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A FRACTIONAL MODEL FOR ELECTRO-MECHANICAL
VISCOELASTIC CONTACT WITH NORMAL COMPLIANCE
CONDITION

ROUFAIDA KETFI!, ABDELMOUMENE DJABI?" and ILYAS BOUKAROURA?

ABSTRACT. This article addresses the analysis of a quasistatic contact problem
between an electro-viscoelastic body and a rigid foundation, considering a gap
function. The constitutive relation is constructed using a fractional Kelvin-
Voigt model, while the contact is described by a version of the normal com-
pliance condition. After establishing the variational formulation of the model,
we prove the existence of a weak solution based on monotone operators, the
Caputo derivative, the Faedo-Galerkin method, and Banach’s fixed-point the-
orem.
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1. INTRODUCTION

The field of contact mechanics has been extensively developed through classical
approaches, producing robust models for a wide range of physical interactions.
These encompass the behavior of flexible and plastic bodies [13], systems with
thermal characteristics [0], and those under electrical influences [2]. Understand-
ing has also been significantly advanced for problems involving corrosion and
friction between bodies [11].

Recent scientific inquiry has pivoted towards non-classical mechanics, an emerg-
ing area of study closely linked to the use of fractional partial derivatives. This
mathematical tool has substantially changed concepts across mathematics and
its branches. Due to their significant applied value, fractional derivatives have
enabled the modeling of contact mechanics problems through modified relations,
offering a more accurate description of memory-dependent processes and vis-
coelastic behavior [1, 5, 4, 3].

In this research, we generalize key findings from [, 4, 3] to investigate materials
with combined viscoelastic properties and electrical effects. These were previously
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modeled using classical mechanics by the relation:
o(t) = Ae (w(t)) + Be(w(t)) + E*V(t) in D x (0,7).

For the purpose of this analysis, we adopt a fractional derivative-based Kelvin-
Voigt model, characterized by the relation:

o(t) = Ae ({Dw(t)) + Be(w(t) + E*Vi(t) in D x (0,7)

In this model, the fractional order is denoted by the parameter «, where
0 < a < 1. The frictional contact is governed by a normal damped response
condition alongside Coulomb’s law of friction. This paper is structured as fol-
lows: the model and its mechanical formulation are introduced in Section II.
Section III establishes the necessary notation, presents preliminary results, states
the underlying hypotheses, and derives the problem’s weak formulation. Section
IV states the principal result on the existence and uniqueness of the solution, for-
mulated in Theorem 4.1. The proof employs a fixed-point argument, combining
the properties of monotone operators derived from the Caputo fractional deriva-
tive with the Faedo-Galerkin approximation method. Finally, Section V provides
a numerical example and discusses its practical application.

2. THE MODEL

We define the physical setting as follows, a body with electro-viscoelastic prop-
erties occupies a bounded domain D C R? and has a smooth boundary denoted
by 0D. 0D is divided into 3 disjoint measurable parts 0D, 0D, and 0D3 such
that meas(0D;) is positive. Let (0,7);T > 0 be the time interval of interest.
The body is clamped on 9D; x (0,T), where the displacement field is zero. A
surface traction of density f; is applied on 9D;. We study the motion of the
body when it is subjected to the action of body forces with a density of fy. Fi-
nally, for the mechanical contact on 0Ds, there can be a frictional contact of a
body with a rigid foundation. This frictional contact model is described by the
Coulomb’s law of dry friction and normal damped response conditions. For the
electrical conditions, represented by the potential exchange between the body
and the foundation, we have the linear function, H (¢ (t)) = ¢ (t) — ¥. Now we
define v as the unit outward normal vector and S? as the space of tensors which
are second-order and symmetric on R?. The inner products and its norms in R?
and S are denoted by

waip = wiady, |OIR? = (@, @)7 Ve = (), = (@) € RY,

o1 = 0.7y, |TIS* = (7, 7')% V1 = (1) € S*
Moreover, the classical notations for the normal and tangential components for
the displacement vector and the stress tensor,

W, =W-v, W,=wW—w,V. o,= (V) v, W,=0V—0,,

We introduce the unitary vector § : D5 — R? defined by 6 = % There is a

gap between 0Dj of the two bodies, measured along the direction of v, denoted by
g. Let w: D x [0,T] — R? be the displacement field, o = (o) : D x [0,7] — S*
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the stress tensor and e(w) = (g;(w)) = 3 (w;; + w;;) the linearized strain tensor.

