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ABSTRACT. In this paper, we investigate the connections between certain spec-
tra arising from Fredholm theory of a generalized Drazin invertible bounded
linear operator and those of its generalized Drazin inverse. Furthermore, we
analyze the transfer of Browder’s theorem and its generalized form from such
an operator to its corresponding generalized Drazin inverse. Applications to
left, right, and multiplication operators are also presented.
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1. INTRODUCTION AND PRELIMINARIES

Let L(X) denote the algebra of all bounded linear operators on an infinite-dimensional
complex Banach space X. For T € L(X), let T*, N(T') and R(T) denote respectively
the dual, the null space and the range space of T'. Let «(T") be the nullity of 7" and 3(T)
its deficiency defined by «(T) = dimN (T) and B(T) = codimR(T). For an operator
T € L(X), if the range R(T) is closed and a(T") < oo (resp. S(T) < 00), then T is said
to be upper semi-Fredholm (resp. lower semi-Fredholm). If T € L(X) is either upper
or lower semi-Fredholm, then it is said to be semi-Fredholm and its index is defined by
ind (T) = a(T) - B(T). If T € L(X) is both upper and lower semi-Fredholm, then T is
said to be Fredholm. An operator T is said to be Weyl if it is Fredholm of index zero.
An upper semi-Fredholm, with ind (T') < 0 is said to be upper semi-Weyl and a lower
semi-Fredholm, with ind (T") > 0 is said to be lower semi-Weyl.

For an operator T' € L(X), the ascent p(T) and the descent ¢(T) are defined by
p(T) = inf{n € N: N(T") = N(T")} and ¢(T) = inf{n € N: R(T") = R(T""1)},
respectively, the infimum over the empty set is taken oco. Recall that T is said to be
Browder (resp. upper semi-Browder, lower semi-Browder) if it is Fredholm of finite
ascent and descent (resp. T is upper semi-Fredholm and p(T') < oo, T is lower semi-
Fredholm and ¢(T") < 00).

The concept of semi-Fredholm operators has been generalized by Berkani [9] in
the following way, for every T' € L(X) and n € N, we denote by T}, the restriction
of T on R(T™) (in particular Tjg) = T). If there exists n € N such that R(T") is
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closed and T}, is Fredholm (resp. upper semi-Fredholm, lower semi-Fredholm), then
T is called B-Fredholm (resp. upper semi-B-Fredholm, lower semi-B-Fredholm), the
class of B-Fredholm operators contains the class of Fredholm operators as a proper
subclass. An operator T is called B-Weyl operator (resp. upper semi B-Weyl, lower
semi B-Fredholm) if for some integer n > 0, R(T") is closed and Tj, is Weyl (resp.
upper semi-Weyl, lower semi-Weyl). Analogously, an operator is said to be B-Browder
(resp. upper semi B-Browder, lower semi B-Browder) if for some integer n > 0, R(T™)
is closed and Tj,) is Browder (resp. upper semi-Browder, lower semi-Browder).

An operator T' € L(X) is said to be a Drazin invertible if there exists a positive
integer k and an operator S € L(X) such that

ST =TS, TF'S =TF, and S?>T = S.

It is well known that 7" is Drazin invertible if and only if T = T7 @ 15 where 77 is an
invertible operator and T» is a nilpotent (see [22, Corollary 2.2]). The Drazin inverse
S of T will be denoted by TP. An operator T is said to be left Drazin invertible if
p = p(T) < co and R(TPH!) is closed and T is said to be right Drazin invertible if
q:=q(T) < oo and R(T1Y) is closed.

Let acco(T) and iso o(T) be the set of all accumulation points of o(7T') and the set of
all isolated points of o(T"). We recall that for every A\ € isoo(T'), there corresponds a
decomposition X = Ho(T — M) @ K(T — \I), where Ho(T — AI), the quasi-nilpotent
part of T'— AI, and K (T — AI) the analytic core of T'— AI are the sets

Ho(T = M) ={z € X : lim [|(T — A"z ||V = 0}
and

K(T — M) ={x € X : there exists a sequence {z,} C X and ¢ > 0 for which
z=xg, (T — N)xpt1 = zp and ||zy|| < 8"||z||, for alln =1,2,..}

An operator T' € L(X) is generalized Drazin invertible if there exists a unique S €
L(X) such that

TS =S8T, STS=S and TST —T is quasi-nilpotent.

The generalized Drazin inverse S of T will be denoted by T¢. Following Koliha [19],
T is generalized Drazin invertible if and only if 7" admits on X = K(T') @ Hy(T), the
decomposition T' =T} @ Ty where Ty = T| K(T) 1s invertible and 75 = T | Ho(T) 1S quasi-
nilpotent, and this is equivalent to the fact that 0 ¢ acco(T). For more details about
generalized Drazin invertibility, we refer the reader to [16, 19, 20].

