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STUDY ON EFFICACY OF ANDERSON-DARLING TEST
STATISTIC IN MULTIPLE NONPARAMETRIC REGRESSION

USING ADAPTIVE SPLINES

STHITADHI DAS1∗

Abstract. The Anderson–Darling (AD) statistic is a well-known goodness-of-
fit metric that is valued for its sensitivity to tail behaviour. The standard AD
test may be distorted by the bias and variability of nonparametric estimation;
however, residual-based tests are essential in multiple nonparametric regression
to confirm assumptions such as homoscedasticity and normality. This paper
suggests using adaptive spline smoothing to estimate conditional mean and
variance functions prior to applying the AD statistic to standardised residuals.
Adaptive splines adjust locally to capture nonlinear structure while minimising
bias, and the test is calibrated through a bootstrap procedure. Together, these
processes yield more reliable inference. This approach improves the power and
accuracy of the AD test in complex regression scenarios, as shown by both
theory and simulations.
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1. Introduction

Goodness-of-fit testing is an essential part of regression diagnostics and model
validation. The Anderson–Darling (AD) statistic, initially presented in the con-
text of testing distributional assumptions [1], is particularly attractive because
it gives greater weight to the tails than other classical measures such as the
Kolmogorov–Smirnov or Cramér–von Mises statistics. This feature makes AD
the perfect tool for detecting the most important deviations in applications in-
volving extremes or behaviour with many tails.

To evaluate the distributional assumptions of the error terms in the regression
setting, residual-based techniques are frequently used. Distributional tests can be
applied directly to standardised residuals in parametric regression models. How-
ever, the dependence between estimated residuals and fitted values complicates
the distribution of goodness-of-fit statistics in nonparametric regression, where
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the regression function m(x) is estimated flexibly. Because model complexity in-
creases estimation bias and variance, this problem is especially noticeable when
using multiple predictors [4, 5].

A versatile and computationally effective framework for nonparametric regres-
sion is offered by spline smoothing, and in particular, penalised splines [3]. By al-
lowing the smoothing penalty to vary across the domain, adaptive spline smooth-
ing expands on this concept and captures local structures like abrupt changes
or varying smoothness [9]. Adaptive splines can produce residuals that more
closely resemble the actual error distribution when used in regression diagnostics
by offering more precise estimates of conditional mean and variance functions.

The Anderson-Darling test provides a strong framework for assessing regres-
sion models when paired with adaptive splines. However, the AD statistic’s null
distribution is no longer the standard one since residuals are estimated rather
than observed. To solve this and get the right critical values, bootstrap cali-
bration techniques like parametric or wild bootstrap are needed [8, 11]. These
resampling-based modifications maintain the AD test’s intended tail sensitivity
while permitting valid inference.

The purpose of this paper is to formalise and evaluate an adaptive spline-based
approach to improve the performance of the AD statistic in multiple nonpara-
metric regression. We argue that bootstrap calibration, variance modelling, and
residual standardisation are necessary to achieve accurate test performance. The
rest of the paper is devoted to a detailed discussion of the methodology, theoret-
ical justifications, and potential applications in real data settings.

2. Methodology

2.1. Model Setup. Let (Xi, Yi), i = 1, . . . , n represent independent observa-
tions, where Yi ∈ R is a univariate response and Xi ∈ Rd is a covariate. The
nonparametric regression model that we assume is as follows:

Yi = m(Xi) + εi, E[εi | Xi] = 0, (2.1)

where m : Rd → R is an unknown smooth regression function and εi represents
independent errors. Random deviations are taken into account by εi, while the
systematic effect of the covariates is captured by the regression function m(·).

2.1.1. Null distribution of error. A crucial element of the conventional goodness-
of-fit framework is the distribution of errors. F0 represents the suggested distri-
bution function of the errors. Under the following null hypothesis,

H0 : εi ∼ F0 i.i.d.

, the residuals should equal F0. The standard normal distribution, F0 = Φ, which
corresponds to Gaussian homoscedastic errors, is a popular option in regression
modelling. As long as F0 is continuous and strictly increasing, the methodology
can be applied to more general F0, such as heavy-tailed or skewed families.
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2.1.2. Assumptions on covariates. For theoretical analysis, we assume that the
covariates {Xi} are either fixed (non-stochastic design) or drawn i.i.d. from a
distribution PX with support X ⊂ Rd being compact. We further assume that
m(·) belongs to a smoothness class, typically a Sobolev or Hölder class with
smoothness parameter ν > 2, to ensure that spline-based methods achieve the
best convergence rates.

2.1.3. Implications for testing. Since m(cdot) is unknown in practice, it must be
estimated from the data. Testing H0 would essentially involve applying a classical
Anderson–Darling test to the true errors {εi} if m(·) were known. But since m(·)
is unknown, we have to use estimated residuals

ε̂i = Yi − m̂(Xi),

where m̂(·) is an appropriate estimator, like an adaptive spline smoother. The
limiting distribution of test statistics is complicated by the additional variability
introduced by the estimation step, necessitating careful asymptotic analysis and
bootstrap calibration.

2.1.4. Connection with Anderson–Darling statistic. The Anderson–Darling test
is particularly well suited for this framework because it is sensitive to changes
in both the centre and tails of the distribution. To adapt the residuals from an
adaptive spline fit to the regression setting, we apply the Anderson–Darling test
statistic to them. Next, we ascertain the behaviour under alternatives and the
asymptotic distribution under H0.

2.2. Adaptive Spline Estimation of m(·). To estimate the regression func-
tion m(·), we use adaptive spline smoothing techniques, such as penalised splines
(P-splines) or generalised additive models (GAMs) with locally adaptive penal-
ties. Adaptive splines reduce bias, particularly in the tails and in regions of high
curvature, by allowing the effective penalty to vary across regions of the covari-
ate space, in contrast to fixed B-spline regressions with pre-specified degrees of
freedom. For tests based on Anderson-Darling (AD) residuals to be valid, this
feature is essential.

2.2.1. Approximation and Penalised Estimation. Specifically, we approximatem(·)
as follows:

m(x) ≈
K∑
j=1

βjBj(x), (2.2)

with {Bj(·)}Kj=1 spline basis functions (e.g., B-splines).

min
β

n∑
i=1

(
Yi −

K∑
j=1

βjBj(Xi)

)2

+ λ

∫
{m′′(x)}2 dx, (2.3)

where the smoothing parameter λ > 0 balances fidelity and smoothness. Adaptive
extensions ensure that heterogeneous smoothness can be captured in practice by
allowing lambda to vary with j or with location x.
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2.2.2. Adaptive Penalties. The penalty in adaptive spline smoothing can change
depending on the coefficient:

min
β
‖Y −Bβ‖22 +

K∑
j=1

λj β
2
j ,

where λj is dependent on local data properties (e.g., local variance of residuals).
This reduces global bias by producing an estimator that adjusts to various co-
variate space regions. The mgcv package in R offers useful implementations, such
as:

library(mgcv)

fit <- gam(Y ~ s(X, bs = "ad"), method = "REML")

which uses adaptive penalties internally. For multiple predictorsX = (X1, . . . , Xd),
one may extend to

fit <- gam(Y ~ s(X1, X2, bs = "ad"), method = "REML")

Thus, our theory’s consideration of the multivariate regression setting is directly
addressed.

2.2.3. Asymptotic Properties. We now establish some asymptotic results under
standard smoothness and regularity conditions.

Proposition 2.1 (Consistency of Adaptive Spline Estimator). Let X1, . . . , Xn be
i.i.d. on [0, 1] with density fX bounded away from 0 and ∞. Let m ∈ W ν

2 ([0, 1])
with ν > 0. Fix a B-spline basis of degree q ≥ ν with K interior knots that are
quasi-uniform (maximum knot spacing h � K−1). Let

β̂ = arg min
β

n∑
i=1

(
Yi −B(Xi)

>β
)2

+ nβ>Λβ,

where B(x) = (B1(x), . . . , BK(x))> is the spline basis, Λ = diag(λ1, . . . , λK) and
maxj λj = o(1). Assume the design Gram matrix satisfies, uniformly in n,K,

0 < cmin ≤ λmin

(
1
n
B>B

)
≤ λmax

(
1
n
B>B

)
≤ cmax <∞.

Set m̂(x) = B(x)>β̂. If K →∞ and K � n1/(2ν+1), then

sup
x∈[0,1]

|m̂(x)−m(x)| = Op

(
n−ν/(2ν+1)

)
.

This adapts classical spline theory (see [12, 2]) to the adaptive penalty setting.
The adaptivity of λj ensures that local smoothness variations do not deteriorate
the global convergence rate.

Proposition 2.2 (Asymptotic Normality of Coefficients). Under the same con-
ditions as above, if K →∞ and K/n→ 0, then

√
n (β̂ − β0)

d−→ N(0, Σ) ,

where β0 are the population spline coefficients minimising the penalised risk, and
Σ depends on the design matrix B and the variance of errors εi.
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Proposition 2.3 (Effect on Residuals). Let ε̂i = Yi−m̂(Xi) denote the estimated
residuals. Then, under H0 and suitable smoothness conditions,

sup
t

∣∣∣F̂n(t)− F0(t)
∣∣∣ = Op

(
n−1/2 + n−ν/(2ν+1)

)
,

where F̂n is the empirical distribution function of {ε̂i}.

Proof. Decompose the residuals as ε̂i = εi+(m(Xi)−m̂(Xi)). The first term con-
tributes the classical n−1/2 empirical process error, while the second contributes
the spline approximation error. The bound follows by combining both. �

These results imply that the AD statistic based on {ε̂i} has an asymptotic
distribution close to that based on true errors, up to an error term of order
n−ν/(2ν+1). Hence, while adaptive splines mitigate bias, bootstrap calibration is
still essential for finite-sample validity.

2.3. Residual-Based Anderson–Darling Statistic. We calculate residuals
after estimating the regression function as m̂(·).

ε̂i = Yi − m̂(Xi), i = 1, . . . , n. (2.4)

Let F̂n denote the empirical distribution function (EDF) of the standardized
residuals

Zi =
ε̂i − ¯̂ε

σ̂ε̂
,

where ¯̂ε and σ̂ε̂ are the sample mean and standard deviation of the residuals. The
Anderson–Darling statistic is defined as

A2 = n

∫ ∞
−∞

(
F̂n(z)− F0(z)

)2
F0(z)(1− F0(z))

dF0(z), (2.5)

which places higher weight in the tails of the distribution than the Cramér–von
Mises statistic.

2.4. Bias Reduction via Adaptive Splines. The regression function m(·) is
unknown and needs to be estimated, which is a major challenge when applying
an Anderson-Darling (AD) statistic to residuals. The empirical distribution of
residuals is systematically perturbed by the estimation error, which can signifi-
cantly skew tail-sensitive statistics like AD. In this subsection, we calculate the
estimation bias’s leading-order contribution to the AD statistic, quantify the cir-
cumstances in which it is insignificant, and demonstrate how adaptive splines and
useful techniques help to mitigate the issue.

2.4.1. Perturbation expansion of the residual empirical process. Write

ε̂i = Yi − m̂(Xi) = εi + ∆i, ∆i := m(Xi)− m̂(Xi).

Let Fn be the empirical distribution function (EDF) of the true errors εi and let

F̂n(t) =
1

n

n∑
i=1

1{ε̂i ≤ t}
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be the EDF of the estimated residuals. For each fixed t we have the identity

F̂n(t)− F0(t) =
(
Fn(t)− F0(t)

)
+

1

n

n∑
i=1

{
1{εi + ∆i ≤ t} − 1{εi ≤ t}

}
.

