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CONSTRUCTION OF SYMMETRIC THIRD ORDER
DIFFERENCE OPERATORS ON A HILBERT SPACE

SOROWEN BEN!*, FREDRICK OLUOCH NYAMWALA?and DAVID OTIENO AMBOGO3

ABSTRACT. We have constructed a symmetric third order difference equation
and studied the absolutely continuous spectrum of the self adjoint subspace
extension generated using the subspace and decomposition theories. In par-
ticular, we have shown that under some decay and growth conditions, the
self-adjoint subspace extension exists with discrete spectrum on [?(N) while
the absolutely continuous spectrum contained on half line of multiplicity one
exists on [%(Z) if we use decomposition technique. We have given a number of
examples to reinforce our results.

Keywords. Odd order difference equations, symmetric difference equations,

absolutely continous spectrum
2020 Mathematics Subject Classification. Primary 46L55; Secondary 44B20

1. INTRODUCTION

In several papers, one of the authors and others, have studied the spectral

theory of even-order difference operators [0, 5, 1, 3, 7, 18, 19, 20]. Recently,
attention has shifted from studying even order differential equations to the odd
higher order differential equations and difference operators. Hinton in [13] com-

puted using the limit point criteria for differential equations the deficiency indices
for odd order differential equations. Infact, Behncke and Hinton [1] analyzed the
asymptotic behavior of eigenfunctions for a rather general class of odd-order dif-
ferential operators on the half-line [1]. Consequently, it is natural to consider
extending this kind of analysis to general odd-order difference operators. Dif-
ference equations are usually regarded as the discretization of the corresponding
differential equations. It is well established from [7] that the results for symmetric
differential operators generally correspond to those of their discrete counterparts
when subject to similar growth and decay conditions. Based on current find-
ings, most properties in the spectral theory of difference equations align with
those of the corresponding differential equations, though a few significant ones
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differ [26]. However, unlike higher order differential equations, the general con-
struction of odd higher order symmetric difference equations is a challenge. A
common challenge encountered in the study of difference equations is that the
minimal operators they generate may fail to be densely defined or may not be
single-valued. In such situations, although the maximal operator might be well-
defined, the self-adjoint extension of the minimal operator cannot be examined
using classical operator theories such as von Neumann’s theory [32, Section §]
or the Glazman—Krein—Naimark (GKN) theory [27], which are applicable only to
densely defined Hermitian operators [24, 27]. This is unlike the continuous case,
where symmetric differential equations generate densely defined minimal differ-
ential operators with single-valued maximal operators [1, 18, 29]. For this reason,
several researchers have focused on extending the spectral theory of linear oper-
ators to include linear operators that are not densely defined or are multivalued,
by employing the linear relations or subspace theory [26, 27, 28] and references
therein. Most of the studies on difference equations and difference operators have
focused on either the Hamiltonian systems of the difference equations or on the
deficiency indices [, 10, 9]. The von Neumann self-adjoint extension theory for
symmetric operators have been extended to Hermitian subspaces by [I1]. He
demonstrated that a closed Hermitian subspace T admits a self-adjoint subspace
extension if and only if its positive and negative defect indices are equal. The
original von Neumann formula was later extended to Hermitian subspaces by
[16]. The classical GKN theory for symmetric operators was extended to Hermit-
ian subspaces by [27]. A complete characterization for the self-adjoint subspaces
and operator extensions for second order formally self-adjoint difference equations
can be found in [29]. Z. Zheng and S. Chen have extend and improved the GKN
theory for quasi differential equations [33].

The study of difference equations represents a mathematically rich and versatile
field used to model discrete processes [31]. Interest in this area has developed
and persisted for two main reasons. First, difference equations hold substantial
theoretical importance and offer diverse modeling applications across nearly all
branches of science, engineering, and technology where discrete phenomena are
prevalent. Second, with the advent of digital computers, differential equations are
often solved through their approximate representations as difference equations.
Therefore, the demand for and interest in further scientific development in this
field arise naturally [31].

