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ASYMPTOTIC BEHAVIOR OF SOLUTIONS FOR A NON-ISOTHERMAL
COUPLED PROBLEM WITH NONLINEAR BOUNDARY CONDITIONS IN
A THIN DOMAIN
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ABSTRACT. This manuscript analyzes the asymptotic behavior of a non-isothermal, incom-
pressible Herschel-Bulkley fluid in a thin domain governed by a steady nonlinear system
with Tresca friction. We study the limit as the domain thickness tends to zero, prove strong
convergence of velocity, temperature, and pressure, and derive the corresponding Reynolds
equation.
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1. INTRODUCTION

Understanding non-Newtonian fluids under physical and geometric constraints is vital in many
scientific and engineering fields. Herschel-Bulkley fluids, known for yield stress and shear-dependent
viscosity, are particularly relevant in processes like polymer extrusion, food processing, and geological
flows. Their complex rheology leads to nonlinear flow models that differ significantly from Newtonian
fluids, see ([8,11,13]).

This work examines the asymptotic behavior of a continuum mechanics problem in a thin layer as
its thickness € tends to zero. By reformulating the equations on a fixed domain €2, independent of
€. Previous studies have addressed similar problems with friction boundary conditions,a transitions
from Q° to a more manageable limit problem.Here, focusing on specific cases. For example, [2,3]
study incompressible Newtonian and non-Newtonian fluids in thin 3D domains with nonlinear Tresca
conditions, while [17,18] analyze Herschel-Bulkley fluids with Fourier and Tresca boundaries. Non-
isothermal coupled problems with friction are treated in [16,21].

This paper is structured as follows: Section 2 introduces the steady-state flow problem for a Herschel—
Bulkley fluid in a three-dimensional thin domain, along with essential notations, preliminaries, and
functional spaces. Section 3 outlines the asymptotic analysis, considering the small parameter € repre-
senting the domain’s height, and provides estimates for velocity, pressure, and temperature independent
of €, along with convergence results. Section 4 establishes the main findings, including the limit problem
and a weak form of the Reynolds equation. Section 5 presents concluding remarks and insights derived
from this study. Finally, conclusion is presented in Section 6.
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2. BASIC EQUATIONS

Consider a fixed region = in the plane defined by s = (s1,s2) € R%. We suppose that @ has a
Lipschitz-continuous boundary and represents the base of a fluid domain. The upper surface I'{ is
described by s3 = €h(s), where € is a small positive parameter (0 < € < 1) approaching zero. The
function h is smooth, bounded, and satisfies 0 < h. < h(s) < h* for all (s,0) € w. We denote the fluid
domain by Q€ which is defined as follows:

Q° = {(s,53) € R®: (5,0) € w,0 < 53 < eh(s)}

Let I'® be the boundary of Q°, where I'* = I'S UTS U @, and I'$, is the lateral boundary.
We denote by w = (w5 )1<i<3 the velocity field, and by 3¢ = (2f;)1<4,j<s the Cauchy stress tensor,
given by the power law:

55 = 55 — i,

S € € D(we) € € e\|r—2 €\ €

5= Vg (T°) 5 A (T9) | D(w")[* % D(w) if D(w") # 0,
| Drr(we)|

if D(w) =0:1]X°| <g°(T°) if D(w) =0.

3¢ describes the constitutive behavior of a Herschel-Bulkley fluid, where the consistency parameter
A€ and the yield stress ¢g¢ vary with temperature. The exponent v, constrained within 1 < v <
2, defines the material’s power-law response. Additionally, p¢ denotes the pressure, while D(w®) =
(di,j(w®))1<i,j<3 represents the strain rate tensor.