Note that if T is Drazin invertible, then T is generalized Drazin invertible, but the
converse is not true in general. Indeed, let T defined on I?(N) by

1 1 1
T($17 xr2,X3, ) = (7:627 523,

—Tg,-en),
g g g T )
then it is clear that T is quasi-nilpotent with infinite ascent. Hence T is generalized
Drazin invertible but T is not Drazin invertible .

For convenience, we collect below the spectra associated with the above class of
operators, as well as the notations and symbols that will be employed in what follows.



184 S. MEGRI, F. LOMBARKIA

o(T) : spectrum of T opw(T) : B-Weyl spectrum of T
0q(T) :  approximate spectrum of T’ oubw(T') : upper semi B-Weyl spectrum of T'
os(T) :  surjective spectrum of T’ A(T):=0(T)\ ow(T)

0.(T) :  essential spectrum of T AL(T):=0(T) \ ouuw(T)

op(T) :  Drazin spectrum of T Ay (T) :=04(T) \ ouw(T)

orp(T) : Left Drazin spectrum of T’ AY(T) :==0o(T) \ opw(T)

orp(T) : Right Drazin spectrum of T AY(T) := o(T) \ oupw(T)

op(T): Browder spectrum of T' ANT) := 04(T) \ oupw(T)

ouw(T) :  upper semi-Browder spectrum of 7' | II(T) : poles of T'.

o(T): lower semi-Browder spectrum of 7' | TI°(T) : poles of finite rank of T
ow(T): Weyl spectrum of T’ I1,(T) : left poles of T

ouww(T):  upper semi-Weyl spectrum of T 9(T) : left poles of T of finite rank
ow(T):  lower semi-Weyl spectrum of T

For T € L(X), we define:

I(T) :==  o(T) \ op(T) UT) = o(T)\ oy(T)
I(T) := 0o(T)\ orp(T) | I(T) : 0a(T) \ oun(T).
Obviously, we have ITI°(T) C A(T) C Ay(T), IY(T) € Ay(T) and

1I
II

A(T) € AYT), A(T) € AYT) C 0,(T), TL(T) € AYT), Ty(T) € AY(T).

Spectral theory of bounded linear operators on Banach spaces is a central topic
in functional analysis, with the spectral mapping theorem as one of its fundamental
results. This theorem ensures, for instance, that if 7' € L(X) is invertible, then the
spectrum of T~! consists of the reciprocals of the spectrum of T, and similar reciprocity
holds for spectra arising from Fredholm and B-Fredholm theory. Several generaliza-
tions of invertibility have been studied, focusing on connections between the spectral
properties of an operator and those of its generalized inverses. In particular, such
reciprocity has been extended to Drazin invertibility by Schmoeger [27], with further
developments by Aiena and Triolo [6]. Aponte et al. [3] generalize these results to
framework of B-Fredholm theory.

In this paper, we extend these investigations to the setting of generalized Drazin
invertibility. We show that Browder, Weyl, upper semi-Weyl, and Riesz operators
are preserved under the passage from a generalized Drazin invertible operator 7' to
its generalized Drazin inverse T¢. We further analyze the transfer of Browder-type
theorems to generalized Drazin inverse and provide applications to left, right, and
multiplication operators. The paper is structured as follows. Section 2 establishes
reciprocity results for spectra and stability of several operator classes under generalized
Drazin inversion. Section 3 deals with the transfer of some Browder-type theorems,
while Section 4 presents applications to left, right, and multiplication operators.

2. PRELIMINARY RESULTS

In the following results, we prove that if T" is a generalized Drazin invertible operator
with its generalized Drazin inverse T¢, then the nonzero points of certain spectra of T'
and T arising from Fredholm theory, satisfy a reciprocity relation.

Theorem 2.1. Let T € L(X) be a generalized Drazin invertible with generalized Drazin
inverse T®. Then

7T\ {0} = {5 - A€ 0u(T) \ {0}}.
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where o € {0,04,05, Ty Ouby Olby Tey ODy OLDs ORD }-
Proof. Suppose that T' is generalized Drazin invertible.
If 0 ¢ o(T), then f(\) = % is an analytic function in any open neighborhood of o(T")
not containing 0. Hence, by Koliha [19] we have
T =T = £(T).

Moreover, by [2, Chapter 3] every spectrum o, € {0, 04, 0s, T, Oup, Ol Oc, 0D, OLD, ORD }
satisfies the spectral mapping theorem. Therefore,

7T = 0. ((T) = f(u(T)) = {5 A € 0u(T)}.