Here we will introduce the fractional contact problem.

Problem P. Find the displacement w : D x [0,T] — R? the stress field o :
D x [0,T] — S$¢, the electric potential ¢ : D x [0,7] — R and the electric
displacement field D : D x [0, 7] — R? such that

o(t) = Ae (§Diw(t)) + Be(w(t)) + E*Ve(t) in D x (0,7), (2.1)

Dive +f,=0 in D x (0,T), (2.2)

divD+qo=0 in D x (0,7), (2.3)

w=0 ondD x (0,T), (2.4)

D(t) = Be(w(t)) — PV((t)), in D x (0,T), (2.5)

{ S o el i w, (1) £0, M ODax (0T (26)
ov—f ondDs x (0,T), (2.7)

D= H(u(t) ondDsx (0,T), (2.8)

W =0 ondD, x (0,T), (2.9)

D-v=g ondD,x(0,T), (2.10)

w(0)=w,  inD. (2.11)

Now we describe the problem (1)-(2.11) and provide an explanation of the equa-
tions and the boundary conditions. Equations (1) and (2.5) represent the time-
fractional electro-viscoelastic constitutive law of the Caputo type [15]. Rela-
tions (2.2) and (2.3) are the equilibrium equations for the stress and electric-
displacement fields, respectively. Conditions (2.4) and (2.7) are the displacement
and traction boundary conditions. Equation (2.6) represents frictional contact,
considering normal damped response conditions with Coulomb’s law of dry fric-
tion, and (2.8) describes contact models of electric conductivity. Next, (2.9) and
(2.10) represent the electric boundary conditions for the electrical potential on
0D, and the electric charges on 9D, respectively. Equation (2.11) represents the
initial displacement field.

3. VARIATIONAL FORMULATION

In this section, we derive a weak formulation for the problem (P) and explore
its solvability. Throughout what follows, we use the classical notation for the L?
spaces and the associated Sobolev spaces related to the domain D C R
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3.1. Notations and preliminaries. We present the following Hilbert spaces H,
H, HY(D)¢ and H, by,
H=L*D)={W=(w):w €L*D)},H={r=(ry): 7 =15 € L*(D)},
HY D) ={W = () € H:e(W)€H},H,={r €H :Divr € H},
equipped with the inner products and the associated norms. Also, for each real
Hilbert space X, we introduce the spaces LP(0,T; X), C(0,T; X) and W*P(0, T; X),

for1 <p<+ooand k =1,2,---. Considering the conditions (2.4), we introduce
the closed subspaces of H'(D)? defined by

J = {weH'(D)":w=0ondD},
g = {ngHl(D)d:go:Oon@Da},
Q = {®=(Dy):D; € L*(D),divD € L*(D)},

with the usual inner products and norms. Since meas(0D,) > 0 and meas(0D;) >
0, the Korn’s and Friedrichs-Poincaré inequalities hold, for all C'x, Cr > 0:

leW)llz = CrlWlapy, vYWeT, (3.1)

IVelle = Crllellmp), Yeeg, (3.2)

Moreover, by Sobolev trace theorem, there exist two positive constants, such that
[Wllzeopgye < Cs w7, VW € T, (3.3)

lellz2opy) < Csllellg, Ve € G, (3.4)

Keeping in mind that J is a Banach space and satisfies the property of reflexivity
and separability, and the function defined on the J — H is necessarily dense,
continuous and its injection map ¢ is also supposed to be compact, the dual
mapping ¢ : H — J is linear, continuous and compact. To simplify the notation,
we define the following functions,

a:JxJT =R, alw,w)=(Ae(w),e(w))s,
b: I xJ—=R, blww)=(Be(w),e(w))y, (3.5)
M:GxJT =R, M,d) = (EVe,e(d))g.