o1 (u | O
dld(w ) o 5 <6S] + 881>

Problem 1. Find a velocity field w : Q¢ — R?, the pressure p¢ and a temperature: Q¢ — R such
that

wVw® — div (29 = f° in QF, (2.1)
div(w®) = 0 in QF, (2.2)
wVT = V. (KVT) = A (T°) |D(w) " + vV2¢° (T°) |D(w®)| — a°T* in Q, (2.3)
w® =0 on yurly, (2.4)
w xn =0 on w, (2.5)
EE kE € —

|2 <K= wr =0 on w, (2.6)

|25 =k = IX>0,ws = —AES
T =0 on yulyg, (27)
8;; =0 on w. (2.8)

The flow dynamics are governed by Equation (2.1) under the assumption of unit density. Equation (2.2)
enforces the incompressibility condition, while Equation (2.3) represents energy conservation, where the
specific heat is set to one, K¢ > 0 denotes the thermal conductivity, and the term —a®T*® represents
the influence of an external heat source, where a® > 0.

The velocity on I'f UT'G is prescribed in Equation (2.4). Given the absence of flux across w,

Equation (2.5) applies. Additionally, Condition (2.6) imposes a Tresca thermal friction law on w,
where k¢ represents the frictional yield coefficient.
Let n = (n1,n2,n3) be the outward unit normal vector on the boundary Q°. The velocity components
on Q€ are given by wy, = w* - n (normal) and w§ = w® — wy, - n (tangential). Similarly, the stress tensor
field X5, has its tangential and normal components on w defined as X5 = X°-n—X5,-n, X5, = (X°n)-n,
respectively.
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3. WEAK FORMULATION
We consider the following functional framework on ¢
Ve= {LpGWl’"(QE)B:ga:OonFiUFi, pn=0onw},
Viiw = {p € V© : div(p) = 0},
L(")/(QE) = {ap € L”/(Qe) : / ¢ dsdss = O},

and
er{br; Q)={2ewW" Q) :®=00onTTUTL}.

Problem 2 Find (w¢, p¢,T¢) € V5, x L§ () (@) x Writre (), (1< ¢ < 3) such that

B (w,we, ¢ —w) +a(w, T ¢ —w) + J(T*, p)
=J (T w) = (p°, dive —w) = (f,¢ —we), Vo € V(QF)
C (T, ®) = E (w, T, ®) + F (w, T, ®), V& W;;UFEL (Q°),

where
a(w, T, p) = 2/ A (T) [D(w)[""* D(w)D () dsdss,

3

B(we,we,ga)z/ wVwpdsdss,

Qe

(p°,divp) = / p° div pdsdss,

J(T" ) = / K lg| ds+ V2 / ¢ (T%)|D ()] dsdss,
w Qe
3
(Fo0) = [ Frodsdss =3 [ frpudsdsa,
Qe i=17Q¢

E (v, T, ®) :/ TVowdsdss

€

C(T,®) = | KVT*Vddsdss,

Qe

Fw,T,®) =2 [ A (T°)|D(w)|? <I>dsd33+2/ 9° (T°) | D(w®)| Pdsdss

Qe Qe

+/ a“ (T°) ®dsdss.

This variational problem is known to have a unique solution, see [11,12,13] for further details.

We suppose the existence of Kg, K[, vi, viA., A", ¢g* in R such that

SKI<SK <K, 0<wv<v <v.

N | =

and ,
0<g" <g" 0<ASA <A, frewh (297,

Based on previous results that will be valuable in the next sections

VWL qey < CID (W)l 1o ey (Korn inequality),

ow*
0K

Wl e ey < eh” for i = 1,2 (Poincaré inequality),

LY (QF)
aP oyl , ‘ '
zy < — + =, V(x,y) € R°, (Young inequality).
p q

(c+d)P < (2P (" +dP), V(c,d) eR, ¥p>1.
(c+d)? < (P +dP), V(ed)eRY, 0<p<Ll.

