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EXISTENCE AND UNIQUENESS FOR CAPUTO FRACTIONAL
DIFFERENTIAL EQUATIONS WITH INTEGRAL BOUNDARY
CONDITION

DJAMEL-EDDINE HETTADJ! and HABIB DJOURDEM?*

ABSTRACT. In this paper, we study nonlinear fractional differential equations
involving the Caputo fractional derivative subject to an integral boundary con-
dition. First, the exact solution of the corresponding linear problem is obtained
by applying tools from fractional calculus. To prove the existence of solutions
for the nonlinear case, we employ Schauder’s and Krasnoselskii’s fixed point
theorems. Moreover, the uniqueness of the solution is established by using
the Banach contraction principle. Finally, several illustrative examples are
presented to demonstrate the applicability and effectiveness of the theoretical
results.
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1. INTRODUCTION AND BASIC RESULTS

Fractional differential equations involving different types of fractional deriva-
tives are models of many phenomena in various domains like engineering and
scientific fields. When, we mention these fields, we mean among them: electrody-
namics of complex mediums, aerodynamics, signal and image processing, blood
flow phenomena, economics, biophysics, control theory, (see [1, 3, 5, 6,9, 13, 15,

23)).

Boundary value problems for differential equations involving Riemann-Liouville,
Caputo, generalized Caputo, Hadamard derivatives, Atangana-Baleanu-Caputo,
etc have attracted the interest of many researchers. To identify a few, we refer
the reader to [7, 10, 11, 16, 18, 21].

In [8], the authors considered the following boundary value problem:

Dk (1) + f(1,5(7)) =0, 7€(0,1),
subject to the boundary conditions
KD (0)=0,0<i<2 D°k(1) =Nk (1),

Date: Received: Aug 23, 2025; Accepted: Sep 20, 2025.
* Corresponding author
(© The Author(s) 2025. This article is licensed under a Creative Commons Attribution-
NonCommercial-NoDerivatives 4.0 International License. To view a copy of the licence, visit
https://creativecommons.org/licenses/by-nc-nd/4.0/.

382


https://creativecommons.org/licenses/by-nc-nd/4.0/

CAPUTO FRACTIONAL DIFFERENTIAL EQUATIONS 383

where D”, D7 are the standard Riemann-Liouville fractional derivative of order
v € (3,4], 0 € (0,2] respectively, I, is the stantard Riemann-Liouville fractional

integral of order o € (0,2] and 0 < % < 1. To establish the existence
results of the considered problem, the authors used the properties of the Green’s
function and the monotone iteration technique.

In [2], Aljurbua studies the existence of solutions for fractional differential
equations with nonlocal boundary conditions (NFDEs):

D'k(1) = f(1,k(7)), 1<v<2,7€l0,d],
apk(c) = —bok(d), a1k'(c) = —=bik'(d), 0<c<d,

where a;,b; € RT for i = 1,2, D" represents the Caputo derivative of order v,
and there is a continuous function f : [0,d] x R — R.

In [19], Shivanian studied the following fractional differential equations with
nonloal boundary conditions

{ D'k (1) + f (1,6 (1), (7),k" (7)) =0, T 61(0, 1),
£(0) =+, (0)=r,"(0)=0, (1=XNk(1)= [, K(s)ds,

where 3 < v < 4, DY is the left Rieman-Liouville fractional derivative and f :
(0,1) x R x R x R — R is a given continuous function.

In this paper, we investigate the existence and uniqueness of solutions for a
Caputo fractional boundary value problem with a three-point integral condition,
where the nonlinearity depends on both the function and its lower order Caputo
derivative. As in the following problem:

D'k(1) = f(1,k(7),°Dk(7)), 0<0c<1,2<v<3,7€l0,T],
x(0) = K" (0) =0, (1.1)
K(T) = A [ K(s)ds.

Here ¢D¥, ¢D? are the Caputo fractional derivatives of order v and o, respectively,
f a continuous function, 7 and A two parameters with 0 <n < T and 0 < A < 37—7;
By using some suitable conditions together with Hélder inequality, we inves-
tigate the existence results for the problem (1.1). In Section 2, we present our
study that is based on Schauder’s fixed point theorem, Krasnoselskii’s fixed point
theorem and Banach’s fixed point theorem. In the last section, we give some
illustrative examples.
Now, we recall some definitions and lemmas which can be found in [13].

Definition 1.1. The Riemann-Liouville fractional integral of order v > 0 for a
function f : (0,+00) — R is defined as

1 f(r) = % / "7 — 5 f(s)ds,

provided the integral exists, and I (v) = [" e 77" 'dr.

