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ABSTRACT. In this paper, we prove some existence results of weak solutions
for some nonlinear degenerate elliptic problem in weighted variable exponent
Sobolev space with Dirichlet type boundary condition.
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1. INTRODUCTION

We consider the nonlinear degenerate elliptic problem

{— div (w®(Vu — O(w))) + wluf@2u = f inQ,

1.1
u=0 on 0f). (1.1)

where Q C RN (N > 2) is a bounded open set, p > 2, Vu is the gradient of u,

fe W (Q w))’, © is a continuous function from R to RY, w is a positive
functlon on RY, and ® is defined by
O(p) = "2, VpeRY

In recent years, considerable attention has been devoted to partial differential
equations and variational problems involving variable exponents, motivated by
applications in mathematical physics such as elasticity, electro-rheological fluids,
and image processing [3, 10].

A variety of partlcular cases of problem (1.1) have been considered in the
literature. For example, when © = 0, Kim et al. [3] investigated the following
elliptic problem with variable exponent:

(1.2)

— div(w(z)|VuP®2Vu) = g(2)|ulP2u + f(\, z,u,v) inQ,
u=0 on 0.

Date: Received: Sep 11, 2025; Accepted: Oct 8, 2025.
* Corresponding author
(© The Author(s) 2025. This article is licensed under a Creative Commons Attribution-
NonCommercial-NoDerivatives 4.0 International License. To view a copy of the licence, visit
https://creativecommons.org/licenses/by-nc-nd/4.0/.

92


https://creativecommons.org/licenses/by-nc-nd/4.0/

OPTIMIZATION METHOD FOR A NONLINEAR ELLIPTIC PROBLEM 93

In addition, when g is not an eigenvalue of the divergence form

—div(w()|VulP®2Vu) = pg(z)|ulP™~2 in Q,

u=20 on 0f),
where the exponent p : O — (1,00) is continuous, g € L>®(Q), w is a weight
function on RY, and f : Rx QxR xRY — R satisfies a Carathéodory condition,
important structural properties of weighted variable exponent Sobolev spaces
were established. Moreover, the existence of a weak solution to problem (1.2)
was demonstrated by applying the Browder—Minty theorem in combination with
bifurcation techniques for nonlinear operator equations.

In the case where p(-) is constant, problem (1.1) was studied by Sabri et al. [11]
using the variational method combined with the theory of weighted Sobolev
spaces, and the existence and uniqueness of weak solutions were established.
Moreover, when w = 1 with Neumann-type boundary conditions, problem (1.1)
has been analyzed by many authors under various assumptions; see, for example,
[2, 5].

A well-known approach to nonlinear elliptic problems is the Leray—Lions method,
which requires the operator to satisfy three fundamental properties: monotonic-
ity, coercivity, and boundedness. In our problem, however, the perturbation ©(u)
inside the gradient term destroys the natural monotonicity of the p-Laplacian
structure. This loss of monotonicity prevents the direct use of the Leray—Lions
framework. To overcome this difficulty, we employ a variational method: the
problem is reformulated through an appropriate energy functional, and the ex-
istence of weak solutions is established via the direct method of the calculus of
variations.

The main purpose of this paper is to study the existence of weak solutions
to the nonlinear degenerate elliptic problem (1.1) in weighted variable exponent
Sobolev spaces, using the optimization method together with the properties of
these spaces. Variational methods have been applied by several authors in related
contexts; see [12, 13, 7]. The rest of the paper is organized as follows. In Section 2,
we present definitions and fundamental properties of weighted variable exponent
Sobolev spaces, along with some preliminary well-known results. In Section 3,
we present the main assumptions. In Section 4 we employ variational methods
to establish the existence of weak solutions for problem (1.1).