(3.2)

(3.3)
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4. CHANGE OF THE DOMAIN AND STUDY OF CONVERGENCE
Here, we will apply the technique of scaling in 2° on the coordinate s3 by introducing the change
of variables k = 8?3 We get
Q={(s,k) ER’: (5,0) €Eww, 0<k<h(s}.
The boundary is defined as I' = T'; UT', U%. Additionally, we have
wi(s,s3) = Wi(s, k), i =1,2, € ‘ws(s,ss3) = w5(s, k) and €’ p(s, s3) = p(s, k). (4.1)

Suppose that

€B+Vi2K5(S,S3) =K (AS,K), At ac(s, s3) = OAC(S,H),A (4.2)
A=A e f(s,83) = f(s,k), g =g, Tk =k, [ '
with 32 )
—v
T
Let

3

e (W ()
peV(Q): divg =0},

pE L"/(Q) : /  dsdsz = O}

: @.n:Oonw;gb:Oonf‘lUFL},

" Ok
8= (p1,¢2) € (LY (@) (@) : ¢ satisty (D)},

{
{
{ .
VK?bG(L”(Q))Z Pl (Q): ¢ =0 onF1UFL},

pew @) 9 e (ﬂ)} ,

where the condition D' is given by

/ @1% + @2% dsdrk =0, for all ¢ € C5° (2)
881 (982
By injecting the new data and unknown variables into Equations (3), we demonstrate that (1136, P, T 5) €
Vaiv (Q) x LHI(Q) X W;;‘{;FL () form a solution to the following problem:
By (0, i, ¢ — 0°) + ar (@, 1%, ¢ — ) + I (T, @) =y (1, °)
= (5, div (§)) 2 (f,¢ — &), V@ €V (D) (4.3)

C (TfI)) - B (chb) o) (wT@) T R ()
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where

L 2 . - v=2 (1 DE Owe a; €
ar (@, 7,0 — ) = 3 ) {62/\ (T) ‘D(ﬁ;e) (5 (‘Z;"f n ;:7))} %dsdn
i,j=1 7 ¢ J

r=2 (1 (905 | o905\ 9 — )
<2 ( " +e 9s: )) B P dsdz
)

’V‘*Q ~ € _ ~ €
2 8w3 ) desdz—i—

1 [ 005 0w (3 — w$)
2 (6 0s; + Ok )) 0s; dsdr,

ows
By (0,0, ¢ — ) = /e"“; L (¢ — %) dsdr
( ) ”zz:l Q 9s; )
2 o 2 i
4 ~€ 3 (n € 2 ~€ i A €
+;/Qe wz—asi (¢ —w )dsd/ﬁ—!—;‘/ﬂe w3 (i — wj) dsdk

+ /Q éﬁ,% (p3 — w3) dsdk,
(;35, div (z§ — w)) - / pediv (1@ ) dsdr,
o
ST, 9) = V2 / o (1) [ ()] dsds + /w Fld|ds,

2
(f<, 0 — o) :Z/ fi(9; — dsdﬁ+/ef3(1§3—w§)dsd/<;,
=1 Q

o (17.8) = [ evvaanan= 3 [ RIS g [ #90e,

&
—
g
S
2

):/ STV D dsdr

cy (17,8) = /eVTV(I)dsdm—Z/ A%j;_gjdsd /K%j;g—@dsdz,

eg D

— / aT*ddsdr,
Q

:1
—
g
~
2

)= [ () o

1

2 N 2 N N 2 A 2\ 9

_ (1 2 (0w aw] 1 f 2 ows o [ Ows 2
o <4i;1E ( 85J 0s; 2; 65 0s; te Ok '
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4.1. A priori estimates on the velocity and the pressure.

Theorem 4.1. For all1 < v < 2 and under assumptions (3.2) — (3.3) and (4.2), there exists a positive
constant C that is independent of €, such that

2

~e ||V 2 e we ||V e
Z 68’!01 + Z H 8’!01 + 2811/3 + H€8w3 <c. (4'4)
i,7=1 8s]- L¥(Q) i=1 Ok LV () 8S’i LV (Q) ok L (9)
Hap <C fori=1,2 (4.5)
aSi W*lv"/(Q>
‘ o < € (4.6)
Ok Wﬁl”’l(ﬂ)