Definition 1.2. Let a function f : [0,400) — R, the Caputo derivative of
fractional order v > 0 is defined as

‘Df(1) = —I‘(nl— ” /OT(T — )" ™ ()ds, n=[]+1,



384 D. HETTADJ, H. DJOURDEM

where [v] denotes the integer part of the real number v, provided the right side
is pointwise defined on (0, +00).
Lemma 1.3. Let v > 0 and k € ACN[0,T]. Then the equation
‘D'k(T) =0,
has a unique solution
K(T) =ag+ a7+ am® + ... +any_ 1™, @, €R,i=1,2,...,N,
where N 1s the smallest integer greater than or equal to v.

Lemma 1.4. Let v >0 >0 and k € LP(0,1) C L'(0,1),0 < p < +oo. Then the
next formulas hold.

(i) (“D?I"k)(T) = 1""7K(T),
(i) (“D'I"k)(T) = k(7).

One of our used tools in this study is Holder inequality.

Lemma 1.5. (Hélder inequality)[17] Let f € LP([a,b]) with0 < a <b andp > 1,
g € L([a,b]) with ¢ > 1, and ]13 + % = 1. Then fg € L*([a,b]) and

1fglly < (1711, llgll, -
Let f € L'([a,b]), g € L*=([a,b]). Then fg € L*([a,b]) and

1Fglly < {171l llgll -

In the next Lemma, we characterize the general solution of the linear problem
associated with problem (1.1).

Lemma 1.6. Let 2T # An*. Then for h € C([0,T),[0,00)), the problem

D'k(1) =h(1), 2<v<3,7€][0,T],
x(0) = K" (0) =0, (1.2)
K(T) = X [} K(s)ds,

has a unique solution given by

K(T) = I‘(ly) /OT(T — 5)" " th(s)ds

Proof. By Definition 1.1 and Lemma 1.3, the equation (1.2) is reduced to the
integral equation,

1 T
K(r) = / (= 5)" " h(s)ds + ao + ar7 + as7,
I'(v) Jo
where ag, a1, ay € R are arbitrary constants.
We have

17 1

k(1) = T —9) /OT(T — 5)"*h(s)ds + 2as,.
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By using #(0) = 0 and " (0) = 0, we get

K(T) = F(ly) /OT(T —5)" " h(s)ds + a7 (1.3)

Integrating the equation (1.3) from 0 to n, we get

/On K(T)dT = F(l ) /0’7 (/OT(T - S)Vlh(s)d8> it /077 .

v
1 " n?
— — $)’h(s)ds + a1 L.
VF(V>/0 (n —s)"h(s)ds + a; 5
Then, by the condition (T) = A [ k(s)ds, we get
L /T(T— VU h(s)ds + ar T = A— /"( S h(s)ds + ann
r'v) J, ° /a8 T o = v(v) J, " o

which implies:

e (2T — /\znz)F(V) (3 /0" (1= 5)"hls)ds = /oT(T - S>U1h(8)d5> .

Therefore, the solution of the problem (1.2)

K(T) = % /OT(T —5)""'h(s)ds

14

0

2. EXISTENCE RESULTS

This part addresses the proof of existence of solutions for the given problem

(1.1).

We define the space
X={xk|rkeC(0,T],R) and °D°k € C([0,T],R)}
equipped with the norm

llly = sup |&(7)|+ sup [“D7k(7)],
T€[0,T] T€[0,T]
where 0 < o < 1. (X,]|.]|) is a Banach space ([20]).
The operator & : X — X is given by

(1) (1) = —— [ (7 = 871 (s, 5(s).c D"n(s))ds
F(V) 0

2T N [ , o
*@T—mmww(zﬂ<”‘@f@ﬂ@>anww

_AQT_@%V@w@fD%@MQ,
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then problem (1.1) has solutions if and only if operator & has fixed points. So
®'k is given by

(&'k)(1) = /OT %f(s,ﬁ(S),cD%(S))ds + T = )\an)r(y)

< (2 [ st D9

N CEREIE Dk(s))ds ),

in Definition 1.2, we get

°D°(Bk)(T)
1 g U
_ m/0 (1 — 5)~7(&r) (r)ds
1 ! v—o—1 c Mo 27—1_0
o /0 (7 = 7 s n(a) DS + (s
X (%/0 (n—9)"f(s,k(s), Dk(s))ds — /0 (T — s)”flf(s, K(s),° D”/i(S))dS) )
For convenience, we set:
o IATV+2 o+
Tw+l) T AT +2) T = P+ 1)
Tv—o 2)\T1/fa+2 2TV*0’+1