Now, if 0 € o(T), then T' € L(K(T) @ Ho(T)) admits the decomposition 1" = T1 & T3,
where T) is invertible and Tb is quasi nilpotent and 7% = T 1'% 0. From [2, Chapter
3], it follow that

O'*<T1 D TQ) = U*(Tl) U O'*(TQ) = O'*(Tl) U {O}

and

0+(T%) = ou(T7") U {0}.
Since both T and T~ are invertible, applying again the spectral mapping theorem for
T, we obtain

G\ {0} = 0u(T71) = {5 A€ 0u(T1)} = (1) \ {0},
O

As shown in [18] and [3, Chapter 3], the spectral mapping theorem does not hold
for 0.(T), where o, € {0y, Ouw, Tubw, Obw }- Nevertheless, we prove below that if T is
generalized Drazin invertible, then the nonzero parts of 0, (T) and o, (T¢) are related
by reciprocity.

Theorem 2.2. Let T be a generalized Drazin invertible operator with generalized Drazin
inverse T%. Then

1
o (THN{0} = {5 : A € 0u(T) \ {0}},
where . € {0w, Ouws Cubw, Tbw -
Proof. Suppose that T' € L(X) is generalized Drazin invertible.

1
If 0 ¢ o(T), then f(\) = X is an analytic function on an open neighborhood of o (7).
So by Koliha [19]
T4 =771 = f(T).

Moreover, from [23] and [20] it follows that
0u(TY) = 0.(TY) = 0u(f(T) C f(0u(T)) = {+ A ea(T)}).  (21)

1
Conversely, let T-! = S and define g(\) = X
borhood of ¢(S). Then S¢ = S~! = T = ¢(S) and hence

an analytic function on an open neigh-

0:(57) = 04(S71) = 0u(T) C g(0x(5)) = {i P € o (T} (2.2)
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1 1 1
Now, let A\g = — with p € 04(T). From (2.2), we obtain po = € {X t A€o (T7H}
Ho 0

Therefore, the points of o.(T~!) are precisely the reciprocals of the spectrum o, (7).
If0€o(T), then T € L(K(T)® Hy(T)) admits the decomposition T" = T} & Ts, where
Ty is invertible and Ty is quasi nilpotent and T¢ = T, @ 0. Since o.(T) N {0} = 0, it
follows that :
O'*(Tl b Tg) = O'*(Tl) U O'*(TQ) = U*(Tl) U {O}
and
ou(T%) = o (T ) U {O).

As in the first part, we also have

o) = (5 A € ou(T)\ {0}),
Hence,

F(TH\ {0} = {5 - A€ 0ul(T)\ {0}
0

Next, we show that Browder, Weyl, upper semi-Weyl and Riesz operators are trans-
ferred from a generalized Drazin invertible operator T to its generalized Drazin inverse
T9. Recall that T' € L(X) is Riesz if T — A is Fredholm for all non-zero complex A,
and algebraic if h(T) = 0 for some nontrivial complex polynomial A.

Theorem 2.3. Let T be a generalized Drazin invertible operator with generalized Drazin
inverse T%. Then,

(1) T is Browder if and only if T% is Browder.
(2) T is Weyl if and only if T¢ is Weyl.
(3) T upper semi-Weyl if and only if T is upper semi- Weyl.
(4) T is Riesz if and only if T¢ is Riesz.
1
Proof. (1) If 0 ¢ o(T), then f(N\) = X is an analytic function on an open neigh-
borhood of o(T'). Hence, by Koliha [19]

=17 = §(1)

and the assertion is trivial.

If 0 € o(T), then T € L(K(T) & Ho(T)) admits the decomposition T =
Ty @ 15, where T7 is invertible and 75 is quasi-nilpotent and T’ d_—T T Ypo. 1f
T is Browder, then T is Fredholm with finite ascent and descent, i.e., p(T) =
q(T) < oo. Since T is Fredholm, we have 0 € 0.(T) = 0¢(T1) U 0.(1%). This
implies that 75 is Fredholm. As 75 is also quasi-nilpotent, then from [21,
Corollary 3.7.4], T> became nilpotent and Ho(7') is finite dimensional. Since
ker0 C Ho(T), we have a(T9) = o(T; ') + a(0) = a(0) < co. On the other
hand, since the null operator 0 is quasi-nilpotent and therefore algebraic, it
follows from [2, Theorem 3.83 ] that 0 is a pole of its resolvent. Hence,

p(T%) = maz{p(T7 "), p(0)} = p(0) < oo, q(T%) = maz{q(T ), q(0)} = ¢(0) < oc.