In existing literature, difference equations naturally arise as descriptions of
evolutionary phenomena since most measurements of time-dependent variables
are discrete. Therefore, these equations serve as important mathematical models
in their own right. Moreover, they are essential in the analysis of discretiza-
tion methods for differential equations. Many findings in the theory of difference
equations have been formulated as discrete analogs of results from differential
equations, especially within Liapunov’s stability theory. However, the theory of
difference equations is significantly more extensive than that of differential equa-
tions [15]. For instance, a simple difference equation derived from a first-order
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differential equation can exhibit phenomena such as chaotic orbits—behavior typ-
ically associated with higher-order differential equations [14, Section 2|. As a re-
sult, the theory of difference equations is inherently interesting and is expected to
gain increasing significance in the near future. Furthermore, its applications are
rapidly expanding across various domains, including numerical analysis, control
theory, finite mathematics, and computer science. Hence, the study of difference
equations is both justified and essential as a distinct academic discipline.

Let y(t) be a real valued function of the real variables t € Z , the forward
difference operator A is defined by Ay(t) = y(t + 1) — y(t) for all ¢, the shift
operator E defined by Ey(t) = y(t + 1), and the identity operator I defined by
Iy(t) = y(t). Thus in general, one constructs a higher order difference map Ly(¢)
as

Ly(t) = {Zpkos)y(t n k)} (1.1)
k=0

to be n'" order difference map. Ly(t) in (1.1) is not necessarily symmetric. How-
ever, different authors have formulated different versions of (1.1) which are sym-
metric whenever n is even (see [6, 20, 21] to mention a few).

The available literature exhaustively discusses the construction of symmetric
even order difference maps from (1.1) which is given by

Ly(t) = w1<t>{ S (1A (1) ARy 1 — k))} (1.2)

k=0

where w(t) is weight function, w(t) > 0 for all ¢ € N and fly(y) defined on
weighted Hilbert space {2 (N). However, the construction of a general symmetric
odd order difference map equivalent to (1.2) has been a challenge. Attempts have
been made but nothing substantial has been obtained, see [7]. In this paper, we
were interested in the construction of third order symmetric difference map and
subsequent spectral theory of such a difference map.

Our results shows that based on the techniques of Hermitian matrices of order
3 we constructed third order symmetric difference equations (maps) and using
subspace and decomposition theories, with suitable growth and decay conditions
on the associated coefficients, we have shown that on [?(N), the minimal symmet-
ric subspace has self-adjoint subspace extension with at most discrete spectrum.
However, when the map is extended to [*(Z) via decomposition theory, then ab-
solutely continous spectrum contained on half-line of spectral multiplicity one is
realised.

This paper is arranged as follows. Section 1: Introduction, Section 2: Con-
struction of Third Order Symmetric Difference Equations, Section 3: Spectral
Analysis of Third Order Difference Equations.
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2. CONSTRUCTION OF THIRD ORDER SYMMETRIC DIFFERENCE EQUATIONS

In this section, a third-order symmetric difference equation has been formulated
based on the concepts of Hermitian matrices and symmetric operators defined on
Hilbert spaces.

Definition 2.1. An n x n matrix A with complex entries is called Hermitian if
A* = A or, equivalently, if A= AT, If A is Hermitian, it means that a;; = @;; for
every i, j pair. Thus, the diagonal entries of a Hermitian matrix must be real.

Lemma 2.2. Suppose H is a 3 X 3 matriz with complex entries, then H is Her-
mitian if H = H'.