With Riesz’s representation theorem, we define the elements f(t) € J and ¢(t) €
G as follows,

(£(6), ) 7 — /D fo(t).dr+ [ fi(t)bdx (3.6)

0D3

(0. 0)s = [ witvde+ [ wo.vie (3.)
D Do
for all w,w € J and ¢ € G. Additionally, the mapping J : J x J — R is defined

as follows,
J<w<t>’ lb(t)) = ju(w(t)v ﬁ)) + jT(w(t)7 UN))
J(w(t),w) = /8D (py (Wr (t) — g)wr)ds + /8D pr (W, (t) — g)d.w,ds  (3.8)

H (1 (t)) pda  for all ¢ € G. (3.9)
oDs
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To analyze the mechanical problem defined by (1)-(2.11), it is important to make
the following hypotheses,

3.2. Assumptions on the data. To establish the existence of a weak solution,
we now state the necessary hypotheses on the problem data. These assumptions
serve two primary purposes: firstly, they provide the minimal regularity required
for the application of functional analytic tools. Secondly, they are motivated
by the physical context of the problem, ensuring that the material parameters,
source terms, and boundary conditions are consistent with the solid mechanics.
The specific assumptions are as follows:

The wviscosity operator denoted A : D x S — S¢ satisfies,

(a) There exists Ly > 0 such that
|A(x,e1) — A(x,e2)|| < Laller — &of| for all £1,e5 € S¢, a.ex € D.
(b) There exists my > 0 such that
(Ax,e1) = A(x,22)) - (61 — €2) > muller — o
for all £1,¢5 € S¢,a.e.x € D.
(3.10)
The elasticity operator B : D x S — S? satisfies,

(a) There exists Lg > 0 such that
{ IB(x,e1) — B(x,e2)|| < Lg|le; — 2| for all £1,&5 € S% a.e.x € D.
(3.11)
The operator a : J x J — R satisfies,

( (a) The mapping (w,w) — a(w,w) satisfies the symmetry,
Qijki = Qikig = Qi € L2(D).
(b) There exists L, > 0 such that
la(w, )| < Ly||w||7]|w]|7 for all w, @ € J. (3.12)
(c¢) The mapping a(w,w) satisfies the ellipticity,
There exists m, > 0 such that,
\ la(w, W)] > mg|lwl|% forall we J.

The operator b : J x J — R satisfies,

( (a) The mapping (w, @) — b(w,w) satisfies the symmetry,
bijki = bikij = bjiy € L(D).
(b) There exists L, > 0 such that
b(w, )| < Ly||w||7||@] 7 for all w,w € J. (3.13)
(¢) The mapping b(w,w) satisfies the ellipticity,
There exists my > 0 such that,
L b(w, )| > mp||w||? for all w € J.

The operator M : G x J — R satisfies,

(a) The mapping (¢, W) — M (v, ) satisfies the symmetry,
(b) There exists Ly > 0 such that
(M, w)| < Lul[¢llwllwly  forall w,w e J.

(3.14)
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The contact function p, : 0D3 x R — R satisfies the following hypotheses,

( (a) The mapping x +— p,(z,w) is Lebesgue measurable on 0D;
for any w € R.
(b) x — p,(z,w) =0 for w < 0 for all z € ID;.
(c) There exists ¢, > 0 such that |p,(z,w)| < ¢,.
(d) There exists L, > 0 such that
| Ip (o, w) —p(,w)| < LyJw—w| for all w,w e R,.

(3.15)

The contact function p, : 0D3 x R — R satisfies,

( (a) The mapping x — p,(z,w) is Lebesgue measurable on 0D;
for any w € R.
(b) x = p-(z,w) =0 for w <0 for all z € ID;.
(¢) There exists ¢, > 0 such that |p,(z,w)| < ¢
(d) There exists L, > 0 such that
\ ‘p7'<'aw) _pT('7/lI])‘ < LT‘w_w‘ for all w,w GRJr'

(3.16)

On the other hand, we need essential conditions for the piezoelectric operator,
electric permittivity operator and electrical conductivity function, where their
conditions are provided in several studies, see [7]. The density of volume forces,
traction, volume electric charges, surface electric charges satisfy
fo € C(0,T; H), f,¢€C(0,T;L*(0D3)%),q € C(0,T; L*(D)),qo € C(0,T; L*(0Dy)),
(3.17)
p(.r) € L*(OD3), p,(r) € L*(OD3),Vr € R g € L*(0Ds),g > 0 a.e on dDs.
(3.18)
The initial displacement, the potential of the foundation satisfy

Wy € j, wo € L2 (8D3) . (319)

The variational formulation of (1)-(2.11) derived using Green’s formula, is given
by the following problem: Find the solution such that for all Vv € V', ¢ € W and
a.ete (0,7).

