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MATHEMATICAL ANALYSIS OF
THERMO-ELASTIC-VISCOPLASTIC CONTACT PROBLEMS

WITH TIME-FRACTIONAL DERIVATIVES

HAMID ACHAB1∗, ILYAS BOUKAROURA2 and ABDELMOUMENE DJABI 3

Abstract. This paper presents a mathematical model for a quasi-static fric-
tional contact problem between a thermo-elastic-viscoplastic body and a de-
formable foundation, incorporating memory effects via time-fractional deriva-
tives in both the constitutive law and the heat conduction. The model is con-
structed inside a variational framework, resulting in a mathematical system
comprising a fractional variational inequality that dictates the displacement’s
evolution, and an evolutionary equation for the thermal field. We use the
Galerkin approximation approach, the Banach’s fixed point theorem and cer-
tain analytical instruments associated with fractional variational inequalities
to demonstrate the existence of a weak solution.
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1. Introduction

Contact problems are central to the mechanics of deformable bodies. They aim to
characterize the behavior of interacting surfaces under mechanical loading, including
the transmission of forces, deformation under stress, and the influence of friction, which
may lead to either sliding or sticking. These phenomena often involve elasticity, vis-
cosity, and plasticity, resulting in nonlinear and highly complex boundary conditions
that challenge both modeling and numerical analysis. Several works, such as [12, 11],
offer general theoretical foundations for frictional contact involving viscoelastic-plastic
materials.

The mathematical theory of fractional calculus dates back to the works of Leibniz and
l’Hôpital in the late 17th century [7]. In recent decades, this theory has seen significant
developments and wide applicability, particularly in modeling complex physical systems
with memory-dependent behavior. Fractional derivatives have been incorporated into
constitutive laws, such as those of the fractional Kelvin–Voigt and Maxwell models
[10, 5, 15, 1]. These models have shown particular promise in capturing the hereditary
effects inherent to viscoelastic and plastic materials.
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Recent studies [14, 16] have employed fractional calculus in the analysis of hemi-
variational inequalities, using techniques such as the Rothe method to establish the
existence of weak solutions. In [1, 2], a mathematical model was proposed for a thermo-
viscoelastic body in frictional contact with a thermally conductive foundation, incor-
porating fractional time derivatives in both the mechanical and thermal equations.
Similarly, Xuan et al. [15] examined a related problem involving fractional time-order
terms and long-memory effects.

Motivated by this body of work, we propose a novel mathematical model for frictional
contact that incorporates fractional time derivatives into both the heat conduction law
and the constitutive equation for viscoplasticity, together with the Clarke subdifferential
to describe friction. The model is designed to capture long-memory effects characteristic
of materials exhibiting coupled thermal, viscoelastic, and plastic behavior. We derive
the corresponding variational formulation and establish the existence and uniqueness
of a weak solution by employing tools such as the Galerkin method and the Banach
fixed-point theorem.

The structure of this paper is as follows. In Section 2, we introduce the mathemat-
ical model that characterizes the frictional contact between a viscoplastic body and
a deformable foundation, where the formulation integrates fractional time derivatives
together with thermal effects. In Section 3, we introduce the adopted notation and pro-
vide some preliminary results, followed by a detailed presentation of the assumptions
on the data and the construction of the variational formulation of the problem. Section
4 is devoted to establishing the existence of a weak solution to the proposed model.

2. The Mathematical Model

The material under investigation is assumed to exhibit thermo-elasto-visco-plastic
behavior and occupies a bounded domain Ω ⊂ Rm, where m = 2 or 3, with a Lipschitz
boundary Γ. The boundary Γ is partitioned into three disjoint, relatively open subsets:
Γ1, Γ2, and Γ3, such that meas(Γ1) > 0. The time interval under consideration is
denoted by I ≡ [0, T ], where T > 0.

We make use of the following notation:

Σ = Ω× I, Ξ = Γ× I, Ξ0 = (Γ1 ∩ Γ2)× I

Ξ1 = Γ1 × I, Ξ2 = Γ2 × I, Ξ3 = Γ3 × I.

Throughout this interval, the body is subjected to a body force of density f0 and a
volumetric heat source of intensity χ. Mechanical and thermal boundary conditions
are imposed on distinct parts of the boundary Γ. Mechanically, the body is clamped
on Γ1, where the displacement field is assumed to vanish. A surface traction of density
f2 is applied on Γ2. Thermally, the temperature is assumed to vanish on Γ0. In the
reference configuration, the body is in contact with the foundation along the contact
surface Γ3.

Let u denote the displacement field, σ the stress tensor, and ε(u(t)) the linearized
strain tensor associated with the displacement. In this study, we adopt a constitu-
tive law that incorporates a fractional time derivative to model the thermo-elasto-
viscoplastic behavior of the material. This law is given by:

σ(t) = Lε
(
C
0 D

α
t u(t)

)
+M

(
ε(u (t))

)
+

∫ t

0
S
(
σ (r)− Lε

(
C
0 D

α
t u(r)

)
, ε(u (r)), θ(r)

)
dr, in Σ. (2.1)
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Here, L and M are operators that represent, respectively, the viscous and elastic
properties of the material while S is a continuous nonlinear function that characterizes
the viscoplastic behavior of the material.