Thus p(T¢) = ¢(T?) < oo. Since moreover a(T%) < oo, it follows from [2,
Theorem 3.4 ] that a(T9) = B(T9) < oco. Therefore, T? is Browder. The
reverse implication follows similarly.
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Assume that 0 € o(7T'). Since T is generalized Drazin invertible, we have 0 €
iso o(T"). Moreover, if T' is Weyl, it follows from [2, Theorem 3.77] that T
is Browder. By the first part, we deduce that 7% is also Browder. As 0 €
iso o(T?) another application of [2, Theorem 3.77] shows that T is a Weyl
operator. The reverse implication can be proved similarly.

1
If 0 ¢ o(T), then f(\) = 3 is an analytic function on an open neighborhood of
o(T). Hence, by Koliha [19]
79~ 77 = §(T)

and the assertion is trivial in this case. If 0 € o(T), since T is generalized
Drazin invertible, then 0 € iso o(7T). Since T is upper semi-Weyl, it follows
from [2, Theorem 3.77] that T is Browder. From the first part we deduce that
that T¢ is Browder and since 0 € iso o(T%). It follows from [2, Theorem 3.77]
that T¢ is upper semi-Weyl operator. The converse may be proved in a similar
way.

Suppose that T' € L(X) is Riesz. Then o.(T") = {0}. Assume, for contradiction,
that T¢ is not Riesz. Then there exist A # 0 such that A € o.(7%). By Theorem
2.1, we deduce that 0 # } € o.(T) which contradicts the fact that o.(T) = {0}.

Hence, T% must be Riesz. The converse may be proved in a similar way.
O

Remark 2.4. (1) If T is an algebraic non-invertible operator, then by [2, Theorem

3.83], the spectrum of 7" is a finite set of poles of the resolvent. Then 0 is an
isolated point of o(T"), so T is generalized Drazin invertible and its generalized
Drazin inverse TP = T? is also algebraic.

If T is a Riesz operator and generalized Drazin invertible, then o(7") must be
finite. Indeed, if T" is Riesz and generalized Drazin invertible, it follows from [I,
Theorem 3.21] that the spectrum o(7') is either finite or a sequence converging
to 0. The second case cannot occur, since 0 € acco(T) would contradict the
assumption that T is generalized Drazin invertible. Then the spectrum must
be finite.

If T is Riesz and generalized Drazin invertible, then o(7T) is finite. By [l4,
Theorem 2.3], T admits the decomposition " = F + @, with Q, F € L(X)
, QF = FQ =0, 0(Q) = {0} and F is a finite rank operator. In this case,
by [15, Theorem 2.2], the generalized Drazin inverse of T' is given explicitly by

Td — (F + Q)d — ZZO:O Qn(Fd)n-H.

Lemma 2.5. Let T' € L(X) be generalized Drazin invertible with generalized Drazin
inverse T%. We have

(1)
(2)
(3)
(4)
Proof.

0€I(T) < 0¢€ H(Td). If X #0, then A € II(T) < A=t € TI(TY).

0 €T, (T) < 0 €y (TY. If A\ #0, then A € T, (T) & A\~! € T, (TY).
0cI%T) < 0 TIT?). If X #0, then A € I%(T) & A~ € IO(T9).
0€TI%T) < 0eTUTY). If A\ #0, then A € IY(T) < A\~! e TIY(T).

(1) If 0 € TI(T), then T is Drazin invertible. By [27], TP = T% and T¢
is also Drazin invertible. Hence, 0 € II(T%). Similarly, we obtain the other
implication.

Let A # 0 and assume that A € II(T) = o(T) \ op(T). By Theorem 2.1, it
follows that A= € o(T9) \ op(T?) = II(T?). Similarly, we obtain the other
implication. Hence \ € TI(T) < A\~! € TI(T9).
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(2) Since T is generalized Drazin invertible, then T' € L(K(T) ® Hy(T')) admits
the decomposition T" = T @ 15, where 17 is invertible and 75 is quasi nilpotent
and T¢ = T © 0. Let 0 € TI,(T). By definition, 0 € ¢,(T) \ o1p(T), hence
0e Ga(T) and 0 ¢ ULD(T) = O’LD(Tl)UULD(TQ), it follows that 0 € O'a(TQ) and
0 ¢ orp(T2). From [1, Theorem 2.8], we have or,p(T2) = orp(Ty). Thus Ty is
quasi-nilpotent with finite descent, and by [28, Corollary 10.6] T3 is nilpotent,
hence T is nilpotent. Consequently, 7" is Drazin invertible, i.e., 0 € II(T"). By
assertion (1) this yields 0 € TI(T%), and since we have always I1(T%) C II,(T%),
it follows that 0 € I1,(7?). Similarly, we obtain the other implication.