3.3. Problem Py. Find the displacement field w : [0, 7] — 7, the stress field o :
[0,T] — #Hi, the electric potential ¢ : [0,7] — W and the electric displacement
field D :[0, 7] — H such that

o(t) = Ae ({Dw(t)) + Be(w(t) + E*V(t) in D x (0,T), (3.20)
(0(t),e(W))y + J(w(t), W) = (£(1), W)z, (3.21)

D (t) = Ee(w(t)) — BVY(t), (3.22)

(D), Veo)u + (qt), p)w = G2 (¥, 9) (3.23)

w(0) = wy, in D. (3.24)

4. EXISTENCE OF A SOLUTION

Theorem 4.1. Assuming that assumptions (3.10)-(3.19) hold. Then, there exists
at least one solution of problem (Py). Moreover, the solution satisfies

we W(0,T;.7), v € C(0,T;G), and D € C(0,T; Q).
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Proof (of Theorem 4.1). The proof of Theorem (4.1) depends on several steps,
the first one is using variational inequalities, the second is the Galerkin method,
and in the end we apply the Banach fixed-point theorem.

In the first step, let us x € L?(0,T; J) be given by,

(x(t), w)g = M(¢,w), Ve, (4.1)
|
we can reformulate problem (3.20)-(3.21)-(3.24) as follows,
4.1. Problem PV,. Find the w € J such that Vt € (0,7),%w € J, a €0, 1]
a(thaWX(t)a w)] + b(WX(t), w)J + (X(t)v w)f + ‘](WX(t)v 7]]) = (f(t)a W)J? (42)
w(0) = wy. (4.3)
For this problem we have this result,

Lemma 4.2. Vw € J andt € (0,T). Problem (PV,) has at least one solution
w, € G4%(0,T;J) and o, € L*(0,T; L*(0D,S?).

Proof (of Lemma 4.2). By the representation theorem of Riesz,
(fX(t)7 w)j = (f(t)7 w)J - (X7 w)ja (44)
then equation (4.3) can be written as,
a((?D?WX(t)v w)j + b<WX(t)7 w)j + J(Wx(t>7 7:[)) = (fX<t)7 V~V)j (45)

Now, we apply the method of Faedo-Galerkin, that is to say we impose the
functions f;, for j = 1,--- , k, are eigenfunctions —A such that (f;)i1<;<x form a
Hilbert basis of H'(D). Fix a k € N and the purpose is to find the function in
the following form,

w0 (0,T) = H'(D), wy, =Y di(t)Bi(1). (4.6)

We denote Fj, = Spam (f;(t), B2(t), - - , Bi(t)) whence: wyy, € Fj, and w,;, —
Wy
For each integer k£ > 0, the approximate problem of (PV,) given by,

4.2. Problem (PVP). Find the w,; € L*(0,T}; F},) such that,
a(gD?WXk(t)7 /BZ)J + b(WXk<t>7 BZ)J + J(ka(t)v ﬂz> = (fx(t)v Bi)Ja (47)
w(0) = wy.
Considering that w,;, defined in (4.6), we observe that,
a(§ Dfwy(t), Bi) ; = AGDEdL(E),  b(wy(t), B:) = Bdj(t),  (4.8)
J(wyi(t), B;) = Jdi(t), (£(1), By = £1.(2). (4.9)

So we can write (4.7) as follows,

SDedi(t) = Ah(tdi(t),  di(0) = Wy, (4.11)
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where the function h(t, dj,(t)) defined by h(t, d(t)) = f,(t) — Jdj.(t) = Bdj(t). Due
to (3.11), there exists a positive constant Lg such that

By (t) — Bdyo(t)] < Laldy, (t) — dia ()], (4.12)

after that, using the formula of (3.8), hypothesis (3.3), (3.15) and (3.16) we find
that,

[Ty () = Jdio ()] < C3(Lr + L)y (1) — djo(1)], (4.13)
adding the inequality (4.13) and (4.12) we conclude the existence of a C; > 0
such that,

|A(t; dia () = h(t, djo (1)) < Chldja () =, djo (1)) (4.14)

By applying the standard methods for the Cauchy Type and Cauchy problems
concerning fractional calculus [10], we establish that there exists a unique abso-
lutely continuous function, di(t) = (di(t),d2(t),--- ,d%(t)) on [0,T,) satisfying
this system (4.11).