2. PRELIMINARIES

We begin this section by introducing some notation, definitions, and lemmas.
Let Q Cc RY be a smooth bounded domain. Set

C.(Q) = {h € C(Q) : min h(z) > 2}.

e

For any h € C(Q), define
h* = sup h(x), h~ = inf h(x).

z€Q z€N
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Given p € C,(Q), the weighted variable-exponent Lebesgue space LPO)(Q,w)
consists of all measurable functions w such that

/M@Mwmﬂ<w,
Q
and it is endowed with the Luxemburg norm
. w(x
lll o0 0y = inf {/\ >0 / w(z) <T>
Q
The weighted Sobolev space W@ (Q, w) is the set of all functions u € LP@)(Q)

whose weak gradient satisfies Vu € (Lp(‘”)(Q,w))N, and it is equipped with the
norm

p(z)
d:cgl}, 2 <p(z) < 0.

[ullwree w) = lull re @) + HVUH(LW)(Q w))N

An interesting feature of a generalized Lebesgue-Sobolev space is that smooth
functions are not dense in it without additional assumptions on the exponent p(x).
This was observed by Zhikov [11] in connection with Lavrentiev phenomenon.
However, when the exponent p(z) is log-Ho6lder continuous, i.e., there is a constant
C such that

c

S — 2.1
—log |z — y| 21)

Ip(x) — p(y| <
for every where z,y € Q with |z — y| < % Since smooth functions are dense in
variable exponent Sobolev spaces, there is no ambiguity in defining the Sobolev
space with zero boundary values, VVO1 P (')(Q, w), as the completion of C§° (£2) with
respect to the norm [Jul|y 100 () (see [0]).

By a weight we mean a locally integrable function w on RY such that 0 < w <
oo, and in this work we assume w satisfies:

o (H)weLl (Q) and w7 e LL (),

loc loc
o (Hy) w™*® ¢ L'(Q) where s € (%,oo) Lﬁ,oo).
(,) denotes the duality between (Wy*™(Q,w)) and Wy (€, w).
We recall the following useful lemmas.

Lemma 2.1. [8] If (Hy) holds, W) (Q, w) is a separable and reflexive Banach
space. For p,s € C (), set

pa)s()

ps(z) = 1+ s(z)

where s(x) is given in (Hy). Assume that we fix the variable exponent restrictions

p(x)s(z)N .
_ Jemionamsm YN > ps(2),
arbitrary if N < ps(2),

ps(m)

for almost all x € €.
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Proposition 2.2. [3] Letp, s € C,.(Q) satisfy the log-Holder continuity condition,
and let (H,) and (Hy) be satisfied. If r € C1(Q)) and 1 < r(z) < pi. Then, we

obtain the continuous imbedding
WhP@/(Q w) — L'@(Q).
Moreover, we have the compact imbedding
WPO(Q w) «— L"@(Q),
provided that 1 < r(z) < pi(x) for all x € Q.

Lemma 2.3. [1, 9] (Generalised Hélder-type inequality).
i) For any functions u € L@ (Q) and v € LP'@(Q), we have

1 1
IR (p ; p—) el ool ongay < 2l [y ol
Q

ii) For all p,q € C(Q) such that p(x) < q(x) a.e. in Q, we have LI®(Q) —
L0 and the embedding is continuous.

Lemma 2.4. [8] Denote

p(u) = /Qw(x)|u(x)|p($)dx, for all w € LP@(Q,w).

Then
() Jull oy < 1(= 15> 1) if and only if p(u) < 1(=1; > 1),
() if lull o ) > 1 then [ull] o) g, < p(0) < ||U||me (Qw)’
(3) if [l oy < 1 then a2 < p(0) < [l
Lemma 2.5. [I]. Vr,y € RY and 1 <p < o0
Lo Lyl < oo - ).

Lemma 2.6. Form >0, n>0 and1 <p < oo, we have
(m+n)P <2071 (mP +nP).

3. MAIN RESULT

Before presenting the main result of this section, we first state the assump-
tions needed for this work and then introduce the notion of weak solutions to
problem (1.1).

e (H3) O is a continuous function from R to RY and satisfying
O(x) — O(y)| < Az —y| V(z,y) € R?,
©(0) =0,
where )\ is a constant such that 0 < A < %
o (Hi) f € (" (Q,w)).