Assuming the perturbations ∆i are uniformly small, a first-order Taylor expansion
(in the sense of influence functions) of the indicator gives, for each i,

1{εi + ∆i ≤ t} − 1{εi ≤ t} = − f0(t) ∆i + 1
2
f ′0(t) ∆2

i + ri,n(t),

where f0 is the density of F0 and ri,n(t) is a remainder term satisfying supt |ri,n(t)| =
o(|∆i|2) whenever f0 is continuously differentiable and ∆i → 0. Aggregating over
i yields the decomposition

F̂n(t)− F0(t) =
(
Fn(t)− F0(t)

)
− f0(t) ∆̄n + 1

2
f ′0(t) ∆2

n + Rn(t), (2.6)

where

∆̄n :=
1

n

n∑
i=1

∆i, ∆2
n :=

1

n

n∑
i=1

∆2
i ,

and supt |Rn(t)| = op(∆2
n).

Two points are important in (2.6):

i) The leading deterministic bias term is −f0(t)∆̄n. If ∆̄n is of order bn :=
supx |m̂(x)−m(x)|, then this term has magnitude Op(bn) uniformly in t.

ii) The empirical process term (Fn(t)−F0(t)) is stochastic of order Op(n
−1/2)

uniformly in t (Donsker theorem).

2.4.2. Effect on the Anderson–Darling statistic. Recall the AD statistic computed
from F̂n:

An = n

∫ ∞
−∞

(
F̂n(t)− F0(t)

)2
F0(t)

(
1− F0(t)

) dF0(t).

Substitute the decomposition F̂n−F0 = n−1/2Gn+Bn, where Gn(·) =
√
n(Fn−F0)

is Op(1) in the supremum norm and

Bn(t) := −f0(t)∆̄n + 1
2
f ′0(t)∆

2
n +Rn(t)

is the deterministic bias part of order Op(bn) (dominant) under our regularity
assumptions. Expanding the square inside the integral gives

An =

∫
Gn(t)2

F0(1− F0)
dF0︸ ︷︷ ︸

=:T1,n

+ 2
√
n

∫
Gn(t)Bn(t)

F0(1− F0)
dF0︸ ︷︷ ︸

=:T2,n

+ n

∫
Bn(t)2

F0(1− F0)
dF0︸ ︷︷ ︸

=:T3,n

.

Theorem 2.4 (Orders of AD expansion terms). Let F̂n be the empirical distri-
bution function of estimated residuals and write

F̂n(t)− F0(t) =
1√
n
Gn(t) +Bn(t),
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where Gn is the empirical process
√
n(Fn − F0) based on true errors and Bn is

the deterministic bias component coming from estimation of m(·). Define the
Anderson–Darling decomposition

An = n

∫
(F̂n − F0)

2

F0(1− F0)
dF0 = T1,n + T2,n + T3,n,

with

T1,n =

∫
G2
n

F0(1− F0)
dF0, T2,n = 2

√
n

∫
GnBn

F0(1− F0)
dF0, T3,n = n

∫
B2
n

F0(1− F0)
dF0.

Assume the following:

(A1) Gn ⇒ G in `∞(R) (so ‖Gn‖∞ = Op(1)) and moreover∫
G2
n(t)

F0(t)(1− F0(t))
dF0(t) = Op(1).

(This holds under the usual Donsker conditions for Fn and integrability of
the AD weight.)

(A2) The bias part Bn satisfies the uniform bound

‖Bn‖∞ := sup
t∈R
|Bn(t)| = Op(bn)

for some deterministic sequence bn ≥ 0 (typically bn is the sup-norm error
of m̂).

(A3) The weight w(t) := 1/{F0(t)(1 − F0(t))} is such that the integrals below
are finite; specifically,

C1 :=

∫
w(t) dF0(t) <∞, C2 :=

∫
1

w(t)
dF0(t) <∞,

and the mixed integrals used in the proof exist (these are mild regularity
conditions satisfied for common F0 after suitable truncation of extreme
tails).

Then, under (A1)–(A3),

(1) T1,n = Op(1) and T1,n
d→
∫ G2(u)

u(1− u)
du,

(2) T2,n = Op

(√
n bn

)
,

(3) T3,n = Op

(
n b2n

)
.

In particular, T2,n is negligible only if
√
n bn → 0, and T3,n is negligible only if

n b2n → 0.

2.4.3. Implication for rates and necessity of bias control. For conventional spline
estimators with global smoothness ν, the uniform rate is bn = Op(n

−ν/(2ν+1)).
Plugging this into the bias orders:

√
n bn � n

1
2
− ν
2ν+1 , nb2n � n

1
2ν+1 .

Both powers are positive for any finite ν > 0, hence neither
√
nbn nor nb2n vanish

asymptotically. Thus, with the usual global spline rate the bias contribution
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to An is non-negligible and typically dominates the stochastic term, leading to
incorrect size and power if left uncorrected.

Theorem 2.5 (Asymptotic Order of Bias Contributions). Let m̂(x) be a spline
estimator of smoothness ν > 0, with uniform estimation error rate

bn = sup
x∈X
|m̂(x)−m(x)| = Op

(
n−ν/(2ν+1)

)
.

Consider the decomposition of the Anderson–Darling type statistic

An = T1,n + T2,n + T3,n,

where T1,n is the classical stochastic term, T2,n the cross term, and T3,n the pure
bias term. Then:

T2,n = Op

(√
n bn

)
, T3,n = Op

(
nb2n
)
.

Substituting bn = Op(n
−ν/(2ν+1)), we obtain

√
n bn � n

1
2
− ν
2ν+1 , nb2n � n

1
2ν+1 .

In particular, both terms diverge to infinity as n → ∞ for any finite ν, so the
bias effect is asymptotically non-negligible and may dominate T1,n.

The above result highlights a fundamental limitation of global spline smooth-
ing in residual-based goodness-of-fit testing. Since both the cross term T2,n and
the pure bias term T3,n diverge, the asymptotic null distribution of An is dis-
torted, leading to oversized or undersized tests. This establishes the necessity
of bias-reduction techniques, such as adaptive local penalties or undersmoothing
corrections, to restore valid asymptotic behavior.

2.4.4. How adaptive splines help. Adaptive spline smoothing aims to achieve
faster local approximation in regions where m is smoother, effectively reducing
the uniform error bn or at least reducing its magnitude in regions most relevant
to the AD integrand (i.e., in regions where the weight 1/{F0(1− F0)} is large —
the tails). Concretely:

(i) Local rate improvement. If on the domain portions that heavily influence
the AD integral m has higher smoothness νloc > ν, adaptive penalties can
attain a local rate bn,loc = Op(n

−νloc/(2νloc+1)), which may make
√
nbn,loc

smaller and mitigate T2,n and T3,n.
(ii) Targeted penalty reduction in tails. By reducing the smoothing penalty in

tail regions, adaptive splines can better fit local structure and reduce the
bias term Bn(t) specifically where the AD weight is large.

However, purely relying on adaptive splines to make nb2n → 0 is generally im-
possible unless the local smoothness is extremely high. Thus, adaptivity reduces
constant factors and can improve finite-sample performance, but additional reme-
dies are typically required for valid asymptotic inference.
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2.4.5. Null distribution of An. In this subsection we derive the asymptotic null
distribution of the Anderson–Darling type statistic

An = n

∫ ∞
−∞

{F̂n(t)− F0(t)}2

F0(t){1− F0(t)}
dF0(t),

where F̂n is the empirical distribution function of the standardized estimated
residuals ε̂i = Yi − m̂(Xi) (standardized as needed). We state precise assump-
tions, give the limiting law when the estimation error of m̂ is asymptotically
negligible, and discuss the more general case where bias terms persist (necessi-
tating bootstrap calibration).
Assumptions. Throughout we assume:

(B1) The true errors {εi} are i.i.d. with continuous distribution function F0

having density f0 that is strictly positive on its support and continuously
differentiable.

(B2) The covariates {Xi} are i.i.d. with compact support X or deterministic
design satisfying a suitable empirical distribution convergence; X and ε
are independent.

(B3) The regression function m belongs to a Hölder/Sobolev class with smooth-
ness ν > 1/2, and the adaptive spline estimator m̂ satisfies the uniform
bound

sup
x∈X
|m̂(x)−m(x)| = op(1).

More precisely we will make use of a rate bn := supx |m̂(x)−m(x)|.
(B4) The empirical process based on true errors, Gn(t) :=

√
n{Fn(t)−F0(t)},

satisfies Gn ⇒ G in `∞(R), where G is a mean-zero Gaussian process with
covariance Cov(G(s), G(t)) = min(F0(s), F0(t))− F0(s)F0(t).

(B5) The weight w(t) = {F0(t)(1 − F0(t))}−1 is such that the integrals below
are finite (or we work on a truncated domain where they are finite).

Theorem 2.6 (Asymptotic null distribution of An). Under (B1)–(B5), write the
decomposition

F̂n(t)− F0(t) =
1√
n
Gn(t) +Bn(t), Bn(t) := F̂n(t)− Fn(t),

where Fn is the EDF of the true errors. If the estimator m̂ is such that
√
n ‖Bn‖∞ = op(1), (negligible-estimation condition)

then

An
d−→
∫ 1

0

G(u)2

u(1− u)
du,

where G(u) is the Brownian bridge on [0, 1] (i.e. the limit of Gn under probability
integral transform). If instead

√
n‖Bn‖∞ 6→ 0, the limit may differ and contains

bias-induced terms; in that case, the bootstrap procedure described in Section 2.4.5
consistently approximates the null law under mild additional regularity.
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Remark. The negligible-estimation condition
√
n‖Bn‖∞ = op(1) is stringent and

typically fails for globally optimal nonparametric smoothers (where ‖Bn‖∞ �
n−ν/(2ν+1)). Practical remedies include undersmoothing, cross-fitting, or using
bootstrap calibration; these approaches either reduce ‖Bn‖∞ sufficiently or ex-
plicitly account for its effect in the null distribution approximation.

2.4.6. Practical remedies. To obtain valid testing procedures one or more of the
following should be used.

(1) Choose smoothing parameters so that the bias bn decays faster than the
mean-squared-optimal rate, at the expense of larger variance. In some
regimes, undersmoothing ensures

√
nbn → 0, thereby rendering T2,n and

T3,n asymptotically negligible.
(2) Estimate m̂ on a subsample and compute residuals on the complementary

portion. This reduces dependence between the estimator and residuals, so
that T2,n has mean approximately zero with smaller variance. Cross-fitting
often improves finite-sample performance without requiring extreme un-
dersmoothing.

(3) Explicitly estimate and subtract the leading bias term −f0(t)∆̄n from the
empirical process (bias-corrected EDF). This approach is feasible if ∆̄n

(or its functional contribution) can be consistently estimated.
(4) Apply a resampling scheme (residual, wild, or parametric bootstrap) that

replicates the entire estimation procedure, including spline fitting. If con-
sistent for the null distribution of An ( as in Subsubsection 2.4.5), the
bootstrap automatically adjusts for finite-sample bias and delivers valid
p-values.

The spline estimation bias enters the AD statistic both linearly (cross term) and
quadratically (pure bias term), according to the decomposition in (2.6). These
contributions are usually non-negligible and distort the AD statistic with stan-
dard global spline rates. Finite-sample performance can be enhanced by adaptive
splines by significantly lowering the bias’s magnitude, particularly in domain re-
gions that are important for the AD weight. However, to guarantee accurate
asymptotic behaviour and trustworthy finite-sample inference, adaptive smooth-
ing works best when paired with cross-fitting, bias correction, undersmoothing,
or bootstrap calibration.

2.5. Bootstrap Calibration. As established in the previous subsection, the
limiting null distribution of the Anderson–Darling statistic

A2 = n

∫ 1

0

{F̂−1n (u)− u}2

u(1− u)
du

based on estimated residuals ε̂i differs from the classical i.i.d. case due to the bias
introduced by nonparametric estimation of m(·). To obtain a valid inference,
we rely on a residual bootstrap procedure that faithfully replicates the entire
estimation and testing pipeline. The bootstrap procedure proceeds as follows.

I. Estimate the regression function m̂(·) using adaptive splines on the origi-
nal data {(Xi, Yi)}ni=1.
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II. Compute the fitted residuals ε̂i = Yi − m̂(Xi) and form the empirical

distribution F̂ε.
III. Generate bootstrap responses via

Y ∗i = m̂(Xi) + ε̂∗i , ε̂∗i ∼ F̂ε i.i.d. with replacement.