For the estimation, we use the standard method [9], multiply the equation (4.7)

by di (t), summing for i = 1,--- , k and utilizing the fact that wy, — 1||wxk|J?
is a convex functional, see [5] we have

ol
sup (1,M,)§ ¢ (5 I 01 )

(4.15)
<a ((?D?ka@)? ka’(t)) +b (ka(t)a Wik (t))j
and also using (3.13) then
my (WD) < 16 (Wi (8), W (1)) (4.16)
since using (3.15), (3.16), (3.3) we obtain,
[T (we (1), Wy (1)) < Chrmeas(9Ds)(er + ¢) w17 (4.17)
and for all € > 0
1
|(£(6), Wi (D)] < ellE(O)IIF + - Wy (O (4.18)
Then there exist C'; and C'3 a positive constant such that, for all ¢ > 0 we have
ol
0 DF GlIwx(ONF) + Collw ()11 < Call (D5 (4.19)
Using the results in [11], then we have this estimate,
2 20, ' a—1 2 2 2
w115+ (t=5)"" Iwi() 1% ds < Ca (IEOI 0 + lwrolly)
dD(a) Jo
(4.20)
Now, we take T\, = 400, and w € J with ||@0] 7 < 1, we can write @ = w0 + Wy,
where as w; € Fj, and Fj, = spam(p,--- , ) in the other side (w9, 8;) = 0 for
j = 1,--- k. Since, the functions {3;}¥_, is orthogonal in J then : || <

|w|| 7 < 1, using this equation (4.7), we find,
a(§ Dpw (1), @1) 7 + b(Wk(t), @1) 7 + J (Wi (t), 1) = (£ (t), 1) 7.
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Now in the same way with (4.19) consequently we can find a positive constant

Cs5, Cg such that,

16 DEw ()| < Cs + Colwan (@)l + 1E )l z201:)) (4.21)
and when we use (4.7), we can find a positive constant C' such that,
16 Dy wyk ()], < C. (4.22)

In the last step of thr proof we will use the result of the estimation and the com-
pactness stated in Theorem [I1], for the derivative of Caputo, then we conclude
the existence of a sub-sequences wykl and wy € L?(0,T;J) which are,

C Na C Nna
Wkl = Wy, 0 DiwWor — ¢ Dy Wi, (4.23)

for the first we have strong convergence in L*(0,7;J) and the second weakly
convergence in L?(0,T; J') then

a (5§ DYWy, W) — a (§ Dfwy,, @) in R b(Wyki(t), 0) = b(Wyg, @) in R.
(4.24)
By (3.8) and assumptions (3.15)-(3.16), we obtain,

| (W (t), @)| < (cr +c-) ||l 7, (4.25)

keeping in mind that the sequence{.J(w,(t),w)};> is bounded in R, and for
allv = w4 (t) — Wy, then we have,

| Wik (£), Wk () = Wit () — T (Wt (), Wk — W (£))]
< Chi(en + ¢r) [Wo(t) — w7 ‘

Since the trace map 9D : J — L*(0D3) is a compact operator, we can deduce
the existence of a subsequence of w,; we point it out again by w,y;, such that,

Wk — Wy strongly in L?(0, T; L*(0Ds)), J (Wt (1), W) = J(Wy(t), ) in R.

Hence, a weak solution w, € W2(0,T’; J) exists for the Problem (PV, ), accord-
ingly, the proof of Lemma 4.2 is considered complete. 0

Finally, the function x € L*(0,T;J) and w,, acquired in Lemma 4.2 we intro-
duce the operator A : L?(0,T;J) — L*(0,T; J) with,

(Ax(t),w)7 = M (¢, w) for all w € J and t € (0,7T), (4.26)
the existence and uniqueness of the solution in the following lemma.

Lemma 4.3. For x € L*(0,T;)J, the function Ax(t) :)0, T[— W is continuous.
Moreover, there exists a unique element x* € L*(0,T;J) such that Ax* = x*.

Proof. Let x € L*(0,T;J) and ty,t, € (0,T). Using (4.1) and the assumption
(3.14) we deduce that

[Ax(t) — Ax(t2)ll7 < esllx(t) — x(t2)ll7- (4.27)

As w, € L*(0,T;J), we can deduce that Ay € C(0,T;J). Let now x1,x2 €
L?(0,T;J), in a similar fashion to (4.27), we have