Now, let A # 0, and assume A\ € II,(T) = 04(T) \ op(T). By Theorem 2.1
A€ 0 (T \ opp(TY) = T, (T?). Again, the converse implication follows in
the same way.

(3) Recall that II°(T) = o(T) \ o(T). If 0 € II°(T), then 0 € o(T) and 0 & o(T).
By Theorem 2.3 it follows that T is Browder, hence 0 € T1°(7%). Similarly, we
obtain the other implication. If A # 0, and A € TI°(T) = o(T) \ o4(T), from
Theorem 2.1, we obtain A™' € o(T%) \ 0p(T?%) = I°(T%). Similarly, we obtain
the other implication.

(4) Since T is generalized Drazin invertible, then T' € L(K(T) @ Hy(T')) admits
the decomposition T" = T @ 15, where 17 is invertible and T3 is quasi nilpotent
and T¢ = T, @ 0. Let 0 € TTY(T) = 04(T) \ 0up(T). This means 0 € o,(T) and
0¢ O'ub(T) = Uub(Tl) U O'ub(TQ), it follows that 0 € O'a(TQ) and 0 &€ O'ub(TQ) =
ow(Ty). Since T is quasi-nilpotent, its adjoint T35 is also quasi-nilpotent with
finite descent. By [28, Corollary 10.6], T5 is nilpotent, hence T% is nilpotent.
Therefore, T% = TP, and by [6, Lemma 4.4], 0 € TI%(7%). Similarly, we obtain
the other implication. Let A # 0, and suppose A € IIY(T) = 04(T) \ ouw(T).
From Theorem 2.1, we deduce \~! € 0,(T9) \ 0(T9) = N(T?). Again, the
converse is obtained similarly.

0

The following proposition is an immediate consequence of the proof of Theorem 2.3
and Lemma 2.5

Proposition 2.6. Let T' € L(X). Then the following assertions hold :

(1) If T is Fredholm, then T is generalized Drazin invertible if and only if T is
Drazin invertible. In this case, TP = T

(2) If T is polaroid (i.e., isoo(T) C II(T)), then T is generalized Drazin invertible
if and only if T is Drazin invertible. hence, TP = T?.

(3) If T or T* is of finite descent, then T is generalized Drazin invertible if and
only if T is Drazin invertible. Consequently, TP = T¢.

Proof. (1) Follows from the proof of the first part of Theorem 2.3
(2) If T is polaroid, then isoo(T") = II(T). In particular, T' is Drazin invertible.
(3) Follows from the proof of the second part of Lemma 2.5

3. BROWDER’S AND GENERALIZED BROWDER’S TYPE THEOREMS

Browder-type theorems deal with the spectral structure of certain classes of opera-
tors. In this section, we establish that Browder’s theorem and its generalized version are
preserved when passing from a generalized Drazin invertible operator to its generalized
Drazin inverse. For this purpose, we first recall the following definitions.
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Definition 3.1. Let T' € L(X). We say that 7' satisfies
(1) Browder’s theorem ( (B) for brevity) if A(T) = I%(T).
(2) a-Browder’s theorem ( (aB) for brevity) if A,(T) = TI2(T).
(3) Property (b) if A,(T) = 1°(T).
(4) Property (ab) if A(T) = TI9(T).

Clearly, a-Browder’s theorem for 7" entails Browder’s theorem. In addition, property
(b) yields a-Browder’s theorem, whereas property (ab) yields Browder’s theorem for 7.
Now, we recall several spectral properties which are new strong versions of Browder-
type theorems, recently introduced by H. Zariouh [29, 30] and J. Sanabria et al. [25, 21].

Definition 3.2. Let T' € L(X). We say that T satisfies:
(1) Property (az) [29] if Ay (T) = II%(T).
(2) Property (ah) [30] if A (T) = (7).
(3) Property (Vir) [21] if A4 (T) = II(T)
(4) Property (Vir,) [25] if A4 (T) = o (T).

The following diagram summarizes the implications among the Browder-type theo-
rems introduced above.

(Vi) & (Vi) & (az) < (ah) = (b) = (ab) = (B)

Theorem 3.3. LetT be a generalized Drazin invertible operator with generalized Drazin
inverse T®. Then
(1) T satisfies (B) if and only if T satisfies (B).
(2) T satisfies (aB) if and only if T? satisfies (aB).
(3) T satisfies property (b) if and only if T® satisfies property (b).
(4) T satisfies property (ab) if and only if T satisfies property (ab).
(4) T satisfies property (ah) if and only if T¢ satisfies property (ah).