Let
g1 q12 q13
H= |ga1 g2 g3
31 432 (433

where ¢;; = ¢;;(t), t € N, are complex valued functions. The conjugate transpose
H* is given by
qu Q21 @31
H = |q12 G2 Ta2
i3 (23 33
For H to be Hermitian, the following two conditions must hold: the diagonal
elements must satisfy ¢;; = gj; for ¢« = 1,2,3. This implies that ¢;; for all i = 7,
1 = 1,2, 3 are real numbers. The other condition is that, the off-diagonal elements
must satisfy ¢;; = @;; for ¢ # j. If all the two conditions are satisfied, we shall
obtain
. P Q12 i3
H=H'= |Gz p2 @s|.H=H({)
Qi3 Q23 D3

where p; = q11, p2 = @2 and p3 = q33. pr = pr(t) are real valued functions. Thus,
the matrix H is Hermitian.
Now we apply H(t) to 3-dimensional vector defined Y (t). Where Y (t) =

[y1(t), y2(t), ys(t)]" with y1(t) = y(t), v2(t) = y(t + 1), ys(t) = y(t +2). One,
therefore constructs a first order difference equation as
Y(t+1)=H(t)Y(t) (2.1)

Equation (2.1) represents a first-order system of three symmetric difference
equations, which we will show generates a third-order scalar equation as proved
in Lemma 2.3 and Theorem 2.4 below.

Lemma 2.3. Suppose all the conditions in Lemma 2.2 are satisfied. Then (2.1)
generates a third order difference map of the form

ty(t) = y(t +3) = aa(t)y(t +2) — e ()y(t + 1) — ao(t)y(t) (2.2)

where ag = [Ga3q1s + P3qas], o1 = [Gaaque + psp2] and oy = [Gi3 + Ga3p1 + P3Gzl
A = ozk(t), k= 0, 1, 2.
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Proof. By (2.1), we obtain

ys(t+1) = y(t +3) = Gy (t) + Gaaya(t) + psys(t). (2.3)
We also have that

y1(t + 1) = prya(t) + qraye(t) + qrays(t)

Ya(t) = pry(t) + quay(t + 1) + qusy(t + 2). (2.4)
Similarly,
Yot + 1) = qaya (t) + paye(t) + qosys(t)
y3(t) = qray(t) + poy(t + 1) + quay(t + 2). (2.5)
Putting (2.4) and (2.5) into (2.3), it follows that
y(t+3) = quay(t)+qs[p1y(t)+ a2y (t+1)+quay (t+2) ] +ps[qay (t) +p2y (t+1) +qasy (t+2)]

Expanding and collecting like terms results into

y(t+3) = [@3q13 + P3qas|y(t + 2) + [Ga3q12 + pspa)y(t + 1) + [G13 + G231 + P3Gz |y (t).
(2.6)

One, therefore, constructs a third order homogeneous equation of the form

y(t+3) — [Gaq13+3q23]y (t+2) — [Gaqra+pspa)y(t+1) — [qi3+Gazp1 +p3ai2)y(t) = 0.

(2.7)
Now let o = [q23q13 + P3ges], a1 = [Gasqi2 + p3p2] and o = [G15 + Gsp1 + P3Gl
then the left hand of (2.7) can now be taken as fy(t). O

Here, ¢y(t) = 0 becomes a third order homogeneous equation generated from a
Hamiltonian system. It would be interesting to prove if y(t) is symmetric using
the Green’s identity on the weighted Hilbert space 12 (N), where w = w(t) > 0
for all ¢ € N is a weight function. We note that for any 4 (t), v2(t) € N the inner
products on /% (N) by

(1), 0) = S (w500,

In our subsequent discussions, we will take w(t) = 1, for all t € N and take /2 (N)
to be (?(N) since the two are isomorphic.

Theorem 2.4. Suppose that o is real for all t and , lim;_ o |, (t)] — 0 as
t — oo, r = 1,2, then ly(t) in Lemma 2.3 generates a symmetric third order
difference map on (*(N).

