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ENTROPY SOLUTIONS FOR LERAY-LIONS ANISOTROPIC
ELLIPTIC PROBLEM VIA THE L!-VERSION OF MINTY’S
LEMMA

DOFYNIWASSOUANI ALAIN HOUEDE!, IBRAHIMA SAKANDE? and ADAMA
OUEDRAOGO?

ABSTRACT. We consider a class of nonlinear anisotropic elliptic equations with
nonlinearities and measure data, governed by a Leray-Lions type operator as-
sociated with a Carathéodory function satisfying the natural growth condition
and the coercivity condition, but it only satisfies the large monotonicity condi-
tion. We address the problem of the existence of entropy solutions in variable
exponent anisotropic Sobolev spaces defined on a bounded domain. To over-
come the difficulties arising from the lack of strict monotonicity, our existence
theorem is proved by using the L'-version of Minty’s lemma.
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1. INTRODUCTION

Since the end of the last century, the study of nonlinear elliptic anisotropic problems
involving variable exponent has received increasing attention in the field of mathe-
matical research. This is partly due to their frequent appearance in various domains of
application, including image processing [1, 11], elasticity [35], electromagnetism [1 1, 33],
porous media [0, 20], nonstandard growth [2, 27, 34], and electrorheological fluids
[3, 5, 19, 30, 31]. The natural framework for solving these kinds of problems is that
of Sobolev spaces with variable exponents, whose origins date back to the pioneering
work of Orlicz [29] in 1931. For example, in [32], Sanchon and Urbano proposed in this
framework a notion of entropy solution for the Dirichlet problem of elliptic equations

—diva(zr,Vu) = f(x) in Q,
u=0 on 01,

where f € L1(2). Azroul et al. in [0] proved an existence result of entropy solutions
for the elliptic equations with nonlinearities

—diva(z,u,Vu) + g(z,u, Vu) = p in Q,
u=0 on 01,
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where 1 is a measure in L'(Q) + W5'0)(Q). In [10], Azroul et al. have studied the
strongly nonlinear problem

—diva(x,u, Vu) + g(x,u,Vu) = f —dive(u) in Q,
u=0 on 01,

with f € LY(Q) and ¢ € CO(RY), they have proved the existence of entropy solutions
and some regularity results. In [24], Kozhevnikova established the existence of an
entropy solution in anisotropic Sobolev spaces with variable exponents for the following
problem
—div(a(z,u, Vu) + c(u)) + ao(x,u, Vu) = p in Q,
u=0 on 0,

where p € L1(Q) + W—12'0)(Q).
In this note, we consider the following more general nonlinear anisotropic elliptic prob-
lem

{—Au + M) [ulPo®) =2y =y — dive(u) in (1.1)

u=20 on 012,

where ) represents a bounded open subset of RY (N > 2) with smooth boundary 9

and Au is a Leray-Lions type operator acting from Wol’ﬁ(')(Q) into its dual W—1"()(Q)
defined by

N
Au = Z O, ai(z,u, V). (1.2)
i=1
Our objective is to establish an existence result of entropy solutions for Problem (1.1)
by assuming that the function a; : @ x R x RN — R is not strictly monotone with
respect to the gradient and without using the technical result of almost everywhere
convergence for gradients of suitable approximating solutions. Our strategy is to follow
the approach developed by Boccardo et al [13], using as the main tool an L!-version
of Minty’s Lemma to overcome the difficulties of the not-strict monotonicity. This
approach differs from that used in the above-mentioned works and has been adopted in
several other works, such as Boccardo [12], Akdim et al. [!], and Azraibi et al. [3, 7].
The novelty in this work lies in the application of this tool to the anisotropic, variable
exponent Problem (1.1).

This paper is organized as follows. In Section 2, we introduce the necessary defi-
nitions and propositions regarding generalized Lebesgue-Sobolev spaces. In Section 3,
we give some assumptions on the data for which our problem has at least one solution.
Furthermore, we present the main result of our notion of solution. Finally, in Section 4,
we prove the existence of entropy solutions to Problem (1.1) by utilizing the L!-version
of Minty’s Lemma.

2. FUNCTIONAL FRAMEWORK

In what follows, we present various definitions and results related to variable exponent
Lebesgue and Sobolev spaces. For more details, we refer to the book [15] and the paper
[23]. For each open bounded subset 2 of RY (N > 2) with smooth boundary 99, we
denote

Ci(Q) = { p :  — R measurable function such that 1 <p~ <pT < N },
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where
p~ =essinf{p(z) | x € Q} and pT = esssup{p(z) | € Q}.

