(
(D)

∑
Gξ(Bξ −Bu), A

)
< ε.

In this case, G is IHB
f -integrable to A on [0, T ] and A is called backwards fuzzy

Itô-Henstock integral or IHB
f -integral of the fuzzy set-valued process G which will
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be denoted by (IHB
f )

∫ T

0

Gt dBt or (IHB
f )

∫ T

0

G dB. Denote by Λ2
IHB

f
(Fc(R)),

the collection of all IHB
f -integrable fuzzy-valued processes G on [0, T ].

Before we provide an example of an IHB
f -integrable fuzzy-valued processes,

let us consider first some operations on intervals. Let A and B be two closed
intervals on the real line given by A = [a1, a2] and B = [b1, b2]. The sum,
difference, and scalar multiplication are defined by A + B = [a1 + b1, a2 + b2],
A−B = [a1 − b2, a2 − b1], and

λA =

{
[λa1, λa2] if λ ≥ 0
[λa2, λa1] if λ < 0

,

respectively.
Denote by Λ2

IHB
(R) the collection of all IHB-integrable real-valued processes

f : [0, T ]× Ω→ R with integral (IHB)

∫ T

0

ft dBt, see [27].

Example 3.2. Let f (1), f (2) ∈ Λ2
IHB

(R) with f
(1)
t (ω) ≤ f

(2)
t (ω) for all (t, ω) ∈

[0, T ]×Ω. Define G : [0, T ]×Ω→ Fc(R) such that Gt(ω) is an adapted symmetric
triangular fuzzy number [3, Definition 2.4], that is,

Gt(ω)(x) =



0 if x ≤ f
(1)
t (ω)

x−f (1)t (ω)

u−f (1)t (ω)
if f

(1)
t (ω) < x ≤ u

x−f (2)t (ω)

u−f (2)t (ω)
if u < x ≤ f

(2)
t (ω)

0 if x ≥ f
(2)
t (ω)

, (3.1)

where u is symmetric in relation to f
(1)
t and f

(2)
t , that is, u − f

(1)
t = f

(2)
t − u.

Then G is IHB
f -integrable on [0, T ] with (IHB

f )

∫ T

0

Gt dBt = A, where

Aα =

[
(IHB)

∫ T

0

((
1− α

2

)
f

(1)
t +

α

2
f

(2)
t

)
dBt,

(IHB)

∫ T

0

((
1− α

2

)
f

(2)
t +

α

2
f

(1)
t

)
dBt

]
:=

[
A(1,2), A(2,1)

]
.

Proof. Let f (1), f (2) ∈ Λ2
IHB

(R) with f
(1)
t (ω) ≤ f

(2)
t (ω) for all (t, ω) ∈ [0, T ] ×

Ω. Let ε > 0 and α ∈ (0, 1]. Using the linearity of IHB-integral, f (1,2) :=(
1− α

2

)
f (1) + α

2
f (2) and f (2,1) :=

(
1− α

2

)
f (2) + α

2
f (1) are elements of Λ2

IHB
(R).

Then there exist a positive function δ1 on [0, T ] and a positive number η1 such
that for any backwards (δ1, η1)-fine partial division D1 of [0, T ],

E
[∣∣∣(D1)

∑
f

(1,2)
ξ (Bξ −Bu)− A(1,2)

∣∣∣2] < ε.
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Moreover, there exist a positive function δ2 on [0, T ] and a positive number η2

such that for any backwards (δ2, η2)-fine partial division D2 of [0, T ],

E
[∣∣∣(D2)

∑
f

(2,1)
ξ (Bξ −Bu)− A(2,1)

∣∣∣2] < ε.

