Gulf Journal of Mathematics ISSN: 2309-4966
Vol 21, Issue 1 (2025) 140-154 https://doi.org/10.56947 /gjom.v21i1.3384

ON FIBONACCI AND k-PELL NUMBERS WHICH ARE CLOSE
TO A POWER OF 3

ANOUAR GAHA'*, ABDELMONAIM BOUCHIKHI? and SOUFIANE MEZROUTI?

ABSTRACT. For an integer k > 2, let (P,(Lk))nzg,k be the k-generalized Pell
sequence which starts with 0,...,0,1 (k terms) and each term afterwards is
defined by the linear recurrence

Pk =op®) L p® o PP forall n> 2.
The aims of this paper is to find all Fibonacci and k-Pell numbers which are

close to a power of 3. Concretely, this problem is equivalent to the resolution
of the equation P{¥) = 3™ + t with the condition |t| < 3™/2 for any integer t.
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1. INTRODUCTION

Let (F,)n>0 be the Fibonacci sequence defined by Fy = 0, F; = 1 and the linear recur-
rence relation F,, = F,_; + F,,_5 for all n > 2. Similarly, the Lucas sequence (L, )n>0
follows the same recursive pattern as the Fibonacci numbers with initial conditions
Ly =2 and L; = 1. The problem of determining all integer solutions of Diophantine
equations when Fibonacci numbers have piqued the curiosity of mathematicians and
there is a broad literature on this subject. For instance, Bugeaud et al. [(] solved that
the only perfect powers among the Fibonacci numbers are Fy =0, Fy = Fo =1, Fg =8
and Fio = 144. More precisely, the only powers of 2 in the Fibonacci sequence are 1, 2
and 8. For an integer k > 2, let us consider that the k-generalized Fibonacci sequence

or the k-Fibonacci sequence (Fék))nz%k defined by the following linear recurrence
FO=F® + FW, ...+ FW forall n>2,
where the initial conditions

k k k k
PO =R o ZF Z0 and FP =1

This sequence generalizes the usual Fibonacci sequence which is obtained for £ = 2. In
the same way, let (P,)n>0 be the Pell sequence given by Py = 0, P; = 1 and the binary
recurrence relation P, = 2P,,_1 + P,_o for all n > 2. The n-th terms of the Fibonacci
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and Pell sequences are respectively referred to as Fibonacci and Pell numbers. For more
information on these sequences, including a numerous application to these numbers
and their relatives, see Koshy book [10]. Another sequence of considerable interest in
studying equations that contain the k-Pell sequence, which is as important as the k-
Fibonacci sequence. For an integer k > 2, we also consider that the k-generalized Pell

sequence or the k-Pell sequence (P}Lk))nzg,k defined by the following linear recurrence
of higher order

P® —2p® L p® 4 4 PP forall n>2
where the initial conditions

—p® —...=pP =0 and P¥ =1.

We refer to ng) as the n-th k-Pell number. This sequence generalizes the usual Pell

sequence which corresponds to k£ = 2, i.e., Péz) = P,. Below, we shall present the
values of these numbers for the first few values of £k and n > 1.

TABLE 1. The first nonzero terms of k-Pell numbers are well-known

k | Name First nonzero terms

2| Pell 1,2,5,12,29,70,169, 408,985, 2378, 5741, 13860, 33461, . ..

31 3-Pell | 1,2,5,13,33,84,214, 545, 1388, 3535, 9003, 22929, 58396, . ..
41 4-Pell | 1,2,5,13,34,88,228,591,1532,3971, 10293, 26680, 69156, . . .
5| 5-Pell | 1,2,5,13,34,89,232,605,1578,4116, 10736, 28003, 73041, . ..
6 | 6-Pell | 1,2,5,13,34,89,233,609,1592,4162, 10881, 28447, 74371, ...
7| 7-Pell | 1,2,5,13,34,89,233,610,1596,4176,10927, 28592, 74815, . ..