Proof. Choosing ¢ = 0 in inequality (3.1), we find

B (w®,w,w) + a(T*, w®, we) —|—/ k€ |we| ds—l—x/ﬁ/ 9° (T%) |D (w°)| dsdss
w Qe
+ (p, div(w)) < (f5,w%),

as B (w®, w*,w®) =0 and div(w®) = 0, we obtain

a(Te, we, w) +/ k€ |w| ds+ \/5/Q g° (T°)|D (w)| dsdsz < (f°,w"). (4.7)
According to Korn’s inequality , there exists a constant Cx > 0, independent of ¢, such that
20 C || V' ||Lv (o)< a(T°, w®, we).
Using Poincaré’s inequality, we have
| w ||Lv(e)< eh™ || Vw© ||y qe),

By inequality (3.5)—(3.6), we obtain

€ € eh” € A*VCk 1 €
I F M e eyl w llzvae) < ((Ayck)l I f |Lu’(ne)> (( 5 )7 I Vw HLV(QE))
)

1L N F Moo\ 1/ ACet . v
s,<” +,((T)V | Ve umm) .

v (A*;Ck)% v

Consequently, (4.7) can be rewritten as

ACLITu ey + [ K fu| ds V2 [ " (1) 1D (w)] dsdss
w Q€

o/ 4.8)
1 e eh e’ (
< I IV s ey + LNy
v %A*Z/Ck) v
Multiplying (4.8) by €71,  and as ¢’ ||f‘||2;,(96) = f @ we have

1 v—1 €|V ~ T o ~ €
SO IV e + V2 [ () [D )

dsdrk +/ k|w¢| ds

v / 4.9
_w " (49)

v’
v

v/ (%A*I/Ck)

V!

’

(n)”

So, from (4.9) we deduce (4.4), with C = (3A.Cy) ' ———F—— ,
v (%A*l/ck) v LV ()

For (4.5) and (4.6), we prove as in [19].
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4.2. A priori estimates on the temperature.

Theorem 4.2. Assuming the conditions of Theorem 4.1 hold, there exists a positive constant Cq
independent of €, such that the following estimate holds:

T
< .
‘ o <Oy, (4.10)
wha(Q)
and
2 8T€

Z . < (). (4.11)
i—1 Si Wla(Q)

Proof. Choosing ® =9 (T°) in (4.3) as ¥ is given by

It dr 1
9 (t) = sign (t) C/ —— —dt=sign(t) |1 - ———
o (L) (1+e)*
we obtain
‘VTS
{K*/ — 5 < *’”/|D ) [“dsdr + €~ 2fg/|D ) |dsdrk
(1+]7)
Lo Te|VT*
(/ 7 C+1w dsdk
Using Young’s inequality with ¢ < % < p, we get
. . . . q
T \VT* 1 T |\VT*
e"*”—?/ i dsdr < T2 —— 7 | dsdr
g<1+ ) 1 Ja (1+ Te) (4.12)
+ BHHQ}/ () dsdk
PJa
Furthermore
2 v 2 ~ v
~ ows ows
|D(w)|"dsdk < C(v) €e—— + .
/Q ;1 0s; LY (9) Ok LY ()
ows ||”
+ ||€
881 ey 08 L”(Q)]

As C (v) > 0 depends only on v, and since v > 1 and 0 < € < 1, it follows that €“~! < 1. Combining
this inequality with (4.4), we deduce that

<K/

(A C(v)C+ \/Eg*c) B2

q

Ve

prv—2,1 I
comead [ (T
q Q ( Ae)ngl

(4.13)
dsdk

1+|T

+ P2z / YV dsdr




NON-ISOTHERMAL COUPLED PROBLEM WITH NONLINEAR BOUNDARY CONDITIONS

Employing Young’s inequality for exponents % and Q—Eq, for ¢ < %, we obtain

. . q .
7 v V.1
Aoz 171 ] 4
.\ C+1 =9 ~ N\ ¢HT
(1+ Te) (1+ Te)
~ 2q
4 2= q5(5+u72)ﬁ (T€)2-a
2 (1 7 $hH24
+[7)
20 ey 2L
As BHv=2277 < (B=2) 4pq fT 14)27(1 <1, we deduce
(1|7e]) 272

