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1. Introduction

In 1938, C. B. Morrey Jr. [13] introduced what is now known as the Morrey
space in order to study the boundedness of solutions to elliptic partial differential
equations. Despite their frequent use in the analysis of PDEs, Morrey spaces
have not attained the same level of recognition as Lebesgue or Sobolev spaces.

In addition, we aim to extend the study of the Composition Operator in the
context of weak Morrey spaces, investigating properties such as boundedness,
continuity, and compactness. Regarding boundedness, it is worth noting that in
[10, Theorem 1.5], the authors obtained a result similar to ours (Theorem 4.1).
However, we believe that our result is stronger in the sense that we obtain the
exact norm of the composition operator CT , rather than an upper bound for it.

This paper is organized as follows. In Section 2, there is a comprehensive study
on Morrey and weak-Morrey spaces. In Section 3, we state and prove an interest-
ing result on interpolation between Lebesgue and weak Morrey spaces. Finally,
in Section 4, we study boundedness, continuity and compactness of Composition
Operators defined on weak-Morrey Spaces.

2. Morrey Spaces Mu
v(Rd) and Weak Morrey Spaces ωMu

v(Rd)

In this section, we examine Morrey and weak-Morrey spaces. While compre-
hensive texts on Morrey spaces exist (e.g. [1, 15]) and some of the forthcoming
results may be well-established, we include them here for the sake of completeness
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and to provide convenience to the reader. For more results in variable exponent
function spaces see [19, 18, 22, 23, 21].

Definition 2.1. Let 1 ≤ u ≤ v <∞. Weak Morrey space is the set of measurable
functions such that ‖g‖ωMu

v
<∞, where ‖ · ‖ωMu

v
is defined by

‖g‖ωMu
v

= sup
Br(a)
γ>0

γ [m(Br(a))]
1
v
− 1

u (m{x ∈ Br(a) : |g(x)| > γ})
1
u .

where m denotes the Lebesgue measure on Rd and Br(a) = {x ∈ Rd : |x−a| < r}
is the ball in Rd, with radius r centered at a .

Note that if u = v, then

‖g‖ωMu
v

= ‖g‖L(u,∞)

where L(u,∞) is the so called weak Lu space (for details on L(u,∞) see [2]).

Next, we shall show that ‖ · ‖ωMu
v

satisfies a quasi triangle inequality and also
is a homogeneous functional.

Theorem 2.2. Let f, g ∈ ωMu
v(Rd). Then:

(1) ‖cg‖ωMu
v

= |c|‖g‖ωMu
v

for all c 6= 0;

(2) ‖g + f‖ωMu
v
≤ 2

(
‖g‖uωMu

v
+ ‖f‖uωMu

v

) 1
u

.

Proof. (1) For c 6= 0, we have

m({x ∈ Br(a) : |cg(x)| > γ}) = m

({
x ∈ Br(a) : |g(x)| > γ

|c|

})
,

in other words

Dcg(γ) = Dg

(
γ

|c|

)
.

Hence, we have

‖cg‖ωMu
v

= sup
Br(a)
γ>0

[m(Br(a))]
1
v
− 1

u (γuDcg(γ))
1
u

= sup
Br(a)
γ>0

[m(Br(a))]
1
v
− 1

u

(
γuDg

(
γ

|c|

)) 1
u

= sup
Br(a)
β>0

[m(Br(a))]
1
v
− 1

u (|c|uβuDg (β))
1
u

=|c| sup
Br(a)
β>0

[m(Br(a))]
1
v
− 1

u (βuDg (β))
1
u

=|c|‖g‖ωMu
v

for all c 6= 0.

Thus
‖cg‖ωMu

v
= |c|‖g‖ωMu

v

holds.
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(2) Note that

{x ∈ Br(a) : |g(x) + f(x)| > 0} ⊆
{
x ∈ Br(a) : |g(x)| > γ

2

}
∪{

x ∈ Br(a) : |f(x)| > γ

2

}
.