[Axa(t) = Axa(D)lg < esllxa(t) = x2(®)llg- (4.28)
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Then use (4.5), we find
a (OCD?MM (t) - (?D? Wyy (t)a Wy (t) — Wy, (t))
+0 (wX1 (t) — Wy, (t)7 Wy, (t) — Wy, (t>>
+J (wm (1), Wy (t) —J (wm (1), Wyy (1)
+ J (W, (£), Wy, (1)) — T (W, (1), wy, (2)) =

xa
Consequently, combining (4.5), (3.8) and hypothesis (3.15), (3.16) we have,

(4.29)

| (W (£)s Wy (£)) = T (wyy (8), Wy, (£)) 4+ T (w0, (1), w0y, (1)) (4.30)
= T (W, (1), 105, (1)) 1< €5y (er + ) [y (1) = wy, (1) - |
Then we use the definition of Caputo derivatives (see [3, 12]), we deduce
. N Tl—a ] )
6 Df s (1) = § D us (1), < aD(a) [t (£) = i, (D], (4.31)

then combining (4.30) we apply the integration from 0 to 7" and we use the
Gronwall inequality, then for ¢ > 0, (4.30) we get:

[wy, (8) = wyo ()l 2200,17) < X (t) = x2(O] 200,009, (4.32)
add to (4.28), (4.32), we have
[AX(t1) — Ax(t2)l| 20,150y < Csllx(t1) — x(t2) |l 22(0,1:0) - (4.33)

To confirm that the operator A contracts, we repeat this process n times, resulting
in,

(C)"

IA%: (1) = AL2(D)[IL*(0,T5.7) < I (®) = x2(®)l 20129, (4.34)

such that for n sufficiently large, the power A™ of A is a contraction in L?(0,T; J).
Therefore, we have a unique x* € L*(0,T; J) such that Ax* = x*. O

We now prove Theorem (4.1).

Proof (of Theorem j.1). Let x* € L*(0,T;J) be a fixed point of the operator A.
Denote by wy* the solution of Problem (PVYy), for x* = x, using the definition
of A (4.3), we find the solution of Problem (Py). O

Finally, to prove the existence of a solution (¢, D), let x € C(0,7;J) and we
consider the following auxiliary problem,

4.3. Problem PV,. For this problem we are interested in ¢ : [0,7] — G, D :
[0,7] — Q an electrical potential, such that

D, (1) = Ee(w, (1) — BVY(1), (435)
(BVY(1), Vo) — (Be(wx(1)), Vo) H + G (¢, ¢) = (4(1), #)g, (4.36)
for ¢, € G, t € (0,T). For Problem (PV,,) we have the following results.
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Lemma 4.4. Problem (PV,) has a unique weak solution
{y, Dy}, Vx € C(0,T:7)
such that
Y, €C(0,T5G), Dye C(0,T;9Q), . (4.37)

Furthermore, the solutions of Problem (PVy,), Furthermore, the solution sat-
isfies
[01(8) = 2(D)llg < Cllwi(t) = wa(D)]] 7 - (4.38)

Proof. See [7] O

REFERENCES

[1] Bouallala, M. (2024). Variational and error estimation for a frictionless contact problem in
thermo-viscoelasticity with time fractional derivatives. Communications on Analysis and
Computation, 2(1), 1-18. https://doi.org/10.3934/cac.2024001

[2] Bouallala, M., & Essoufi, E. (2022). Analysis for Unilateral Contact Problem with
Coulomb’s Friction in Thermo-Electro-Visco-Elasticity. Filomat, 36(13), 4443-4464.
https://doi.org/10.2298/FIL2213443B

[3] Bouallala, M., & Essoufi, E. (2021). A Thermo-Viscoelastic Fractional Contact Problem
with Normal Compliance and Coulomb’s Friction. Journal of Mathematical Physics, Anal-
ysis, Geometry, 17(3), 280-294. https://doi.org/10.15407/magl7.03.280

[4] Bouallala, M., Essoufi, E., & Ouafik, Y. (2024). Analysis and Numerical Sim-
ulation of Time-Fractional Derivative Contact Problem with Friction in Thermo-
Viscoelasticity. Computational Methods in Applied Mathematics. https://doi.org/10.
1515/cmam-2023-0185

[5] Bouallala, M., Essoufi, E. L.-H., Nguyen, V. T., & Pang, W. (2023). A time-fractional
of a viscoelastic frictionless contact problem with normal compliance. The European
Physical Journal Special Topics, 232(15), 2697-2706. https://doi.org/10.1140/epjs/
s11734-023-00862-z