Take δ(ξ) = min{δ1(ξ), δ2(ξ)} for every ξ ∈ [0, T ] and η = min{η1, η2}. Let D be
any backwards (δ, η)-fine partial division of [0, T ]. Now, let G : [0, T ]×Ω→ Fc(R)
be a symmetric triangular fuzzy number given in (3.1). Then the α-level set of
G is given by

Gα
t (ω) = {x ∈ R : Gt(ω)(x) ≥ α}

=
[
f

(1)
t (ω) +

(
u− f (1)

t (ω)
)
α, f

(2)
t (ω) +

(
u− f (2)

t (ω)
)
α
]

=
[(

1− α

2

)
f

(1)
t (ω) +

α

2
f

(2)
t (ω),

(
1− α

2

)
f

(2)
t (ω) +

α

2
f

(1)
t (ω)

]
=

[
f

(1,2)
t (ω), f

(2,1)
t (ω)

]
.

Now, we have

∆2
2

(
(D)

∑
Gα
ξ (Bξ −Bv), A

α
)

= ∆2
2

(
(D)

∑[
f

(1,2)
ξ (Bξ −Bu), f

(2,1)
ξ (Bξ −Bu)

]
,
[
A(1,2), A(2,1)

])
= ∆2

2

([
(D)

∑
f

(1,2)
ξ (Bξ −Bu), (D)

∑
f

(2,1)
ξ (Bξ −Bu)

]
,
[
A(1,2), A(2,1)

])
= E

[
d2
H

([
(D)

∑
f

(1,2)
ξ (Bξ −Bu), (D)

∑
f

(2,1)
ξ (Bξ −Bu)

]
,
[
A(1,2), A(2,1)

])]
< ε.

Since α is arbitrarily chosen,

D2
2

(
(D)

∑
Gξ(Bξ −Bu), A

)
= sup

α∈(0,1]

∆2
2

(
(D)

∑
Gα
ξ (Bξ −Bu), A

α
)
≤ ε.

Therefore, G is IHB
f -integrable on [0, T ] with (IHB

f )

∫ T

0

Gt dBt = A. �

Lemma 3.3. Let G : [0, T ] × Ω → Fc(R) be a fuzzy process and α ∈ (0, 1]. If
G ∈ L2(Ω,Fc(R)), then Gα ∈ L2(Ω,Kc(R)).

Proof. Let α ∈ (0, 1] and G : [0, T ]×Ω→ Fc(R) be a fuzzy process. Suppose that
G ∈ L2(Ω,Fc(R)). Then |||G0+||| ∈ L2(Ω,R). Thus |||Gα||| ∈ L2(Ω,R). Hence,
Gα ∈ L2(Ω,Kc(R)). �

Lemma 3.4. Let G : [0, T ] × Ω → Fc(R) be a backwards adapted fuzzy process.
If G is IHB

f -integrable on [0, T ], then Gα : [0, T ]×Ω→ Kc(R) is IHB-integrable
on [0, T ] for each α ∈ (0, 1].

Proof. Let α ∈ (0, 1]. Suppose that G is IHB
f -integrable on [0, T ] with A :=

(IHB
f )

∫ T

0

Gt dBt. Then there exist a positive function δ on [0, T ] and a positive
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number η such that

D2
2

(
(D)

∑
Gξ(Bξ −Bu), A

)
< ε,

for any backwards (δ, η)-fine partial division D of [0, T ]. By Lemma 3.3, Aα ∈
L2(Ω,Kc(R)). Thus,

∆2
2

(
(D)

∑
Gα
ξ (Bξ −Bu), A

α
)

= ∆2
2

([
(D)

∑
Gξ(Bξ −Bu)

]α
, Aα

)
≤ D2

2

(
(D)

∑
Gξ(Bξ −Bu), A

)
< ε.

Hence, Gα is IHB-integrable on [0, T ] and

(IHB)

∫ T

0

Gα
t dBt = Aα =

[
(IHB

f )

∫ T

0

Gt dBt

]α
.

This completes the proof of the lemma. �

Now, we present the standard properties of the backwards fuzzy Itô-Henstock
integral.

Theorem 3.5. The backwards fuzzy Itô-Henstock integral of a fuzzy set-valued
adapted process is uniquely determined.

Proof. Let ε > 0 and α ∈ (0, 1]. Suppose that A1 and A2 are IHB
f -integrals of G.

Then

(IHB
f )

∫ T

0

G dB = A1 and (IHB
f )

∫ T

0

G dB = A2.