For any p € C4(£2), we define the variable exponent Lebesgue space by
Lp(')(Q) = {u : 8 — R measurable and / lu(x) |p(x)da: < oo},
Q

endowed with the so-called Luxemburg norm

. u
|u]p(.) ;= inf {)\ >0 pp) <)\) < 1},

where the mapping pp) : LP0)()) — R is the convex modular of the LP0)(Q) space
defined by

o) = [ (@) )da
and satisfies to the following inequality (see [22, 21]): for any u € LP()(Q)
. - + - +
min {‘ufg(‘); ’ulﬁ(,)} < Pp(.)(u) < maX{IU‘Z(.); ‘u|g(.)}. (2.1)

Proposition 2.1 (see [23]). The space (LPX)(9), lulp)) is a separable and reflexive
Banach space and its dual space is isomorphic to LP ©)(Q) where 1/p(x) +1/p'(z) = 1.

Proposition 2.2 (See [18]). For any u € LPO(Q) and v € LPO(Q), we have the
Holder type inequality

‘ / uvdzr
Q

We define the variable exponent Sobolev space W1()(Q) as follows
WiPO(Q) = {ue LP(Q) : dpuec LPDQ), i=1,...,N}

1 1
s@r+@w)mmmwosm%mmmy (2.2)

which is a Banach space equipped with the following norm

N
lullpy = ltlpc) + > 10w ttly)-
=1

Wol’p(')(Q) denote the closure of C$°(R2) in W1P()(Q). Besides, (Wl’p(')(Q), ullpey)
and (VVO1 P (')(Q), Jull,(.)) are separable and reflexive Banach spaces. For more details
on variable exponent Lebesgue and Sobolev spaces, we refer the reader to [15, 16, 23].

Now, we introduce the anisotropic variable exponent Sobolev space used in the study
of our nonlinear anisotropic elliptic problem. Let p(.) = (po(.), p1(l), ... ,pN(.)) such

that for any i = 0,1,..., N, p;(.) € C(Q) with
1 <p; :=ess inf p;j(x) < esssupp;(z) := p;” < o0; (2.3)
€N zeQ
and

po(x) := max{pi(x),...,pn(z)} for all x € Q.

We denote by pj(.) the conjugate exponent of p;(.) defined as 1/p;(x) + 1/p}(x) = 1.
Let us introduce

Pm(x) := min{p(x),...,pn(2)} forallz € @ and p,, :=min{p;,...,py}
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We define the anisotropic variable exponent Sobolev space by

WP (Q) = {u €L"(Q) : dpue V@), i=1,... ’N}'

This is a separable and reflexive Banach space (see [28]) equipped with the following
norm
N
llellgey = [ulpo() + D 10w ttlp,()- (2.4)
i=1

The dual of W'70)(Q) is denoted by W—1#"()(Q), where p"(-) = (p(-), p1(-); - - - P ()
with

1< pi() =pi()/(pa(-) = 1), Yi=0,1,...,N.
We also define Wol’ﬁ(')(Q) as the closure of C5°(€) in W1P()(Q) with respect to the
norm (2.4). According to [16, 17], Wol’ﬁ(')(ﬂ) is a reflexive Banach space.

Lemma 2.3. We have the following continuous and compact embedding
- if pm < N then W&’?(')(Q) —— LIY(Q) for all ¢ € [pm,p},| where p}, =
Npm/(N = pm),
- if pm = N then Wol’?(')(ﬂ) —— LY(Q) for all ¢ € [pm,+o0],
Cif pm > N then WP O (Q) e L0(Q) 1CO(Q).
Proof. In view of the classical embedding theorems of the Sobolev spaces and the con-

tinuous embedding WL?(')(Q) — WO1 P ’"(')(Q), we get the previous embedding com-
pact. O

Remark 2.4. Since we suppose that p,, < N, we have the embedding WL?(')(Q) —
Wol’pm(')(Q) is compact.

Lemma 2.5. Let Q2 be a bounded open subset of RY (N >1). Ifw € (W&’ﬁ(')(Q))N,
then

/ div(w)dz = 0. (2.5)
Q

Proof. Fix a vector w = (w!,...,w") € (Wol’ﬁ(')(Q))N. Since Wol’ﬁ(')(Q) is the closure
of Cg°(2) in leﬁ(')(Q), then each term w'® can be approximated by a suitable sequence

wt € D(Q) such that w! converges to w' in I/VO1 4 (')(Q). Moreover, the Green formula

gives
/8xiwf1dx :/ wimids =0, (2.6)
Q o9
due to the fact that w! € C°(Q2). On the other hand, 9w}, — O,w’ in LP:)(Q).