Proof. (1) We show that A(T?) = I1°(T4). First, note that I1°(T9) C A(T?), since
0w(T?) C oy(T?). Conversely, let 0 € A(T?9). Then 0 € o(T%) and 0 ¢ 7,(T%)
which implies that 7% is Weyl. By Theorem 2.3 this is equivalent to T is
Weyl. Since T satisfies Browder’s theorem, we have 0, (7") = o4(T), so T is
Browder. Again by Theorem 2.3, this is equivalent to 7¢ being Browder, hence
0 € I%(79).

Let A # 0. By Theorem 2.1, Theorem 2.2 and Lemma 2.5, we have the following
equivalences:

e A(TYH & A te A(T)
e ten%(n)
& e I(Td).

Therefore, T% satisfies Browder’s theorem. The proof of the converse is analo-
gous.

(2) Suppose that T satisfies a-Browder’s theorem and we show the equality A, (T9) =
9(T%). First, note that (T C A,(T?), since guw(T9) C 0up(T?). Con-
versely, let 0 € A,(T?), then 0 € 0(T%) and T? is an upper semi-Weyl opera-
tor. By Theorem 2.3, this is equivalent to saying that T is an upper semi-Weyl
operator. Since T satisfies a-Browder’s theorem, we have 0y,(T") = oy (T), so
T is upper semi-Browder. Again, from Theorem 2.3, this implies that 7¢ is
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upper semi-Browder, hence 0 € I12(T%).
If A # 0, by Theorem 2.1, Theorem 2.2 and Lemma 2.5, we have the following
equivalences

e AT & At e A(T)
s tend(n)
o e I(Td).

Therefore, T satisfies a-Browder’s theorem. The converse is similarly.

Since T' satisfies property (b), it follows that T satisfies a-Browder’s theorem.
Hence, by Theorem 2.3, the generalized Drazin inverse T? also satisfies a-
Browder’s theorem, and therefore A,(79) = MY(T9). So IY(T?) C AL(T?).
Conversely, let 0 € Ay(T%). Then 0 € 0,(T?) and 0 &€ 0y (T?) which means
that 7% is upper semi-Weyl. By Theorem 2.3 this is equivalent to T is an upper
semi-Weyl operator. Since 0 € isoo(T), it follows from [?, Theorem 3.77] that
T is Browder. By Theorem 2.3, T¢ is Browder, hence 0 € T1°(T).

If A #£ 0, by Theorems 2.1, Theorem 2.2 and Lemma 2.5, we obtain the following
equivalences

AE AT & At e A(T)
e e (1)
e\ e (1.

Therefore, T¢ satisfies property (b). The converse may be proved in a similar
way.

Since T satisfies property (ab), it follows that T satisfies Browder’s theorem.
Hence, T¢ also satisfies Browder’s theorem, and therefore A(T9) = II°(T%).
Clearly, A(T9) c TIY(T?). Conversely, let 0 € TIY(T?). Then 0 € o,(T¢) and
0 & oyup(T?) this implies that T? is upper semi-Browder, and hence upper semi-
Weyl. By Theorem 2.3 again, we deduce that T is upper semi-Weyl. Since
0 € isoo(T), it follows from [2, Theorem 3.77] that T is Browder. Then T also
is Browder. Consequently, T¢ is Weyl and 0 € A(T?).

If A # 0, by Theorems 2.1, Theorem 2.2 and Lemma 2.5, we have the following
equivalences

e AT & Xt e A(T)
s 1 en(n)
e X en(rd).

Therefore, T? satisfies property (ab). The converse may be proved in a similar
way.

Suppose that T' satisfies property (ah). Then T satisfies property (b), so T
also satisfies property (b). Hence, A,(T?) = M%(T9). Since A,(T) € AL (T)
holds for every operator, we obtain TI°(79) C A (T%). Now, let 0 € A (T).
Then 0 € o(T%) and 0 & 0, (T?),it follows that 7% is upper semi-Weyl, hence
by Theorem 2.3, T is also upper semi-Weyl. Since 0 € isoo(T), then from [2,
Theorem 3.77] T is Browder. Consequently, by Theorem 2.3, T¢ is Browder as
well. Therefore, 0 € TI°(T%).

If A # 0, by Theorems 2.1, Theorem 2.2 and Lemma 2.5, we have the following
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equivalences
ANeA(TH e e A (T)
e e (1)
e I(Td).