For α ∈]0, 1[, the notation C
0 D

α
t u(t) denotes the time-fractional derivative of order α

of the function u, in the sense of Caputo.
The thermo-elasto-viscoplastic constitutive law with time-fractional derivative (2.1)

incorporates temperature effects, which are described by the following evolution equa-
tion:

C
0 D

α
t θ(t)− divK∇θ(t) = ψ

(
σ(t)− Lε

(
C
0 D

α
t u(t)

)
, ε(u(t)), θ(t)

)
+ χ(t) in Σ, (2.2)

where K is the thermal conductivity tensor, χ is the density of volume heat sources
and ψ is a nonlinear constitutive function that characterizes the heat produced by the
work of internal forces.

For mechanical frictional contact conditions, we apply the multivalued normal com-
pliance condition, which involves the fractional derivative mentioned in [15] and defined
by:

−σν ∈ ∂jν(
C
0 D

α
t uν), −στ ∈ ∂jτ (

C
0 D

α
t uτ ). (2.3)

Here, σν and στ are the normal and tangential components of the stress tensor, given
by: σν = (σν) · ν, στ = σν − σνν.

Similarly, uν and uτ denote the normal and tangential displacements, with uν =
u · ν and uτ = u− uνν.

Moreover, for heat conduction, we apply the following conditions on the contact
surface:

K0
∂θ

∂ν
= κe(θ − θF ), on Ξ3, (2.4)

where κe is the heat transfer coefficient at the body–obstacle interface, and θF the
foundation temperature.

The classical mechanical fractional contact problem for thermo-elastic-viscoplastic
materials is formulated as:

Problem P. Find a displacement field u : Σ → Rm, a stress field σ : Σ −→ Sm and
a temperature θ : Σ → R where:

σ = Lε
(
C
0 D

α
t u

)
+M

(
ε(u)

)
+

∫ t

0
S
(
σ − Lε

(
C
0 D

α
t u

)
, ε(u), θ

)
dr in Σ, (2.5)

Div σ + f0 = 0 in Σ, (2.6)

C
0 D

α
t θ − divK∇θ = ψ

(
σ − Lε

(
C
0 D

α
t u

)
, ε(u), θ

)
+ χ in Σ, (2.7)

u = 0 on Ξ1, (2.8)

σν = f2 on Ξ2, (2.9)

θ = 0 on Ξ0, (2.10)

−σν ∈ ∂jν
(
C
0 D

α
t uν

)
on Ξ3, (2.11)

−στ ∈ ∂jτ
(
C
0 D

α
t uτ

)
on Ξ3, (2.12)

K∂θ
∂ν

= κe(θ − θF ) on Ξ3, (2.13)

u(0) = u0 in Ω, (2.14)

θ(0) = θ0 in Ω. (2.15)
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In the problem (2)–(2.15), Equation (2) represents the constitutive law for thermo-
elastic-viscoplastic materials, involving Caputo-type time-fractional derivatives. Equa-
tion (2.6) represents the stress equilibrium condition while equation (2.7) describes the
heat evolution over time using a time-fractional derivative. Equations (2.8) and (2.9)
represent the boundary conditions related to displacement and traction forces, whereas
equations (2.10) and (2.13) describe the thermal boundary conditions. Relation (2.11)
characterizes the multivalued normal compliance condition involving the fractional de-
rivative. Inclusion (2.12) represents the multivalued friction law, with ∂jτ denoting the
Clarke subdifferential of jτ introduced in [9]. u0 and θ0 are the initial displacement
and the initial temperature, respectively.

3. Variational formulation

This section includes the description of all the notations used to derive the variational
formulation of the problem P, as well as the introduction of basic concepts related to
the formal framework of our study.

3.1. Preliminaries and notations. In this section, we introduce the used notation
and review some fundamental mathematical concepts that form the theoretical frame-
work for the subsequent analysis. For a more comprehensive treatment of these topics,
the reader is referred to works described in [3, 13]. Throughout this work, we employ
the standard notation for function spaces of the form Lp(I;X) and W k,p(I;X), where
1 ≤ p ≤ ∞ and k > in addition to continuous function spaces C(I;X) as well as the
space of continuously differentiable functions C1(I;X).

Here, X denotes a real Hilbert space and I represents a finite time interval. When
dealing with physical quantities of tensorial nature, we denote by Sm the space of
second-order symmetric tensors over Rm, where m = 2, 3. This notation is essential
in the modeling of stress and strain fields in multi-physics mechanical systems. We
introduce the following spaces, considering a bounded Lipschitz domain Ω ⊂ Rm:

H =
{
ϑ = (ϑi) : ϑi ∈ L2(Ω)

}
= L2(Ω)m,

H =
{
ς = (ςij) : ςij = ςji ∈ L2(Ω)

}
,

H1(Ω)m = {ϑ = (ϑi) ∈ H : ε(ϑ) ∈ H},
H1 = {ς ∈ H : Divς ∈ H}.

These spaces provide the mathematical foundation for generating weak solutions and
represent the theoretical framework on which the study of the problem is based.

We introduce the closed subspace of H1(Ω)m defined by:

V =
{
ϑ ∈ H1(Ω)m : ϑ = 0 on Γ1

}
, W =

{
ζ ∈ H1(Ω) : ζ = 0 on Γ1 ∪ Γ2

}
.