[6] Boukaroura, I., & Djabi, S. (2019). A dynamic Tresca’s frictional contact problem with
damage for thermo elastic-viscoplastic bodies. Studia Universitatis Babes-Bolyai Mathe-
matica, 64(3), 405-420. https://doi.org/10.24193/subbmath.2019.3.13

[7] Djabi, A. (2023). A Frictional Contact Problem with Wear for Two Electro-Viscoelastic
Bodies. Nonlinear Dynamics and Systems Theory, 23(2), 169-182. https://doi.org/10.
15407 /ndsystem2023.02. 169

[8] Kilbas, A. A., Srivastava, H. M., & Trujillo, J. J. (2006). Theory and Applications of
Fractional Differential Equations. Elsevier.

[9] Lacroix-Sonrier, M. (1998). Distributions, Espaces de Sobolev, Applications aux équations
auzx dérivées partielles. Ellipses.

[10] Li, L., & Liu, J.-G. (2018). A Generalized Definition of Caputo Derivatives and Its Appli-
cation to Fractional ODEs. SIAM Journal on Mathematical Analysis, 50(3), 2867-2900.
https://doi.org/10.1137/17M1160318

[11] Li, L., & Liu, J.-G. (2018). Some Compactness Criteria for Weak Solutions of Time
Fractional PDEs. SIAM Journal on Mathematical Analysis, 50(4), 3963-3995. https:
//doi.org/10.1137/17M1143305

[12] Podlubny, I. (1999). Fractional Differential Equations: An Introduction to Fractional
Deriwatives, Fractional Differential Equations, to Methods of Their Solution and Some
of Their Applications. Academic Press.

[13] Said Ameur, M., Hadj Ammar, T., & Maiza, L. (2020). Analysis of frictional contact prob-
lem for viscoelastic piezoelectric materials. Australian Journal of Mathematical Analysis
and Applications, 17(1), 1-19.


https://doi.org/10.3934/cac.2024001
https://doi.org/10.2298/FIL2213443B
https://doi.org/10.15407/mag17.03.280
https://doi.org/10.1515/cmam-2023-0185
https://doi.org/10.1515/cmam-2023-0185
https://doi.org/10.1140/epjs/s11734-023-00862-z
https://doi.org/10.1140/epjs/s11734-023-00862-z
https://doi.org/10.24193/subbmath.2019.3.13
https://doi.org/10.15407/ndsystem2023.02.169
https://doi.org/10.15407/ndsystem2023.02.169
https://doi.org/10.1137/17M1160318
https://doi.org/10.1137/17M1143305
https://doi.org/10.1137/17M1143305

FRACTIONAL MODEL FOR ELECTRO-MECHANICAL VISCOELASTIC CONTACT 545

[14] Szafraniec, P. (2017). Analysis of an elasto-pieelectric system of hemivariational inequalities
with thermal effects. Acta Mathematica Scientia, 37(4), 1048-1060. https://doi.org/10.
1016/50252-9602(17)30057-7

[15] Zeng, F., Li, C., Liu, F., & Turner, I. (2013). The Use of Finite Difference/Element Ap-
proaches for Solving the Time-Fractional Subdiffusion Equation. SIAM Journal on Scien-
tific Computing, 35(6), A2976-A3000. https://doi.org/10.1137/130910865

! LABORATORY OF APPLIED MATHEMATICS, UNIVERSITY OF FERHAT ABBAS-SETIF 1,
SETIF, ALGERIA.
Email address: roufaida.ketfi@univ-setif.dz

2 Facurry oF Economics, COMMERCE AND MANAGEMENT SCIENCES, UNIVERSITY OF
FERHAT ABBAS-SETIF 1, SETIF, ALGERIA.
Email address: djabi.zaki@yahoo.fr

3 DEPARTMENT OF MATHEMATICS, UNIVERSITY OF FERHAT ABBAS-SETIF 1, SETIF, AL-
GERIA.
Email address: ilyes.boukaroura@univ-setif.dz


https://doi.org/10.1016/S0252-9602(17)30057-7
https://doi.org/10.1016/S0252-9602(17)30057-7
https://doi.org/10.1137/130910865

	1. Introduction
	2. The model
	Problem P

	3. Variational formulation
	3.1.  Notations and preliminaries
	3.2. Assumptions on the data
	3.3. Problem PV.

	4. Existence of a solution
	4.1. Problem PV
	4.2. Problem (PVP)
	4.3.  Problem PV

	References