Proof. This is proved via applications of Green’s identity inner products. For the
lower limit, we will assume the left regular endpoint to be some ¢ty € N and the
results can be extended to the whole of N by application of the results in [12, 22].
Consider the identity

T (091 (8),12(0)) — (1 0), Lo ()1, (23)
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we obtain
i [(Cys (£), a(8)) — (s (8), Cya(6))]=s,

= lim { Z[yl (t+3) — ot (t+2) — argn (t+ 1) — oy (t)]ya(t)—

b—o0
t=to

S o (O T3 D 1) = aoy2<t>1}

t=to
b
= lim { Z yi(t + 3) — aaya(t)yr (t + 2) — carya(t)ya(t + 1))
b—o00 —0

- Z[yl (O)ya(t + 3) — qay1 (H)y2(t + 2) — aaya (t)ya(t + 1)]

t=to

£ oo (8)9s(t) — <t>y2<t>1}.

t=to

Since « is real, we have

i ({091 (6. 32(0)) — {3 (0, (),
= i {3l +3) = (¢ +2) — analhn(e 1)

b—oo
t=to

b
S (0t + 3) — (Bt +2) — i (Bt + 1>J}.

t=to

Symmetry now holds if and only if
T (0 (8) (5 — (o (8) o))y, = 0. (29)

This is true if and only if
b

lim { Z[yg(t)yl (t + 3) - ngg(t)yl (t + 2) - ozlyg(t)yl (t + 1)]}

b—oo
t=to

b

= i £ S Onale +)  Fn oo+ 2) — (et - 1)

b—oo
t=to

which implies that
lim [ys (+3) — aoy(t +2) — aagn (t + 1)]ya(t)
= lim [y (t + 3) — @aya(t + 2) — Guya(t + D]y (1)
from which we obtain

) [l 3) — d(+2) — ()
t—00 Yy (t) t—oo | Y1 (t + 3) — (21 (t -+ 2) — oY1 (t + 1) '
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Now if limy o0 |aa(t)] = 0 and lim_, | ()| = 0, then

lim —yQ(t) = lim —yz(t +3)

which implies (2.9) and the proof is complete. O

In Examples 2.5, 2.6 and 2.7, we have constructed non-trivial examples to
reinforce the results of Theorem 2.4.

Example 2.5. Consider a third order difference map with real power coefficients
ao(t) = apt™, ay(t) = a1t and ay(t) = ast=?, for all o, B, > 0. In this case,
the difference map defined in (2.2) takes the form

Cy(t) = y(t 4+ 3) + ast Py(t +2) + art Tyt + 1) 4+ aot "y(t). (2.10)
By Green’s identity,

Jim ({630 (8, 2(8)) = (o (8), E9 1)1y

b—o0

— lim { Z[yl(t +3) — ast Pys(t+2) — art Vyy(E 4 1) — agt T yy (8)]ya(t)

—Zm Vya(t +3) — ast=Pys(t +2) — artrya(t + 1) — agt+ys(t )]}
t=to
b

= lim { D Tyt (t +3) — agtPya(D)ya (t +2) — axt (B (t + 1)

b—o0
t=to

b
— aot "ys ()1 (D] = Y[ (B)ya(t + 3) — ast Py (£)ya(t + 2)
~ at (Ol + 1) = aat ()]
b
- bh—>r£lo { Z[?Jl(t +3) — agt s (t +2) — ant 7y (E 4 1)]ya(t)

— Z[yg(t +3) — agt Pya(t +2) — art Vya(t + 1)]y1(t)}.

t=to

For symmetry to hold,
Tim [(Cyn (2), 12()) — (w1 (1), (1)) )iy, = 0
and for our case, it holds when
tliglo[yl (t+3) — ast Py (t +2) — art Ty (t + 1)]ya(t)
= lim [y(t +3) - agt Pys(t 4 2) — art Vya(t + )]y (t).
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It follows that

lim <y2(t)) = lim (y2<t+3) — agt Pys(t +2) — art Vot + 1))
t—o0 yl(t) t—o0 \ U1 (t + 3) — a2t76y1 (t + 2) _ a’lti’yyl (t T 1) .