The inner products on V and W are defined as:

(υ, ϑ)V = (ε(υ), ε(ϑ))H, ∀ υ, ϑ ∈V, (3.1)

(ξ, ζ)W = (∇ξ,∇ζ)H , ∀ ξ, ζ ∈ W. (3.2)

Since meas Γ1 > 0, the Korn’s and Friedrichs-Poincaré inequalities holds, thus:

∥ε(ϑ)∥H ≥ ck∥ϑ∥H1(Ω)m , ∀ ϑ ∈ V, (3.3)

∥∇ζ∥H ≥ cF ∥ζ∥W , ∀ ζ ∈ W, (3.4)

where ck and cF are positive constants depending on the data of the problem; however,
they are independent of the solutions.
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Moreover, by the Sobolev trace theorem and the equalities (3.1)–(3.2), there exist cs
and cd which are positive constants, such that:

∥ϑ∥L2(Γ3)m ≤ cs∥ϑ∥V , ∀ϑ ∈ V, (3.5)

∥ζ∥
L2(Γ3)

≤ cd∥ζ∥W , ∀ζ ∈ W. (3.6)

Let γ : H1(Γ))m → HΓ = (H1/2(Γ))m be the trace operator. For all ϑ ∈ H1(Ω)m,
we utilize the notation ϑ to represent γϑ for ϑ over Γ, and for all σ ∈H1, the following
three Green’s formulas holds:

(σ, ε(ϑ))H + (Div σ, ϑ)H =

∫
Γ
σν.ϑ da, ∀ϑ ∈ H1(Ω)m. (3.7)

3.2. Assumptions on the data. The operators L,M and S satisfy the following
assumptions:

(a) L = (lijlk) : Ω× Sm −→ Sm, lijlk = llkij = lijlk ∈ L∞(Ω), and
there exists ML > 0, such that ∥L(., ζ1)− L(., ζ2)∥ ≤ML∥ζ1 − ζ2∥
∀ζ1, ζ2 ∈ Sm, a.e.in Ω.
(b) there exists mL > 0, such that Lζ · ζ ≥ mL∥ζ∥2, ∀ζ ∈ Sd, a.e.in Ω.

(3.8) M = (mijlk) : Ω× Sm −→ Sm, mijlk = mlkij = mijlk ∈ L∞(Ω), and
there exists MM > 0, such that ∥M(., τ1)−M(., τ2)∥ ≤MM∥τ1 − τ2∥
∀τ1, τ2 ∈ Sm, a.e.in Ω.

(3.9)


(a) S : Ω× Sm × Sm × R → Sm, and there exists MS > 0, such that
∥S(., τ1, ς1, ω1)− S(., τ2, ς2, ω2)∥ ≤MS(∥τ1 − τ2∥+ ∥ς1 − ς2∥+ ∥ω1 − ω2∥)
∀τ1, τ2, ς1, ς2 ∈ Sm, and ω1, ω2 ∈ R a.e.in Ω.
(b) the function S(., τ, ς, ω) is measurable on Ω, ∀τ, ε ∈ Sm, and ω ∈ R.
and S(., 0, 0, 0) ∈ H.

(3.10)

The function ψ : Ω× Sm × Sm × R → Sm satisfies:
(a) there exists Mψ > 0 such that:

∥ψ(., τ1, ς1, ω1)− ψ(., τ2, ς2, ω2)∥ ≤Mψ(τ1 − τ2∥+ ∥ς1 − ς2∥+ ∥ω1 − ω2∥)
∀τ1, τ2,ς1, ς2 ∈ SM , and ω1, ω2 ∈ R a.e. in Ω.
(b) the function ψ(., τ, ς, χ) is measurable on Ω, ∀τ ,ς ∈ Sd, and χ ∈ Rm.
and ψ(., 0, 0, 0) ∈ L2(Ω).

(3.11)
The normal potential jν : Γ3 × R −→ R satisfies:

(a) one can find a positive constant Mν > 0 satisfying:
j0ν(., ϑ1, ϑ2 − ϑ1) + j0ν(., ϑ2, ϑ2 − ϑ1) ≤Mν∥ϑ1 − ϑ2∥2R, ∀υ1, υ2 ∈ R, a.e.in Γ3

(b) for a.e. x ∈ Γ3, the function jν(x, .) satisfies Lipschitz continuity on R
(c) a bound mν > 0 can be found such that |∂jν(., ϑ)| ≤ mν , ∀ϑ ∈ R a.e. in Γ3

(d) for a.e. x ∈ Γ3, the function jν(x, .) exhibits regularity
(e) the function jν(., ϑ) is measurable on Γ3, ∀ϑ ∈ R and there exists
r ∈ L2(Γ3;R) such that jν(., r(.)) ∈ L1(Γ3)

(3.12)
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The potential function jτ : Γ3 × Rm −→ R satisfies:

(a) one can find a positive constant Mτ > 0 satisfying:
j0τ (., ϑ1, ϑ2 − ϑ1) + j0τ (., ϑ2, ϑ2 − ϑ1) ≤Mτ∥ϑ1 − ϑ2∥2Rm , ∀υ1, υ2 ∈ Rm, a.e.in Γ3

(b) for a.e. x ∈ Γ3, the function jτ (x, .) satisfies Lipschitz continuity on Rm
(c) a bound mτ > 0 can be found such that |∂jτ (., ϑ)| ≤ mτ , ∀ϑ ∈ Rm a.e. in Γ3

(d) for a.e. x ∈ Γ3, the function jτ (x, .) exhibits regularity
(e) the function jτ (., ϑ) is measurable on Γ3, ∀ϑ ∈ Rm and there exists
r ∈ L2(Γ3;Rm) such that jτ (., r(.)) ∈ L1(Γ3)