Thus O,,w!, — Op,w’ in L}(£2), which gives in view of (2.6) that / div(w)dz =0. O
Q

3. ASSUMPTIONS AND MAIN RESULTS

It is assumed that for any i = 1,..., N, the function a; : @ x R x RV — R is a
Carathéodory map with the following properties:

there exists 8 > 0 such that |a;(z, s,€)| < B[Ji(z) + |s[Pe@)—1 4 |§i|pi(r)_1], (3.1)
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there exists o > 0 such that a;(z, s, €).& > a|&P@ ve e RY (3.2)
and
[ai(ﬂl,s,ﬁ) _az(l‘vsan)}(gl_nz) >0 if gl 7&77% (33)

where j; is some positive function in LPi¢)(Q).
1 is a measure datum assumed to be in L' (Q) + W17 (Q) such as
p=f—div(F) with f€ LY Q) and F = (F\,..., Fy) € (I#O@)Y.  (3.4)
It is assumed that the function ¢ satisfies the following condition
¢ =(¢1,...,¢n) € CO(R,RY) (3.5)
and
A € L™(Q) and there exists A9 > 0 such that A(z) > )\ for all x € Q. (3.6)
We introduce some technical sets used in the definition of our notion of solution:
761’5(')(9) = {u : 2 — R, measurable such that Tj(u) € Wol’ﬁ(')(Q), vk > O} ,
where, T}, is the truncation function defined for all £ > 0 by
Tk (s) = max{—k; min{k; s}}.
It is clear that
klgr.}o Ti.(s) = s and |Tk(s)| = min{|s|; k}.

Let xp be the indicator function of a set B. For u € 761’13(')(9) and any k£ > 0 we have
VTi(1) = X{oijul<ky Vu € L7V (Q). (3.7)

Definition 3.1. A function u € 761’5(')(9) is an entropy solution of problem (1.1) if

N
Z/ a; (z,u, Vu) 0y, Ty (u — p)dz + / A2) | u|P@) =2 T (u — )da
=179 “ (3.8)

N N
< Zz; /Q ¢i(w) 0z, Te(u — @)dx + /Q fTi(u — p)dx + Zz; /Q F;0:,Ti(u — p)dx

for any ¢ € Wol’ﬁ(')(Q) N L>(£2) and for every k > 0.
The main result of the present work is the following theorem.

Theorem 3.2. Let the assumptions (3.1)—(3.5) be satisfied. Then there exists an
entropy solution of the problem (1.1).

Before going further, we state the following technical and useful lemma which is an
L' version of Minty’s Lemma.

Lemma 3.3. Let u € 761’73(')(9). Then the following statements are equivalent:

N
> / a;i (%, u, Vo) 0y, Ty (u — )dx + / A(@) [ulP @2 Ty (u — )dx
=178 . (3.9)

N N
< ; /Q ¢i (1), Ti(u — p)dx + /Q fTi(u — @)dx + ; /Q F;0.,Tk(u — ¢)dx
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for any p € Wol’p(')(Q) N L(Q) and for every k > 0;

N
Z/ ai (@, u, Vu) 9y, Ty (u — )dz + / M) [u|P@ 20T (u — ¢)da
=1 “ (3.10)

N N
= ; /Q ¢i(w) 0y, T (u — @)dx + /Q fTe(u— p)dx + ; /Q F;0,,Ti(u — ¢)dx

for any ¢ € Wol’ﬁ(')(Q) N L>*(Q2) and for every k > 0.
Proof. By adding and subtracting the following term
N
Z/ a; (LU, u, ch)@szk(u - @)dw
i=1 7%
to the left-hand side of (3.10) and then using assumption (3.3), it is obvious that
(3.10) = (3.9). So, it remains to show that (3.9) = (3.10). Let m and k be positive

real numbers, § € (—1,1) and ¢ € Wol’ﬁ(')(Q) NL>(€2). Replacing ¢ by Tp, (u— 60T} (u—
w) in the inequality (3.9), we obtain