Recently in [3], without Bouchikhi, we found all the Fibonacci numbers 2F,, that are

close to a power of 3, in the sense that we studied the Diophantine inequality
12F, — 37| < 3™/?

in positive integers (n,m). This result has been generalized in several ways. In partic-
ular, we determined the Diophantine inequality

|E, + F,, — 3% < 3%/2
in positive integers (n,m,a) with n > m. As a corollary, we also determined
L, — 3% < 3%2,
where L, is the n-th Lucas number referred to L,, = F,,_1 + F,,+1 for all n > 0 and the
positive integers (n,a) with n > a.
In the present paper, we study all the solutions (F},, 3") to the Diophantine inequality
|F,, — 3™ < 3™/2 (1.1)

in positive integers (n, m) with n > m. This motivates us to ask the following profound
question.
Question. What terms of the k-Pell numbers which are close to a power of 32 Follow-

ing that, we also study all the solutions (P,(lk), k,n,m) to the Diophantine inequality
|k — 3m| < 3m/2 (1.2)
in the positive integers (k,n,m) with k& > 2.
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To answer this question, we will prove our principal results which are formulated in
the following theorems and lemmas.

Theorem 1.1. There are only 5 Fibonacci numbers which are close to a power of 3.
Including, the solutions (F,,,3™) of the Diophantine inequality (1.1) in positive integers
(n,m) with n > m, are given by
(Fn,3™) € {(2,3),(3,3),(8,9),(89,81), (233,243) }
and so
(n,m) € {(3,1),(4,1),(6,2),(11,4), (13,5)}.

Theorem 1.2. All the solutions (PT(Lk),k:,n, m) of the Diophantine inequality (1.2) in
the positive integers (k,n,m) with k > 2, are given by
(2,k,2,1), 2< k<4, (89,k,6,4), k>5, (233,k,7,5), k>6,
(29,2,5,3), (84,3,6,4), (88,4,6,4), (228,4,7,5), and (232,5,7,5).
Note that the above theorem gives the solutions to the Diophantine equation
P = 3™ 4t with |t] < 3™/2, (1.3)
By assuming that n > k + 2, then we have the following lemma which yields us the

bounds on m in terms of n.

Lemma 1.3. If the integers (k,n,m) is a solution of the inequality (1.2) with n > 1,
m>1, and n > k + 2, then we have the both inequalities

0.44n — 2.76 < m < 0.88n 4 0.56 < 1.5n.

As with Theorem 1.1 and checking for the small values of n, we may assume that
n > 2. Now, we obtain the following lemma which appears an upper bound on n and
m in terms of k.

Lemma 1.4. If the integers (k,n,m) satisfy the equation (1.3) with n > k + 2, then
we have the following estimates

n<1.17x10% . k5 log>k and m < 1.76 x 10" - k% - log® k.
Lemma 1.5. There is no solution of the inequality (1.2) with k > 330 and n > k + 2.

For proving our principal results, we shall need to use a Baker’s theory lower bound
on such nonzero linear forms in logarithms of algebraic numbers due to Matveev [11]
and Dujella-Pethé [7] to obtain a large upper bound on n and to bound n polynomially
in terms of k. To do this, we apply a reduction algorithm originally introduced by a
version and a variant of the reduction method of Baker-Davenport [1] to reduce this
large bound. We begin by recalling some basic notions from algebraic number theory.

2. PRELIMINARY RESULTS

Before proceeding further, we shall recall some facts and properties of the Fibonacci
sequence which will be used later. Firstly, it is known that the Binet formula for the
general term of this sequence is

o — 51@

a—p
holds for all n > 0, where a := (1 ++/5)/2 and 8 := (1 — v/5)/2 are the roots of the
characteristic polynomial 22 — 2 — 1 = 0 of (Fj,),>0. It can be seen that 1 < a < 2,

F, =
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—1 < 8 <0 and af := —1. The relation between the Fibonacci numbers and «, are
given by

Q"< F, <! (2.1)
holds for all n > 1. Additionally, we also shall need the following definitions.

Definition 2.1 (Closeness). An integer x is said to be close to a positive integer vy, if
it satisfies

|z —y| <.