0, =

Tv—o+1) QT - MO +2T2—0) QT —MAT(w + T2 —0)
75 (1—6\"" ATV =0+ 1—0 \"°
ﬁl:m(y—_a) TR AT+ ) (V_5+1>

9TV —o+1 1—6\""
MY ( - 5)

TV 1—6 \"° QNTV o0+ 1—0 \"°
o = I'(v—o) (1/— o —5) * 2T — ) (v +2)I'(2 - o) (1/—(5—1— 1)

2Tufo'f5+1 1-4 1-6
TR PTOT2 =) (y _ 5) |

(2.1)

Before, establishing our first result, we state the well known Schauder’s fixed
point theorem.

Lemma 2.1. (Schauder’s fized point theorem [12]). Let U be a closed,
convex, and nonempty subset of banach space X. Let ¥ : U — U be a continuous
mapping such that $(U) is a relatively compact subset of X. Then ¥ has at least
one fized point in U.
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Theorem 2.2. Suppose that function f € C([0,T] x R x R,R) fulfills the con-
dition:

(B1) [F(7, 51, k2)| S w(T) + g [Ra] ™ + oz 12| V(T k1, 152) € [0, T x R xR,

andw € L5 ([0,T,RY), § € (0,v—1), 4, >0,0< g, <1,i=1,2.
Then, the problem (1.1) has at least one solution on [0,T].

5
Proof. Denote ||w|| = <f0T |w(s)|% ds) .Let B, ={k € X :||k|y <7} withr >0
to be defined later. B, is a closed, and convex subset of the Banach space X.
We will show that there exists » > 0 such that & maps B, into B,. For k € B,,
we have

1 ! v—1 01 cnNo 02
(@A) < g7 [ (7= o)+ ()| 2 DG/ s

27 A ! v 01 c o 02
+(2T— AT (v) (;/0 (T = )" [w(s) + p [c(s)|"" + p2 [*DF £(s)|7] ds

b [ = o) () + s Do) ds)

T 10\ T Gt 4 )
- I'(v) v—239 I'(v+1)

ATV =042 || 1—6 1—5+ 2T Jw|| (1—-6\""°
QQr - a))I'v+1) \r—0+1 2T — A >)I'(v) \v -0

( AT+ 27+
(

01 02
2T = A?)l'(v + 2) - (2T — Mp2)T(v + 1)> (par + por?®)

T /1 —6\'° INTV—0+2 1—5 \'°
<
—\T'(v) (y—é) +(2T—/\7]2)F(1/+1) (y—5+1>
oV—0+1 1-6\""°
T BT AT (u—é) el

T, AT+ . 27+
T(v+1) (T — AT +2) QT - 2)(v+1)

) G+ )
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and

@)
S =9 ) () D7) s
2T — Anf;;(:)F(2 —0)

x (3 / "= )" [0(s) + p |K()|% + i 2D ()| d

v

1

+/0 (T —s)"" [w(8)+u1!f<:(5)!“+u2\cD"H(8)!@2]d8)

Tufafé 1—=4 1-6 Tv—o
< [Jw]] < 5) + i (a7® + p1or%)

'v—0) \v—0-— v—o+1)
. INTV =342 ||y ( 1-6 )1—5
T - ) Tv+1)I'2—0) \v—0+1
+ Sl (7 + pior®?)
2T — a?)I'(v+2)['(2 - o)
. 27—+ ||| (1 _ 5) 1=6
2T — )T (W) (2—0) \v—20
ov—0+1
T AT NPT T T = o) P rer®).

From the obove inequalities, we get
165l < Hy+ Ha (pur® + par®),

where

le

T (1—6\'" PRVAES 1—0 \"°
I'(v) (l/—5) +(2T—)\n2)f‘(u+1) (1/—(5+1)
9TV —5+1 1—0\"° T1ve /15 \'7°
- +
2T — A2 )I'(v) (u—é) I'(v—o) (V—0—5>
ATV —0+2 ( 1-6 )1“5

TR M T2 —0) \v =541

2Tufo'f5+1 1-5 1-6
* 2T — M) T'(v)T'(2 — o) (V - (5)

]l

(2.2)
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and
Tv 2)\Tu+2 2Ty+1 Tv—o
Hy = + + +
T(v+1) QT - P)T(v+2) QT - x2)(v+1) D—o+1)
2)\Tuf¢7+2 2TV*O'+1