I(m,k)
N
:Z/Qai(a:,u,VTm(u—OTk(u—w))ﬁxiTk(u—Tm(u—GTk(u—w))daz
i=1

<= [ NPTy 0~ T~ 08— )
Q

N
—i—;/ﬁ@(u)&ciTk(u—Tm(u—9Tk(u—w))d:1:
—i—/Qka(u—Tm(u—QTk(u—w))dx

N
+ Z/ F302, Te(u — Ty (u — 0Ty (u — ))dz = J(m, k). (3.11)
i=1 79

In order to obtain useful estimates, we introduce the following technical sets
Qomk == {:B €N |u— Tm(u — 0T (u — @Z))] < k}
Qo == {m €N |u— Tm(u — 0Ty (u — w)] < m}
Thus, the left-hand side of Inequality (3.11) can be split as follow
I(m, k)

N
= Z/ a; (a:, u, VT, (u — 0T (u — w))ﬁszk(u — T (u — 0T (u — @b))daz
i=1 Y €0,mkN21 mk
N
+Z/ a; (a:,u, VTm(u — 0Ty (u — w))amiTk(u — Tm(u — 0T (u — w))dx
i=1 7 Qo,mrNR Lk

N
—i—Z/c ai (@, u, Vi (u — 0T (u — ) 03, Tie(w — T (u — 0T (u — ) )da.
=1

0,mk
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Evidently, Tj;(u — Trn (u — 6Tk (u — ¥)) = 0 on Qf x> Which implies that

Z/pa, z,u, Vi, (u—GTk(u—zp))B T (uw—1T, (u—HTk(u—w))dac:O. (3.12)

0,mk

In view of (3.2) and the continuity of the functions a;(z, s, .) with respect to &;, we have
a;(z,s,0) =0 for s = 1,..., N. Since VTm(u — 0Ty (u — 11))) =0 on Qf,;, it follows
that

Z /Qo mkNS x U Vm (u — 0T (u — ¢))8$1Tk(u —Tm (U — 0T (u — Qb))dx

1,mk

= Z/Qo a5 (z,u,0)0, T(u — Ty (u — 0T (u — ) )da = 0. (3.13)

mk

From estimates (3.12) and (3.13), we obtain
I(m, k)

_Z/Q . :L‘ w, VT, (u—HTk(u—w))axiTk(u—Tm(u—eTk(U_¢))d=T‘
0,mkM21 mk

Sending m to oo, we have gy, Q1 ,mr — € which implies that Qg ,x N Q1 e — Q.
Then, applying the Lebesgue’s dominated convergence theorem, it follows that

N
lim I(m,k) =146 Z/ a; (z,u, V(u— 0Ty (u — ¥)) 0y, T (u — ) dz. (3.14)
m—oo < 0
On the other hand, we have
lim J(m,k) =0 [ — / A(@) PP 2uT (u — ) da + / FT(u — ) da
N N
+ ; /Q ¢i (1) 0, Ti(u — ))dx + ; /Q F;05,Ti(u — w))dm] . (3.15)

In view of (3.14) and (3.15), passing to the limit in (3.11), we get

N

0 Z/ ai(z,u, V(u— 0Ty (u — )0y, Tio(u — ) dx
— Ja

N
— 2) PO @) =2y T (0 — T ()0, Th(u — T
se[ [ M@ 2ty - v))a > [ 6000 Tetu = )

N
+ /Q RIS /Q Fon Tou—g))dz|  (3.16)
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for every 1 € Wol’ﬁ(’)(Q) N L*>(£), and for every k > 0. Choosing 6 > 0, dividing (3.16)
by 6 and then letting 6 to zero, we have

N
ZZ; /Q ai(z, u, Vi) 0y, Ti (u — ) dz + /Q M) [uPo @ =2 Ty (v — o)) da (3.17)

al N
< ; /Q ¢i ()0, Ty (u — ) )da + /Q Ty (u—))dx + ; /Q Fi8y, Ti(u — ) d.

For § < 0, dividing (3.16) by 6 and sending € to zero, we have

N
Z /Q ai (@, u, Vu) Oy, Ti(u — ) dz + /Q @) |[u|P@ 20T (u — o)) da (3.18)
i=1

al N
Z;/ch)i(U)axiTk(u%Z)))dxwL/Qka(uw))der;/QFiﬁmTk(u¢))d$-

Combining (3.17) and (3.18), we derive the following equality

N
Z /Q ai(z, u, Vu) 0y, Ti(u — )dz + /Q M) [ulPo @ 2Ty (u — o)) da (3.19)
i=1

N N
_ Z/ 65() D, T (1 — 1)) dar + / FTe(u — ¥))dz + Z/ F0u,To(u — ) da.
i=1 7% @ i=1 7%
Hence, the proof of Lemma 3.3 is complete. O