Definition 2.2 (Mahler measure). Let 7 be an algebraic number, we define its measure
by the following identity

d
= |ag) [ [ max{1, n},

=1

where 7;’s are the roots of f(z) = aq4 H(m —1;) is the minimal polynomial of 7.

i=1
Definition 2.3 (Absolute logarithmic height). Let 1 be an algebraic number of degree
d on Q whose minimal polynomial over Z is

f(J:) — CLd.’L‘d _’_ad_lxdfl 4 .. _|_a0 = adH (.’E — 771)’
i=1
where the a;’s are relatively prime integers with ag > 0 and the 7;’s are conjugates of
1. The usual absolute logarithmic height of 7 is defined as

) _ log (M(n))

d
h(n) = é (log ag+ Y log (max{L, |n;[}) pi

i=1
In particular, if n = g € Q with ¢ > 0 and ged(p, q) = 1, then h(n) = log (max{|p|, ¢}).
The following properties |14, Property 3.3] of h(n), which will be used in the subsection
4.2 and 4.4. For any algebraic numbers 1 and &, then we have the function A has the
following basic properties:

h(niﬁ)g )+ h(k) + log 2,

h(n
h(ne™") < h(n) + h(x),
h(n°) = s|h(n), s € Z.

Using the notations of the above definition and the next theorem to get an upper
bound on the variable n which is very large. Thus, we shall need to reduce that bound
a lower bound for linear forms in logarithms due to Matveev [11, Corollary 2.3] or
Bugeaud et al. [0, Theorem 9.4] proved the following deep theorem.

Theorem 2.4 (Matveev’s theorem). Assume that n1,m2,...,m are positive real al-
gebraic numbers in a real algebraic number field K of degree d. Let by,bs,...,bs are
rational integers, and

t
b b b;
I‘::7711"'77tt_1:1_[771‘ -
i=1
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is nonzero. Then
IT| > exp (—1.4- 307" - #25. @*(1 + log d)(1 + log B)A; - - Ay),
where Ay, Ao, ..., Ay are real numbers,
B > max{|b1],...,|b:},

and
A; > max{d - h(n;),|logn;|,0.16} for alli=1,...,t.

In order to prove our principal results, we shall also need a variant of the Baker-
Davenport [I, Lemma], which is due to Dujella-Pethé [7, Lemma 5(a)]. For this, we
use some results from the various properties theory of Fibonacci and k-Pell numbers,
continued fractions, Diophantine approximation, and a few applications of a Baker’s
theory lower bound for nonzero linear forms in logarithms of algebraic numbers. To do
this, we state a result to Matveev [I1] for the general lower bound on linear forms in
logarithms, and we also apply a version of the reduction method of Baker-Davenport
[1] to reduce the upper bound which is generally very large. However, we use the
one given by Bravo et al. [2, Lemma 1]. For a real number z, we write that [|z|| :=
min{|z —n|,n € Z} the distance of = to the nearest integer. Indeed, we shall also need
the following lemma due to Dujella-Pethé [7].

Lemma 2.5 (Dujella-Pethd). Let M be a positive integer and suppose that p/q be a
convergent of the continued fraction of the irrational number ~ such that ¢ > 6M,
and let A, B, u be some real numbers with A > 0 and B > 1. Furthermore, let
e :=||pgql| — M||vql|, where || - || denotes the distance from the nearest integer. If € > 0,
then there exists no solution of the inequality

0<|9y—v+ul<AB™“

in positive integers ¥, v and w with

J<M and w> 28UAYE)
log B
We next present the following lemma of Sanchez and Luca [13, Lemma 7].

Lemma 2.6. If { > 1, T > (4¢*)¢ and T > z/(logx), then we have
z < 2T(log T)".

A simple fact concerning the exponential function. We list it as a lemma by further
reference [0, Lemma 8§].