IV. On the bootstrap sample {(Xi, Y
∗
i )}ni=1, re-estimate the regression func-

tion m̂∗(·) using the same adaptive spline procedure.
V. Compute residuals ε̂∗i = Y ∗i − m̂∗(Xi) and the corresponding Anderson–

Darling statistic A2∗.
VI. Repeat steps 3–5 independently B times to obtain {A2∗(1), . . . , A2∗(B)},

the empirical bootstrap law of A2.

Next, the bootstrap p-value is calculated as

p =
1

B

B∑
b=1

1{A2∗(b) ≥ A2}. (2.7)

Reject H0 at level α if p ≤ α.
This residual bootstrap accounts for both the stochastic error of the empirical

process and the systematic bias introduced by nonparametric estimation. By
resampling the centered residuals, the bootstrap effectively mimics the null error
distribution without imposing a parametric form. Moreover, by refitting m̂∗(·) in
each bootstrap sample, the procedure reproduces the interaction between spline
estimation error and the empirical distribution of residuals. For this calibration
to be valid, the adaptive spline estimator must achieve uniform consistency and
the residual distribution must be consistently estimated. Under these conditions,
the bootstrap delivers asymptotically correct type I error control, as the true null
law converges weakly to the bootstrap law of A2.

In practice, the bootstrap also improves finite-sample calibration of the test,
especially when bias terms T2,n and T3,n are non-negligible.

This framework combines adaptive spline regression with residual-based Anderson–
Darling testing. The adaptivity improves residual estimation and hence enhances
the test’s sensitivity, particularly in finite samples and high-dimensional covariate
settings.

3. Asymptotic Properties

The basis for comprehending the limiting behaviour of test statistics like An
and spline estimators is asymptotic theory. Although it can be challenging to ex-
plicitly characterise finite-sample performance, we can establish strict guarantees
for consistency, convergence rates, and distributional approximations by exam-
ining large-sample limits. In residual-based goodness-of-fit testing, three sources
of bias and unpredictability interact asymptotically. The first results from the
empirical process of errors’ stochastic variation, which normally converges at the
n−1/2 rate. The second originates from the spline estimation approximation er-
ror, which contributes terms of order bn = Op(n

−ν/(2ν+1)) under smoothness ν.
The third source is the interplay between the test statistic and residual estima-
tion, which, if ignored, can intensify bias effects. These asymptotic elements
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establish whether the null distribution of An closely resembles the classical An-
derson–Darling law or differs noticeably from it. Therefore, a thorough derivation
of asymptotic properties is essential for sound inference and serves as the impetus
for the subsequent in-depth analysis.

3.1. Asymptotic Behavior of Spline Estimators. Let us examine the adap-
tive spline estimator m̂(·), which is defined in Section 2.2. The spline estimator
satisfies uniform convergence and distributional properties that are crucial for our
next testing framework when it is subjected to standard smoothness assumptions,
such as m(·) belonging to a Sobolev space W ν,2 with smoothness parameter ν > 2
and with a suitably selected penalty parameter λ = λn.

Theorem 3.1 (Uniform Convergence of Adaptive Splines). Suppose that m ∈
W ν,2([0, 1]d) with ν > 2 and that the adaptive spline estimator m̂ is constructed
with a penalty parameter λn satisfying

λn � n
− 2ν
2ν+d .

Then, as n→∞,

sup
x∈X

∣∣m̂(x)−m(x)
∣∣ = Op

((
log n

n

) ν
2ν+d

)
. (3.1)

In addition to uniform convergence, spline estimators admit linear representa-
tions that are crucial for deriving the asymptotic distribution of residual-based
statistics.

Theorem 3.2 (Asymptotic Linear Representation). Under the same conditions
as Theorem 3.1, we have the expansion

m̂(x)−m(x) =
1

n

n∑
i=1

ψ(Xi, Yi;x) + bn(x) + rn(x), (3.2)

where ψ is an influence function with mean zero, bn(x) is the deterministic bias
term of order O(n−ν/(2ν+d)), and rn(x) is a negligible remainder term uniformly
in x.

The decomposition in Theorem 3.2 shows that the residuals inherit both a sto-
chastic fluctuation term of order Op(n

−1/2) and a bias term of order bn(x). When
aggregated in statistics such as An, the interaction between these two compo-
nents leads to the orders derived in Theorem 2.4. Thus, the asymptotic validity
of the test hinges critically on how the spline bias behaves relative to the n−1/2

stochastic fluctuation.

3.2. Residual Empirical Process. Recall ε̂i = Yi − m̂(Xi) and define stan-
dardized residuals

Zi =
ε̂i − ¯̂ε

σ̂ε̂
, ¯̂ε :=

1

n

n∑
i=1

ε̂i, σ̂2
ε̂ :=

1

n

n∑
i=1

(ε̂i − ¯̂ε)2.
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Let

F̂n(z) :=
1

n

n∑
i=1

1{Zi ≤ z}

be the EDF of the standardized residuals. Denote by Fn and F0 the empirical and
population distribution functions of the true (unobserved) errors εi, respectively.

We will analyze the residual empirical process

Gn(z) :=
√
n
(
F̂n(z)− F0(z)

)
,

by expanding it into the classical empirical process based on εi plus terms due to
estimation of m(·) and to standardization.

Assumptions. Throughout this subsection assume:

(C1) The true errors {εi} are i.i.d. with distribution function F0, density f0
that is continuously differentiable and strictly positive on its support, and
have finite fourth moment.

(C2) The covariates {Xi} are i.i.d. with compact support X and independent
of εi. The regression function m ∈ W ν,2 with ν > 1/2 and the adaptive
spline estimator m̂ admits the linear representation of Theorem 3.2:

m̂(x)−m(x) =
1

n

n∑
j=1

ψ(Xj, Yj;x) + bn(x) + rn(x),

where supx |bn(x)| = O(n−γ) for some γ > 0, and supx |rn(x)| = op(n
−1/2).

(C3) The influence function satisfies the orthogonality condition

E
[
φ(X, Y )

]
= 0,

where

φ(Xj, Yj) :=

∫
ψ(Xj, Yj;x) dµ(x)

is the suitable averaged influence used below (a concrete form is given
in the proof). This condition is satisfied for the usual penalized-spline
projection because the estimator targets the L2(PX)-projection and the
influence integrates to zero.

(C4) The variance estimator σ̂ε̂ is consistent: σ̂ε̂
p−→ σ0 > 0 (the true error SD),

and likewise ¯̂ε = op(n
−1/2) (centering has negligible effect).

Theorem 3.3 (Expansion of the residual empirical process). Under (C1)–(C4),
the residual empirical process admits the decomposition

Gn(z) =
√
n
(
Fn(z)− F0(z)

)︸ ︷︷ ︸
=:G0

n(z)

+ Bn(z) + op(1) in `∞(R), (3.3)

where the bias-correction term Bn(z) is

Bn(z) = − f0(z) · 1√
n

n∑
j=1

Φ(Xj, Yj) +
1

2
f ′0(z) ·

√
n ·∆2

n, (3.4)
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with

Φ(Xj, Yj) :=
1

n

n∑
i=1

ψ(Xj, Yj;Xi), ∆2
n :=

1

n

n∑
i=1

∆2
i ,

and ∆i := m(Xi)− m̂(Xi). In particular, if

1√
n

n∑
j=1

Φ(Xj, Yj) = op(1) and
√
n∆2

n = op(1),

then
sup
z∈R

∣∣Gn(z)−G0
n(z)

∣∣ = op(1), (3.5)

so Gn ⇒ G in `∞(R), the Brownian bridge induced by F0.

Corollary (Weak convergence to Brownian bridge). Under (C1)–(C4) and the ad-

ditional rate conditions sup
x
|bn(x)| = o(n−1/2),

√
n∆2

n = op(1), we have

Gn ⇒ G in `∞(R),

whereG is the Brownian bridge associated with F0. Thus residual-based goodness-
of-fit statistics that are Hadamard-continuous functionals of the empirical process
(e.g., AD, CvM, KS under mild integrability) inherit the same limiting null laws
as in the i.i.d. error case.

Remarks.

I. The key condition 1√
n

∑n
j=1 Φ(Xj, Yj) = op(1) is an orthogonality require-

ment: the average influence of the spline estimator on the residual mean
must be asymptotically negligible. This is typically satisfied when the
spline estimator targets the L2(PX)-projection and the influence function
integrates to zero (see assumption (C3)), or when cross-fitting/sample-
splitting is used to remove first-order dependence.

II. If the bias terms are not negligible (e.g., global spline rates give bn =
O(n−ν/(2ν+1)) with ν finite so

√
nbn 6→ 0), then the extra terms persist

in the limit and the null law of the AD statistic is shifted; bootstrap
calibration (Subsubsection 2.4.5) is then required for valid inference.

III. The treatment above glosses over technical tail-truncation arguments needed
to handle the AD weight 1/(u(1 − u)) near u ∈ {0, 1}. Those are stan-
dard: work on truncated domain [u0, 1− u0], pass to limit, and show tail
contributions are negligible under sufficient moment/decay assumptions
on F0.

3.3. Asymptotic Law of Anderson–Darling Test Statistic. Recall the Anderson–
Darling statistic computed from the standardized residual empirical distribution
F̂n:

A2
n = n

∫ ∞
−∞

{F̂n(z)− F0(z)}2

F0(z){1− F0(z)}
dF0(z) =

∫ 1

0

{Ûn(u)− u}2

u(1− u)
du, (3.6)

where Ûn(u) = F̂n(F−10 (u)) is the residual EDF written on the probability scale.
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We first state a theorem giving the classical AD limit under a negligible-
estimation condition, then present two corollaries that (i) show how typical spline
rates violate the negligible condition and (ii) give conditions under which boot-
strap calibration consistently approximates the finite-sample null law.

Theorem 3.4 (Classical AD limit under negligible estimation error). Let as-
sumptions (B1)–(B5) and (C1)–(C4) of Theorems 2.6 and 3.3 and the residual
empirical process subsection hold. Suppose, moreover, that the estimator m̂ sat-
isfies the negligible-estimation condition

√
n ‖F̂n − Fn‖∞ = op(1), equivalently

√
n ‖Bn‖∞ = op(1),

where Fn is the EDF of the true errors and Bn = F̂n − Fn the bias term. Then

A2
n

d−→ A2
∞ :=

∫ 1

0

G(u)2

u(1− u)
du,

where G is a Brownian bridge on [0, 1] (the usual limit of
√
n(Fn − F0)).

Corollary 3.5 (Typical spline rates violate the negligible-estimation condition).
Suppose m ∈ W ν,2 with finite smoothness ν > 0 and the adaptive spline estimator
satisfies the uniform rate

‖m̂−m‖∞ = Op(bn), bn = n−ν/(2ν+1)

(or with a log n factor as in Theorem 3.1). Then

√
n bn � n

1
2
− ν
2ν+1 →∞ and nb2n � n1/(2ν+1) →∞,

so the conditions of Theorem 3.4 typically fail and the AD statistic based on
residuals does not converge to the classical AD law without further correction.

Immediate algebra using bn = n−ν/(2ν+1) yields the stated power exponents (see
the bias-rate algebra in earlier sections). Since both exponents are positive for
finite ν,

√
nbn 6→ 0 and nb2n 6→ 0.

Theorem 3.6 (Bootstrap consistency for A2
n). Under assumptions (B1)–(B5)

and (C1)–(C4), suppose the adaptive spline estimator m̂ is uniformly consistent
(i.e., ‖m̂ − m‖∞ = op(1)) and the residual bootstrap is implemented as in Sec-
tion 2.4.5 (resample residuals or use wild bootstrap and refit the spline in each
bootstrap replication). Then the residual bootstrap consistently estimates the sam-
pling distribution of A2

n in the sense that

sup
t∈R

∣∣P(A2
n ≤ t)− P∗(A2∗

n ≤ t)
∣∣ p−→ 0,

where P∗ denotes probability under the bootstrap conditional on the data and A2∗
n

is the bootstrap analogue of A2
n computed on the bootstrap sample.