(3.13)
The thermal tensors satisfy the following conditions :{

K = kij , kij = kji ∈ L∞(Ω),

kijζiζi ≥ mK ζiζi where, mK > 0 ∀ζi ∈ Rm.
(3.14)

The forces, the traction and the heat source satisfy the following regularities:

f0 ∈ C(I;L2(Ω)), f2 ∈ C(I;L2(Γ2)
d), χ ∈ C(I;L2(Ω)). (3.15)

The initial conditions, the thermal potential and the coefficient of heat exchange satisfy:

u0 ∈ V, θ0 ∈ W, θF ∈ L2(I;L2(Γ3)), and κe ∈ L∞(Γ3,R+). (3.16)

Using the Riesz representation theorem, we define the mappings f : [0, T ] → V, h :
[0, T ] −→ W∗ as follows:

(f(t), ϑ)V =

∫
Ω
f0(t)ϑ dx+

∫
Γ2

f2(t)ϑ da, (3.17)

(h(t), ζ)W∗×W =

∫
Ω
χ(t)ζdx+

∫
Γ3

κeθF (t)ζda. (3.18)

Next, we define the mappings K : W −→ W∗ by:

(Kθ, ξ)W∗×W =

∫
Ω
K∇θ.∇ξ dx+

∫
Γ3

κeθξda. (3.19)

The operator K satisfies that :

∥Kξ1 −Kξ2∥W ′≤Mk∥ξ1 − ξ2∥W , ∀ξ1, ξ2 ∈ W, With Mk > 0. (3.20)

For all ϑ ∈ V and ζ ∈ W, by applying Green’s formulas and relying on the assump-
tions stated above, we derive the variational form of the mechanical Problem given in
(2.5)–(2.15).

Problem PV. Find a displacement field u : I → V, a stress field σ : I → H1 and a
temperature θ : I → W, such that:

σ = Lε
(
C
0 D

α
t u

)
+M

(
ε(u)

)
+

∫ t

0
S
(
σ − Lε

(
C
0 D

α
t u

)
, ε(u), θ

)
dr, (3.21)

(σ(t), ε(ϑ))H +

∫
Γ3

j0ν
(
C
0 D

α
t uν(t);ϑν

)
da+

∫
Γ3

j0τ
(
C
0 D

α
t uτ (t);ϑτ

)
da ≥ (f(t), ϑ)V ,

(3.22)(
C
0 D

α
t θ(t) +Kθ(t), ζ

)
W∗×W =

(
ψ
(
σ − Lε(C0 Dα

t u(t)), ε(u(t)), θ(t)
)
, ζ
)

+(h(t), ζ)W∗×W , (3.23)

u(0) = u0, θ(0) = θ0. (3.24)
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4. Existence and uniqueness result

The existence and uniqueness of the solution to the Problem PV is proven through
the following.

Theorem 4.1. Assume that the equations (3.8)–(3.16) and the conditions mL >
c2s(Mν +Mτ ) hold. Then, there exists a unique weak solution to the PV problem which
also exhibits regularity.

u ∈W 1,2(I;V), σ ∈W 1,2(I;H1), θ ∈W 1,2(I;W). (4.1)

Theorem 4.1 is proven through a sequence of steps based on results from variational
inequalities, the Caputo derivative, the Galerkin method and the Banach’s fixed-point
theorem.

In this section, we adopt the assumptions of Theorem (4.1) and assume that C
denotes a generic positive constant that depends on the Problem data and may vary
from line to line.

To begin, let π ∈ C(I;H) be given. The Riesz representation theorem allows us to
define the functional:

(fπ(t), ϑ)V = (f(t), ϑ)− (π(t), ϑ) , ∀ϑ ∈ V. (4.2)

In addition, we introduce the following auxiliary mechanical problem:
Problem PV1π. Find a displacement field uπ : I → V such that:(

Lε
(
C
0 D

α
t uπ(t)

)
, ε(ϑ)

)
H +

(
M

(
ε(uπ(t))

)
, ε(ϑ)

)
H

+

∫
Γ3

j0ν
(
C
0 D

α
t uνπ(t);ϑν

)
da+

∫
Γ3

j0τ
(
C
0 D

α
t uτπ(t);ϑτ

)
da ≥ (fπ(t), ϑ)V , ∀ϑ ∈ V,

(4.3)

uπ(0) = u0. (4.4)

We establish the following result in relation to PV1π:

Lemma 4.2. The Problem PV1π has a unique weak solution. Moreover. If uπ1 and
uπ2 are two solutions of PV1π corresponding to the data π1, π2 ∈ C(I;H), then there
exists C > 0 such that:

∥uπ1(t)− uπ2(t)∥V ≤ C (∥π1(t)− π2(t)∥H, ∀ t ∈ I. (4.5)

Proof. We set C0 D
α
t uπ = wπ. According to Proposition 3 in [16], we then have uπ(t) =

0I
α
t wπ(t)+u0, for a.e. t ∈ I. Consequently, PV1π may be reformulated in the following

form:
Problem PV2π. Find a displacement field wπ : I → V such that:

(Lε(wπ(t)), ε(ϑ))H +
(
M

(
ε(0I

α
t wπ(t) + u0)

)
, ε(ϑ)

)
H∫

Γ3

j0ν (wνπ(t);ϑν) da+

∫
Γ3

j0τ (wτπ(t);ϑτ ) da ≥ (fπ(t), ϑ)V , ∀ϑ ∈ V,

uπ(0) = u0. (4.6)

This means that uπ ∈ W 1,2(I;V) is a solution to the Problem PV1π if and only if
wπ ∈ L1(0, T ;V) solves the Problem PV2π.