Then

[m(Br(a))]
u
v
−1γuDg+f (γ)

≤ [m(Br(a))]
u
v
−1γuDg

(γ
2

)
+ [m(Br(a))]

u
v
−1γuDf

(γ
2

)
≤ 2u

 sup
Br(a)
γ>0

[m(Br(a))]
u
v
−1γuDg(γ) + sup

Br(a)
γ>0

[m(Br(a))]
u
v
−1γuDf (γ)

 .

Therefore

‖g + f‖ωMu
v
≤ 2

(
‖g‖uωMu

v
+ ‖f‖uωMu

v

)
.

�

Definition 2.3. A quasi-norm is a function that shares some properties with a
norm but relaxes the strictness of the triangle inequality, allowing for a constant
factor 1 ≤ C to be present. Specifically, a function ‖ · ‖ defined on a vector space
is considered a quasi-norm if it satisfies the following condition:

‖f + g‖ ≤ C(‖f‖+ ‖g‖).

According to Definition 2.3, Theorem 2.2 tells us that ‖ · ‖ωMu
v

is a quasi-norm.

Definition 2.4 (Morrey spaces). Let 1 ≤ u ≤ v < ∞ and Br(a) ⊂ Rd a ball
center at a with radius r > 0. The Morrey spaces Mu

v(Rd) are defined as

Mu
v(Rd) =

{
g ∈ Luloc(Br(a)) : ‖g‖Mu

v (Rd) <∞
}
, (2.1)

where ‖ · ‖Mu
v (Rd) is given by

‖g‖Mu
v (Rd) = sup

B
[m(Br(a))]

1
v
− 1

u

 ∫
Br(a)

|g|u dm


1
u

(2.2)

(2.1) equipped with norm (2.2) is a Banach space.

The following result shows us the relationship betweenMu
v(Rd) and ωMu

v(Rd)
spaces.

Theorem 2.5. Mu
v(Rd)  ωMu

v(Rd) and

‖g‖ωMu
v
≤ ‖g‖Mu

v
.
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Proof. Let g ∈Mu
v(Rd) then by Chebyshev’s inequality we have

γum({x ∈ Br(a) : |g(x)| > γ}) ≤
∫

{|g|>γ}

|g|u dm ≤
∫

Br(a)

|g|u dm.

From this later inequality we have

[m(Br(a))]
u
v
−1γum({x ∈ Br(a) : |g(x)| > γ})] ≤[m(Br(a))]

u
v
−1
∫

Br(a)

|g|u dm

≤‖g‖uMu
v
.

And so

sup
Br(a)
r>0

[m(Br(a))]
u
v
− 1

u (γum({x ∈ Br(a) : |g(x)| > γ}))
1
u ≤ ‖g‖Mu

v
, (2.3)

thus g ∈ ωMu
v(Rd), which means that

Mu
v(Rd) ⊂ ωMu

v(Rd),
and by (2.3) we have

‖g‖ωMu
v
≤ ‖g‖Mu

v
.

Now, choose g(x) = 1

|x|
1
u

for u ≥ 1. Note that g is defined on (0,+∞). Thus for

B(0, 1) ⊂ R we have

m({x ∈ B(0, 1) : |g(x)| > γ}) =m

({
x ∈ B(0, 1) :

1

|x| 1u
> γ

})

=m

({
x ∈ B(0, 1) : |x| > 1

γu

})
=2γ−u.

Then

[m(B(0, 1))]
u
v
−1γum({x ∈ B(0, 1) : |g(x)| > γ}) = 2[m(B(0, 1))]

u
v
−1,

thus
sup
B(0,1)

[m(B(0, 1))]
u
v
−1γum({x ∈ B(0, 1) : |g(x)| > γ}) <∞,

which means that g(x) = 1

|x|
1
u
∈ ωMu

v(Rd).

While

[m(B(0, 1))]
u
v
−1

∫
B(0,1)

dm

|x|
→ ∞.

Hence

g(x) =
1

|x| 1u
/∈Mu

v(R).

In this way we have shown that

Mu
v(Rd)  ωMu

v .