Therefore, T? satisfies property (ah). The converse is similarly.
O

In what follows, we extend the previously cited properties to their generalized ver-
sions.

Definition 3.4. Let T' € L(X). We say that T satisfies :

1) Generalized Browder’s theorem [10]( (gB) for brevity), if AY(T") = II(T).
) Generalized a-Browder’s theorem [10]( (gaB) for brevity), if AJ(T) = U, (T).
) Property (gb) [11] if AY(T) = TI(T).

) Property (gab) [12] if AI(T') = 11,(T).
) Property (gah) [30] if AY(T) =II(T).
(6) Property (gaz) [29] if AY(T) =, (T).

(
(2
(3
(4
(5
6

From [7, Theorem 2.1, Theorem 2.2] (B) (resp. (aB)) theorem for T is equivalent to
(gB) (resp. (gaB)). The diagram below shows the implications between the generalized
Browder-type theorems introduced above

(az) & (gaz) < (gah) = (gb) = (gab) = (¢B) < (B)

Proposition 3.5. Let T € L(X) be a generalized Drazin invertible operator with its
generalized Drazin inverse T%. Then,
(1) T satisfies (gB) ( resp. (gaB)) if and only if T? satisfies (gB) ( resp. (gaB)).
(2) T satisfies property (gah) if and only if T® satisfies property (gah).
(3) T satisfies property (gaz) if and only if T¢ satisfies property (gaz).

Proof. (1) Recall from [7, Theorem 2.1, Theorem 2.2] that Browder’s (resp. a-
Browder’s) theorem for T is equivalent to Generalized Browder’s (resp. gener-
alized a-Browder’s) theorem. Consequently, by Theorem 3.3 the result follows
immediately.

(2) Recall from [30] that T" satisfies property (gah) if and only if T" satisfies property
(ah). Therefore, by Theorem 3.3, the desired result follows.
(3) From [29], it is known that an operator T satisfies property (gaz) if and only
if it satisfies property (az). Hence, by Theorem 3.3, the result follows.
O

Before stating the next theorem, we first recall the following definition.

Definition 3.6. An operator 7' € L(X) is said to have the single-valued extension
property at A € C (abbreviated SVEP at J,) if for open disc D), the only analytic
function f : Dy — X which satisfies the equation

(T —p)f(p) =0

is the function f = 0. The operator T' € L(X) is said to have SVEP if T" has SVEP at
every point A € C.
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Theorem 3.7. Let T € L(X) be a generalized Drazin invertible operator with its
generalized Drazin inverse T%. Then,

(1)
(2)

Proof.

T satisfies property (gb) if and only if T¢ satisfies property (gb).
T satisfies property (gab) if and only if T¢ satisfies property (gab).

(1) Suppose that T satisfies property (gb) and let 0 € AJ(T%). Then T¢ is
an upper semi B-Weyl operator and 0 € isoo(T?). Since o(T9) = o((T9)*),
it follows that 0 € isoo((T?)*). Hence, (T%)* has SVEP at zero and by [5,
Theorem 2.5] T? is Drazin invertible, so 0 € II(T%). On the other hand, by [5,
Lemma 3.1], we have I1,(T%) C AJ(T?) and since the inclusion IT(7%) C I1,(7T¢)
always holds. It follows that 0 € TI(T%) = 0 € AY(T9).

If A #£ 0, by Theorem 2.1, Theorem 2.2 and Lemma 2.5, we have the following
equivalences

A e AYTY & A7t e AYT)
e A e II(T)
o\ e I(TY.

Therefore, T? satisfies property (gb). The converse may be proved in a similar
way.

Suppose that T satisfies property (gab) and let 0 € II,(7?). Then T is left
Drazin invertible, hence T% is upper semi B-Weyl. Since 0 € isoa(Td) and
o(T%) = o((T%)*), it follows that 0 € isoo((T9)*).Therefore, (T9)* has SVEP
at zero and by [5, Theorem 2.5], T is Drazin invertible. Hence 0 € II(T%) C
AY(T?). Therefore, 0 € I1,(T), = 0 € AI(T9).

Conversely, Suppose that 0 € A9(T%). Then T is B-Weyl. Since 0 € isoo(T?)
and o(T9) = o((T9)*), it follows that 0 € isoo((T%)*). Thus both 7¢ and (7%)*
have SVEP at zero and again by [5, Theorem 2.5] T is Drazin invertible.
Consequently, 0 € TI(T%), so 0 € TI,(T9).

If A # 0, by Theorem 2.1, Theorem 2.2 and Lemma 2.5, we have the following
equivalences

e AYTY & At e AY(T)
s A eI, (T)
&\ eI, (TY).