Lemma 2.7. For any nonzero real number x, we have the following conditions:
i) 0<z<|e®—1].
ii) If x <0 and |e* — 1| < 1/2, then |z| < 2|e* — 1.
Secondly, we recall some facts and properties of k-generalized Pell sequence. How-
ever, the characteristic polynomial of this sequence is either
Yp(x) =ak —22F "t — k=2 g 1

In [4, Section 2], it is shown that ¢y (z) is irreducible over Q[x] and has just one root
A := A(k) outside the unit circle. This root is real and positive and satisfies A(k) > 1.
Too, The other roots are strictly inside the unit circle. Moreover, the same authors [,
Lemma 3.2] showed that

021 —607%) < A(k) < 0* for k>2 and 60:=(1+5)/2. (2.2)
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To simplify this, on the whole, we shall omit the dependence of A(k) on k and use .
For k > 2, let
z—1 z—1

) = G0 SR v k1 k@@ Bet ) a1

According to [3, Lemma 1], it follows that the inequalities

0.276 < fr.(A\) < 0.5 and |fr(\)] <1 for 2<i <k, (2.3)
where A := A\, \g, ..., A\; (the conjugates of \) are the roots of the characteristic poly-
nomial ¢ (x). It was deduced in [12, Section 2.4] that fi()) is not an algebraic integer.

Besides, the same authors in [3, Lemma 1] proved that the logarithmic height of f(\)
satisfies the inequality

h(fr(N\)) < 4klogf + klog (k+1) for k> 2. (2.4)
As with the last notations, Bravo et al. [1, Theorem 3.1] proved that

k
PP =3 fr)Ar and  [PX) — f (A" < 1/2,
=1

which holds for n > 1 and k& > 2. Therefore, for n > 1 and k > 2, it follows that

PR = £ A" + ep(n)  with |eg(n)] < 1/2. (2.5)
As well as that, it was shown that the inequality
A2 < p) < A1 holds forall n>1 and k> 2. (2.6)

Lastly, we finish this section by giving the following estimate [3, Lemma 2]. If n > 1
and k > 30 are integers satisfying n < 6%/2, then we have

" 02n

(1+&) with !£\<9;%- (2.7)

3. PROOF OF THEOREM 1.1

Proof. Assume throughout that equation (1.1) holds. At first, we discuss the two
following cases.
e Case 1. In the range 1 < m < 10, then we have list of the first 10 intervals to
I := (3™ — 3™/2 3™ 4 3m/2) are given by

TABLE 2. The Fibonacci numbers F,, to the inequality (1.1) with
1 < m <10 are displayed

m | Integers in I, | The Fibonacci numbers F, in I,
1 2,3,4 2,3
2 7,...,11 8
3 22,...,32

4 73,...,89 89
5 228, ...,258 233
6 703,...,755

7| 2141,...,2233

8 | 6481,...,6641

9 | 19543, ...,19823

10 | 58807, ...,59291
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In them, we find all the Fibonacci numbers F;,. For following, we get that
the only Fibonacci numbers which are close to 3" with 1 < m < 10 are 2, 3, 8,
89 and 233.

e Case 2. For m > 10, then by Binet formula of (F},),>¢ reveals

n

_047_|5|n_ 1 -1

F, = — = , because = —a
"Vl VB T Ve ’
If we combine it with the inequality (1.1), it comes that
qm _ " 1
V5 V5an’

If we divide both sides of the last inequality by 3™, we acquire

< 3m/2 4

1-3"™.qn". \/5_1‘ <3m/2 4 < 30-m)/2, (3.1)

3many/5
Applying Matveev’s result in Theorem 2.4, we can take the parameters ¢t := 3
and

(m1,b1) == (3,=m), (M2, b2) == (a,n), (n3,b3) := (V/5,—-1).
Let us start by noticing that 71, 12, and 73 are positive real numbers belonging
to K := Q(v/5), so we can take d := [K : Q] = 2. Indeed, we can choose
h(m) = log3, h(ne) = (loga)/2, and h(n3) = log+/5. For this end, we can
take Ay := 2.2 > 2h(m), Az := 0.5 > 2h(n2), and Az := 1.62 > 2h(n3). Thus,
according to the inequality (1.1) with (2.1), we get
3m—3m2 < F, <ol

which is valid for m < n. So, we infer that B := max{| — m/|, |n|,| — 1|} = n.