By Lemma 3.4, Gα is IHB-integrable on [0, T ]. Thus, by Lemma 3.3, Aα1 , A
α
2 ∈

L2(Ω,Kc(R)) and Aα1 and Aα2 are integrals of Gα. Then

∆2
2 (Aα1 , A

α
2 ) <

ε

2
.

Thus, D2
2 (A1, A2) < ε. Since D2 is a metric, A1 = A2. �

Theorem 3.6. Let β ∈ R. If G1, G2 ∈ Λ2
IHB

f
(Fc(R)), then

(i) G1 +G2 ∈ Λ2
IHB

f
(Fc(R)), and

(IHB
f )

∫ T

0

(G1 +G2) dB = (IHB
f )

∫ T

0

G1 dB + (IHB
f )

∫ T

0

G2 dB;

(ii) β ·G1 ∈ Λ2
IHB

f
(Fc(R)), and

(IHB
f )

∫ T

0

(β ·G1) dB = β · (IHB
f )

∫ T

0

G1 dB.

Proof. Let ε > 0 and β ∈ R. Assume thatG1, G2 ∈ Λ2
IHB

f
(Fc(R)) with (IHB

f )

∫ T

0

G1 dB =

A1 and (IHB
f )

∫ T

0

G2 dB = A2, respectively. By Lemma 3.4, Gα
1 and Gα

2 are
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IHB-integrable on [0, T ]. By Lemma 3.3, Aα1 , A
α
2 ∈ L2(Ω,Kc(R)) with Aα1 and

Aα2 as IHB-integrals of Gα
1 and Gα

2 , respectively. Then

∆2
2

([
(D)

∑
(G1 +G2)(ξ)(Bξ −Bu)

]α
, [A1 + A2]α

)
<
ε

2
.

It follows that

D2
2

(
(D)

∑
(G1 +G2)(ξ)(Bξ −Bu), A1 + A2

)
< ε.

Thus, (i) holds.
To prove (ii), notice that when β = 0, the conclusion holds trivially. Hence,

we may assume that β 6= 0, that is, |β| > 0. Let ε > 0 and α ∈ (0, 1]. Suppose

that G1 is IHB
f -integrable on [0, T ] with (IHB

f )

∫ T

0

G1 dB = A1. By Lemma 3.3

and Lemma 3.4, Gα
1 is IHB-integrable on [0, T ] with integral Aα1 . Then β ·Gα

1 is
IHB-integrable on [0, T ] with integral β · Aα1 , and

∆2
2

([
(D)

∑
(β ·G1(ξ))(Bξ −Bu)

]α
, [β · A1]α

)
<
ε

2
.

It follows that

D2
2

(
(D)

∑
β ·G1(ξ)(Bξ −Bu), β · A1

)
< ε.

Thus (ii) also holds. �
Theorem 3.7 (Cauchy criterion). G ∈ Λ2

IHB
f

(Fc(R)) if and only if for every

ε > 0, there exist a positive function δ on [0, T ] and a positive number η such
that for any two backwards (δ, η)-fine partial divisions D1 = {([u(1), ξ(1)]ξ(1))} and
D2 = {([u(2), ξ(2)]ξ(2))} of [0, T ], we have

D2
2

(
(D1)

∑
Gξ(1)(Bξ(1) −Bu(1)), (D2)

∑
Gξ(2)(Bξ(2) −Bu(2))

)
< ε.

Proof. Let ε > 0 and α ∈ (0, 1]. Assume that G ∈ Λ2
IHB

f
(Fc(R)) with

(IHB
f )

∫ T

0

G dB = A.

Then by Lemma 3.3 and Lemma 3.4, Gα is IHB-integrable on [0, T ] with integral
Aα. Hence, there exist a positive function δ on [0, T ] and a positive number η
such that

∆2
2

(
(D1)

∑
Gα
ξ (Bξ −Bu), (D2)

∑
Gα
ξ (Bξ −Bu)

)
<
ε

2
,

for any two backwards (δ, η)-fine partial divisions D1 and D2 of [0, T ]. It follows
that

D2
2

(
(D1)

∑
Gξ(Bξ −Bu), (D2)

∑
Gξ(Bξ −Bu)

)
< ε.