�
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From (2.3) we derive that

m({x ∈ Br(a) : |g(x)| > γ}) ≤ [m(Br(a))]1−
u
v

‖g‖uMu
v

γ
(2.4)

(2.4) will be useful in what follows.

Theorem 2.6. If g ∈ ωMu
v(Rd) ∩ L∞(Rd), then g ∈ Lv(Br(a)) for all q > p.

Proof. Let g ∈ ωMu
v(Rd) ∩ L∞(Rd)), M = esssup |g(x)|, then by applying Cava-

lieri’s principle see [2]∫
Br(a)

|g|v dm =

∫ ∞
0

γv−1m({x ∈ Br(a) : |g(x)| > γ}) dγ

=v

∫ M

o

γv−1m({x ∈ Br(a) : |g(x)| > γ}) dγ

+ v

∫ ∞
M

γv−1m({x ∈ Br(a) : |g(x)| > γ}) dγ,

consequently, we have

m({x ∈ Br(a) : |g(x)| > γ}) = 0 for γ > M ,

since g ∈ ωMu
v(Rd) ∩ L∞(Rd), therefore

v

∫ ∞
M

γv−1m({x ∈ Br(a) : |g(x)| > γ}) dγ = 0.

By (2.4), we have∫
Br(a)

|g|v dm =v

∫ M

0

γv−1m({x ∈ Br(a) : |g(x)| > γ}) dγ

≤v[m(Br(a))]1−
u
v ‖g‖uωMu

v

∫ M

0

γv−u−1 dγ

=v[m(Br(a))]1−
u
v ‖g‖uωMu

v

M v−u

v − u
which is finite, hence g ∈ Lv(Br(a)). �

The inclusion property of weak Morrey space is given in the following theorem.

Theorem 2.7. If 1 ≤ u1 ≤ u2 ≤ v <∞. Then

ωMu2
v (Rd) ⊂ ωMu1

v (Rd)

with

‖g‖ωMu1
v
≤ C(u2, u1)‖g‖ωMu2

v

for every g ∈ ωMu2
v (Rd) and C(u2, u1) > 0.
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Proof. Let g ∈ ωMu2
v (Rd) and γ > 0. By definition of ‖ · ‖ωMu2

v
we have

[m(Br(a))]
1
v
− 1

u1 γ[m({x ∈ Br(a) : |g(x)| > γ})]
1
u2 ≤ ‖g‖ωMu2

v

for any ball Br(a) ⊂ Rd.

Thus

γ ≤ [m(Br(a))]
1
u2
− 1

v

[m({x ∈ Br(a) : |g(x)| > γ})]
1
u2

‖g‖ωMu2
v
,

then

[m(Br(a))]
1
v
− 1

u1 γ(m({x ∈ Br(a) : |g(x)| > γ}))
1
u1

≤ [m(Br(a))]
1
u2
− 1

u1 (m({x ∈ Br(a) : |g(x)| > γ}))
1
u1

[m({x ∈ Br(a) : |g(x)| > γ})]
1
u2

‖g‖ωMu2
v

=
[m(Br(a))]

1
u2
− 1

u2

[m({x ∈ Br(a) : |g(x)| > γ})]
1
u2
− 1

u1

‖g‖ωMu2
v
.

Hence

sup
Br(a)

[m(Br(a))]
1
v
− 1

u1 γ[m({x ∈ Br(a) : |g(x)| > γ})]
1
u1 ≤ C(u2, u1)‖g‖ωMu2

v

where

C(u2, u1) =
[m(Br(a))]

1
u2
− 1

u1

[m({x ∈ Br(a) : |g(x)| > γ})]
1
u2
− 1

u1

.

And so

‖g‖ωMu1
v
≤ C(u2, u1)‖g‖ωMu2

v
.

Hence g ∈ ωMu1
v (Rd) which shown that

ωMu2
v (Rd) ⊂ ωMu1

v (Rd).