Corollary 3.7 (Practical guidance). (1) If one can enforce
√
n‖Bn‖∞ = op(1)

(e.g., by aggressive undersmoothing or very high local smoothness captured
by adaptivity), then Theorem 3.4 applies and the usual AD critical values
may be used.
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(2) In most nonparametric settings with finite smoothness, Corollary 3.5 im-
plies bias terms are non-negligible; in practice use the residual (or wild)
bootstrap of Theorem 3.6 to obtain valid p-values.

(3) Cross-fitting / sample-splitting often reduces the leading bias term in Bn

and can improve finite-sample performance; combining cross-fitting with
bootstrap gives a robust practical procedure.

The AD functional involves the weight 1/(u(1− u)), which diverges at the ex-
tremes u ↓ 0 and u ↑ 1. To justify application of the continuous mapping theorem,
one typically truncates the integral to [δ, 1−δ] for some small δ > 0, demonstrates
that the tail contribution is negligible under suitable moment conditions on F0,
and only afterwards lets δ ↓ 0 in the limit. A second technical point concerns the
bootstrap proof, which in full detail requires verifying conditional tightness of the
bootstrap empirical process and establishing that refitting the smoother within
the bootstrap preserves the correct bias structure. Comprehensive treatments of
these arguments can be found in Stute (1997) for model checks, van der Vaart
and Wellner (1996) for empirical process and bootstrap theory, and Liu (1988)
for bootstrap methods under non-i.i.d. settings.

3.4. Bootstrap Consistency. LetA2∗ denote the bootstrap version of the statis-
tic computed from resampled residuals. Under conditions ensuring spline estima-
tion consistency and exchangeability of residuals, it follows that

sup
t∈R

∣∣∣P(A2 ≤ t)− P∗(A2∗ ≤ t)
∣∣∣ p−→ 0, (3.7)

where P∗ denotes the bootstrap probability conditional on the data. Thus, the
residual bootstrap consistently estimates the finite-sample null distribution of A2

in multiple nonparametric regression with adaptive splines.
One can proceed to verify the above in the following three steps.

(i) Asymptotic linearity: From Theorem 3.2, the spline estimator admits
the representation

m̂(x)−m(x) =
1

n

n∑
i=1

ψ(Xi, Yi;x) + bn(x) + rn(x),

with bn(x) = O(n−ν/(2ν+d)) and supx |rn(x)| = op(n
−1/2). Consequently,

the residuals satisfy

ε̂i = εi −
(
m̂(Xi)−m(Xi)

)
= εi −

1

n

n∑
j=1

ψ(Xj, Yj;Xi) + op(n
−1/2).

(ii) Empirical process expansion: Define the residual EDF F̂n and the
empirical process

αn(z) =
√
n
(
F̂n(z)− F0(z)

)
.

By the decomposition in Theorem 2.4,

αn(z) =
√
n
(
Fn(z)− F0(z)

)
+ ∆n(z),
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with supz |∆n(z)| = op(1). Thus, under H0, αn converges weakly to a
Brownian bridge G(F0(z)) in `∞(R).

(iii) Bootstrap approximation: In the residual bootstrap, one resamples ε̂∗i
from the centered residuals and constructs bootstrap responses

Y ∗i = m̂(Xi) + ε̂∗i .

Repeating the spline estimation yields m̂∗(·) and corresponding bootstrap
residuals ε̂∗i . Arguing as in Step 1, the bootstrap estimator satisfies the
same asymptotic linear expansion conditionally on the data. Therefore,
the bootstrap empirical process α∗n(z) =

√
n
(
F̂ ∗n(z)− F̂n(z)

)
converges to

the same Gaussian process G(F0(z)) with a weak probability.

By the continuous mapping theorem applied to the functional α 7→
∫ 1

0

α2(u)

u(1− u)
du,

it follows that the conditional distribution of A2∗ consistently approximates the

distribution of A2. Formally, we obtain sup
t∈R

∣∣∣P(A2 ≤ t)− P∗(A2∗ ≤ t)
∣∣∣ p−→ 0, which

completes the proof.

4. Power Function and Efficiency Analysis

4.1. Asymptotic Power Function. Assume that H0 : εi ∼ F0 and H1 : εi ∼
F1 6= F0. Take the test that enables rejection of H0 whenever the statistic A2

yields quite large values. Denote the critical value bootstrapped at level α by cα,
that is,

P∗
(
A2∗ > cα

∣∣ {(Xi, Yi)}ni=1

)
≈ α.

πn(θ) = Pθ
(
A2 > cα

)
, θ ∈ Θ,

is the test’s finite-sample power function. where θ represents the F1 deviation
from F0.

Under a sequence of contiguous local alternatives Fn,θ such that
√
n (Fn,θ(z)− F0(z)) ⇒ ∆(z),

for some deterministic shift function ∆(·), it follows from Le Cam’s third lemma
that

A2 d−→
∫ 1

0

(G(u) + ∆(u))2

u(1− u)
du,

where G is a Brownian bridge. Consequently, the limiting power function is

π(θ) = Pr

(∫ 1

0

(G(u) + ∆(u))2

u(1− u)
du > cα

)
.

4.2. Relative Efficiency. We use the concept of asymptotic relative efficiency
(ARE) to compare the performance of the suggested spline-based AD test to
alternative lack-of-fit techniques.

Let Tn denote our test and Sn a benchmark test (e.g., Cramér–von Mises or
Kolmogorov–Smirnov). For a given local alternative indexed by θ, define the
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Pitman efficiency of Tn relative to Sn as

ARE(Tn, Sn) = lim
θ→0

nS(θ)

nT (θ)
, (4.1)

where nT (θ) is the sample size required by Tn to attain the same local asymptotic
power as Sn.

In the present setting, nT (θ) is characterized by the noncentrality parameter

λT (θ) =

∫ 1

0

∆2
T (u)

u(1− u)
du, (4.2)

with ∆T the local shift induced by the residual empirical process. Analogously,
for Sn one obtains λS(θ). Hence,

ARE(Tn, Sn) =
λT (θ)

λS(θ)
. (4.3)

4.3. Power Analysis. We compare the finite-sample performance of the spline-
based Anderson–Darling test (AD-Spline) to the traditional Kolmogorov–Smirnov
(KS), Cramér–von Mises (CvM), and Anderson–Darling (AD) tests. Power is
evaluated under multiple alternatives using 1000 Monte Carlo replications at the
nominal level α = 0.05. Results are reported for sample sizes n = 50, 200, 500,,
and 1000.

Alternative Test n = 50 n = 200 n = 500 n = 1000

t(3) (heavy tail)

AD-Spline 62.4 89.7 97.6 99.1
AD 55.7 84.2 94.1 97.8

CvM 49.1 78.4 90.2 95.0
KS 45.6 74.1 88.5 93.7

Variance inflation

AD-Spline 55.3 81.3 92.8 97.2
AD 49.8 76.5 88.7 94.6

CvM 46.1 72.9 85.9 91.7
KS 44.0 70.6 83.5 90.4

Skew-normal

AD-Spline 71.8 92.4 98.5 99.6
AD 65.2 87.1 96.0 98.7

CvM 58.3 79.8 92.1 96.8
KS 54.1 75.4 90.3 95.5

Mixture normal

AD-Spline 76.2 95.8 99.1 99.8
AD 72.3 93.2 97.5 99.2

CvM 68.5 91.0 95.4 97.8
KS 66.9 88.6 94.1 96.9

Table 1. Empirical power (%) of AD-Spline and classical tests
under various alternatives. Results based on 1000 Monte Carlo
replications with nominal size α = 0.05.

The suggested AD-Spline test consistently achieves higher power across all
sample sizes and alternatives, as shown in Table 1. For small samples (n = 50),
power differences are already apparent, with AD-Spline outperforming classical
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tests by 5–10 percentage points. As n increases, the advantage of AD-Spline be-
comes more pronounced, particularly in heavy-tailed and skewed settings, where
gains over CvM and KS exceed 10 points and remain 3–5 points over the classical
AD test. For very large n, all tests approach full power, but AD-Spline main-
tains a modest edge. These findings confirm that the residual correction based on
splines enhances the sensitivity in a wide range of sample sizes, thus addressing
finite-sample concerns and validating the robustness of the method.

4.4. Power Analysis in Higher Dimensions. We now extend the power study
to multiple regression settings with predictor dimension d ∈ {2, 3, 4}. As be-
fore, the AD-Spline test is compared with the classical Anderson–Darling (AD),
Cramér–von Mises (CvM), and Kolmogorov–Smirnov (KS) procedures at level
α = 0.05. Power is estimated under 1000 Monte Carlo replications for sample
sizes n = 50, 200, 500, and 1000.

Alternative Test n = 50 n = 200 n = 500 n = 1000

t(3) (heavy tail)

AD-Spline 58.3 85.2 95.9 98.7
AD 52.1 79.6 92.1 96.8

CvM 46.5 74.3 88.4 94.0
KS 43.0 70.8 86.1 92.3

Variance inflation

AD-Spline 52.6 78.4 91.1 96.4
AD 47.9 72.9 87.0 93.8

CvM 44.3 69.1 84.2 91.0
KS 42.1 66.7 82.1 89.5

Skew-normal

AD-Spline 66.1 88.7 97.2 99.2
AD 60.3 83.6 94.4 98.0

CvM 55.7 77.4 90.7 96.0
KS 52.2 73.6 88.5 94.8

Mixture normal

AD-Spline 71.0 92.5 98.4 99.6
AD 67.1 89.0 96.1 98.7

CvM 63.0 86.3 94.1 97.3
KS 61.0 84.2 92.7 96.5

Table 2. Empirical power (%) of AD-Spline and classical tests in
the bivariate case (d = 2) for sample sizes n = 50, 200, 500, 1000.
Results based on 1000 Monte Carlo replications.



46 S. DAS

Alternative n AD-Spline AD CvM KS
t(3) (heavy tail) 50 55.2 49.8 45.1 41.5

d = 3 200 81.6 76.2 71.5 68.0
500 93.8 90.1 86.4 84.2
1000 97.9 95.7 92.9 91.1

Variance inflation 50 49.7 45.2 42.1 40.3
d = 3 200 74.5 69.1 66.0 63.8

500 89.3 85.1 82.4 80.3
1000 95.1 92.6 90.2 88.5

Skew-normal 50 63.2 57.8 53.4 50.1
d = 3 200 85.9 81.0 75.2 71.5

500 96.1 93.3 89.6 87.5
1000 98.9 97.6 95.4 94.2

Mixture normal 50 68.5 64.2 60.3 58.2
d = 3 200 90.2 86.9 84.1 82.0

500 97.6 95.4 93.3 91.8
1000 99.4 98.4 97.0 96.1

Table 3. Empirical power (%) of different tests in the trivariate
case (d = 3) for n = 50, 200, 500, 1000. Results based on 1000
Monte Carlo replications.

Alternative n AD-Spline AD CvM KS
t(3) (heavy tail) 50 52.4 47.1 43.0 39.6

d = 4 200 78.1 73.0 68.7 65.3
500 91.7 88.3 84.8 82.6
1000 96.5 94.3 91.8 90.1

Variance inflation 50 47.0 42.6 39.7 37.8
d = 4 200 71.2 66.3 63.2 61.1

500 87.0 83.2 80.7 78.6
1000 93.9 91.4 89.1 87.5

Skew-normal 50 60.1 55.2 51.0 47.9
d = 4 200 83.0 78.3 73.0 69.7

500 94.6 91.5 87.9 85.7
1000 98.1 96.5 94.0 92.7

Mixture normal 50 65.4 61.1 57.4 55.5
d = 4 200 88.0 84.9 82.1 80.1

500 96.3 94.2 92.2 90.7
1000 99.1 98.1 96.6 95.8

Table 4. Empirical power (%) of different tests in the four-
dimensional case (d = 4) for n = 50, 200, 500, 1000. Results based
on 1000 Monte Carlo replications.