T RT M +2T2—0) | @T — ML + T2 —0)

(2.3)
Let r > 0 with
r > max {3H1, (3Hop) T, (3H2u2)ﬁ} .
Then, for any x € B,, it follows that
|Gkl < Hi+ Hy (pur? + por®) <

Since f, we conclude & is continuous. The next step is to establish that the
families & (B) and ¢D?®(B) are equicontinuous for every bounded subset B of X,
where B is any bounded subset of X. Since f is continuous, we can suppose that
|f (7, k(7),¢ D?k(7))| < Q for any k € B and 7 € [0, T]. Now, for 0 <7y < 75 < T,
we have

|(6r)(72) — (65)(71)]

L E v (= 8) N, k(7). DK(T))ds
< |y [ 162 =1 = 0 P V) ()
1 " v—1 c No
+ m/ﬁ (1o — )" f(7,k(7),C D7K(T))ds
bl (2 [ sy ) Do ds

+ /OT(T — )" f(1, k(7). D7K(T))] ds)

2@ |T2 — 7'1‘ )\77V+1 ™
< 2 _ 14 v _ v _
S ory e A = nlt o v e T
2QT" —
< ¢ 12(m0 — )" + 70 — 75| + QT | — 7| N +v+1)

I'v+1) 2T — x> )I'(v +2)
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and

°D? (&k)(12) = D (&) (71)]
= ‘ﬁ /0 [(7'2 - S)V_U_l - (Tl - s)l/—o_l]f(Ta H(T)ac DU’%(T))dS
1 T2 v—o—1 c No

" m/ (r2 = 8)"77 7 f(7, 5(7),* D7k(7))ds

2 ‘7-2170 _ 7-11*‘7‘ A ! v c nNo
AT (o Jy 01 Vs Dt

d v
+ / (T — 8)" M f(r,k(7),° D7K(T))] ds)
0
@
“T(v—0+1)
2QT" |721_" — Tll_g|

2T — ) I'(v+2)[(2 — o)

Consequently, we get
sup |(6r)(m2) — (&K)(m1)|+sup D7 (Gk)(12) = D7 (GkK)(11)| — 0 as 7 — 71,

TEB TEB

+

}2(7’2 —m)"T T — 7'2”*”|

(AN +v+1).

independent of 7 € B. Consequently, the operator & : B, — B, is equicontin-
uous and uniformly bounded. By the Arzela-Ascoli theorem, &(B,) is relatively
compact in X. Applying Lemma 2.1, we conclude that problem (1.1) admits at
least one solution on [0, 7). O]

Now, we use the Krasnoselskii’s fixed point theorem of the sum of two operators.

Lemma 2.3. (Krasnoselskii’s fixed point theorem [11]) Let M be a closed,
bounded, convex, and nonempty subset of a Banach space X. Let A, B be the
operators such that
(i) Az; + Bzo € M whenever z1,29 € M,
(ii) A is compact and continuous,
(iii) B is a contraction mapping.
Then there exists z3 € M such that z3 = Az3 + Bz

Theorem 2.4. Let function f € C' ([0,T] x R x R,R) fulfill the conditions:
(Ba) [f(7,K1,K2) — f(T,R1,R2)| < w(T)(|k1 — Kl + |k2 — Ra]) for 7 € [0,T],
kiR € R(i = 1,2) and § € (0,v — 1) and the function w : [0,T] — RT is
Lebesque integrable with power %, that is,

we LHO0.T)E) with ] = (7 fuw(s)]? ds)"

(B3) |f(1, k1, k2)| < w(T), V(7,k1,k2) € [0,T] x Rx R, and w €
d € (0,v —1). Thus, problem (1.1) admits at least one solution on [0,
ever

T (1 —8\"° Tv—0-3 1—6 \'°
[[w]] (ﬁl_—F(y) (V——(S) + Ry — (v — o) (Z/—U—(5) <1, (24)

S

([0, 77,
| when-

S
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where Ry, Ry are defined in (2.1).

Proof. Let p < Hy, we define the ball B, = {x € X : [|s|y < p} and define the
operators A and B on B, are given by:

1

(Ar)(T) = o0 /OT(T —5)" " f(s,k(s),C Dk(s))ds

and

27 A7 , R
B0 = Gy (o ] 0= 9o n(e) D7l

~ /OT (T — )"~ f(s, 5(s),¢ D%(s»ds) .