�

3. An interpolation result

If a function g belongs to both Lu(Rd,m) and Lv(Rd,m), where 1 ≤ u < v ≤ ∞
and m is an appropriate measure (typically the Lebesgue measure), then g also
belongs to Lr(Rd,m) for all u < r < v. We have following similar result for
Mu

v(Rd).

Theorem 3.1. Let 0 < u ≤ v < t < ∞ and g ∈ ωMu
v(Rd) ∩ ωMt

v(Rd). Then
g ∈ Lr(Br(a)) for all u < r < t and

‖g‖rLr
≤
(

r

r − u
+

r

t− r

)
[m(Br(a))]

q−r
v

(
‖g‖uωMu

v

) t−r
t−u
(
‖g‖tωMt

v

) r−r
r−u (3.1)

with the suitable interpolation when t =∞.
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Proof. Let us take first t <∞, we know that

m({x ∈ Br(a) : |g(x)| > γ})

≤ min

(
[m(Br(a))]1−

u
v ‖g‖uωMu

v

γu
,
[m(Br(a))]1−

t
v ‖g‖tωMt

v

γt

)
, (3.2)

now, let us define

B =

(
[m(Br(a))]1−

t
v ‖g‖tωMt

v

[m(Br(a))]1−
u
v ‖g‖uωMu

v

) 1
t−u

. (3.3)

By (3.2), (3.3), and the Cavalieri’s principle, we have

‖g‖rLr
=r

∫ ∞
0

γr−1m({x ∈ Br(a) : |g(x)| > γ}) dγ

≤r
∫ ∞
0

γr−1 min

(
[m(Br(a))]1−

u
v ‖g‖uωMu

v

γu
,
[m(Br(a))]1−

t
v ‖g‖tωMt

v

γt

)
dγ

=r

∫ B

0

γr−u−1‖g‖uωMu
v
dγ + r

∫ ∞
B

γr−t−1‖g‖tωMt
v
dγ (3.4)

=
r

r − u
‖g‖uωMu

v
Br−u +

r

r − u
‖g‖tωMt

v
Br−t

=

(
r

r − u
+

r

r − u

)
[m(Br(a))]

q−r
v

(
‖g‖uωMu

v

) t−r
t−u
(
‖g‖tωMt

v

) r−u
t−u .

As it can be easily seen that the integral converges for r − s < 0 and r − u > 0.

If we consider the case t =∞, we have

m({x ∈ Br(a) : |g(x)| > γ}) = 0 for γ > ‖g‖L∞ .

By using the following inequality,

m({x ∈ Br(a) : |g(x)| > γ}) ≤ [m(Br(a))]1−
u
v ‖g‖uωMu

v

for γ ≤ ‖g‖L∞ , the estimate of the first integral in (3.4) may be written as

‖g‖rLr
≤ r

r − u
[m(Br(a))]

q−r
v

(
‖g‖uωMu

v

) (
‖g‖r−uL∞

)
,

which is the same as (3.1) when t =∞. This completes the proof. �

4. Boundedness and Compactness of Composition operator on
ωMu

v(Rd)

In this section we shall investigate necessary and sufficient condition for a
composition operator to be bounded. In order to do so, let us begin by gathering
some basic definitions and properties of composition operators.

Let  L(Rd) denotes the collection of Lebesgue measurable sets, A ∈  L(Rd), and
T : Rd −→ Rd be a measurable transformation such that T−1(A) ∈  L(Rd). It is
well known that  L(Rd) is a σ-algebra.
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If m(T−1(A)) = 0 for all A ∈  L(Rd) with m(A) = 0, then T is said to be non
singular. This condition means that the measure m ◦ T−1, defined by

m ◦ T−1(A) = m(T−1(A)) for A ∈  L(Rd)
is absolutely continuous with respect to m (it is usually denoted by m◦T−1 � m).

Any measurable non-singular transformation T induces a linear operator (Com-
position operator) CT from F(Rd,  L(Rd),m) into itself defined by

CT (f)(x) = f(T (x)),

x ∈ Rd, f ∈ F(Rd,  L(Rd),m) where F(Rd,  L(Rd),m) denotes the linear space of
all equivalence classes of  L(Rd)-measurable functions on Rd.