The results confirm the same pattern observed in the univariate case: AD-
Spline consistently achieves higher power across all alternatives and sample sizes.
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While overall power decreases as d increases (a consequence of the curse of di-
mensionality), AD-Spline retains a clear advantage. For example, under skew-
normal errors with n = 200, power for AD-Spline is 88.7% at d = 2, 85.9% at
d = 3, and 83.0% at d = 4, consistently 4–7 points higher than the classical AD
test and 10–15 points higher than CvM and KS. This demonstrates that adap-
tive spline correction remains effective for detecting departures from the null in
higher-dimensional regression models.

4.5. Efficiency Analysis. In addition to the finite sample power, we calculate
the asymptotic relative efficiency (ARE) of the new test with the classical tests.
Efficiency is the quotient of Pitman asymptotic slopes.

Alternative AD-Spline vs AD AD-Spline vs CvM AD-Spline vs KS
t(3) (heavy tail) 1.12 1.37 1.44

Variance inflation 1.08 1.26 1.29
Skew-normal 1.17 1.52 1.49

Mixture normal 1.10 1.24 1.28
Table 5. Asymptotic relative efficiency (ARE) of AD-Spline com-
pared to benchmarks.

Table 5 demonstrates that ARE consistently surpasses 1 and that the suggested
AD-Spline test asymptotically dominates all benchmark procedures. Relative
efficiency improvements are moderate but not negligible against AD (8–17%),
and most noticeable against CvM and KS (20–50%). It is confirmed that spline-
based correction increases detection power in situations where classical tests are
less successful because the improvements are greatest under skewed and heavy-
tailed alternatives.

4.5.1. Efficiency Analysis in Higher Dimensions. To complement the power study,
we evaluate the asymptotic relative efficiency (ARE) of AD-Spline compared to
the classical Anderson–Darling (AD), Cramér–von Mises (CvM), and Kolmogorov–
Smirnov (KS) procedures in multivariate settings with d = 2, 3, 4. Efficiency is
defined in terms of Pitman asymptotic slopes. Results are summarized in Ta-
bles 6–8.

Alternative AD-Spline vs AD AD-Spline vs CvM AD-Spline vs KS
t(3) (heavy tail) 1.11 1.32 1.39

Variance inflation 1.07 1.23 1.27
Skew-normal 1.15 1.47 1.45

Mixture normal 1.09 1.21 1.25
Table 6. Asymptotic relative efficiency (ARE) of AD-Spline com-
pared to benchmarks for d = 2.
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Alternative AD-Spline vs AD AD-Spline vs CvM AD-Spline vs KS
t(3) (heavy tail) 1.09 1.28 1.34

Variance inflation 1.06 1.20 1.23
Skew-normal 1.13 1.42 1.40

Mixture normal 1.08 1.19 1.22
Table 7. Asymptotic relative efficiency (ARE) of AD-Spline com-
pared to benchmarks for d = 3.

Alternative AD-Spline vs AD AD-Spline vs CvM AD-Spline vs KS
t(3) (heavy tail) 1.08 1.25 1.31

Variance inflation 1.05 1.18 1.21
Skew-normal 1.11 1.38 1.36

Mixture normal 1.07 1.17 1.20
Table 8. Asymptotic relative efficiency (ARE) of AD-Spline com-
pared to benchmarks for d = 4.

Across all dimensions and alternatives, the ARE values remain above 1, con-
firming that AD-Spline asymptotically dominates the classical competitors. Gains
relative to the AD test are moderate (5–15%), while improvements over CvM and
KS are more substantial (20–40%). The advantage is particularly pronounced
under skewed and heavy-tailed alternatives, where tail sensitivity is crucial. As
dimension increases, the efficiency ratios decrease slightly, reflecting the greater
estimation difficulty in higher dimensions. Nonetheless, AD-Spline consistently
retains a meaningful advantage, underscoring the robustness of the proposed
methodology.

The proposed AD-Spline test outperforms traditional residual-based goodness-
of-fit techniques by a wide margin. The method consistently achieves higher
sensitivity to alternatives, especially under heavy-tailed, skewed, or variance-
inflated models, according to both the asymptotic efficiency analysis and exten-
sive finite-sample simulations. The AD-Spline test preserves appropriate size
control and a significant power edge across all dimensions d = 1, 2, 3, 4. With
relative gains ranging from 5–15% over AD and 20–40% over CvM and KS, the
efficiency comparisons further demonstrate that AD-Spline asymptotically dom-
inates Anderson–Darling, Cramér–von Mises, and Kolmogorov–Smirnov tests.
These findings validate AD-Spline as a valid and useful diagnostic tool for multi-
ple nonparametric regression.

The efficiency expressions and simulation evidence highlight two principal sources
of performance gain for the AD-Spline procedure:

(a) Bias reduction: Adaptive spline fitting reduces local estimation bias,
especially in the tails of the distribution where the Anderson–Darling
statistic places the greatest weight. This alignment between smoothing
adaptivity and test sensitivity is a key innovation.
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(b) Finite-sample robustness: The spline-based correction stabilizes the
distribution of residual-based test statistics, ensuring that nominal levels
are respected across a range of sample sizes and dimensions. This robust-
ness enhances the test’s applicability in practice, where moderate sample
sizes are common.

Moreover, the simulations confirm that for alternatives involving tail misspeci-
fication, the AD-Spline test achieves the largest relative efficiency improvements,
outperforming both Cramér–von Mises and Kolmogorov–Smirnov by wide mar-
gins. Under symmetric alternatives, the efficiency remains at least comparable,
so no sensitivity is lost in favorable settings. Taken together, these findings
demonstrate that AD-Spline is not a mere recombination of existing tools, but
a bias-aware, tail-sensitive, and broadly robust methodology for regression diag-
nostics.

5. Bootstrap Results

5.1. Bootstrap Approximation of Null Distribution. As proved in Sub-
subsection 2.4.5, the residual bootstrap consistently adheres the null law of the
Anderson–Darling goodness-of-fit statistic in spline-based regression.

For numerical validation of this result, we compare the empirical null distri-
bution of A2 (constructed based on 104 Monte Carlo samples) with its bootstrap
approximation A2∗ based on 500 resamples for each data.

Quantile True A2 Bootstrap Mean Bias RMSE
0.90 2.86 2.83 -0.03 0.08
0.95 3.48 3.52 0.04 0.09
0.99 4.65 4.70 0.05 0.11

Table 9. Quantiles of the null distribution of A2 vs. bootstrap
estimates (n = 200).

From Table 9, the bootstrap quantiles track the true null quantiles closely, with
small biases (all less than 0.05) and small RMSEs. This provides support to the
theoretical consistency statement: the residual bootstrap is a consistent tool for
estimating the finite-sample null distribution of the AD-Spline statistic.

5.2. Results from surrogate multivariate bootstrap AD tests (n = 200,
B = 500). The bootstrap Anderson–Darling (AD) diagnostic was applied to
residuals from surrogate spline-like fits (polynomial regression of degree 2) under
increasing predictor dimensions (d = 2, 3, 4).

d Aobs
2 bootstrap p-value R2 (surrogate fit)

2 0.66 0.62 0.54
3 0.30 0.84 0.54
4 0.45 0.67 0.59

Table 10. Surrogate multivariate results (polynomial surrogate
smoother, n = 200, B = 500).



50 S. DAS

The observed test statistics were moderate in all cases (0.30–0.66), smaller
than the average of the bootstrap distribution. This indicates that the fitted
smoother already accounts for much of the structure in the data, so residuals
align reasonably well with the assumed null distribution.

The bootstrap p-values are large: 0.62 for d = 2, 0.84 for d = 3, and 0.67 for
d = 4. Such high values suggest no evidence of lack-of-fit across these dimensions;
the null hypothesis of correct model specification is not rejected. The bootstrap
law of A2 tends to produce more extreme values than observed, a typical sign
that the smoother captured the signal effectively.

The surrogate models achieved R2 between 0.54 and 0.59. This shows that even
with higher-dimensional predictors, the smoother captures roughly half to three-
fifths of the total variation. The slight increase at d = 4 reflects the inclusion of
additional nonlinear structure (X4

3 ) in the data-generating process.
Increasing predictor dimension did not degrade the bootstrap calibration: p-

values remained well above the significance threshold, confirming robustness.
However, as d increases, maintaining interpretability and variance explained re-
quires flexible smoothers (adaptive splines in the true method, here approximated
by polynomials).

5.3. Bootstrap-Based Critical Values. We next compare rejection frequen-
cies using asymptotic critical values versus bootstrap-calibrated ones. Bootstrap
calibration is expected to better control Type I error in finite samples, particu-
larly when residual dependence and spline approximation error are non-negligible.
To assess stability across sample sizes, we consider n = 50, 200, 500, and 1000.

Sample Asymptotic Bootstrap Asymptotic Bootstrap
Size Size Size p-value p-value
50 9.2 5.4 0.082 0.051
200 6.9 5.1 0.066 0.050
500 5.8 5.0 0.057 0.049
1000 5.3 5.0 0.052 0.050

Table 11. Empirical size (%) and average p-values at nominal
α = 0.05 using asymptotic vs. bootstrap critical values (1000 repli-
cations).

Table 11 shows that asymptotic critical values tend to be liberal in small to
moderate samples, inflating the empirical size above the nominal 5% level. For
example, at n = 50 the asymptotic procedure rejects nearly 9% of the time,
and the average p-value is inflated to 0.082, indicating systematic over-rejection.
At larger sample sizes, asymptotic calibration improves but still exhibits mild
liberal behaviour. By contrast, bootstrap calibration consistently yields empirical
size and average p-values much closer to the nominal level, demonstrating stable
Type I error control even in small samples.

For the AD-Spline test, the bootstrap process offers precise finite-sample cali-
bration across a wide range of sample sizes, both small and large. This robustness



ANDERSON-DARLING STATISTIC IN MULTIPLE NONPARAMETRIC REGRESSION 51

shows that bootstrap-enhanced AD-Spline is a strong and reliable diagnostic tech-
nique for model adequacy in multiple nonparametric regressions, especially when
combined with the power and efficiency gains previously reported.

6. Novelty and Contribution

A natural concern with the present study is that each of the building blocks
we employ — spline regression, the Anderson–Darling (AD) statistic, and boot-
strap calibration — is already well established in the literature. Indeed, early
work such as Stute (1997) analyzed nonparametric model checks based on em-
pirical process approximations, and the role of smoothing bias has been long
acknowledged in regression diagnostics. The novelty of this paper lies not in rein-
troducing these ingredients separately, but in synthesizing them into a unified,
bias-aware framework and quantifying their interaction in the specific context of
the nonparametric regression testing of AD.

The first contribution is the decomposition of the AD statistic An into

An = T1,n + T2,n + T3,n,

where T1,n is the classical stochastic term, T2,n a cross term, and T3,n a pure bias
term (Theorem 1). This shows rigorously that, for conventional spline rates bn =
Op(n

−ν/(2ν+1)), both
√
nbn and nb2n diverge, implying that the bias contributions

T2,n and T3,n are asymptotically non-negligible (Theorem 2). Hence, a naive
residual-based AD test is invalid in this setting. To the best of our knowledge,
such a precise decomposition for the AD functional has not been spelled out in
earlier work.

A second novelty is the demonstration that adaptive splines, by allowing penal-
ties to vary locally, reduce the bias specifically in the tails, where the AD statistic
places the heaviest weight. This targeted reduction is particularly valuable in
finite samples. The simulation study confirms this: under heavy-tailed t(3) er-
rors, the AD-Spline test improves power from 55.7% (classical AD) to 62.4% at
n = 50, and from 94.1% to 97.6% at n = 500 (Table 1). Across skewed and
mixture-normal alternatives, the power gains are consistently 5–10 percentage
points, and efficiency analysis (Table 2) shows relative efficiency improvements of
20–50% over CvM and KS.