Suppose now that I' := 37 .- \/5_1 — 1. We justify that I" # 0. Obviously,
by the fact that if I' = 0, we could have the relation o™ = 3™+/5, so that
a® =5.3%" ¢ 7, which is a contradiction since o®® ¢ Z. By Matveev’s result
in Theorem 2.4, we acquire

log [T'| > —1.4-30°-3%5.2%(1 +1og2)(1 + logn) - 2.2 - 0.5 - 1.62.
By the inequality (3.1), we obtain
log |T| < (1 —m)logV/3.
Consequently, we have
m—1<3.15 x 10'3(1 + logn). (3.2)
By using the inequalities (1.1) and (2.1), we acquire
Q" P < F, <374 32 = 3372 4 3722 < 32972 4 g2
< 3mt2. 972

which leads to

log 3

n < (m+2) (3.3)

log o
If we combine it with the inequality (3.2), and by a calculation with the help
of Maple, we acquire

m<1.11x 10" and n < 2.5x 10,
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At second, we are going to reduce the upper bounds for m and n. In the case m > 10,

we have no Fibonacci number equals 3. Thus, we separated this case in two parts.
o If F}, > 3. We begin noticing that

an

INM<F,—-1< —,

= n \/5
which gives

nloga —mlog3 —log V5 > 0.

Here, we can set A := nloga—mlog3—log /5. Since e —1 > A for all positive
A, then by using the inequalities (3.1) and (3.3), we get
n lo;

0<A<|l—eb|<30-m/2 32 50

205 < 5.2+ (1.26) 7"
If we divide both sides of the above inequality by log 3, we acquire

1 log (1/+/5
0<ploBe _,  los (VD) o (1.26)~".
log 3 log 3

Choosing

log o log v/5
= =——, A:=4.
7= og3 ZQ, pn g3’ 75,

B :=1.26, and w := n.

Let us consider ¢; > 6M be the denominator of the i-th convergent of the
continued fraction of v. Since n < 2.5 x 10'4, we can take M := 2.5 x 10'. For
following, we try to apply Lemma 2.5 to the inequality (3.4) becomes

q; := q33 = 4509703705422533 > 6 M
and so

€ = ||pgs3| — M||vqas|]| = 0.01198 - - - .
We deduce that there is no solution to the inequality (3.4) for
log (A
n> 08B/ g gugrs..
log B

and hence in the range

log (A
log (Aass/€) | | ar] 5 s, 2.5 x 104),
log B
which leads to n < 182.

If F,, < 3™. Note that for A < 0, it is seen that

0<—-A<e—1=ePer -1
it follows that

1— 1
e =1 =]1—eM<v3 " <52 (126" < 5
Since A < 0, it implies that e® € (%, 1), so that e < 2. Therefore, we acquire

| 1 2
0< Og3—n+ og\/5 V3

mloga

< V3T <22 (1.26) 7™
log log

(3.5)
By applying again Lemma 2.5 to the inequality (3.5), we conclude that there
is no solution to this inequality for

m > 188.48247 - - - .
Similarly, by through argument, we obtain m < 189 and n < 437.
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log F',
log3 >

At last, by a calculation in Maple. Suppose now that x := where z > 4,

n >m > 10 and

3ol — gt l)/2 — g3 3wt/ S 3 =

Thus, from the case F;, > 3™, it comes that

log F}, log F},

< 1.
log 3 " log 3 +

So, we only need to check whether F,, is in the interval (3™,3™ + 3m/ 2) when

log F,
= 1
" { log 3 J i
Through a calculation with the help of Maple, we infer that there is no such n. For

the case F;, < 3™. Correspondingly, by through a calculation with helping of Maple,
we conclude that no such n exists. This completes the proof. U

4. PROOF OF THEOREM 1.2 AND LEMMAS

In this section, we give all details about the proof of Theorem 1.2. For this, we
discuss two following cases will be considered according to the values on n.
4.1. The case 1 <n < k+1. In [9, Section 2], it is shown that the equality
P® —Fy  for 1<n<k+1.
Therefore, by the inequality (1.2) reveals
|Fopq — 3™ < 3M/2, (4.1)
By Theorem 1.1, we get the following subsequent proposition.