2

. 2
¢ (K* - 1) / & (A*C(u) C+VagC+ iy 1gc) 2
Q ( 2q D

~ ¢+1 S
1+‘T€)

2

and 22—

Applying Hélder’s inequality with the conjugate powers

/ ‘v;f’ﬁ
Q

Using (4.15) yields

/Q’VETG‘qudm < (C (K*l_ 5)0”55‘2>2 (/Q (1+

2
q
g
2

A€2
s < /Q(I‘JFV‘TT‘)CH </Q(1+ T)%

/j—ve

for g < %, we find

2—q
> 2
y

2—q
q* 2
) ,

405

(4.14)

(4.15)

where C" = A*C (v) C 4+ V2¢"C + 29¢Q + %CC and ¢* = 33?‘1(1 > %7 from (3.7) and (3.8), we

2q
derive

2
/ ‘Vefe‘q dsdr < ;10”65_2
Q ¢ (K. —3)

255 () (m o]

Te

Poincaré—Sobolev inequality implies

(/I

1

qx* aF ,
dsdk <C

'VETE

L1(Q)

Te

w 319055 (1) <Q|2z_f T (/
Q

Forallz >0, y >0, 2> 0 with 0 <n <m, it holds that

If 2™ < y+ zz"” thenxgmax{l,(erz)ﬁ},

Thus, from (4.18) and the fact that 25 < 1, we deduce

A
Q

L_ﬂ)flﬂ

B8_
& = max {1, "}/6(2 1)(q* 2q 2 } = max [1, ye

" dsdrs <&,

where

and

2
q*) 2

)

2

CI*) 2q

dema(z-0)]

k]

)

(4.16)

(4.17)

(4.18)

(4.19)
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(e ) 2 e (o )

As B =322, then 3 (2 2—q) (£ —1) < 0. Thus for e < I35 )" e find

=

5: Ye (5_ )(Q_q) > 1.
From (4.16) and (4.20), we obtain

q
~e | 1 » 2
Eq/ ’VeTl dsdk < | ——=C
o ¢(Kv—3)
x 2(%)@*71) (|Q‘2;2‘1 qu +763(§71)(2fq)+§q) ’
aS?’(g*l)@*Q)Jng:Oand §q>0,weget
64/ ‘Vj“é‘qud/@ <,
Q
where

O = <C(K1—§)C> : o(334)(a"-1) (|Q\% +7) .

Where C} is a constant independent of e. Thus, we obtain (4.10) and (4.11)

O
Theorem 4.3. According to the assumptions of Theorem J.1 and Theorem 4.2 there erist w* =
(wi,w3) € Vi , p* € Lg (Q) and T € Il such that:
@f — wr, weakly in Vi, i=1,2
o
: Q), i,j=1,2
D5, (), 4,5 =1,
) (4.20)
e% — 0, weakly in L"(Q)
5 OW3 . ) y
Das — 0, i =1,2, weakly in L"(Q),
ews — 0, weakly in L" (), (4.21)
p° — p*, p* depend only of s, weakly in v’ (Q), (4.22)
Te weakly in 1,
(4.23)

%;E — 0, weakly in LT(Q), i=1,2

Proof. The convergence of (4.21) and (4.22) follows directly from inequality 4.4. Furthermore, applying
a suitable test function to (4.5) and (4.6) yields (4.2). By inequality (4.11), we have

o1
Ok

€

/\

< hC
LY (Q)

@)

Since T* is bounded in I1,, there exists T in II,. that converges weakly to to T* in V..
aTe
0s;

Moreover, inequality (4.10) shows that e

< C, therefore e2Le converge to and since
LY () 0s; 63 ’

T* converge to T* in Il,,, we have that e%% converges to zero in L"(2).
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5. STUDY OF THE LIMIT PROBLEM

This section introduces the equations that are satisﬁed by w* and p* within the domain 2, along with
the inequalities governing the trace of the velocity 2 %~ (5,0) and the stress w* (s,0) on the boundary
w.