For any z,2o € B,, as in the proof of Theorem 2.2, it can be shown that
|Az + Bzs||y < Hy < p. This means that Az + Bz, € B,. The operator
A is completely continuous as in Theorem 2.2.

For ky, ko € X, we have

(Bk1)(T) — (Bka2)(T)
2T
(2T — A*)T(v)
X <é/0 (n—)"[f(s,k1(5)," D7k1(s)) — f (s, K2(5),” D7ka(s))]ds

v

T
- / (T - S)V_l[f(S, k1(s)," D7ka(s)) = f(s, k2(s),” D“/@Q(s))]ds) :
0
From condition (B;) together with Holder’s inequality, we obtain

|(Br1)(7) = (Bra)(7)]

< 2T
ECZAEPURING
X <§/0 (T = s)"w(s)(|k1(s) = Ka(s)| + [“D7ka(s) = Dka(s)]) ds

+ /0 (T — 5)" tw(s)(|r1(s) — ka(8)] + [“D7k1(s) —° Dky(s)]) ds)
2T |lr1 = Falx A ! — s)’w(s)ds ! —5)" lw(s) ds
< trestey (o f) - [0 w i)

R N R

<2T||w|| [F1 = Rally |A [ 1—-0 176TV—5+1+ 1-90 175Tu—5
- 2T - ?)I(v) v\vr—90+1
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We also deduce that
D7 (Bry)(r) ~* D" (Bro) (1)
ori—o

(2T — ML (v)L(2 — 0)
x <é / (= 9)"[f (5, 51(5).* D7rr(5)) = f (s, (5, D7 kals))]ds

v

- /0 (T = 5)" " [f (s, 81(5),° D7ria(s)) — f(5, iz(5),¢ D”Hz(S))]dS) :

By (%82) and Hélder’s inequality, it follows that
“D7(Bra)(1) = D°(Br2)(7)]
< 2T1—0’
2T - ) T(w)I(2 - o)

X <é/0 (T = s)"w(s)(|k1(s) — ka(s)| + [“D7k1(s) = D7 ka(s)])ds

v

+ /0 (T = 5)"w(s)(|k1(s) — ra(s)] + [*D7ra(s) =° D"@(S)I)d8>

<@ (o ] @ e [ uto)

1%
— 1-6 1-6
2T ||w]| || k1 — kol [3 <i) T (1_—5> v

T 2T - AT WIlr2—-0) |[v\v—0+1 v—29
Thus, it follows

HBHI — B/‘ig”%
= sup |(Bki)(7) — (Bka)(7)| + sup [*D?(Br1)(r) = D?(Brz)(7)|
r€[0,T] T€[0,T]

70 (1—-6\"" ™o 1=\
< I _
< flel (ﬁl L(v) (V—é) + R I'(v—o) (V—0—5)

X ||k — ff2||3e,

using the condition (B3), we conclude that B is a contraction mapping. Thus all
the assumptions of Lemma (2.3) are satisfied. Hence the conclusion of Lemma
2.3 implies that problem (1.1) has at least one solution on [0, 7). O

Finally, we prove that problem (1.1) admits a unique solution, using Banach’s
fixed point theorem along with Holder’s inequality as the key tools.

Theorem 2.5. Let the function f € C([0,T7] x R x R,R) satisfies condition
(%B2). Then there exists a unique solution for problem (1.1) on [0,T] if

|w|| (R + Ra) < 1,
where Ry, Ry are defined in (2.1).
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Proof. For k1, ke € X and 7 € [0, T]. By applying Holder’s inequality, we get
|(Gr1)(7) — (Grz)(7)]

1 ’ v-1 cD° — f(s, K o s
<[ [ = 9 U9 D)~ s ma(0) Dl

T A Y ‘D — f(s,k2(8)," D7ka(s))]ds
b a5 0= U9 Da(s) = s ma(s) D)

14

<</>> <
2l =l [g ( ) (/OTm(s));ds)
A(fa-aa)") ([ e

lwi ll51 — sl T (10 2T [Jwl[ flm1 — kol

= ) (u—a)l E 2T — xP)T(v)

A 1=6 N7 s (10" s
o V— - TV—
X[V(V—5+1) g +<I/—5>

= R [|w|| |k1 — Kallx -
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Analogously, we have

°D? (& k1) (1) = D?(Gra)(7)|

1

e /0 (1 — 5)""" " w(s) (|k1(s) — ka(s)| + [°D7k1(s) —° D7ka(s)]) ds

21— A [ , o e e (o)) de
T RT T2 — o) (‘/0 (n = 8)"w(s) (IK1(s) = ra(s)| +[°D7ka(s) = D7ra(s)]) d