Composition Operators are relatively simple operator with a wide range of ap-
plications in areas such that a partial differential equations, group representation
theory, ergodic theory or dynamic systems, etc. For more details on composition
operators, see [3, 4, 5, 6, 7, 8, 9, 11, 12, 14, 16, 17].

In what follows we shall consider

CT : ωMu
v(Rd) −→ Rd.

The following result characterizes the boundedness of CT . Compare with [10,
Theorem 1.5].

Theorem 4.1. Let T : Rd −→ Rd be a measurable non-singular transformation.
Then the map CT : f 7→ f ◦ T induced by T is bounded on ωMu

v(Rd) if and only
if there exists a positive constant M such that

m(T−1(F )) ≤Mm(F )

for all F ∈  L(Rd). Moreover,

‖CT‖ = sup
0<m(F )<∞
F∈ L(Rd)

(
m(T−1(F ))

m(F )

) 1
u

.

Proof. Assume that there exists a constant M > 0 such that m(T−1(F )) ≤
Mm(F ) for all F ∈  L(Rd). Then

‖CT (f)‖ωMu
v

= sup
Br(a)
r>0

γ[m(Br(a))]
1
v
− 1

u [m({x ∈ Br(a) : |CTf(x)| > γ})]
1
u

= sup
Br(a)
r>0

γ[m(Br(a))]
1
v
− 1

u (m({x ∈ Br(a) : |f(T (x))| > γ}))
1
u

= sup
Br(a)
r>0

γ[m(Br(a))]
1
v
− 1

u

(
m(T−1({x ∈ Br(a) : |f(T (x))| > γ}))

) 1
u

≤M sup
Br(a)
r>0

γ[m(Br(a))]
1
v
− 1

u (m({x ∈ Br(a) : |f(T (x))| > γ}))
1
u

= M‖f‖ωMu
v
.
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Hence

‖CT (f)‖ωMu
v
≤ ‖f‖ωMu

v
.

Conversely, suppose that CT is a bounded operator and let F ∈  L(Rd). If m(F ) =
∞, then there is nothing to prove. Assume m(F ) < ∞ and consider χT−1(F ),
then

[m(T−1(F ))]
1
u ≤ sup

Br(a)
r>0

γ[m(Br(a))]
1
v
− 1

u

(
m({x ∈ Br(a) : χT−1(F )(x) > γ})

) 1
u

= sup
Br(a)
r>0

γ[m(Br(a))]
1
v
− 1

u (m({x ∈ Br(a) : (χF ◦ T )(x) > γ}))
1
u

=‖χF ◦ T‖ωMu
v

=‖CT (χF )‖ωMu
v
.

Now, given that CT is a bounded operator, there exists M > 0 such as

‖CT (χF )‖ωMu
v
≤M

1
u [m(F )]

1
u .

Thus

[m(T−1(F ))]
1
u ≤M

1
u [m(F )]

1
u ,

accordingly

m(T−1(F )) ≤Mm(F ),

for all F ∈  L(Rd).

Finally, let us prove that

‖CT‖ = sup
0<m(F )<∞
F∈ L(Rd)

(
m(T−1(F ))

m(F )

) 1
u

.

Indeed, let

N = sup
0<m(F )<∞
F∈ L(Rd)

(
m(T−1(F ))

m(F )

) 1
u

,

then (
m(T−1(F ))

m(F )

) 1
u

≤ N for all E ∈  L(Rd), m(F ) 6= 0,

thus

m(T−1(F )) ≤ Num(F ) for all E ∈  L(Rd).
Now, considering the the first part of this Theorem, we get

‖CT (f)‖ωMu
v
≤ N‖f‖ωMu

v
,

for all f ∈ ωMu
v(Rd). Hence

‖CT‖ = sup
f 6=0

‖CT (f)‖ωMu
v

‖f‖ωMu
v

≤ N
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and so

‖Ct‖ ≤ sup
0<m(F )<∞
F∈ L(Rd)

(
m(T−1(F ))

m(F )

) 1
u

. (4.1)

On the other hand, let

M = ‖CT‖ = sup
f 6=0

‖CT (f)‖ωMu
v

‖f‖ωMu
v

.