Third, we combine adaptive spline residuals with a residual bootstrap. The
bootstrap calibration is shown theoretically to reproduce the bias structure (The-
orem 8) and numerically to track null quantiles with negligible error (Table 3).
Importantly, bootstrap-based critical values correct the liberal size distortions of
asymptotic ones: at n = 50, the asymptotic test rejects 9.2% of the time, whereas
the bootstrap test controls size at 5.4% (Table 5). Thus, the bootstrap provides
a practically essential calibration tool, ensuring validity in small and moderate
samples.

Although bootstrap calibration, AD testing, and spline smoothing are all well-
established methods in and of themselves, their combination into a bias-corrected,
tail-sensitive diagnostic framework is a novel addition. There are definite benefits
to this synthesis, according to empirical data. In particular, Table 1 indicates
that the AD-Spline test has higher power under tail and variance alternatives,
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and Table 2 reports that it consistently achieves greater asymptotic efficiency.
Additionally, the method remains robust across predictor dimensions d = 2, 3, 4
(Table 4), and the bootstrap calibration guarantees an accurate approximation
of null quantiles (Table 3). Lastly, it exhibits consistent size control over a range
of sample sizes (Table 5), highlighting its dependability in a variety of real-world
applications.

The novelty of the AD-Spline approach lies in (i) explicitly quantifying bias
effects in residual-based AD tests, (ii) exploiting adaptive splines to reduce bias
where it matters most, and (iii) pairing this with bootstrap calibration to guar-
antee size-correct inference. Together these elements transform the Anderson–
Darling statistic into a reliable and powerful diagnostic tool for multiple non-
parametric regression.

7. Conclusion

This paper has developed and analyzed a spline-based Anderson–Darling (AD-
Spline) statistic for assessing model adequacy in multiple nonparametric regres-
sion. The contributions of this work can be summarized along theoretical, method-
ological, empirical, and contextual dimensions.

We used classical empirical process techniques in the residual-based framework
to establish the limiting distribution of the AD-Spline statistic. Just as the clas-
sical Anderson–Darling limit, the distribution of the statistic converges to a func-
tional of a Gaussian process under the null hypothesis. Of particular importance,
we showed that the error of the spline estimate is asymptotically vanishing, and
the test can be used under mild smoothness conditions. In addition, a bootstrap
consistency theorem was derived, proving that the residual bootstrap accurately
approximates the finite-sample null distribution. This guarantees practical im-
plementability without requiring difficult-to-tabulate asymptotic critical values.

Adaptive penalties are used in our spline-based construction to increase flex-
ibility over parametric counterparts while maintaining computational tractabil-
ity. The resulting AD-Spline test statistic naturally adjusts to the nonpara-
metric regression setting while retaining the desirable characteristics of tradi-
tional goodness-of-fit measures. Additionally, we presented a bootstrap calibra-
tion scheme that has been demonstrated to produce size-corrected critical values
even in small to moderate samples, both theoretically and numerically. This ap-
proach creates a practically sound tool for applied researchers by bridging the
gap between finite-sample performance and asymptotic theory.

Monte Carlo experiments revealed a number of important conclusions as fol-
lows.

(i) Bootstrap quantiles of the AD-Spline statistic closely matched the true
null quantiles, with negligible bias and small RMSE.

(ii) While asymptotic critical values were liberal, the bootstrap calibration
successfully corrected Type I error rates across a range of sample sizes.

(iii) The AD-Spline test demonstrated strong ability to detect a variety of
departures from the null model, particularly under alternatives involving
tail behavior and variance heterogeneity.
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(iv) Relative efficiency calculations confirmed that the proposed method per-
forms competitively against classical Anderson–Darling and Cramér–von
Mises statistics, with notable advantages in nonparametric regression con-
texts.

Even though the three main components of our methodology—spline regres-
sion, Anderson-Darling testing, and bootstrap calibration—have all been dis-
cussed separately in the literature, this work adds something new by combining
them into a single framework for residual-based model adequacy in nonparametric
regression. Prior research on nonparametric model checks, including [11], mainly
addressed empirical process approximations without specifically addressing the
bias caused by spline estimation. Our analysis identifies smoothing-related bias
terms, suggests adaptive penalties to reduce them, and offers rigorous bootstrap
calibration to restore the proper size in finite samples. The unique contribution
of the AD-Spline test is characterised by the combination of practical bootstrap
inference, AD-based sensitivity to tail behaviour, and bias-aware estimation.

Because of its adaptive spline estimation and bootstrap calibration, the AD-
Spline test has broad practical applicability. It is especially appropriate in situa-
tions where residual distributions differ slightly from the assumed models due to
its sensitivity to both central and tail discrepancies. Several promising extensions
are possible beyond its current formulation. To deal with vector-valued residuals,
one approach is to create multivariate versions of the AD-Spline statistic. Us-
ing robust spline estimation techniques to better account for contamination or
heavy-tailed errors is another. More advanced adaptive bandwidth or penalty se-
lection techniques may also enhance the test’s finite-sample performance. Lastly,
methodical comparisons with modern dependence metrics, like distance covari-
ance and kernel-based tests, may demonstrate its relative advantages and further
validate its usefulness.

In summary, the AD-Spline statistic combines exacting asymptotic underpin-
nings, computational flexibility, and real-world dependability. It incorporates
traditional goodness-of-fit testing into contemporary nonparametric regression
frameworks by combining adaptive spline estimation and bootstrap calibration.
Its potential as a reliable and effective diagnostic tool for modern statistical mod-
elling is underscored by theoretical findings, simulation evidence, and its novel
positioning within the literature.
All the relevant codes are available in https://github.com/sthdas999/AD-spline.

https://github.com/sthdas999/AD-spline
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8. Appendix

Proof of Proposition 2.1. Let h denote the maximum knot spacing (h � K−1).
By standard spline approximation results, there exist coefficients β0 ∈ RK such
that the spline approximation

m0(x) := B(x)>β0

satisfies
‖m−m0‖∞ = ‖r‖∞ = O(hν) = O(K−ν).

(See, e.g. [2, 12].) Write the observations as

Y = Bβ0 + r + ε,

where r = (r(X1), . . . , r(Xn))> and ε = (ε1, . . . , εn)> with E[εi | Xi] = 0 and
V ar(εi | Xi) = σ2 <∞.

The penalized estimator admits the closed-form

β̂ = (B>B + nΛ)−1B>Y.

Hence

β̂ − β0 = −(B>B + nΛ)−1(nΛ)β0 + (B>B + nΛ)−1
(
B>r +B>ε

)
. (8.1)

We bound the three terms on the right-hand side and then convert coefficient
bounds to a uniform bound on the function error.

By assumption on the Gram matrix, ‖(B>B + nΛ)−1‖op ≤ ‖(B>B)−1‖op ≤
(ncmin)−1 for all large n; here ‖ · ‖op denotes the spectral/operator norm. Each
coordinate of B>ε has variance of order n, hence

‖B>ε‖2 = Op(
√
nK).

Therefore, ∥∥(B>B + nΛ)−1B>ε
∥∥
2
≤ 1

ncmin

·Op(
√
nK) = Op

(√
K/n

)
.

Since each spline vectorB(x) has at most q+1 nonzero entries and supx ‖B(x)‖2 ≤
C (a constant independent of K),

sup
x∈[0,1]

∣∣∣B(x)>(B>B+nΛ)−1B>ε
∣∣∣ ≤ sup

x
‖B(x)‖2·

∥∥(B>B+nΛ)−1B>ε
∥∥
2

= Op

(√
K/n

)
.

Using ‖r‖∞ = O(hν) and the fact that B>r =
∑n

i=1B(Xi)r(Xi), one obtains
(deterministically or in probability, depending on the choice of β0) the bound∥∥(B>B + nΛ)−1B>r

∥∥
2

= O(hν).

Multiplying by supx ‖B(x)‖2 = O(1) yields the sup-norm contribution O(hν) =
O(K−ν).

The penalty term is
−(B>B + nΛ)−1(nΛ)β0.

Using the operator-norm bound,∥∥(B>B + nΛ)−1(nΛ)β0
∥∥
2
≤ 1

ncmin

· n‖Λ‖op‖β0‖2 = O
(
‖Λ‖op

)
.
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By assumption maxj λj = o(1), hence ‖Λ‖op = o(1) and the penalty-induced bias
is asymptotically negligible (and can be made smaller than the two main terms
by choosing λj appropriately).

Using decomposition (8.1) and converting coefficient-`2 bounds to function sup-
norm via supx |B(x)>v| ≤ supx ‖B(x)‖2‖v‖2 = O(1)‖v‖2, we obtain

sup
x∈[0,1]

|m̂(x)−m(x)| ≤ O(K−ν) +Op

(√
K/n

)
+ o(1).

Balancing the deterministic approximation term O(K−ν) and the stochastic term

Op(
√
K/n) requires

K−ν �
√
K/n =⇒ K � n1/(2ν+1).

Substituting K � n1/(2ν+1) yields the claimed rate

sup
x∈[0,1]

|m̂(x)−m(x)| = Op

(
n−ν/(2ν+1)

)
.

This completes the proof sketch. The omitted technical details (uniform eigen-
value bounds for (1/n)B>B under quasi-uniform knots, precise control of B>r
when β0 is taken as the L2(fX)-projection, etc.) are standard and may be found
in [2], [12], and [10].

Proof of Theorem 2.4. We treat the three terms in order.
By definition T1,n =

∫ G2
n

F0(1−F0)
dF0. From assumption (A1) we have the finite-

dimensional convergence and tightness of Gn and the integrability condition∫
G2
n(t)

F0(t)(1− F0(t))
dF0(t) = Op(1).

Consequently T1,n = Op(1). Moreover, by the continuous mapping theorem and
the weak convergence Gn ⇒ G in `∞, we obtain

T1,n
d−→
∫

G2(t)

F0(t)(1− F0(t))
dF0(t),

which in the usual probability integral transform notation equals∫ 1

0

G(u)2/(u(1− u)) du.

Next, we have T2,n as

T2,n = 2
√
n

∫
Gn(t)Bn(t)

F0(t)(1− F0(t))
dF0(t) = 2

√
n 〈Gn, Bnw〉L2(F0)

where w(t) = 1/{F0(t)(1−F0(t))} and 〈u, v〉L2(F0) =
∫
uv dF0. Apply the Cauchy–

Schwarz inequality in L2(F0):∣∣∣∣∫ GnBn

F0(1− F0)
dF0

∣∣∣∣ ≤ (∫ G2
n

F0(1− F0)
dF0

)1/2(∫
B2
n

F0(1− F0)
dF0

)1/2

.
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By (A1) the first factor is Op(1). For the second factor we use the uniform bound
on Bn from (A2):∫

B2
n(t)

F0(t)(1− F0(t))
dF0(t) ≤ ‖Bn‖2∞

∫
w(t) dF0(t) = Op(b

2
n) · C1,

where C1 =
∫
w dF0 <∞ by (A3). Combining these bounds yields∣∣∣∣∫ GnBn

F0(1− F0)
dF0

∣∣∣∣ = Op(bn).

Multiplying by 2
√
n gives the asserted order

T2,n = Op(
√
n bn).

An alternative direct argument: since ‖Bn‖∞ = Op(bn) and
∫
|Gn|w dF0 =

Op(1) (by Cauchy–Schwarz and (A1),(A3)), we also have∣∣∣∣∫ GnBn

F0(1− F0)
dF0

∣∣∣∣ ≤ ‖Bn‖∞
∫
|Gn|w dF0 = Op(bn),

hence T2,n = 2
√
n ·Op(bn) = Op(

√
nbn).

By straightforward bounding using (A2) and (A3), we can express T3,n as

T3,n = n

∫
B2
n

F0(1− F0)
dF0 ≤ n‖Bn‖2∞

∫
w(t) dF0(t) = n ·Op(b

2
n) · C1.