We consider the mapping J : L2(Γ3,Rm) −→ R defined by:

J(w) =

∫
Γ3

(jν(., wν) + jτ (., wτ ))da (4.7)
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Based on Assumptions (3.12) and (3.13), together with Corollary 4.15 in [9], we deduce
that the function J satisfies a local Lipschitz condition and that the following inequality
holds:

J0(w, ϑ) ≤
∫
Γ3

(j0ν(., wν ;ϑν) + j0τ (., wτ ;ϑτ ))da, ∀u, ϑ ∈ L2(Γ3,Rm). (4.8)

Now, consider the following auxiliary Problem, for all ϑ ∈ V, find wπ : I → V such
that:

(Lε(wπ(t)), ε(ϑ))H +
(
M

(
ε(0I

α
t wπ(t) + u0)

)
, ε(ϑ)

)
H

+J0(γw(t); γϑ) ≥ (fπ(t), ϑ)V , (4.9)

where the operator γ : V −→ L2(Γ3,Rm) is compact and represents the trace operator.
It follows from Assumption (3.8) that the operator L belongs to L(V,V∗) and is coercive.
According to Assumption (3.9), the operator M belongs to L(V,V∗). Moreover, based
on hypotheses (3.15), (3.17), and the regularity of π, we have fπ ∈ C(I;V∗). Using
Assumptions (3.12) and (3.13), together with Corollary 4.15 in [9], we conclude that:

∥∂J(ϑ)∥V∗ ≤ C(1 + ∥ϑ∥V), ∀ϑ ∈ V. (4.10)

At this point, all the assumptions of Theorem 16 in [8] have been verified. Therefore,
Problem (4.9) admits a unique solution wπ ∈ L1(I;V). Consequently, wπ is the unique
solution to Problem PV2π. In conclusion, we deduce that uπ ∈ W 1,2(I;V) constitutes
the unique weak solution to Problem PV1π.

On the other hand, suppose that wπ1 , wπ2 ∈ V are two solutions to Problem PV2π.
Then, for all ϑ ∈ V, it follows that:

(Lε(wπ1(t)), ε(ϑ))H +
(
M

(
ε(0I

α
t wπ1(t) + u0)

)
, ε(ϑ)

)
H

+

∫
Γ3

j0ν (wνπ1(t);ϑν) da+

∫
Γ3

j0τ (wτπ1(t);ϑτ ) da ≥ (fπ1(t), ϑ)V , (4.11)

(Lε(wπ1(t)), ε(ϑ))H +
(
M

(
ε(0I

α
t wπ1(t) + u0)

)
, ε(ϑ)

)
H

+

∫
Γ3

j0ν (wνπ1(t);ϑν) da+

∫
Γ3

j0τ (wτπ1(t);ϑτ ) da ≥ (fπ1(t), ϑ)V . (4.12)

Take ϑ = wπ2 − wπ1 in (4.11) and ϑ = wπ1 − wπ2 in (4.12) to obtain:

(Lε(wπ1(t)), ε(wπ2 − wπ1))H +
(
M

(
ε(0I

α
t wπ1(t) + u0)

)
, ε(wπ2 − wπ1)

)
H∫

Γ3

j0ν (wνπ1(t); (wπ2 − wπ1)ν) da+

∫
Γ3

j0τ (wτπ1(t); (wπ2 − wπ1)τ ) da

≥ (fπ(t), wπ2 − wπ1)V , (4.13)

(Lε(wπ2(t)), ε(wπ1 − wπ2))H +
(
M

(
ε(0I

α
t wπ2(t) + u0)

)
, ε(wπ1 − wπ2)

)
H∫

Γ3

j0ν (wνπ2(t); (wπ1 − wπ2)ν) da+

∫
Γ3

j0τ (wτπ2(t); (wπ1 − wπ2)τ ) da

≥ (fπ(t), wπ1 − wπ2)V . (4.14)
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By combining the two inequalities mentioned above, we get:

(Lε(wη1(t))− Lε(wη2(t)), ε(wη2(t)− wη1(t)))H

≤
(
M

(
ε(0I

α
t wη1(t) + u0)

)
−M

(
ε(0I

α
t wη2(t) + u0)

)
, ε(wη2(t)− wη1(t))

)
H

+(π1(t)− π2(t), wπ2(t)− wπ1(t)) +R(wπ1 , wπ2 ;wπ1 , wπ2), (4.15)

where:

R(wπ1 , wπ2 ;wπ1 , wπ2) =

∫
Γ3

j0τ (wτπ2(t); (wπ1 − wπ2)τ ) da

+

∫
Γ3

j0τ (wτπ1(t); (wπ2 − wπ1)τ ) da+

∫
Γ3

j0ν (wνπ2(t); (wπ1 − wπ2)ν) da

+

∫
Γ3

j0ν (wνπ1(t); (wπ2 − wπ1)ν) da. (4.16)

Using assumptions (3.12), (3.13) and (3.5), we find:

|R(wπ1 , wπ2 ;wπ1 , wπ2)| ≤ c2s(Mν +Mτ )∥wη1 − wη2∥2V (4.17)