Then
‖CT (f)‖ωMu

v

‖f‖ωMu
v

≤M for all f ∈ ωMu
v(Rd), f 6= 0.

In particular, for f = χE such that 0 < m(F ) < ∞, F ∈  L(Rd). We have that
f = χF ∈ ωMu

v(Rd) and

‖CT (χE)‖ωMu
v

‖χE‖ωMu
v

=

(
m(T−1(F ))

m(F )

) 1
u

≤M

therefore

sup
0<m(F )<∞
F∈ L(Rd)

(
m(T−1(F ))

m(F )

) 1
u

≤M = ‖CT‖. (4.2)

Finally from (4.1) and(4.2) we obtain

‖CT‖ωMu
v

= sup
0<m(F )<∞
E∈ L(Rd)

(
m(T−1(F ))

m(F )

) 1
u

.

�

Now, we prove the continuity of CT .

Theorem 4.2. The composition operator CT defined on ωMu
v(Rd) is continuous.

Proof. Let {fn}n∈N and {CT (fn)}n∈N be sequences in ωMu
v(Rd) such that fn →

f and CT (fn) → g for some functions f, g ∈ ωMu
v(Rd). Then we can find a

subsequence {fnk
}k∈N of {fn}n∈N such that

‖fnk
− f‖ωMu

v
(t)→ 0

for m-almost all t ∈ Rd. By Chebyschev’s inequality we have

m
({
‖fnk

− f‖ωMu
v
> ε
})
→ 0.

Since m ◦ T−1 � m

m ◦ T−1
({
t ∈ Rd : ‖fnk

− f‖ωMu
v
(t) > ε

})
−−−→
k→∞

0,

but

m
({
‖fnk

− f‖ωMu
v
◦ T > ε

})
=m

({
T−1

(
{‖fnk

− f‖ωMu
v
> ε}

)})
=m ◦ T−1

({
‖fnk

− f‖ωMu
v
> ε
})
−−−→
k→∞

0.
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Hence

m
({
‖fnk

− f‖ωMu
v
◦ T > ε

})
−−−→
k→∞

0.

Then by the Riesz Theorem there exists a subsequence {‖fnkj
− f‖ωMu

v
◦ T}j∈N

of
{
‖fnk

− f‖ωMu
v
◦ T
}
k∈N such that

‖fnkj
− f‖ωMu

v
◦ T −−−→

j→∞
0 a.e.

Thus

‖g − f ◦ T‖ωMu
v

=‖fnkj
◦ T − g + fnkj

◦ T − f ◦ T‖ωMu
v

≤2
(
‖fnkj

◦ T − g‖ωMu
v

+ ‖fnkj
◦ T − f ◦ T‖ωMu

v

)
=2
(
‖CT (fnkj

)− g‖ωMu
v

+ ‖fnkj
− f‖ωMu

v
◦ T
)
→ 0

as j →∞. And hence

‖g − f ◦ T‖ωMu
v

= 0.

Then CT (f) = g. This proves that the graph of CT is closed and then, invoking
the Closed Graph Theorem, CT is continuous. �

Our last result provides a sufficient condition for the compactness of CT . In
order to prove it, we will rely on the following Lemma.

Lemma 4.3. Let f : Rn → [0,∞] be a measurable function. Then there exist
measurable sets {Ak}k∈N in Rn such that

f(x) =
∞∑
k=1

1

k
χAk

(x).

Proof. Set A1 = {x ∈ Rn : f(x) ≥ 1} and inductively define for m = 2, 3, . . .

Am =

{
x ∈ Rn : f(x) ≥ 1

m
+

m−1∑
k=1

1

k
χAk

(x)

}
.

For any x ∈ Am it is clear that

f(x) ≥
m−1∑
k=1

1

k
χAk

(x).