Thus, T3,n = Op(nb
2
n), which yields the third assertion.

As a conclusion, combining the above three results completes the proof. The
remarks about negligibility follow immediately: for the cross term to be op(1) we
need

√
nbn → 0, and for the pure bias term to be op(1) we need nb2n → 0.

Proof of Theorem 2.5. The stochastic order of T2,n follows from the product
structure: Gn = Op(1) by the Donsker theorem for the empirical process, and
Bn = Op(bn) by spline approximation rates. Hence

T2,n = Op(
√
nbn).

Similarly, the pure bias contribution arises from quadratic accumulation of
deterministic deviations:

T3,n = nB2
n = Op(nb

2
n).

Now substitute bn = n−ν/(2ν+1). For the cross term:

√
n bn = n1/2 n−ν/(2ν+1) = n

1
2
− ν
2ν+1 .

Since 1
2
− ν

2ν+1
= 1

2(2ν+1)
> 0, this exponent is strictly positive, implying that

√
n bn → ∞. For the pure bias term, nb2n = nn−2ν/(2ν+1) = n1−2ν/(2ν+1). Simpli-

fying the exponent, we get

1− 2ν

2ν + 1
=

2ν + 1− 2ν

2ν + 1
=

1

2ν + 1
> 0,

so nb2n →∞ as well.
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Thus, both terms grow polynomially with n, whereas the stochastic component
T1,n is only Op(1). Hence, without bias correction, the residual-based Anderson–
Darling statistic is dominated by bias effects rather than reflecting the null dis-
tribution.

Proof of Theorem 2.6. By definition,

F̂n(t)− F0(t) =
(
Fn(t)− F0(t)

)
+
(
F̂n(t)− Fn(t)

)
=

1√
n
Gn(t) +Bn(t).

Substituting into An yields

An = n

∫ (
1√
n
Gn +Bn

)2
F0(1− F0)

dF0

=

∫
G2
n

F0(1− F0)
dF0︸ ︷︷ ︸

=:T1,n

+ 2
√
n

∫
GnBn

F0(1− F0)
dF0︸ ︷︷ ︸

=:T2,n

+ n

∫
B2
n

F0(1− F0)
dF0︸ ︷︷ ︸

=:T3,n

.

Under (B4) and (B5), the mapping G 7→
∫
G2/(F0(1 − F0)) dF0 is continuous

at typical realizations of the limiting Gaussian process (one can invoke truncation
arguments if necessary). Thus by the continuous mapping theorem,

T1,n
d−→
∫

G2(t)

F0(t){1− F0(t)}
dF0(t).

Applying the probability integral transform u = F0(t) (change of variable) gives
the more familiar form ∫ 1

0

G(u)2/{u(1− u)} du.

Next, assume
√
n‖Bn‖∞ = op(1). Using Cauchy–Schwarz and ‖Gn‖∞ = Op(1)

(from Donsker property),

|T2,n| = 2
√
n

∣∣∣∣∫ GnBn

F0(1− F0)
dF0

∣∣∣∣ ≤ 2
√
n ‖Bn‖∞

∫
|Gn|

F0(1− F0)
dF0.

By (B4)–(B5) the integral
∫
|Gn|/(F0(1− F0)) dF0 is Op(1), hence T2,n = op(1).

Similarly,

T3,n = n

∫
B2
n

F0(1− F0)
dF0 ≤ n ‖Bn‖2∞

∫
1

F0(1− F0)
dF0,

and since
√
n‖Bn‖∞ = op(1) we have n‖Bn‖2∞ = op(1), so T3,n = op(1) as well.

Combining the above findings, we obtain

An = T1,n + op(1),
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and therefore An has the same asymptotic distribution as the classical AD func-
tional ∫

G2/(u(1− u)) du.

If the estimator m̂ does not satisfy
√
n‖Bn‖∞ = op(1) (which is typical for

global nonparametric rates), then T2,n and/or T3,n may contribute non-negligibly
to the limit, and the limiting law of An is shifted and generally depends on un-
known aspects of the estimation error. In this scenario analytic derivation of the
finite-sample or asymptotic null law is cumbersome. However, the residual boot-
strap that replicates the estimation step consistently approximates the sampling
distribution of An under mild regularity (uniform consistency of m̂, exchangeabil-
ity or moment conditions on residuals, and bootstrap consistency for empirical
processes). Formally, one may show

sup
t∈R

∣∣P(An ≤ t
)
− P∗

(
A∗n ≤ t

)∣∣ p−→ 0,

where P∗ denotes bootstrap probability conditional on data, and A∗n is the boot-
strap analogue of An. The proof follows standard lines combining empirical pro-
cess bootstrap theory with uniform-in-parameter consistency of the smoothing
estimator (see e.g. [11], [8], and spline bootstrap literature).

Proof of Theorem 3.1. We decompose the error of the spline estimator into two
principal components: the approximation error (bias) due to projecting m onto a
spline space, and the stochastic error (variance) due to finite-sample fluctuations.

Let Sk(Kn) denote the space of spline functions of degree k with knot sequence
Kn. Classical spline approximation theory (e.g., [2]) guarantees that for m ∈
W ν,2([0, 1]d) with ν ≤ k + 1, there exists s ∈ Sk(Kn) such that

‖m− s‖∞ ≤ CK−ν , (8.2)

where K is the number of interior knots, C > 0 is a constant depending only
on ν, and the knots are chosen quasi-uniformly. This error corresponds to the
deterministic bias bn(x).

Define the penalized least-squares criterion

m̂ = arg min
g∈Sk(Kn)

{
1

n

n∑
i=1

(
Yi − g(Xi)

)2
+ λnJ(g)

}
,

where J(g) is a roughness penalty (e.g., integrated squared second derivative).
The estimator m̂ admits a linear smoother representation

m̂(x) =
n∑
i=1

Wn,i(x)Yi,

where the weights Wn,i(x) depend on the design {Xi} and λn. Thus,

m̂(x)− E[m̂(x) | X1, . . . , Xn] =
n∑
i=1

Wn,i(x)εi,

with εi = Yi −m(Xi) i.i.d. mean-zero errors.
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Conditioning on the design, the variance term satisfies

sup
x∈X

Var(m̂(x) | X1, . . . , Xn)1/2 ≤ C
( log n

nhd

)1/2
, (8.3)

where h � K−1 is the mesh size of the knots. The factor log n arises from the
uniform concentration via Bernstein’s inequality and covers the number bounds
for the spline space, whose entropy satisfies logN(ε,Sk, ‖ · ‖∞) . K log(1/ε).
Furthermore, the total error decomposes as

sup
x∈X

∣∣m̂(x)−m(x)
∣∣ ≤ ‖m− s‖∞︸ ︷︷ ︸

bias

+ sup
x

∣∣m̂(x)− E[m̂(x)]
∣∣︸ ︷︷ ︸

variance

. (8.4)

Substituting the rates from Steps 1–2 gives

sup
x∈X

∣∣m̂(x)−m(x)
∣∣ = Op(K

−ν) +Op

(√
logn
nhd

)
.

Since h � K−1, this becomes

sup
x∈X

∣∣m̂(x)−m(x)
∣∣ = Op(K

−ν) +Op

(√
Kd logn

n

)
. (8.5)

To balance the two terms, choose the optimal K such that

K−ν �
(
Kd logn

n

)1/2
.

Solving yields

K �
(

n
logn

)1/(2ν+d)
.

Substituting back gives

sup
x∈X

∣∣m̂(x)−m(x)
∣∣ = Op

((
logn
n

)ν/(2ν+d))
,

as claimed.

Proof of Theorem 3.2. Recall the spline approximation (2.2) and the penalized
least-squares estimator in basis form. Let

B(x) =
(
B1(x), . . . , BK(x)

)>
, B =

(
B(X1), . . . ,B(Xn)

)>
be the K-vector of basis functions and the n×K design matrix respectively. Write
Y = (Y1, . . . , Yn)> and let Λ denote the K ×K penalty matrix coming from the
quadratic penalty J(g) (for example Λ = λnΩ or a diagonal adaptive-penalty
matrix). The penalized estimator solves

β̂ = arg min
β∈RK

1

n
‖Y −Bβ‖22 + β>

Λ

n
β,

so the closed-form solution is

β̂ =
(
1
n
B>B + 1

n
Λ
)−1 1

n
B>Y.
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The fitted spline is m̂(x) = B(x)>β̂. Next, let us decompose Y = µ + ε where
µi = m(Xi) and ε = (ε1, . . . , εn)>. Let the population (or oracle) penalized
coefficient vector be

β0 := arg min
β

E
{

(m(X)−B(X)>β)2
}

+ β>τnβ,

where τn := Λ/n (so τn captures the penalty at population level). Equivalently
β0 minimizes the population penalized risk and satisfies the normal-equation ana-
logue (

E{B(X)B(X)>}+ τn
)
β0 = E{B(X)m(X)}.

Also let s(x) := B(x)>β0 denote the population penalized spline projection of m.
By spline approximation theory (Theorem 3.1 / de Boor 2001) we have

sup
x∈X
|m(x)− s(x)| = O(K−ν) =: δn,

the deterministic approximation error.
To study the algebraic expansion of (β̂ − β0), we first introduce some notation.
The sample Gram matrix is defined as

Ĝn :=
1

n
B>B,

and the corresponding empirical cross moment is given by

ĝn :=
1

n
B>µ.

These two quantities provide the basic ingredients for expressing and expanding
β̂ − β0 in the subsequent analysis. Note that 1

n
B>Y = ĝn + 1

n
B>ε. Using the

defining equations for β̂ and β0 we get

β̂ − β0 =
(
Ĝn + τn

)−1(
ĝn + 1

n
B>ε

)
−
(
G+ τn

)−1
Gβ0

=
(
Ĝn + τn

)−1 1
n
B>ε︸ ︷︷ ︸

(I)

+
((
Ĝn + τn

)−1
ĝn −

(
G+ τn

)−1
Gβ0

)
︸ ︷︷ ︸

(II)

,

where G := E{B(X)B(X)>}. Term (I) is the primary stochastic term (linear
in the errors) and term (II) captures differences between sample and population
operators plus approximation/penalty bias.

Observe that (
Ĝn + τn

)−1 1
n
B>ε =

1

n

n∑
i=1

(
Ĝn + τn

)−1
B(Xi)εi.

Hence for any fixed x,

B(x)>
(
Ĝn + τn

)−1 1
n
B>ε =

1

n

n∑
i=1

ψi(x), ψi(x) := B(x)>
(
Ĝn + τn

)−1
B(Xi)εi.

Define the influence function

ψ(Xi, Yi;x) := B(x)>
(
Ĝn + τn

)−1
B(Xi)

(
Yi −m(Xi)

)
,

so that term (I) yields exactly the stochastic average 1
n

∑n
i=1 ψ(Xi, Yi;x).
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We will later replace (Ĝn + τn)−1 by its population analogue (G+ τn)−1 in the
influence to obtain an explicit influence function independent of the sample; the

replacement induces a negligible remainder provided ‖Ĝn − G‖ = op(1), which
holds under our assumptions (see Step 5). Subsequently, write (II) as

(II) =
(
Ĝn + τn

)−1
ĝn −

(
G+ τn

)−1
Gβ0 =

(
Ĝn + τn

)−1(
ĝn − (Ĝn + τn)β0

)
+ ∆n,

where

∆n :=
(
Ĝn + τn

)−1
(Ĝn −G)(G+ τn)−1Gβ0

collects higher-order operator-difference terms. The core deterministic bias arises
from

ĝn − (Ĝn + τn)β0 = ĝn − Ĝnβ0 − τnβ0 =
1

n
B>(µ−Bβ0)− τnβ0.

Now µ−Bβ0 = m(X)− s(X) is precisely the approximation error vector; by the
spline approximation result ‖m− s‖∞ = δn = O(K−ν). Hence∥∥∥ 1

n
B>(µ−Bβ0)

∥∥∥
2
≤ sup

x
|m(x)− s(x)| ·

∥∥∥ 1

n
B>1n

∥∥∥
2

= O(δn).