Conversely, let ε > 0 be given. Then there exist a positive function δ on [0, T ]
and a positive constant η such that for any two backwards (δ, η)-fine partial
divisions D1 and D2 of [0, T ], we have

D2
2

(
(D1)

∑
Gξ(Bξ −Bu), (D2)

∑
Gξ(Bξ −Bu)

)
<
ε

8
.
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For each n ∈ N, let δn be the corresponding positive function on [0, T ] and ηn be
the corresponding positive number. We may choose the sequences {δn(ξ)}∞n=1 and
{ηn}∞n=1 to be decreasing. Let Dn be any backwards (δn, ηn)-fine partial division
on [0, T ]. Hence, for all m ≥ n, Dm is also a backwards (δn, ηn)-fine partial
division on [0, T ]. Thus, if m1,m2 ≥ n, then

D2
2

(
(Dm1)

∑
Gξ(Bξ −Bu), (Dm2)

∑
Gξ(Bξ −Bu)

)
<

1

n
.

This means that {(Dm)
∑
Gξ(Bξ −Bu)}m∈N is a Cauchy sequence in L2(Ω,Fc(R)).

Since L2(Ω,Fc(R)) is a complete metric space, it follows that there exists A ∈
L2(Ω,Fc(R)) such that

lim
n→∞

(Dn)
∑

Gξ(Bξ −Bu) = A in L2(Ω,Fc(R)).

This means that there exists N1 ∈ N such that for all n ≥ N1,

D2
2

(
(Dn)

∑
Gξ(Bξ −Bu), A

)
<
ε

8
.

In particular,

D2
2

(
(DN)

∑
Gξ(Bξ −Bu), A

)
<
ε

8
,

for any backwards (δN , ηN)-fine partial division DN of [0, T ]. Let N2 ∈ N be such
that 1

N2
≤ ε

8
. Take N = max{N1, N2}. Choose δ(ξ) = min{δN(ξ), δ(ξ)} for all

ξ ∈ [0, T ] and η = min{ηN , η}. Then any backwards (δ, η)-fine partial division
D of [0, T ] is also a backwards (δN , ηN)-fine partial division of [0, T ]. Thus, by
Lemma 3.3 and Lemma 3.4, we have

∆2
2

(
(D)

∑
[Gξ(Bξ −Bu)]

α, Aα
)

≤ 4 ∆2
2

(
(D)

∑
[Gξ(Bξ −Bu)]

α, (DN)
∑

[Gξ(Bξ −Bu)]
α
)

+4 ∆2
2

(
(DN)

∑
[Gξ(Bξ −Bu)]

α, Aα
)
.

Thus, taking the supremum both sides over α ∈ (0, 1], we have

D2
2

(
(D)

∑
Gξ(Bξ −Bu), A

)
≤ 4 D2

2

(
(D)

∑
Gξ(Bξ −Bu), (DN)

∑
Gξ(Bξ −Bu)

)
+4 D2

2

(
(DN)

∑
Gξ(Bξ −Bu), A

)
< 4

(
1

N

)
+ 4

( ε
8

)
≤ 4

(
1

N2

)
+ 4

( ε
8

)
≤ 4

( ε
8

)
+ 4

( ε
8

)
= ε.

Hence, G ∈ Λ2
IHB

f
(Fc(R)). �

Theorem 3.8 (Sequential definition). G ∈ Λ2
IHB

f
(Fc(R)) if and only if there

exist A ∈ L2(Ω,Fc(R)), a decreasing sequence {δn} of positive functions on [0, T ],
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and a decreasing sequence {ηn} of positive numbers such that for any backwards
(δn, ηn)-fine partial division Pn of [0, T ], we have

D2
2

(
(Pn)

∑
Fξ(Bξ −Bu), A

)
→ 0 as n→∞.

In this case, A = (IHB
f )

∫ T

0

G dB.