From hypothesis (3.8), (3.9) and (4.17), we find:

mL∥wπ1(t)− wπ2(t)∥2V ≤ c2s(Mν +Mτ )∥wπ1(t)− wπ2(t)∥2V
+MM∥0Iαt wπ1(t)− 0I

α
t wπ2(t)∥V ∥wπ1(t)− wπ2(t)∥V

+∥wπ1(t)− wπ2(t)∥V∥π1(t)− π2(t)∥H. (4.18)

Hence, applying a fractional generalized Gronwall argument under the condition mL >
c2s(Mν +Mτ ) yields:

∥wπ1(t)− wπ2(t)∥V ≤ C∥π1(t)− π2(t)∥H. (4.19)

On the other hand, taking into account the relation uπ(t) = 0I
α
t wπ(t)+u0, we derive

the following estimate:

∥uπ1(t)− uπ2(t)∥V =∥0Iαt wπ1(t)− 0I
α
t wπ2(t)∥V

≤ tα

αΓ(α)
∥wπ1(t)− wπ2(t)∥V . (4.20)

From (4.19) and (4.20), we arrive at (4.5), thus completing the proof of Lemma 4.2. □

In the next step, let µ ∈ C(I;W) be given, we consider the following variational
Problem:

Problem PVµ. Find a temperature θµ : I −→ W such that:(
C
0 D

α
t θµ(t) +Kθµ(t), ζ

)
W ′×W = (µ(t) + h(t), ζ)W ′×W , ∀ζ ∈ W, (4.21)

θµ(0) = θ0. (4.22)

Lemma 4.3. There exists a unique solution θµ ∈ W 1,2(I;W) that satisfies (4.21) and
(4.22). Moreover, if θµ1 and θµ2 are two solutions of PVµ, then there exists a constant
C > 0 such that

∥θµ1(t)− θµ2(t)∥W ≤ C ∥µ1(t)− µ2(t)∥W , ∀t ∈ I. (4.23)
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Proof. We proceed by employing the Galerkin method. Let {λj}∞j=1 denote an orthog-

onal basis of W, which simultaneously serves as an orthonormal basis of L2(Ω) (see
[4]). Fix a fixed positive integer n, we introduce the function θµn : I → W defined by:

θµn(t) =

n∑
i=1

xin(t)λi. (4.24)

We denote by Wn the finite-dimensional subspace spanned by λ1, . . . , λn. Conse-
quently, θµn ∈Wn and θµn −→ θµ in W.

For each positive integer n, we consider the following approximate problem:
Find θµn : I −→Wn such that:(

C
0 D

α
t θµn(t), λj

)
+ (Kθµn(t), λj) = (µ(t) + h(t), λj), ∀λj ∈Wn, (4.25)

θµn(0) = θ0. (4.26)

From (4.24), we have:

(C0 D
α
t θµn(t), λj) =

C
0 D

α
t x

i
n(t),

(Kθµn , λj) = Kxin(t),

(µ(t) + h(t), λj) = µi(t) + hi(t).

Problems (4.25) and (4.26) can be written as follows:

C
0 D

α
t x

i
n(t) = g(t, xin(t)), (4.27)

xin(0) = (θ0, λj), (4.28)

where g(t, xin(t) = µi(t) + hi(t)−Kxin(t).
It follows from assumption (3.20) that there exists a constant C > 0 satisfying:

|g(t, xi1(t)− g(t, xi2(t)| ≤ C|xi1 − xi2 |. (4.29)

Then, by applying a standard result from fractional calculus, we conclude the existence
of a unique absolutely continuous function xn(t) = (x1n(t), . . . , x

n
n(t)) that satisfies the

equations (4.27) and (4.28) for a.e. t ∈ [0, T ].
Estimates: Multiply (4.25) by xin(t), for i = 1, ..., n. We find:(

C
0 D

α
t θµn(t), θµn(t)

)
+ (Kθµn(t), θµn(t)) = (µ(t) + h(t), θµn(t)). (4.30)

Since
1

2
∥u∥2 is a convex function, it follows from Proposition 2.2 in [8] that

C
0 D

α
t

1

2
∥θµn(t)∥2W ≤

(
C
0 D

α
t θµn(t), θµn(t)

)
. (4.31)

Applying the inequality:

ab ≤ ϵa2 +
1

4ϵ
b2 for ϵ > 0, (4.32)

we obtain:

(µ(t) + h(t), θµn(t)) ≤
1

4ϵ
∥µ(t) + h(t)∥2W + ϵ∥θµn(t)∥2W . (4.33)

From (4.31), (4.33) and using assumption (3.14), we conclude that:

C
0 D

α
t

1

2
∥θµn(t)∥2W + C1∥θµn(t)∥2W ≤ C2∥µ(t) + h(t)∥2W . (4.34)
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As well, according to proposition 3 in [16], we obtain:

∥θµn(t)∥2W +
2C1

Γ(α)

∫ t

0
(t− r)α−1∥θµn(s)∥2Wdr ≤ C3

(
∥µ(t) + h(t)∥2W + ∥θ0∥2W

)
. (4.35)

Let ζ ∈ W, with ∥ζ∥W ≤ 1, and write ζ = ζ1 + ζ2 where ζ1 ∈ span {λi}ni=1 and
(ζ2, λi) = 0 for i = 1, ..., n. Using (4.25), we find:(