Theorem 5.1. Under the same hypotheses of Theorem 4.3,the solution (w*,p*,T*) satisfies the fol-
lowing inequalities.

|- |2 )

_ %1 | O / “ (199
/Qp (S)<851 +62)dsdl-€—|— Qg(T)(aH

2
[ kel = lwhds > 3 [ fis— widdsde, ¥ € Wiy, (5.1)
w i=1 Q

/(1>2A(T*) ow dsdn—&—/g(T*) O | gsdr
a\2 Ok Q Ok (5.2)
+/ \w*|f€d5:/w*fdsdm,
w Q
1\ . ow* "7 9 dw* o
- A il
Q<2> T) B | ox on /Q()ade“
+/ &| kds > / fodsdr, V& € ¥ (K), (5.3)
w Q
and
) or* g
~ (K 8n)+aT =0 in L (Q), (5.4)
where
Wryor, = {& = (&1,%2) e W (Q?, & =00onT UL},
and

Y (K)= {<i> = (‘i’l,(i)g) e Wh (Q)?: & satisfy DL}.
Remark 5.2. The demonstration of this theorem is based on an application of Minty’s Lemma.
Proof. For (5.1) considering that div(w®) = 0 in L?(92) and using Minty’s Lemma [17] , then (4.3) is
equivalent to:

Bi(¢, ¢ o= ) +ai(1% ¢ ¢— 0)+ (T, ¢) =0 (1°, o)
— (0" div @) > (f, ¢— w), Vo eV (Q),

Applying Theorem 4.3 and the lower semicontinuity of the convex functional Ji, i.e.
(lim inf Jy (Te,zbe) > Ji (T, w*)), we conclude that

S (E(R)) T gt

i=1

/p* %+34p2 dsdk / 8<P3deH+J1 (T*Mﬁ)—Jl (T*7W*)
a O0s1  Os2 o Ok

/ f $i — w; )dsdrk,

(5.5)

HMM
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and since p* independent of x then fQ p*%dsdm =0,s0
v—2
2 N2\ 2 4. .
14 1 P (¢i) 0(pi — wy)
> [ A (z(aﬂ)) (o 2

* 8(p1 6

—J (T, w* Z/ i —w)) fidsdr . (5.7)

By Minty’s Lemma, the expresion (5.2) is equivalent to (5.3). The same for (5.6), when ¢ leads to
0, then the equation (3.4) leads as follow:

= dT* 9d
K o a—d sdk +/Q & (T*)dsdk =0, V& e erurL Q). (5.8)
Using Green’s formula, we obtain
0 (=0T T
~ (K 6&>+Q(T)_O’ in LY(2) (5.9)
O
Theorem 5.3. The variational inequality (4.4) is equivalent to the following system
. % * |V *
AT (1) dw dsd/iJr/ G ()| 22| dsan
Q 2 oK Q ok (5.10)
+/ I%|w*\ds:/fw*dsdn
w Q
and
ow* "% dw* 9% o
A(T T") | 5| dsd
/ (2) or Ok O /Q()a S
/ ‘@’ds>/fq>dsdn Vo e (V), (5.11)
Q
Proof. taking ¢ = 2w™ and @ = 0 in (5.2), respectively. we find (5.10).
For (5.11), we take ¢ = & + w* for all & € £ (V). a
Theorem 5.4. Let us set
* K * * 1 % N * aw* vo2 0’!1]* ~ *
Y'=3"-Vp"  and & —<§> A(TT) B o +g(T")m, (5.12)
then
v=2 ow”
9 |14 I (ow\2) ° ow Ok z Lv' (2
—— | A (T | = : — +g(T" * = ; v . 1
g [ (G2 (5e) ) e o >’W FVS=F L mW T @ (5.13)
oK

with ||| oo ()2 < 1. and w € L™ Q)?