Proof. Let α ∈ (0, 1]. Suppose that G be a IHB
f -integrable on [0, T ] with integral

A. Then by Lemma 3.3 and Lemma 3.4, Gα is a IHB-integrable on [0, T ] with
integral Aα. Hence, for each n ∈ N, there exist a positive function δn on [0, T ]
and a positive number ηn such that

∆2
2

(
(Pn)

∑
Gα
ξ (Bξ −Bu), A

α
)
<

1

n
.

we may choose sequences {δn(ξ)} and {ηn} to be decreasing. Hence, we obtain

lim
n→∞

∆2
2

(
(Pn)

∑
Gα
ξ (Bξ −Bu), A

α
)

= 0.

It follows that

lim
n→∞

D2
2

(
(Pn)

∑
Gξ(Bξ −Bu), A

)
= 0.

Equivalently,

D2
2

(
(Pn)

∑
Fξ(Bξ −Bu), A

)
→ 0 as n→∞.

Conversely, assume that there exist an A ∈ L2(Ω,Fc(R)), a decreasing sequence
{δn} of positive functions on [0, T ] and positive numbers {ηn} such that for any
backwards (δ, η)-fine partial division Dn on [0, T ], we have

D2
2

(
(Pn)

∑
Gξ(Bξ −Bu), A

)
→ 0 as n→∞.

This means that for every ε > 0, there exists N ∈ N such that for every n ≥ N ,

D2
2

(
(Pn)

∑
Gξ(Bξ −Bu), A

)
< ε.

Suppose on the contrary that G is not IHB
f -integrable to A on [0, T ]. Then

there exists ε > 0 such that for any positive function δ on [0, T ] and any positive
number η,

D2
2

(
(D)

∑
Gξ(Bξ −Bu), A

)
≥ ε

for some backwards (δ, η)-fine partial divisionD of [0, T ]. This means that for each
positive function δn and positive number ηn, there exists a backwards (δn, ηn)-fine
partial division Pn on [0, T ] with

D2
2

(
(Pn)

∑
Gξ(Bξ −Bu), A

)
≥ ε,

a contradiction. �
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Theorem 3.9. If G : [0, T ] × Ω → Fc(R) is IHBf -integrable on [0, a] and [a, T ],

where a ∈ (0, T ), then G is IHBf -integrable on [0, T ] and

(IHBf )

∫ T

0

G dB = (IHBf )

∫ a

0

G dB + (IHBf )

∫ T

a

G dB.

Proof. Let a ∈ (0, T ) and α ∈ (0, 1]. Suppose that G is an IHB
f -integrable on

[0, a] and [a, T ] with integrals

Aa := (IHB
f )

∫ a

0

G dB and AT := (IHB
f )

∫ T

a

G dB.

Let ε > 0. Then by Lemma 3.3 and Lemma 3.4, Gα is IHB-integrable on [0, a]
and [a, T ] with integrals Aαa and AαT , respectively. Hence, Gα is IHB-integrable
on [0, T ] and

(IHB)

∫ T

0

Gα dB = (IHB)

∫ a

0

Gα dB + (IHB)

∫ T

a

Gα dB,

where (IHB)

∫ a

0

Gα dB := Aαa and (IHB)

∫ T

a

Gα dB := AαT , we have

∆2
2

(
(D)

∑
Gα
ξ (Bξ −Bu), A

α
a + AαT

)
<
ε

2
,

for any backwards (δ, η)-fine partial division D of [0, T ]. It follows that

D2
2

(
(D)

∑
Gξ(Bξ −Bu), Aa + AT

)
< ε.

Therefore, the theorem is proved. �

Theorem 3.10. If G : [0, T ] × Ω → Fc(R) is IHB
f -integrable on [0, T ], then G

is also IHB
f -integrable on any subinterval [c, d] of [0, T ].

Proof. It suffices to show that G is IHB
f -integrable on [0, a] and [a, T ]. We shall

only prove the integrability of G on [a, T ]. A similar proof will be used to show
the integrability of G on [0, a]. Let ε > 0 and α ∈ (0, 1]. Suppose that G is
IHB

f -integrable on [0, T ]. Then by Lemma 3.4, Gα is IHB integrable on [0, T ].