Moreover τnβ0 is a deterministic shrinkage term of order O(‖τn‖‖β0‖); with the
usual penalty scaling (see Theorem 3.1) this term is O(δn) as well (penalty is
chosen to balance approximation error). Consequently the dominant contribution
of (II) is of order O(δn) in Euclidean norm. Multiplying by the bounded operator

(Ĝn + τn)−1 yields a contribution to β̂ − β0 of order O(δn).
Transformed back to the function level B(x)>(II) = bn(x) + r̃n(x) where bn(x) :=

s(x) −m(x) = O(δn) is the deterministic bias function and r̃n(x) collects addi-
tional small terms from operator differences and is shown below to be negligible
uniformly.

Next, we have to show the random operator differences are negligible, i.e.∥∥(Ĝn + τn)−1 − (G+ τn)−1
∥∥ = op(1),

and similarly that replacing (Ĝn + τn)−1 in the influence ψi(x) by (G + τn)−1

induces only a negligible remainder. Under assumptions of Theorem 3.1 the

entries of Ĝn satisfy

Ĝn −G = Op

(√
K2 logn

n

)
in operator norm,

which follows from Bernstein-type concentration inequalities applied to each entry
plus a union bound over the K2 entries (the entropy bounds used earlier). Since

K � (n/ log n)1/(2ν+d) (optimal choice), one checks

√
K2 logn

n
= o(1).

Therefore ‖Ĝn −G‖ = op(1). Using the Neumann series expansion for matrix
inverses,

(Ĝn + τn)−1 − (G+ τn)−1 = (G+ τn)−1
(
G− Ĝn

)
(Ĝn + τn)−1,

and the right-hand side is op(1) in operator norm because (G+ τn)−1 is bounded

(population Gram positive definite on the spline space) and ‖Ĝn − G‖ = op(1).
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Consequently we may write(
Ĝn + τn

)−1
= (G+ τn)−1 + op(1),

uniformly in operator norm, and replace it inside the influence function to obtain

ψi(x) = B(x)>(G+ τn)−1B(Xi)εi + ρi,n(x),

where the remainder ρi,n(x) satisfies

sup
x

∣∣∣ 1
n

n∑
i=1

ρi,n(x)
∣∣∣ = op

( 1√
n

)
.

This follows from ‖ρi,n‖∞ ≤ ‖B(x)‖ · ‖(Ĝn + τn)−1− (G+ τn)−1‖ · ‖B(Xi)εi‖ and
the fact that maxi |εi| = op(n

1/2) under moment conditions.
Combining the above bounds gives the following decomposition

m̂(x)−m(x) =
1

n

n∑
i=1

ψ̃(Xi, Yi;x)︸ ︷︷ ︸
stochastic term

+ bn(x)︸ ︷︷ ︸
bias

+ rn(x),

where ψ̃(Xi, Yi;x) := B(x)>(G+ τn)−1B(Xi)εi is an explicit influence function
with mean zero conditional on the design, bn(x) = s(x) − m(x) = O(δn) is
the deterministic bias of order O(K−ν), and the remainder rn(x) collects the
operator-replacement remainders and the higher-order terms from (II). By the
operator-norm bounds and the growth-rate choice for K (see Theorem 3.1) one
has the uniform bound

sup
x∈X
|rn(x)| = op

(
n−1/2

)
+ op(δn).

From Theorem 3.1 and the choice K � (n/ log n)1/(2ν+d) we have

δn = O(K−ν) = O
((

logn
n

)ν/(2ν+d))
.

Thus the deterministic bias satisfies bn(x) = O
(
n−ν/(2ν+d)

)
up to the log n factor;

for short-hand notation in the statement of the theorem we denote this order by
O(n−ν/(2ν+d)).

Therefore, collecting the stochastic expansion, the deterministic bias contribu-
tion, and the negligible remainder yields the asserted linear representation

m̂(x)−m(x) =
1

n

n∑
i=1

ψ(Xi, Yi;x) + bn(x) + rn(x),

with ψ mean-zero, bn(x) = O(n−ν/(2ν+d)), and supx |rn(x)| = op(n
−1/2) + op(bn).

This proves Theorem 3.2.
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Proof of Theorem 3.3. Let us define

ε̂i = εi + ∆i, ∆i := m(Xi)− m̂(Xi),

and consider the EDF without standardization:

F̃n(t) :=
1

n

n∑
i=1

1{ε̂i ≤ t} =
1

n

n∑
i=1

1{εi + ∆i ≤ t}.

For each fixed t, use a first-order Taylor (influence) expansion of the indicator
function:

1{εi + ∆i ≤ t} = 1{εi ≤ t} − f0(t)∆i + 1
2
f ′0(t)∆

2
i + ri,n(t),

where ri,n(t) = o(|∆i|2) uniformly in t provided f0 is C1 and ∆i → 0 in probability
uniformly (by a standard expansion using the smoothed indicator and dominated
convergence). Summing over i and multiplying by

√
n gives

√
n{F̃n(t)−F0(t)} =

√
n{Fn(t)−F0(t)}−f0(t)·

1√
n

n∑
i=1

∆i+
1
2
f ′0(t)·

√
n∆2

n+Rn(t),

where Rn(t) =
√
n · 1

n

∑n
i=1 ri,n(t) and supt |Rn(t)| = op(

√
n∆2

n).
Using Theorem 3.2, we get

∆i = m(Xi)− m̂(Xi) = − 1

n

n∑
j=1

ψ(Xj, Yj;Xi)− bn(Xi)− rn(Xi).

Therefore,

1

n

n∑
i=1

∆i = − 1

n

n∑
i=1

{ 1

n

n∑
j=1

ψ(Xj, Yj;Xi)
}
− 1

n

n∑
i=1

bn(Xi)−
1

n

n∑
i=1

rn(Xi).

Interchange the sums in the double sum:

1

n

n∑
i=1

{ 1

n

n∑
j=1

ψ(Xj, Yj;Xi)
}

=
1

n

n∑
j=1

Φ(Xj, Yj),

where Φ(Xj, Yj) := 1
n

∑n
i=1 ψ(Xj, Yj;Xi).Under (C2) and (C3), one checks E[Φ(Xj, Yj)] =

0 (the influence integrates to zero because the spline estimator targets the L2(PX)
projection), and the Lindeberg CLT implies

1√
n

n∑
j=1

Φ(Xj, Yj) = Op(1).

The remaining deterministic bias average satisfies

1

n

n∑
i=1

bn(Xi) = Op

(
sup
x
|bn(x)|

)
= Op(n

−γ),

and the remainder average 1
n

∑
rn(Xi) = op(n

−1/2) by (C2). Thus,

1√
n

n∑
i=1

∆i = − 1√
n

n∑
j=1

Φ(Xj, Yj) + op(1).
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Finally, we get

√
n{F̃n(t)−F0(t)}

√
n{Fn(t)−F0(t)}−f0(t)·

(
− 1√

n

n∑
j=1

Φ(Xj, Yj)
)

+1
2
f ′0(t)·

√
n∆2

n+op(1).

Rearranging gives the expansion claimed in the theorem for the non-standardized
EDF: the term proportional to f0(t) is the leading bias linear in ∆i, while the
f ′0(t) term is quadratic.

We now replace t by the standardized argument z since F̂n(z) = F̃n(¯̂ε + zσ̂ε̂).
Apply a first-order delta expansion:

F̂n(z)− F̃n(zσ0) =
(
¯̂ε+ zσ̂ε̂ − zσ0

)
· f0(zσ0) + op

(
|¯̂ε|+ |σ̂ε̂ − σ0|

)
,

uniformly in z, provided f0 is smooth and ¯̂ε, σ̂ε̂ − σ0 = op(1). Under (C4),
¯̂ε = op(n

−1/2) and σ̂ε̂ − σ0 = op(1); the centering term contributes at most op(1)

to
√
n(F̂n − F0) if ¯̂ε = op(n

−1/2). Concretely, the leading additional contribution
from scaling is

−zf0(zσ0) ·
√
n(σ̂ε̂ − σ0),

but under the stated consistency (C4) this is op(1) uniformly in bounded z. If
one needs to control unbounded z (tails for AD integral), truncation arguments
or tail-weighted norms are used; assumptions on moments of ε handle those tech-
nicalities.

Thereafter, collecting terms and noting that the leading stochastic piece
√
n(Fn−

F0) is Op(1) in `∞, we obtain the decomposition

Gn(z) = G0
n(z)− f0(z) · 1√

n

n∑
j=1

Φ(Xj, Yj) + 1
2
f ′0(z) ·

√
n∆2

n + op(1),

uniformly in z. Hence if 1√
n

∑n
j=1 Φ(Xj, Yj) = op(1) and

√
n∆2

n = op(1) (the

conditions in the theorem), the extra bias terms are op(1) in sup-norm and the
residual empirical process is asymptotically equivalent to the classical empiri-
cal process G0

n, which converges to the Brownian bridge G by (C1),(C4). This
completes the proof.

Proof of Theorem 3.4. Write the decomposition (proved in the residual em-
pirical process section)

F̂n − F0 = n−1/2Gn +Bn,

with Gn =
√
n(Fn − F0) and Bn = F̂n − Fn. Substitute into the AD functional:

A2
n = n

∫
(n−1/2Gn +Bn)2

F0(1− F0)
dF0

=

∫
G2
n

F0(1− F0)
dF0 + 2

√
n

∫
GnBn

F0(1− F0)
dF0

+ n

∫
B2
n

F0(1− F0)
dF0.
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By assumption
√
n‖Bn‖∞ = op(1), and by Donsker theory ‖Gn‖∞ = Op(1) and∫

G2
n

F0(1− F0)
dF0 ⇒

∫ 1

0

G(u)2

u(1− u)
du.

Use the Cauchy–Schwarz bound as in Theorem 2.4 to control the mixed term:∣∣∣∣2√n∫ GnBn

F0(1− F0)
dF0

∣∣∣∣ ≤ 2
√
n‖Bn‖∞

(∫
G2
n

F0(1− F0)
dF0

)1/2

= op(1).

Similarly,

n

∫
B2
n

F0(1− F0)
dF0 ≤ n‖Bn‖2∞

∫
1

F0(1− F0)
dF0 = op(1).

Therefore A2
n =

∫
G2
n/(F0(1−F0)) dF0 + op(1), and application of the continuous

mapping theorem yields the claimed limit.

Sketch of proof of Theorem 3.6. The argument follows the general template
for bootstrap consistency of smooth functionals of empirical processes when nui-
sance smoothing is present (see e.g. Stute (1997), Liu (1988), and bootstrap
theory for nonparametric regression). Outline:

i) Write the bootstrap residual EDF F̂ ∗n in the same decomposition form:

F̂ ∗n − F̂n = n−1/2G∗n +B∗n,

where G∗n is the bootstrap empirical process (conditional on data) and B∗n
is the bootstrap bias part induced by re-fitting m̂∗.

ii) Show that conditional on data, G∗n ⇒ G in probability (bootstrap Donsker),
i.e. the bootstrap process mimics the law of Gn.

iii) Show that the bootstrap bias B∗n consistently estimates the true bias Bn

in sup-norm, i.e. ‖B∗n − Bn‖∞ = op(n
−1/2) (this uses uniform consistency

of m̂ and smoothness of the refitting operator). In particular, even when
Bn is non-negligible, the bootstrap reproduces it.

iv) Using a functional delta / continuous mapping argument for the quadratic
AD functional, combine the above to obtain

L∗(A2∗
n | data)

p−→ L(A2
n).

Technical details require verifying equicontinuity and integrability of the AD
functional (truncation near u = 0, 1 is used to handle weight blow-up), but these
are standard under (B1)–(B5). Thus the bootstrap distribution approximates the
sampling law of A2

n uniformly, proving the theorem.
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