Clearly, all the conditions of Theorem 2.4 are satisfied and hence fy(t) in (2.10)
is the desired symmetric difference map of order three. We also note that if
ap(t) = ag(t)t~* is not real valued, then we require that lim;_ ., apt™® = 0 for
Cy(t) in (2.10) to be a symmetric third order difference map.

Example 2.5 shows that if u, a, 5 > 0, then we have a symmetric third order
difference map by Theorem 2.4. However, if you consider the case when u, o, § <
0, then we see that the results of Theorem 2.4 are not valid since lim;_,,, a1t =
oo and limy_, ast™? = oo.

Example 2.6. Consider a third order difference map with the following coefi-
cients

PL=p3=0,p2 =k, q13=—1t" % q10 = it % and Qo3 = —it_ﬁ, a, 5> 0.

It follows that

ap(t) =t ay(t) = (t7% —vk) and ay(t) = it 4 vt 7F).

and

Cy(t) =yt +3) —i(t™* P + ot Pyt +2) — (72 —vk)y(t+1) —ty(t). (2.11)
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By Green’s identity,

Tim ({09 (1), 32()) — (1 (8), (811,
— lim { D it +3) =it ot Py (t+2) = (7 — vk)yi(t + 1)

b—o0
t=to

- t’ayl ()] (t)

—Zw [ya(t +3) —i(t=o=F + vt F)ya(t +2) — (=% — vk)ys(t + 1) —t‘ayz(t)]}
t=to
b

= i { (O (e+3) i 4 o e+ 2

b—o0
t=to

— (t72 = vk)ya () (t + 1) — t ™y (L) (1))
b

- Z[yl (D)ya(t +3) + it + ot )ya ()ya(t + 2)

t=to

(P ok (Ot + 1) — o <t>y2<t>]}
= lim { S Tyt +3) =it ot Py (t+2) — (7 — vk)yi (t + 1)]ga(t)

b—o0
t=to

- Z[yz(t +3) + it vt Py (t +2) — (72 — vk)ya(t + D] (t)}.

t=to

For symmetry to hold,
Y (441 (1) 12(5) — (90 (0), Con0)) 1y, = 0
and for our case, it holds when
Jim [y (8 +3) = it + ot )ya(t +2) — (¢ = vk)ya (¢ + Dlya(t)
= lim [y (t +3) +i(t™ 7 + ot~ )ya(t +2) — (7 — vk)ya(t + D]y ().
It follows that
, <y2( )) (yg(t +3) + it + vt P )ya(t +2) — (t7% — vk)ya(t + 1))
lim = lim , .
t—oo \ Y1 (t) t—oo \y1(t +3) —i(t= P+ vt Py (t +2) — (t28 —vk)y (t + 1)

Now let’s consider lim; o, i(t~*? +vt=?) and limy_, (t 7% — vk) for all a, 3 > 0.
First

lim it " + ot ?) =0

t—o0
and
lim (t% — vk) = —vk.
t—ro0
Since limy_o(t7%° — vk) = —vk # 0, we conclude that fy(t) in (2.11) is

not a symmetric difference map because one of the condition lim; ,,, ay(t) =
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limy oo limtﬁoo(t*w —vk) of Theorem 2.4 is not satisfied. It can only be satisfied
for special case when either v =0 or kK =0 or both £k =v = 0.

Example 2.7. Consider a third order difference operator with the coefficients
ao(t) = ape ™™, ay(t) = iae "t and o(t) = iaze™ ™, a, B, 1> 0.
Thus we have
Cy(t) = y(t +3) — iage” My (t +2) —iare  y(t + 1) — age y(t). (2.12)
By Green’s identity,

bli_{(r)lo[(fy1(t)7y2(t)> — (1 (8), Ly2 ()],

b
= bli_)m { Z[yl (t 4+ 3) —dage™ My, (t +2) — iare Py (¢ + 1) — age "y ()]y2(t)
t=to