We next state the notion of a weak solution to (1.1).
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Definition 3.1. Let f € (Wolp (Q,w))" . A function u € Wol’p(w)(Q,w) is called
a weak solution of the problem (1.1) if, for any ¢ € W,* x)(Q, w), we have

/Qa@ (Vu—0 (u)) - Vedz + / w|uP@2upds = (f, ¢). (3.2)

Q

We are now ready to state the main result of this work.

Theorem 3.2. Assume that (Hy), (Hs), (Hs), and (Hy) hold. Then the problem
(1.1) has a weak solution.

4. PROOF OF THE EXISTENCE OF WEAK SOLUTIONS TO PROBLEM (1.1)

To establish the existence of solutions to problem (1.1), we consider the asso-
ciated variational problem

min {7 (u) fu € W3 (0,0)}

for

W= [ ol de 4 [ oV — 0 P@ e — (o
I = [ el dr+ [ —ulVu—O(PTe - (f). (@)

Let u € Wol’p(x) (2,w). By applying Lemma 2.6 and the (3.1), we get

w w .
p(z)20@ 1 [V = p(x) @1 Vu—© (u) + O (u) [
w w
< ——|Vu — 0 ()™ + ——10 (u) |P”)
p(x)! (u) p(w)l (u) |
W wIP()
< ——|Vu — O(u)|P® + u[P@
» x)| (u)] (@) Jul
w w
< Y vy — p@) Y @ .
= 0@ Vu — O(u) [ + ()2 |ul (4.2)

Taking the integral over €2 in the above inequality, we obtain

1 1
—  |VulP® dz < / —w|Vu —6(u p(m)dx+/ — wlu|P@dg.
| v ooV Ol o ()
Thus

1 1
— V@) dx</—w Vu—O(u p<@dx+/—wu1"x’dx- 4.3
/Q]OJ“Q‘DJr iVl o p(x) | (vl o p(x) i 43)
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Applying the Cauchy—Schwarz inequality and Young’s inequality, we obtain
()] < 1 grtotor g Nl oto g

= 1Al oo 0,0y 1V Ull 2o )

< 5||VU||Lp(x) Qw) C(€> ||f||1(om;()1,P(I)(Q7w))/

Bp—
p(z) P
<e( [l an) " 4 O,
p(x) P
< ([ I do 1) + 0@ Iy oy

where ¢ is a positive number and

1 .
—, if V|| o) @w) < 1,
pi=g?
1 .
F’ if HV’LLHLP(I)(Q,W) > 1.
Taking € = +2 o We get
1 -
p(z) "
501 < g ([ 9P 1) £ Oy (40

Consequently, from (4.3) and (4.4), it follows that

1 1 1
— p(z — -
J(“) Z /Q(p+2p+_1 p+2p+ )w’Vu’ dx Cl HfH(Wl p(z)(Q w))’ p+2p+ :

Hence

1

1 _
- (@) Jp — p -
J(U) Z p+2p+ /(;leu| dI Cl ||f||(W01’p(z)(Q,w))’ p+2p+ .
Thus
1

(Wl ,p(x) (Qw))’ p+2p+ :

J(u) > =Cy | £ (4.5)

This implies that

1
—CleH

lp(z)(Q o)) p‘”'—QTﬁ < inf J(u) < 0.

uEWOI’p(z) (Qw)

Therefore, one can choose a minimizing sequence {u,} C W™ (Q, w) such that

J (um) <1, (4.6)
and
lim J(u,,) = inf J(u).
m—o00 ( ) uGWOI’p(I)(Q,w) ( )