Therefore, T¢ satisfies property (gab). The converse may be proved in a similar
way.
O

4. APPLICATIONS

The left and the right multiplication operators induced by A and B are denoted
by L4 and Rp, respectively and defined by

La(Y)=AY and Rg(Y)=YB, forall Y € L(X).

The multiplication operator, denoted by M4 p and defined as

Map(Y)=AYB = LsRp(Y), forallY € L(X).

This section begins with the transfer of the generalized Drazin inverse from A and
B to the left multiplication L4, right multiplication R4 and multiplication operator
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My . We then use the results of Sections 2 and 3 to characterize when multiplica-
tion operators and their generalized Drazin inverses satisfy Browder’s and generalized
Browder’s theorems.

Theorem 4.1. For T € L(X) the following statements are equivalent

(1) T is generalized Drazin invertible.
(2) L is generalized Drazin invertible.
(3) Ry is generalized Drazin invertible.

Moreover in this case, if T? is the generalized Drazin inverse of T, then Ly a (resp.
Rya) is the generalized Drazin inverse of Lt (resp. Rr)

Proof. Since o(T) = o(Lr) and o(T) = o(Rr), then we obtain the equivalence. On
the other hand, observe that LyaLr = Lpip = Lypa = Ly Lya and LyaLyLya = Loya.
Moreover, we have

o(LyLyaLy — Ly) = o(Lippar_7y)) = o(TTT = T) = {0}.

Hence Lra is the generalized Drazin inverse of L7. Similarly, one shows that Ry is the
generalized Drazin inverse of Rp. O

Theorem 4.2. Let A, B € L(X) be generalized Drazin invertible operators. Then
My g = LaRp is generalized Drazin invertible and MiB = M g4 pa.

Proof. If A and B are generalized Drazin invertible, then by Theorem 4.1, both L4
and Rp are generalized Drazin invertible, with L, and Rpa being their respective
generalized Drazin inverses. Since the operators L4 and Rp commutes, it follows from
[19, Theorem 5.5] that

M4 p = (LaRp)" = L4RE = Mya pa.

Theorem 4.3. Let T € L(X), then the following statements are equivalent

(1) T is not invertible algebraic.
(2) Ly and Ry are not invertible algebraic.
(3) LR = L% and RE = R% are algebraic.
Proof. Since 0(T') = o(Lr) and o(T") = o(Rr), it follows that (1) < (2).
Moreover, the equivalence (2) < (3) follows directly from Remark 2.4 O
Proposition 4.4. Let A, B € L(X).
(1) if A and B are algebraic, then M4 p and Mfl),B = Mfal,B = Mup pp = M ya pa
are algebraic.
(2) Let A and B be generalized Drazin invertible, if L4 and Rp are Riesz operators,
then Ma g is Riesz generalized Drazin operator if and only if Mffl B = Mya pa
15 Riesz
Proof. (1) Follows from [17, Corollary 2.5] and Theorem 4.2

(2) Follows from [2, Theorem 4.7], Theorem 2.3 and Remark 2.4
0

Theorem 4.5. If T € L(X) is generalized Drazin invertible, then L, Ry, L%, RS
satisfies (B), (9B), (aB), (gaB).

Proof. Apply [13, Theorem 3.2, Theorem 3.7] and Theorem 4.1. O
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Theorem 4.6. Let A, B € L(X) be generalized Drazin operators.
(a) Suppose that A, B* satisfy (gB) . Then the following statements are equivalent

(1) (gB) holds for Ma p.

(2) (9B) holds for M ya pa.

(3) ow(Ma,B) =0(A)ow(B)Uoy(A)o(B).

(4) ow(Mya pa) = (AN oy, (BY) U oy (Ao (BY).

(b) Suppose that A, B* satisfy (gaB). Then the following statements are equivalent

(1) (gaB) holds for Ma p.

(2) (gaB) holds for M 4a ga.

(3) ouw(Ma,B) = 0(A)ouw(B) U oy (A)o(B).

(4) ouw(Mya ga) = (AN 04w (BY) U 0y (Ao (BY).

Proof. Apply [13, Theorem 4.5], Theorem 4.2 and Proposition 3.5 O

Theorem 4.7. Let A, B € L(X) two operators that satisfy (9B). Suppose that A is not
wnvertible algebraic and not nilpotent and B is generalized Drazin invertible not Drazin
invertible. Then the following statements are equivalent

(1) (gB) holds for Ma p.

ow(Mpd pa) = 0 (AN, (BY) U oy (Ao (BY).
Proof. Apply [13, Theorem 4.7], Theorem 4.2, Remark 2.4 and Proposition 3.5 Il
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