Proposition 4.1. There are only 3 Fibonacci numbers Fo,_1 which are close to a
power of 3. Namely, the solutions (Fp,—1,3") to the Diophantine inequality (4.1) in
positive integers (n,m) with n > m, are as follows

(Fon-1,3™) € {(2,3),(89,81), (233,243)}
and so
(n,m) € {(2,1),(6,4),(7,5)}.

Proof. The solutions of the inequality (4.1) were determined by a calculation with a
computational number theory system PARI/GP code [15]. O

By the above proposition, we conclude that the solutions (P,Sk), k,n,m) of the in-
equality (1.2) with k& > 2, are given by

(2,k,2,1), 2< k<4, (89,k6,4), k>5, (233,k7,5), k> 6.
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4.2. The case n > k+ 2. In this subsection, we prove Lemma 1.3. Following that, we
get an upper bound on m and n in terms of k£ about the proof of Lemma 1.4.

Proof of Lemma 1.3. If we combine the inequality (2.6) with the equation (1.2), we
acquire

3m—1 < 3m _3m/2 < Pék:) < )\n—l
and
A2 < P < g™ 32 < gt

If we take the logarithm of both sides of the two above inequalities, we acquire
(n—2)

Since #%(1 — 67%) < X\ < 62 for k > 2, we conclude that

0.44n — 2.76 < m < 0.88n 4 0.56 < 1.5n.

log A log A

+1

—1<m§(n—1)logS .

log 3

This completes the proof. O

Proof of Lemma 1.4. If we substitute the formula (2.5) in the equation (1.3), then we
have

3™ — fkMA" = —t + ex(n).
If we take the absolute value of both sides, we get
1
3™ = fr N = | =t + ex(n)] < [t + Jex(n)| < 37/ + o
If we divide through by fx(A)A", we obtain

! AT -1 < Eil + !
(BAHY/2 1812
< 3.624 -
n n (4.2)
4.925 1.812
< /2 + /2
<
/2’

because the inequalities 3™~ < A"~! and 0.276 < fi(A\) < 0.5 hold for all k > 2. Let
us consider that 'y := #(A) “AT".3™ — 1. Observe that I'y # 0. Indeed, if this I'; = 0,

then we have that fi(\) = 3™A™" and so fi(\) could be an algebraic integer, which is
a contradiction. Thus, I'1 # 0. Applying Matveev’s result in Theorem 2.4, we can take
the parameters ¢t := 3 and

(m,01) == (1/fr(A), 1), (m2,02) := (A, —n), (n3,b3) := (3, m).

Let us start by noticing that n;, 72 and 73 are positive real numbers belonging to
K; := Q(\) for which d := [K; : Q] = k. Obviously, we can choose h(n2) = (log \)/k <
(2log8)/k and h(ns) =log3. As a consequence, we acquire Ay := 0.97 > k- h(n2) and
As :=klog3 > k- h(ns).

By using properties of logarithmic height and the inequality (2.4), it shows that

h(m) = h(fx(\)) < 4klogb + klog (k + 1) < 4.5klogk for k > 2.



150 A. GAHA, A. BOUCHIKHI, S. MEZROUI

Therefore, we can set A := 4.5k%logk > k- h(n1). Additionally, by Lemma 1.3, we
infer that B := max{|b1],|b2], |b3|} = max{1,n,m}, so we can choose B = 2n. Thus,
by Matveev’s result in Theorem 2.4 tells us that

log |T'y| > —6.9 x 10" - k° - logk - (1 + log k)(1 + log (2n))
> —6.04 x 10'2 - k° - 1og? k - log n,

where we used the facts that 1 + logk < 2.5logk and 1 + log (2n) < 3.5logn, which
is valid for k£ > 2 and n > 2. If we combine the above inequality with the inequality
(4.2), we acquire