4. PROOF OF THEOREM

Let us consider the approximate problems:

— Ay, + M) [un |[PO@) 20, = p,, — dive™ (u) in Q

(4.1)
Up € Wol’p(')(Q) on 012,

where

N

Ap(uy) == Z@miai(x,Tn(un), Vuy)
i=1
¢"(s) == ¢(Tn(s)) and pn = To(f) — divF.
Note that:
Fo=Tu(f) € L), fu — f i L4Q) and [|fulls < [Ifller

Thanks to [21] (see [25] and [20]), there exists at least one weak solution u,, € T/VO1 i (')(Q)

to the Cauchy boundary value Problem (4.1). That is, for any test function v €

VVO1 el )(Q) N L*(€2), the following integral identity holds true:

N
Z/ai(az,Tn(un),Vun)amvda:—i-/ Az)|ufP @) 2 ypda
=179 @

N

N
=> / bi(un )0y, vdx + / fodz +> / F;0,,vd.
=179 @ =179
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Step 1: A priori estimates. Choosing Tj(uy) as test function in (4.2) and using
Hypothesis (3.2), we have

N

@3 [ 10T Do+ [ N@ P T
S Q 0
= (4.3)

N N
<> / OF () O, T () d + / FaTe(un)dz + > / F38,, Tpo(u ) dz.
=179 Q i=1 79
We show that the first term on the right-hand side in (4.3) is zero. To do this, we set

Br(s) = /O 7 (E)x <t

Then by using Lemma 2.5, we obtain

N
> [, 0 m)on Tt

N

N
=> / &7 (tn) Ot = > / D, " (uy)dz = 0. (4.4)
{lun|<k} i=1 /8

=1

Combining estimate (4.4), the boundedness of f,, and Young’s Inequality, we get

N
aZ/ ]axiTk(un)‘Pi(x)dx—i—/\o/ ’Tk(un‘po(x)dx
i=1 7% Q

N N
< Ck+ C(a) Z/ | FPi®) e + % Z/ |8, T (1) PP .
i=1 7% =179

In addition, from Inequality (4.5) it follows that

N
min {g +Xo} Z/ |0, T () PPz < C(k + 1),
2 i=0 7€
otherwise

N
) / 100, T () P < Clk 4 1),
i—0 Y

where C' is a constant that does not depend on n. It follows that
N - N
D 102, Ti(un) Py < [ 102, Ti(un) [P Pda + N < C(k + 1) + N, Vk > 0.
— g pi(.) = Q v

Moreover, by the convexity of the function ¢+ tPm on RT with p,, > 1 we obtain

N Pm N
1 Pm
N (; lamiTk(un)lpi(.)> < ; 100, Ti(un)[27 ) < Ok +1) + N, ¥k > 0.

It is evident that
N

Z ’axiTk(un)\pi(') <C(k+ 1)1/p?n7
i=0
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from which, we deduce the following estimate
N
1T Cum) 5y = 1T Ctm) o) + D 100, Teltn) iy < Ok +1)VPm ¥k >0, (4.6)
i=1
where C denotes a positive constant that does not depend on k or n.

Step2: Convergence in measure. Let k be large enough. Combining the Holder
type inequality and (4.6), we find that

k meas({|u,| > k}) = / |Th (up)| dox < / Ty (up)| d (4.7)
{lun|>k} Q
< 2X |1|p6(,)|Tk(Un)|p0(.)
< 2Ameas(Q) + 1)Y007 [Ty (un) |
< C(k+1)Yem,
which yields

1 1
k—1+pm kpm

/Pm
meas({|un| > k}) < C’( )1 ’ — 0 as k— oo. (4.8)

In addition, for any v > 0, we have

meas{|uy, — uy,| > v} < meas{|u,| > k} + meas{|u,,| > k} (4.9)

+meas{|Tk(un) — Ti(um)| > v}

Let € > 0, using (4.8), we may choose k = k(e) large enough such that
£
3

Moreover, since (T (uy,)), is bounded in I/VO1 P (€2), then there exists a subsequence still
denoted (T (un)), such that

meas{|u,| > k} < % and meas{|uy,| >k} < (4.10)

Tk (un) = m, weakly in Wol’ﬁ(Q) as n — 0o, vk > 0.
Next, thanks to the compact embedding WOI’?(')(Q) <3 LPm(Q), we obtain

Ti(uy) — np, strongly in LPm(Q) and a.e. in Q Vk > 0.