Hence, an induction argument shows that

f(x) ≥
m∑
k=1

1

k
χAk

(x) (m = 1, 2, . . .).

And so

f(x) ≥
∞∑
k=1

1

k
χAk

(x).

If f(x) = ∞, then x ∈ Am for all m ∈ N, implying the equality holds (as both
sides are infinite).
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On the other hand, if 0 < f(x) <∞, then for infinitely many n ∈ N, we have
x /∈ An. This means that for any N ∈ N, there exists n > N such that x ∈ A{n,
that is

f(x) ≤ 1

n
+

n−1∑
k=1

1

k
χAk

(x).

Hence, for infinitely many n ∈ N:

n−1∑
k=1

1

k
χAk

(x) ≤ f(x) ≤ 1

n
+

n−1∑
k=1

1

k
χAk

(x),

and so

0 ≤ f(x)−
n−1∑
k=1

1

k
χAk

(x) ≤ 1

n
.

Therefore, letting n→∞, we conclude

f(x) =
∞∑
k=1

1

k
χAk

(x).

�

We now proceed to state and demonstrate the final result of this work, which
pertains to the compactness property of the composition operator CT .

Theorem 4.4. Let T : Rd −→ Rd be a nonsingular measurable transformation
such that

m(T−1(Ak)) ≤ bkm(Ak), for some sequence bk → 0,

where Ak are as in Lemma 4.3. Then CT is a compact composition operator on
Mu

v(Rd).

Proof. Let f ∈ Mu
v (Rd) with f : Rd → [0,∞]. By Lemma 4.3, there exist

measurable sets {Ak}k∈N in Rd such that

f =
∞∑
k=1

1

k
χAk

.

Then for a mapping T : Rd → Rd, we obtain

f(T (x)) =
∞∑
k=1

1

k
χAk

(T (x)).

Thus, the composition operator is given by

CT (f)(x) = f(T (x)) =
∞∑
k=1

1

k
χT−1(Ak)(x).

Next, for each N ∈ N, define the finite-rank approximation

CN
T (f)(x) =

N∑
k=1

1

k
χT−1(Ak)(x),
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and consider the difference

CT (f)(x)− CN
T (f)(x) =

∑
k>N

1

k
χT−1(Ak)(x).

We estimate the distribution function of this difference. For γ > 0:

DCT (f)−CN
T (f)(γ) = m

({
x ∈ Rd :

∣∣∣∣∣∑
k>N

1

k
χT−1(Ak)(x)

∣∣∣∣∣ > γ

})

≤ m

({
x ∈ Rd :

∑
k>N

∣∣∣∣1k
∣∣∣∣ ∣∣χT−1(Ak)(x)

∣∣ > γ

})

≤ m

⋃
k>N
1
k
>γ

T−1(Ak)


≤
∑
k>N
1
k
>γ

m(T−1(Ak)).

By the assumed property of T , we have m(T−1(Ak)) ≤ bkm(Ak). Therefore,

DCT (f)−CN
T (f)(γ) ≤

∑
k>N
1
k
>γ

bkm(Ak)

≤
(

sup
k>N

bk

)∑
k>N
1
k
>γ

m(Ak)

≤
(

sup
k>N

bk

)
m

({
x ∈ Rd :

∞∑
k=1

1

k
χAk

(x) > γ

})

=

(
sup
k>N

bk

)
m
({
x ∈ Rd : f(x) > γ

})
=

(
sup
k>N

bk

)
Df (γ).

Let dN = supk>N bk. Since bk → 0, we have dN ∈ (0, 1) for large N and dN → 0
as N →∞.

From this estimate on the distribution function, we obtain the corresponding
norm estimate (in the weak Morrey space ωMu

v(Rd):

||CT (f)− CN
T (f)||ωMu

v (Rd) ≤ dN ||f ||ωMu
v (Rd) → 0 as N →∞.

Since CN
T is a finite-rank operator for each N , and CT is the limit (in the operator

norm) of these finite-rank operators, it follows that CT is compact. �
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