+ /0 (T — s)”flw(s) (|k1(s) — Ka(s)| + |“D7k1(s) = Dka(s)]) ds)

lwl [l = Rall e 7770 (1 =8 '™ 2T ||| [|m1 — Kallx
- ['(v—o) v—o—9§ 2T — )T (w)I'(2 — o)

A 1-9¢ e v—6+1 1-9¢ e v—§
X[Z(V—(S—i-l) g +(V—(5) g

= R [Jw|| |k1 — Kal|x -

From the above inequalities, we obtain
[Gk1 — Brally < (Rr + Ka) [[w]| |51 — K2l -

Given the condition ||wl|| (R; + R2) < 1, the operator & constitutes a contrac-
tion. By Banach’s fixed point theorem, & admits a unique fixed point, ensuring
a unique solution to problem (1.1). O

Corollary 2.6. Let the function f € C ([0,T] x R x R,R) satisfies the folowing
condition:

(%2)/ ’f(’l', lil,/'ig) — f(T, /51,/52)’ S H1 (‘/ﬁ)l — l€_1| + |/€2 — /52’) fOT' all T € [O,T],
Ki, ki € R(1=1,2), where Hy > 0 is a constant. If the inequality

H(©+06,) <1,
holds, with ©,0, defined in (2.1) and Hy as in (2.2). Consequently, problem
(1.1) has a unique solution on [0,T].
3. EXAMPLES
Consider problem (1.1) with the given data:
T=15 n=125 A=1, v=25  o=05  §=05 (3.1)
Using the given values of the parameters in (2.1) , we find that

R ~ 3.477680593, Ry ~ 3.485012168.

6 ~ 3.301293165, 61 ~ 3.4025962053. (3:2)
As an example for Theorem 2.4, let us consider
f (r,(7),f DY2x(r)) =
1 1 2|k(r) . (3.3)
S (e Sl Gl S N cpl/2 1
10(r £ 2)175 (5 + T+ (R + arctan ( K(T) +1)
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n (1.1) observe that
£ (7. a(7), DY2ra (7)) = f (7, ia(7), DY 2a(7)) |

1
= 10(7 +2)1/3 (Ik1 = rof + ‘CDI/QM —- D1/2m|) .

Here w(r) = 10(T+2)1/3 with [Jw|| ~ 0.088040917. Using the values of & and K
given by (3.2), we find that

7= (1 -6\ Tv-o-d 1—0 \'7°
||wl| (ﬁ1 — m (V——(S) + Ry — (v — o) (V S 5) ~ (0.445112708 < 1.

Since the conditions of Theorem 2.4 are satisfied, therefore there exists a one
solution of problem (1.1) with the data (3.1) and (3.3) on [0, T].

For the illustration of Theorem 2.5, we take

f (T, K(T),° Dl/ZH(T)) =

s (F oo 2Eg)
n (1.1) and note that
|f (7, 51(7),° D2i1 (7)) — f (7, k(1) D Phs(7)) |
— k| + |°DV?ky —° D'?ry]) .

< ; (|,€1
50(1 4 2)1/3
Here w(r) = 50(r+2)1/3 with ||w|| ~ 0.017608183. Using the values of & and K,
given by (3.2), we find that
|w]] (81 + Re) ~ 0.122600371 < 1.
Given that the assumptions of Theorem 2.5 are satisfied, a unique solution exists
for problem (1.1) subject to (3.1) and (3.4) on [0, 7.

We now proceed to demonstrate Corollary 2.6 through the following example

f(r, k(71),° Dl/Zm(T)) =H; (131 +In|k(T)| + ‘CD1/2I{(TM) , (3.5)

which is a Lipschitz function with Lipschitz constant H;. Notice that condition
H,(© + 6;) < 1 is verified for 0 < H; < 0.149167139 (© and ©; are given by
(3.2)). Hence, by Corollary 2.6, there exists a unique solution for problem (1.1)
under (3.1) and (3.5) on [0, 7.

4. CONCLUSION

The results obtained in this work demonstrate that combining fractional calcu-
lus tools with fixed point theorems provides an efficient framework for analyzing
nonlinear fractional differential equations with integral boundary conditions. The
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established existence and uniqueness theorems, together with illustrative exam-
ples, confirm both the theoretical relevance and the potential applicability of the
proposed approach.
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