C
0 D

α
t θµn(t), ζ1

)
+ (Kθµn(t), ζ1) = (µ(t) + h(t), ζ1). (4.36)

Similarly to (4.34), we conclude that:

∥C0 Dα
t θµn(t)∥W∗ ≤ C (∥θµn(t)∥W + ∥µ(t) + h(t)∥W) . (4.37)

From (4.35), we deduce that there exists a constant C > 0 such that:

∥C0 Dα
t θµn(t)∥L2(I;W∗) ≤ C. (4.38)

Passage to the limit: According to estimates (4.35) and (4.38), we observe that the
sequence {θµn}∞n=1 is bounded in L2(I;W), and the sequence

{
C
0 D

α
t θµn

}∞
n=1

is bounded

in L2(I;W∗).
Consequently (see Theorem 4.2 in [8]), there exist a subsequence {θµnl

}∞l=1 ⊂ {θµn}∞n=1

and a function θµ ∈ L2(I;W), with C
0 D

α
t θµ ∈ L2(I;W∗), such that:

θµχn
−→ θµ strongly in L2(I;W),

C
0 D

α
t θµχn

−→ C
0 D

α
t θµ weakly in L2(I;W∗). (4.39)

The frist part of the lemma is proved. For the second part, let θµ1 , θµ2 ∈ W be two
solutions of the Problem PVµ. From (4.21), we can write:(

C
0 D

α
t θµ1(t)− C

0 D
α
t θµ2(t), ζ

)
W∗×W + (Kθµ1(t)−Kθµ2(t), ζ)W∗×W

= (µ1(t)− µ2(t), ζ)W∗×W . (4.40)

Let C0 D
α
t θµ = ςµ. Then, for a.e. t ∈ I, we have θµ(t) = 0I

α
t ςµ(t) + θ0.

By choosing ζ = ςµ1 − ςµ2 as a test function, we deduce that:

(ςµ1(t)− ςµ2(t), ςµ1(t)− ςµ2(t))W∗×W = (µ1(t)− µ2(t), ςµ1(t)− ςµ2(t))W∗×W
− (K (0I

α
t ςµ1(t) + θ0)−K (0I

α
t ςµ(t)µ2 + θ0) , ςµ1(t)− ςµ2(t))W∗×W . (4.41)

Using the hypothesis (3.20), we find:

∥ςµ1(t)− ςµ2(t)∥W ≤Mk∥0Iαt ςµ1(t)− 0I
α
t ςµ(t)µ2(t)∥W + ∥µ1(t)− µ2(t)∥W (4.42)

Then, using a fractional generalized Gronwall argument, we obtain the following
estimate:

∥ςµ1(t)− ςµ2(t)∥W ≤ C∥µ1(t)− µ2(t)∥W . (4.43)

Using arguments similar to those in (4.20), we can deduce the inequality (4.23). □

We now employ uπ, as obtained in Lemma 4.2, together with θµ, from Lemma 4.3,
to formulate the following Cauchy problem for the stress field.

Problem Pπµ. Find a stress field σπµ : I → H that satisfies the following Problem:

σπµ(t) = M(ε(uπ(t))) +

∫ t

0
S
(
σπµ(r), ε(uπ(r)), θµ(r)

)
dr, a.e. t ∈ I. (4.44)
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Lemma 4.4. There exists a unique solution to the problem Pπµ that satisfies σπµ ∈
C(I;H).

Moreover, if uπi , θµi and σπiµi represent the solutions to the problems PV1πi,PVµi
and Pπiµi, respectively, for (πi, µi) ∈ C (I;H×W), i = 1, 2, then there exists C > 0
such that:

∥σπ1µ1(t)− σπ2µ2(t)∥2H ≤ C
(
∥uπ1(t)− uπ2(t)∥2V +

∫ t

0
∥uπ1(r)− uπ2(r)∥2Vdr

+

∫ t

0
∥θπ1(r)− θπ2(r)∥2L2(Ω)dr

)
. (4.45)

Proof. For all σ ∈ C(I;H), let ℑπµ : C(I;H) → C(I;H) be the mapping defined by:

ℑπµσ(t) = M(ε(uπ(t)) +

∫ t

0
S(σ(r), ε(uπ(r)), θµ(r))dr, (4.46)

For σ1, σ2 ∈ C(I;H), we use (3.10) and (4.46) to obtain:

∥ℑπµσ1(t)−ℑπµσ2(t)∥H ≤MS

∫ t

0
∥σ1(r)− σ2(r)∥Hdr. (4.47)

Thus, for sufficiently large n, the operator ℑn
πµ is a contraction on. Accordingly, by

the Banach fixed-point theorem, there exists a unique σ ∈ C(I;H) such that ℑπµσ = σ,
which confirms that σ is precisely the unique solution of the problem PVπµ.

Consider now (π1, µ1), (π2, µ2) ∈ C(I;H×W). Using the properties (3.9) and (3.10)
of M and S, we find:

∥σπ1µ1(t)− σπ2µ2(t)∥2H ≤ C
(
∥uπ1(t)− uπ2(t)∥2V +

∫ t

0
∥σπ1µ1(r)− σπ2µ2(r)∥2Hdr

+

∫ t

0
∥uπ1(r)− uπ2(r)∥2Vdr +

∫ t

0
∥θµ1(r)− θµ2(r)∥2Wdr

)
. (4.48)

Applying Gronwall’s inequality to the obtained estimate yields (4.45), thereby com-
pleting the proof of Lemma 4.4.