Hence, Gα is IHB integrable on [a, T ]. Moreover,

∆2
2

(
(D2)

∑
Gα
ξ (Bξ −Bu), (D

′
2)
∑

Gα
ξ (Bξ −Bu)

)
<
ε

2
,

for any backwards (δ, η)-fine partial divisions D2 and D′2 of [a, T ]. It follows that

D2
2

(
(D2)

∑
Gξ(Bξ −Bu), (D

′
2)
∑

Gξ(Bξ −Bu)
)
< ε.

Hence, by Theorem 3.7 (Cauchy criterion), G is IHB
f -integrable on [a, T ]. �

Lemma 3.11 (Saks-Henstock lemma). Let G ∈ Λ2
IHB

f
(Fc(R)) and define

A[u, ξ] := (IHB
f )

∫ ξ

u

G dB
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for any [u, ξ] ⊆ [0, T ]. Then for any ε > 0, there exist a positive function δ on
[0, T ] such that

D2
2

(
(D)

∑
Gξ(Bξ −Bu), (D)

∑
A[u, ξ]

)
< ε

whenever D = {([u, ξ], ξ)} is a backwards δ-fine partial division of [0, T ].

Proof. Let [ξ, u] ⊆ [0, T ] and α ∈ (0, 1]. Suppose that G is IHB
f -integrable

on [0, T ] with A[u, ξ] := (IHB
f )

∫ ξ

u

G dB. Let ε > 0. Then by Lemma 3.3 and

Lemma 3.4, Gα is IHB-integrable on [0, T ] and defineAα[u, ξ] := (IHB)

∫ ξ

u

Gα dB.

Hence, there exist a positive function δ on [0, T ] such that

∆2
2

(
(D)

∑
Gα
ξ (Bξ −Bu), (D)

∑
Aα[u, ξ]

)
<
ε

2
,

whenever D = {([u, ξ], ξ)} is backwards δ-fine partial division of [0, T ]. It follows
that

D2
2

(
(D)

∑
Gξ(Bξ −Bu), (D)

∑
A[u, ξ]

)
< ε.

Hence, the result is proved. �

4. Itô Isometry and Continuity of Integral

This section presents a version of Itô isometry and a version of continuity of
the backwards fuzzy Itô-Henstock integral.

Lemma 4.1. For each α ∈ (0, 1], let fα be Lebesgue integrable functions on [0, T ].
If there exists a sequence {αn}n∈N in (0, 1] such that

fαn
→ sup

α∈(0,1]

fα uniformly a.e. on [0, T ],

then sup
α∈(0,1]

fα is Lebesgue integrable on [0, T ] and

sup
α∈(0,1]

(L)

∫ T

0

fα(t) dt = (L)

∫ T

0

sup
α∈(0,1]

fα(t) dt.

Theorem 4.2 (Version of Itô-isometry). Let G ∈ Λ2
IHB

f
(Fc(R)) with

A = (IHB
f )

∫ T

0

Gt dBt.

For each α ∈ (0, 1], suppose that there exists a sequence {αn}n∈N in (0, 1] such
that

E
[
|||Gαn

t |||
2]→ E

[
|||G0+(t, ·)|||2

]
uniformly a.e. on [0, T ].

Then E
[
|||G0+(t, ·)|||2

]
is Lebesgue integrable on [0, T ] and

E
[
|||A0+(T, ·)|||2

]
= (L)

∫ T

0

E
[
|||G0+(t, ·)|||2

]
dt <∞.
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Proof. Let α ∈ (0, 1] and G be a backwards adapted fuzzy process. Suppose that

G is IHB
f -integrable on [0, T ] with A = (IHB

f )

∫ T

0

Gt dBt. Then by Lemma 3.3

and Lemma 3.4, Gα is IHB-integrable on [0, T ] with integral (IHB)

∫ T

0

Gα
t dBt.