*

Proof. If 8(;1;

then ® = &, in (5.10), we find

< g(T*). For all € £ (V), taking & = —&

= 0, and according to we deduce tha ‘i*

) od A
= < O =
F<k<1>, a;-;) _/Qg(T) o dsdm—&—/wk:’q)‘ds
where
.. 0b 1\? o . [ow |72 90 ow* s
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According to Hahn-Banach’s theorem, then, 3(m,x) € L™ (Q)® x L* (w)?, where Xl oo (y2 <

1 ||7T||LOO(Q)2 S 1 ,With
];’Ci% 87‘1) = —/ X];'(i)ds — / 7'rg( )8—dsd/¢ (5.15)
oK - 0 G

Furthermore, according to equations (5.9), (5.14), we have:

s | OWT
/g(T )
Q
Using the equalities (5.13) and (5.14), we get:
1\ % .
=) AT
J,(a) v
L 0O ia
/ 7§ (T") =—dsdk —/ fPdsdk = 0. (5.17)
Q Ok Q

Now, from the equality (5.15), it follows:

(5.16)

dsdn—l—/ l%|w*|ds:/ Ykw*ds +

8 *
Ok

Ykdds+

Y72 gw* 09 /

o ok ST

- " N o ow* ow™ _
/wk‘(\w | — xw )ds+/M¢Og(T ) ( o | om )dsdm—o.
As I7]lg.00 € L IXllg,0o <1 We conclude
Ow” _Waw* and |w*| — xw"
ok | " Ok X
Moreover, if ai # 0, by (5.11), we have
K
- 1\ ? . ow* " 7? dw* ow™ /oK
=z AT 4+ g (T") —L—.
(2) () 5s o 79T u o
« 1\ % 7 " aw* v=l ~ * ~ *
then, [ = (1) FAM)| % +9(T) > 51,
Thus:
3 - . ow™ Ok - .
y . =2 X ¥ —g(T") ——, if || >a
(3) Aa|5e 5o - ) o fonf | (5.19)
" \ 0, if ’2* <a
From equation (5.16), there exists p* € L ()? such that
. dw* " ? aw a<1>
A(T™
[ (3) [ [ i
. od as e .
a | mg(T") a—dsdm — | f®dsdk = — | Vp"®dsdk, V& € X (V) (5.19)
Q Q Q
Using (5.17)and (5.18) becomes
L ob . y .
Y*'——dsdk + | xk®ds = | f®dsdk — | Vp* Pdsdk, (5.20)
o Ok w Q Q
From (5.19), we deduce (5.12) with & € W, (Q)?
0

In the next theorem, we prove that our problem converges to the Reynolds equation:

Corollary 5.5. Under the same assumptions as in the above theorems, the following holds

/wH—;w*+F+/Oh/0yA*(s,g)A(T*(s,Q) awa(g 0w (5,8) ye gy

h *
-5 [ e

ok

(5,€) dg} VY (s)ds =0 V9 € W (w) (5.21)
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where

F‘(s):/OhF(s,y)dyng(s,h), F(s,y):/oh/ogf(s,t)dtdg
A (8= L <§Z_j (% (s,§>)2> ;

Proof. To prove (5.20), we perform a double integration of equation (5.12) over the interval [0, k].
Setting k = h, we get the desired result. g

2

Remark 5.6. The equality (5.20) admits a unique solution and is (w*, p*,T™") € Vi x Ly (@) xW™11(Q)

6. CONCLUSION

In this work, we investigated the asymptotic behavior of a non-isothermal, incompressible Her-
schel-Bulkley fluid in a thin domain governed by a nonlinear stationary model with Tresca friction.
We first analyzed the limit as the domain thickness tends to zero, then established strong convergence
of the velocity, temperature, and pressure fields. Finally, we derived the corresponding limit problem
and obtained the associated Reynolds-type equation. Future research may explore several extensions of
the present study. One direction is the analysis of time-dependent (unsteady) flows of Herschel-Bulkley
fluids in thin domains, which would better capture transient behaviors.
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