From (4.6) and (4.5), we get
1

[ lvunrons < ciry,

gy T et
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This implies that
/w[Vum|p(x)da: < (s, (4.8)
Q

so that

1

HumHW(}*P@)(Q,w) <1+ (Cs)r = Cy. (4.9)
Hence, the above inequality implies that (u,,) is bounded in VVO1 P (x)(Q, w). Since
VVO1 P (I)(Q, w) is reflexive, we can extract a subsequence (still denoted by u,,) and

a function u such that u, — u in W™ (Q,w). Therefore by Proposition 2.2,
we have

U, — ustrong in LP® (Q,w), (4.10)
Vi, — Vu weaklyin LP@ (Q w), (4.11)
Uy, — wa.ein Q. (4.12)

Next, we need to show that

liminf J (uy,) > J (u).

m—0o0
Since u,, — u a.e in 2, by Fatou’s Lemma, we have

1 1
liminf/ —— |ty PP dz > / ——w|ulP®d. (4.13)
m=oo Jo p() o p(7)

So by (3.1) and (4.10), we get ©(u,,) — O(u) strong in LP®)(Q, w), thus O(u,,) —
O(u) weakly in LP@)(Q, w).

We also have, from (4.11), Vu,, — O(u,) — Vu — O(u) weakly in LP@(Q,w),
which gives

1 1
lim inf/ ——w| Vg, — O(ty,) PP dz > / ——w|Vu — Ou)PDdz.  (4.14)
m—oo Jq p(z) o p(7)

And by (4.10), we obtain

lim (f, um) = (f, u). (4.15)

m— 00

Combining (4.13), (4.14) and (4.15), we deduce

liminf J(w,,) > J(u).

m—00

Therefore u is a minimizer of the functional J in W, (x)(Q, w).
The next result is key to establishing the existence of solutions to problem (1.1).
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Lemma 4.1. Provided that (Hy), (Hy) and (H3) hold, then for any w, v in
W(]l’p(w)(Q,w), we have
) tim [ lu + to[P@) — |y P@)
=0 Jq p(x)t
(i) 1 [ w |Vu + tVo — O(u + tv) [P@) — |Vu — O(u) [P
=0 Jq p(x)t

= / w®(Vu — 6(u)) - Vude.

dx:/w\u]p(x)_qudx.
Q

dx

Proof. (i) Consider

M:[0,1] — R
£ ]P@) — [y
p— w

p(x)t
The function M is continuous on [0,1] and differentiable on ]0,1[, then by the
mean value theorem, there exists v €]0, 1] such that

M (1)) = M(0)) = M' (7).
Then
lu + o [P@ — [u[r@
p(z)t
Since v, t € [0, 1],then by Young’s inequality and by Lemma 2.6, we get

= wlu + tyvP D72 (4 + tyw) v.

wlu + tyPD72 (u+ tyw) v < wlu + ty|P@ |

1 1

< w |u + tyoP® 4 |v|P@)
P(z) p(z)
op(z)—1 1
< w/—(|u|p(“) + |U|p(r)) + w—|v[P@.
p(z) p(z)
On the other hand
tolP@) _ |y [P@)
limw [u + tv] [ = w|u\p(x)’2uv.
t=0 p(x)t

Hence, by the Dominated Convergence Theorem, we obtain
to|P@) — ||
lim [ !t ™ g — / wluP@ 2 uuda.
=0 Jo p(z)t 0
(ii) To show that

. |Vu +tVo — O(u + tv) [P@) — |Vu — O(u) [P
lim [ w
=0 Ja px)t

= / w®(Vu — 6(u)) - Vudae,

dx

we define, for ¢t €]0, 1],
Gi(u,v) = Vu+tVv —0(u+tv), Fi(u,v)=Vu+tVv—0(u),
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and let M be a function defined as

M:[0,1] — R
|F’t,u(uav)‘p(x) B |F0(uvv‘p(:r)

n—w
p(x)t

Since M is continuous on [0, 1] and differentiable on ]0, 1], it follows again from
the Mean Value Theorem that there exists v €]0, 1] such that

M(1) = M(0) = M'(y).