%Iog)\ —1log7 < 6.04 x 10'2 - k% - log? k - log n

and so
n < 1.21 x 10 - k5 - log? k - log n,
which implies that

< 1.21 x 1013 - k5 - log? k.
logn

By applying Lemma 2.6 with 7' = 1.21 x 10'3 - k% - log?k, © = n, and ¢ = 1, it comes
that

n < 2(1.21 x 10" - k% - log? k) log (1.21 x 103 - k° - log® k)
< (2.42 x 101 - K - 1og® k)(30.2 + 5log k 4 21log (log k)) (4.3)
< 1.17 x 10Y - k5 - log® k,

where we have used the fact that 30.2 + 5log k + 2log (log k) < 48log k is valid for all
k > 2. Finally, by using Lemma 1.3 with the inequality (4.3), we acquire

m < 1.76 x 10*° - k° - log® k.
This finishes the proof of Lemma 1.4. O

Subsequently, we will distinguish the cases to the value of k is small or large.

4.3. In the case 2 < k < 330. To reduce the last bound on n according to the
inequality (4.3), we set
Aj :=nlog A —mlog3 +log (fr(N)).
By note that I'y = e — 1 # 0. Then A; # 0. If A; < 0, then by Lemma 2.7 with the
inequality (4.2) tells us that
7
0< Ay <eMl—1=|1 < SOiR

If Ay >0, then we get 1 — e~ = |e=™ — 1| < 1/2. Therefore, we obtain

_ 14
0<A1<€A1—1:€A1‘6 Al_l’<w'
Thus, in both cases we obtain
14

If we divide through by log 3, we acquire

1 1 .
nog)\_m og (frx(\)) - 12.8
log 3 log 3 An/2
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Applying Lemma 2.5 to the above inequality, we can take the parameters

18X o g (kM) 4 _ 108 B.=A andw = n/2.

log 3
In view of the range 2 < k < 330, we determine a suitable approximation of the
expansion 7y and a convergent p;/q; of the continued fraction of expansion 7. These
convergents fulfill ¢; exceeds 6 M and € := (k) = ||ugss|| — Mg||vgs3]| > 0 with M =
My := [1.17 x 1015 . k5 . log? k|. This value serves as an upper bound on n according
to Lemma 1.4. A quick computation with the help of Maple reveals that

g; = @53 = 6359822307465667067160456198488 > 6,

T Tog 3

and

min e(k) > 0.17879.
2<k<330

Additionally, the maximum value of w over all k € [2,330] is
n _ log (Agss/e)
2 log B

Finally, we write by a brute force calculation with the help of Maple to determine all

the solutions of the equation (1.3) for the ranges 2 < k < 330, 0 < n < 156 and

0 <m < 137 (because m < 0.88n + 0.56) with n > k + 2. Also, we find the remaining
solutions are listed in Theorem 1.2.

= 78.38481--- .

4.4. In the case k£ > 330. In this case, we shall need to proof of Lemma 1.5, which
will complete the proof of Theorem 1.2.

Proof of Lemma 1.5. By referring to Lemma 1.4, then could we have
n <117 x10% - k5 - log® k < 6F/2 for all k > 330.
Therefore, by using the inequalities (2.5), (2.7), and (1.3), we obtain
9211 9271 49271 1
_ | B I U S
6+ 2 ’9+2£+e’“(") Sroer 2T

Multiplying through by (0 + 2)0~2" and using the following facts that 3 < 63, m < n,
we acquire

' m

4 042 320 +2)

. 72” . m J—
}(9—’_2) 0 3 1‘ < 0k/2 + 292n 9271
_ 4 N 1.81 N 3.6203m/2
gk/2 f2n f2n (4.4)
4 5.43
< W + gn/2
9.5

Let us now that
[y := (0 42)072"3™ — 1.