By Theorem 2.5, E
[
|||Gα

t |||
2] is Lebesgue integrable on [0, T ] and

E

[∣∣∣∣∣∣∣∣∣∣∣∣(IHB)

∫ T

0

Gα
t

∣∣∣∣∣∣∣∣∣∣∣∣2
]

= (L)

∫ T

0

E
[
|||Gα

t |||
2] dt <∞.

By Lemma 4.1, sup
α∈(0,1]

E
[
|||Gα

t |||
2] is Lebesgue integrable on [0, T ] and

sup
α∈(0,1]

∫ T

0

E
[
|||Gα

t |||
2] dt =

∫ T

0

sup
α∈(0,1]

E
[
|||Gα

t |||
2] dt.

Hence, by Theorem 2.5

E
[
|||A0+(T, ·)|||2

]
= sup

α∈(0,1]

E

[∣∣∣∣∣∣∣∣∣∣∣∣(IHB)

∫ T

0

Gα
t dBt

∣∣∣∣∣∣∣∣∣∣∣∣2
]

= sup
α∈(0,1]

(L)

∫ T

0

E
[
|||Gα

t |||
2] dt

= (L)

∫ T

0

sup
α∈(0,1]

E
[
|||Gα

t |||
2] dt

= (L)

∫ T

0

E
[
|||G0+(t, ·)|||2

]
dt.

This completes the proof of the theorem. �

Definition 4.3. A fuzzy set-valued process A : [0, T ]× Ω→ Fc(R) is said to be
continuous with respect to D2 if for each t ∈ [0, T ],

E
[
|||A0+(t, ·)|||2

]
<∞ and lim

s→t
D2(As, At) = 0.

Theorem 4.4. Let G ∈ Λ2
IHB

f
(F(R)) and define At := (IHB

f )

∫ t

0

Gs dBs. For

each α ∈ (0, 1], suppose that there exists a sequence {αn}n∈N in (0, 1] such that

E
[
|||Gαn

t |||
2]→ E

[
|||G0+(t, ·)|||2

]
uniformly a.e. on [0, T ].

Then A is backwards adapted and continuous with respect to D2.

Proof. First, we show that A is Gt-adapted, that is, show that for each α ∈ (0, 1],
Aα is adapted to {Gt}. Let ε > 0. Since G is IHB

f -integrable on [0, T ], there

exists A ∈ L2(Ω,Fc(R)) such that

D2
2

(
(D)

∑
Gξ(Bξ −Bu), A

)
< ε,

for any backwards (δ, η)-fine partial division D of [0, T ]. Note that by Lemma
3.3 and Lemma 3.4, Gα is IHB-integrable on [0, T ] with integral Aα. Thus by
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Theorem 2.7, Aα is backwards adapted to {Gt} for every α ∈ (0, 1] and continuous
with respect to ∆2. Next, observe that for every α ∈ (0, 1],

E
[
|||Aαt |||

2] <∞ and lim
s→t

∆2(Aαs , A
α
t ) = 0.

By Theorem 4.2,

E
[
|||A0+(T, ·)|||2

]
= (L)

∫ T

0

E
[
|||G0+(t, ·)|||2

]
dt <∞.

Furthermore,

lim
s→t

D2 (As, At) = lim
s→t

sup
α∈(0,1]

∆2 (Aαs , A
α
t ) = 0.

Hence, A is backwards adapted to {Gt} and continuous with respect to D2. �

5. Conclusion and Recommendation

In this paper, we define a Henstock-Kurzweil approach for the fuzzy set-valued
stochastic process with respect to a Brownian motion, the backwards fuzzy Itô-
Henstock integral. It is worth noting that the backwards fuzzy Itô-Henstock
integral possesses the standard properties of an integral. We also establish a ver-
sion of Itô isometry and continuity of the newly defined integral. A worthwhile
direction for further investigation is to use Henstock-Kurzweil approach to deal
with fuzzy stochastic differential equations.

Acknowledgement. The authors would like to thank the anonymous referees
for their valuable comments for the improvement of this paper..
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