Hence, it can be assumed that (T%(uy)), is a Cauchy sequence in measure. Thus, for
all k£ > 0 and v,e > 0, there exists ng = ng(k, v, €) such that

meas{| T (un) — Ti(um)| > v} < % for all m,n > ng(k,v,¢). (4.11)

Finally, from (4.9), (4.10) and (4.11) we obtain that
Vv,e >0, dng =mno(v,e) such that meas{|uy, — um| > v} <e Vm,n > ng.

From this, we deduce that (u,), is a Cauchy sequence in measure in €2, and therefore
admits a subsequence converging almost everywhere to a measurable function u. As a
result, we obtain

Ti(un) — Ti(u) weakly in Wol’ﬁ(ﬂ) and a.e. in Q, Vk >0, (4.12)
and using the Lebesgue’s dominated convergence Theorem, we obtain

Te(un) — Tr(u) strongly in LP™(Q) Vk > 0. (4.13)
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Step 3: Intermediate inequality. Let ¢ € W&’ﬁ(')(Q)ﬂLo‘”(Q). By choosing Ty, (un,—
©) as test function in (4.2), we obtain

N
Z/ a; (a;, T (un), VUN)aIiTk(un — p)dz + / )‘(m)’un’po(x%QUnTk (un — p)dz
=1 Q Q

N

N
+>° /Q F0y, Ty (un, — ) da. (4.14)
=1

Next, adding and subtracting the term

N
Z/ ai (@, Ty (un), V) 0y, Ti(un, — ¢)dz,
i=1 79

to the left-hand side of (4.14) and using assumption (3.3), we derive the following
inequality

N
Z/ a; (‘”L" Tn(un)a vso)axiTk(un - @)dw + / )‘(x)’un|p0(m)_2unTk(un - ga)d$
=179 @
N
<3 [ e )on T, — o)da
=1

N
—i—/ foTi(upn — @)dz + Z/ F;03, Ti.(upn, — @)dex. (4.15)
Q — Jo

Step 4: Passing to the limit. Let M = k+ ||¢||oc. From (4.12) and (4.13), we have
Ta(un) — Tas(u)  weakly in WO (),
Tar(un) — Tar(u)  strongly in LPm(Q) and a.e. in  Q
and
O, Ty (tn, — ©) — O, Tie(u — ) strongly in LPi()(Q). (4.16)
On one hand, thanks to Hypothesis (3.1), we deduce
0, Tar(n), V) < BLa(w) + [Tar () P41 + 10y, 1],
hence
lai(x, Tar(un), V)| — |ai(z, Tar(u), V)| a.e. in Q
and
Bi(@) + [ Tar () PO 4 (85, 0P 7]
— Blji(x) + [ Tar(w) P 410,077 ae in Q.
Thus, according to Vitali’s theorem, it follows that

ai(z, Tar(un), Vo) — ai(z, Tar(u), V)  strongly in LPm(Q) as n — oo.  (4.17)
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According to (4.16) and (4.17), we can get

N
3 /Q 04(w, T (un), V) o, Ti (1 — 9
=1

(4.18)
— / a;(x,u, Vi)Og, Ti(u — @)dr as n — oo.
Q
On the other hand, in view of Convergences (4.12) and (4.13) we have
M) [ [P0 20, T (un, — ) — A(@)|uPPO2uT)(u — @) ae. in Q
and
foTk(up, — @) — fTi(u— ) ae. in Q.
Next, we make use of Vitali’s theorem to derive
/ M) [t [P0 20, T (g, — p)da —>/ ) |[uPP 20Ty (u — @) dx (4.19)
Q
and
[ i = o)de — [ 11w )i, (1.20)
Q Q
Similarly, we have
| o Titu, = e)is — [ o Titu— ) (1.21)
Q
and
/F('“) Tk (up — p)de — / Fi0,Ti(u — ). (4.22)
Q

In view of (4.18), (4.19), (4.20), (4.21) and (4.22) we pass to the limit in (4.15), so that
Yy € W&’p(')(Q) N L*>(£2), we obtain

N
Z/ a; (z,u, V) 0y, T (u — @)dz + / M) ulPo @ 20Ty (u — o) da
i=1 7% @

N N
< ; /Q ¢i(w) 0z, Tie(u — @)dx + /Q fTi(u — p)dx + ; /Q Fi0;,Ti(u — @)dx

According to Lemma 3.3, u is an entropy solution (with equality sign) of Problem (1.1)
in the sense of the Definition 3.1.
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