□

In the final step, we introduce the operator Π : C(I;H×W) −→ C(I;H×W), defined
by:

Π(π, µ)(t) = (Π1(π, µ)(t),Π2(π, µ)(t)), (4.49)

with:

(Π1(π, µ)(t), ϑ)V =
(∫ t

0
S
(
σηµ(r), ε(uπ(r)), θµ(r)

)
dr, ε(ϑ)

)
H

∀ϑ ∈ V, (4.50)

Π2(π, µ)(t) = ψ
(
σπµ(t), ε(uπ(t)), θµ(t)

)
. (4.51)

Here, uπ, θµ, and σπµ represent the displacement, temperature, and stress fields, re-
spectively, obtained in Lemmas 4.2, 4.3, and 4.4.

Lemma 4.5. The operator Π has a unique fixed point (π∗, µ∗) ∈ C(I;H × W) such
that: Π(π∗, µ∗) = (π∗, µ∗).
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Proof. Let (π1, µ1), (π2, µ2) ∈ C(I;H×W). For simplicity, we denote uπi = ui, σπiµi =
σi, and θµi = θi, for i = 1, 2. We begin by applying hypothesis (3.10), which yields:

∥Π1(π1, µ1)(t)−Π1(π2, µ2)(t)∥2H ≤ C
(∫ t

0
∥σ1(r)− σ2(r)∥2Hds (4.52)

+

∫ t

0
∥u1(r)− u2(r)∥2Vdr +

∫ t

0
∥θ1(r)− θ2(r)∥2Wdr

)
. (4.53)

From estimates (4.45), we find:

∥Π1(π1, µ1)(t)−Π1(π2, µ2)(t)∥2H ≤ C
(
∥u1(t)− u2(t)∥2V

+

∫ t

0
∥u1(r)− u2(r)∥2Vdr +

∫ t

0
∥θ1(r)− θ2(r)∥2Wdr

)
. (4.54)

In addition, using similar arguments to (4.54), we find:

∥Π2(π1, µ1)(t)−Π2(π2, µ2)(t)∥2H ≤ C
(
∥u1(t)− u2(t)∥2V

+

∫ t

0
∥u1(r)− u2(r)∥2Vdr + ∥θ1(t)− θ2(t)∥2W +

∫ t

0
∥θ1(r)− θ2(r)∥2Wdr

)
. (4.55)

Consequently:

∥Π(π1, µ1)(t)−Π(π2, µ2)(t)∥2H×W ≤ C
(
∥u1(t)− u2(t)∥2V

+

∫ t

0
∥u1(r)− u2(r)∥2Vdr + ∥θ1(t)− θ2(t)∥2W +

∫ t

0
∥θ1(r)− θ2(r)∥2Wdr

)
. (4.56)

By substituting (4.5) and (4.23) into (4.56), we obtain:

∥Π(π1, µ1)(t)−Π(π2, µ2)(t)∥2H×W ≤ C

∫ t

0
∥(π1, µ1)(r)− (π2, µ2)(r)∥2H×Wdr.

By applying this inequality n times, we obtain:

∥Πn(π1, µ1)−Πn(π2, µ2)∥2C(I;H×W) ≤
CnTn

n!
∥(π1, µ1)− (π2, µ2)∥2C(I;H×W .

Once n becomes sufficiently large, the operator Πn is shown to be a contraction on
the Banach space C(I;H ×W). The Banach fixed-point theorem then ensures that Π
admits a unique fixed point in this space. □

We now proceed to prove Theorem 4.1, having established all the necessary prelim-
inary results.
Let (π∗, µ∗) ∈ C(I;H×W) be the fixed point of Π defined by (4.50),(4.51) and denote:

u = uπ∗ , θ = θµ∗ (4.57)

σ = Lε
(
C
0 D

α
t u(t)

)
+ σπ∗µ∗ , (4.58)

Let us rewrite (4.44) by specifying π = π∗, µ = µ∗ and let us use (4.57), (4.58) to
deduce (3.21).

Next, we consider (4.3) and (4.30) with π = π∗, µ = µ∗ and employ the identities
Π1(π, µ)(t) = π and Π2(π, µ)(t) = µ, together with (4.50), (4.51) and (4.57), to con-
clude that (3.22) and (3.23) are satisfied. Furthermore, (3.24) as well as the regularities
stated in (4.1) are deduced from Lemmas 4.2, 4.3 and 4.4 in addition to the relations
(4.57) and (4.58) and the assumptions on L.
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The uniqueness of the solution is deduced from the uniqueness of the fixed point of
the operator Π, along with the unique solvability of the auxiliary Problems PV1π,PVµ
and PVπµ, leading to the desired proof.

5. Conclusion

In this work, we studied a mathematical model describing frictional contact between
a viscoplastic body and a deformable foundation, incorporating thermal effects and
fractional time derivatives to account for long-memory behavior. We formulated the
associated variational Problem and proved the existence and uniqueness of a weak
solution using tools such as the Galerkin method and the Banach fixed-point theorem.

The proposed analysis provides a rigorous theoretical foundation for understanding
complex thermo-viscoplastic contact phenomena. Future work will focus on numerical
simulations to gain further practical insights into the behavior of the system. Moreover,
the model may be extended to include more realistic features such as adhesion and wear,
thus broadening its applicability to engineering and material science problems.
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