Observe that 'y # 0. Obviously, then we have 3™ = §2"/( + 2), which is a contra-
diction. Thus, we can apply Matveev’s result in Theorem 2.4 to the inequality (4.4)
appears that the parameters t := 3 and

(m,b1) :==(0+2,1), (n2,b2):=(0,—2n), (n3,b3):=(3,m).
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We begin by noticing that 71, 72 and 73 are positive real numbers belonging to Kg :=
Q(0) for which d := [Ky : Q] = 2. Following that, then we have h(n2) = (log#)/2 and
h(ns) = log 3. In view of the properties of the logarithmic height of 7;, we obtain
log 0
B(m) = h(0 +2) < h(6) + h(2) +log2 < 2= + logd.

Therefore, we can choose Ay := 3.26 > 2h(n), Az := 0.5 > 2h(n2), and Az := 2.2 >
2h(ns). Again, we deduce that B := max{|bi|, |be|, |b3|} = max{1,2n, m}, so we can
take B = 3n. For following, by using Theorem 2.4 tells us that

log |T2| > —1.05 x 10*3 log n, (4.5)

where we used the fact that 1+ log (3n) < 3logn holds for n > 3. Now, we set the
inequalities (4.4) and (4.5) together to get

k < 4.4 x 103 logn. (4.6)
By using Lemma 1.4, we get
logn < log (1.17-10%° - k5 -1og® k) < 12logk for k > 330. (4.7)
By using the inequalities (4.6) and (4.7), we obtain

< 5.3 x 104,

log k

Applying again Lemma 2.6, we acquire
k< 2(5.3 x 10)1log (5.3 x 10™) < 3.6 x 106,

By using Lemma 1.4, it turns out that

n < 3.92 x 1012, (4.8)
To reduce the last bound on n, we set

As :=2nlogh — mlog3 +log (1/(6 + 2)).

Let us consider that 'y = e =2 — 1 £ 0. Thus, Ay # 0. So, we obtain

19
If we divide through by log 3, we acquire
log 6 log (1/(6 + 2)) 17.3
2 — . 4.
nlogS me log 3 < Ok/2 (4.9)
Next, we try to apply a Lemma 2.5 to the above inequality reveals that the parameters
log 6 log (6 + 2
v = 8 Z Q, :—M, A:=17.3, B:=0, and w:=k/2.
log 3 log 3

Taking M := 7.84 x 10'°2, which is upper bound on 2n by the inequality (4.8). By
utilizing Maple, we find that ¢; := g191 is the denominator of the i-th convergent of the
continued fraction of expansion . According to hypotheses of Lemma 2.5, we obtain

k log (Aqlgl/é)
=4 x 100 d - > 297
€ X an 5 = log B

Hence, for £ <424, by using Lemma 1.4, we get
n < 3.55 x 10%.

= 212.02398- - - .
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To apply again Lemma 2.6 to the inequality (4.9) with M := 7.1 x 103° which is upper
bound on 2n by the above inequality, we acquire

g; = @63 = 101142191489035988399613431000209 > 6 M and ¢ > 0.30035.

So, we get

log (Aq63 / 3 )
log B

As a consequence, we deduce that k < 323. This contradicts our working assumption

that k£ > 330. Finally, we conclude that inequality (1.2) doesn’t admit any solution for

all k£ > 330. This finishes the analysis of these cases and therefore the proof of Lemma

1.5 and that of Theorem 1.2. O

>

g = 161.56622- - - .

4.5. The Code. In this subsection, for the sake of completeness, we present the
PARI/GP code [15] used to confirm Proposition 4.1.

{

for(n = 1, 330, for(m = 1, 330, if(n >= m,
a = fibonacci(2*n - 1) - 3°m;

if(abs(a) < 37 (m/2),

print ([fibonacci(2*n - 1), 3"m, n, m])))))
}

This completes the proofs of our principal results.

5. CONCLUSIONS

In summary, we found all Fibonacci numbers that are close to a power of 3 and
the solutions (F),,3™) of the inequality (1.1) in positive integers (n,m) with n > m.
Subsequently, we also found all k-Pell numbers that are close to a power of 3 and all
the solutions (Pék), k,n,m) of the inequality (1.2) in the positive integers (k,n, m) with
k> 2.
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