Thus

‘Ft(u vlp(if) — ‘Fo(u U‘P(I) B
’ ’ = wl|F, P@=2(R - Vo.
W p(l’)t (U| t’Y(u7U| ( t’Y(“?”)) v
Since 7,t € [0, 1], then by Young’s inequality and Lemma 2.6, we get

W| Fyy (u, 0[P® 72 (Fyy (u, 0)) - Vo
< w|Fyy (u, 0) POV

P (wo)P@ | [Volp®
S W) P(®)
p@)—1 [, | [Vu—O@PE 4ty Vulr®) [Topr®
<2 (“ 7@ e
px)—1 [, [Vu=0(w)|P® +|Vo[P(®) |Vo[P()
<2 (“’ e TYSw

On the other hand

lim e Vu+tVo — O(u)[P®) — |Vu — O(u) [P®)
=0 p(x)t

=wd (Vu —O(u) - Vo.

Hence, by the Dominated Convergence Theorem, we obtain

Vo — O P@ _ [Ty P@
lim [ w [Vu+tVe = Ou)] Vel de = / w® (Vu — O(u) - Vodz. (4.16)
=0 Jq px)t Q

To finish the proof of (ii), it suffices to show that

i [ Ve V0 = O(u o)) — [Vu + Vo — O ()|

dx = 0.
t=0 Jq p(x)t
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Using Lemma 2.5 and by applying Young’s inequalities, we get

[ G F
Q

p(x)t
< /w!Gt(u,v)!’”(“”(Gt(u,v) (Gilu,0) = Fi(u,0)) o
</ p
< /w!Gt(u,v)W)‘l!(i(qutv) — 0@,

G 0 ut tv) = O(u)

S/Q Wd“/gf"@( =tp(x) &

p(a) @) [p@)
B T
Q ty'(z) Q etp(z)

p(x) tP" |plP@)
g/sw—Gt(u’/U” dx~|—/w—| 7 1l dz,
Q tp'(z) o etp(x)

. o e . P
where ¢ is a positive number. Choosing ¢ = t2, we have

/ NG )@ — | Fy(u, v)) P
0 p(x)t

do <05 [ wlGi(uwo)PPdrr’s [ wlol s,
Q Q
(4.17)

In the same manner, we prove that

G @) _|F p(z) o -
/w| t(u7v)| ’ t<u7v)| do > —t'z / W|E(U,’U))|p(x)dl'—t7 / (JJ|’U‘p(x)dl'.
Q tp(x) Q Q

(4.18)
Then we obtain from (4.17) and (4.18), as t — 0,
@) _ (R p(@)
i [ 1Ge(wv)] B (w o)™
=0 Jq tp(x)
Therefore
_ p(z) _ — p(z)
i [ o \Vu +tVo — O(u + tv)] \Vu +tVo — O(u)| dr—0. (419)
=0 Jq pa)t
Combining (4.16) and (4.19), we obtain
i [ o |Vu 4tV — O(u + tv) [P — |Vu — O(u)|P® e
=0 Jo p(x)t
= / w®(Vu — O(u)) - Vodz.
Q
0

We will show that u is a weak solution of the problem (1.1). Since u is a
minimizer of the functional J (u) in Wy "™ (Q,w), then for any v € Wy "™ (Q, w)
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have
0< J(u+tv) — J (u)
p() _ |y |P(x)
_ / w\u + tv| |ul e
Q p(x)t
tVov — O to) [P — — O(y)P@)
+/W|Vu—|— Vv (u+ tv)| Vu (u)] dr— (f.o).  (4.20)
Q p(x)t

By letting ¢ — 0 and using Lemma 4.1, we deduce from (4.20)

0< /w|u\p(’”)_2uvdx + / w®(Vu — O(u) - Vodz — (f,v).
Q Q

Thus

/ w|uP@2yudz + / w®(Vu — O(u)) - Vodz = (f,v),
Q Q

which proves that u is a weak solution of (1.1).

10.

11.
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