— Z y1(t)[y2(t + 3) — tage=ys(t + 2) — iare Plys(t + 1) — aoe—“tyg(t)]}
t=to
b

= lm { (Ot +3) oo naE)n(t +2) — dane (O e+ 1)

b—o0
t=to

— aot My (Oy1 (6)] = Yl (E)ya(t + 3) + daze ™"y (£)ya(t + 2)

t=to

+iaye s (Dt + 1) — aot "y, <t>y2<t>1}
b
= i {3 043) —ieae (0 +2) — dane e+ D0

b—oo
t=to

b
o Z[y2(t + 3) + iage_atyg(t + 2) + iale_ﬁtyg(t + 1)]y1 (t)}

t=to

For symmetry to hold,
B [(Cyr (), y2(8)) — (n(2), Lya(t Nizty =0
and for our case, it holds when
Jim [y (£ +3) — iase”™ "y (t + 2) —dare”yi (1 + 1)y (1)
= lim [y (t + 3) + iaze™ "y (t +2) +dare st + 1]y (2).

It follows that

lim (yz(t)) — lim (y2(t+3) +iage ™y (t + 2) + iage Py (t + 1))
w(t) t=o0 \ Y1 (t + 3) — dage™yy (t + 2) —iare Py (t +1) )

t—o00

Since

lim ase™ =0 = lim iaie ™ for all o, f > 0,
t—o0 t—00
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i () = (e 5)

Hence the map (2.12) is symmetric difference map since all the conditions of
Theorem 2.4 are satisfied.

we obtain

3. SPECTRAL THEORY OF THIRD ORDER DIFFERENCE EQUATIONS

The main difficulty encountered when studying difference systems lies in the
fact that the minimal operators generated by (1.2) are often neither densely
defined nor single-valued. Consequently, their maximal operators may not be
well-defined, making it impossible to apply the von Neumann theory [32, Section
8] or the Glazman-Krein-Naimark (GKN) theory [27], both of which require
densely defined Hermitian operators, to discuss self-adjoint extensions. This issue
does not arise in the case of differential systems, where symmetric differential
equations generate densely defined minimal differential operators with single-
valued maximal operators. To address this challenge, one must employ the theory
of Hermitian subspaces, which extends von Neumann’s framework to handle self-
adjoint extensions of minimal Hermitian subspaces [16, 18, 17, 23, 27, 28]. In our
work, we use this subspace theory to analyze the non—densely defined minimal
operator generated by (2.2).

Let ¢*(I) denote a Hilbert space with the weight function w = w(t) = 1, defined
in terms of the vector-valued functions Y (¢) = [y1(t), y2(t), y3(¢)]* as

A1) = {y y= {02, CC and S YUY () < oo}

The inner product for the vector-valued functions in this space is given by

(y1,9) = Zyl(t + 0yt +1), y,m € ().

The system (2.2) is assumed to satisfy certain regularity and definiteness condi-
tions; specifically, there exists a finite subinterval I; C I such that, for any z € C
and any nontrivial solution y(t) of (2.2), the following holds:

> Y)Y (t) > 0. (3.1)
tely
In the discrete case, however, the minimal difference operator generated by (2.2)
is generally not densely defined, even when the condition (3.1) is satisfied. This
represents a key distinction between differential and difference equations. As a
result of these technical challenges, the spectral theory of difference equations has
received comparatively less attention than that of differential equations.

Since the minimal subspace generated by (2.2) is not a densely defined Her-
mitian operator, and its corresponding maximal subspace is a multivalued op-
erator [24], the self-adjoint extension of the minimal operator associated with
(2.2) cannot be addressed using von Neumann’s theory for Hermitian operators.
Consequently, the analysis will be carried out within the framework of Hermitian
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subspace theory. This is because von Neumann theory has been extended to these
subspaces, see [23, 24, 25]. Let M be a linear subspace or a linear relation in

(*(I) x £*(I), where the domain D(M), range R(M) and kernel K (M) of M are
defined by
D(M) ={y € *(I): (y,g) € M for some g € (*(I)},
R(M) = {g e *():(y,9) € M for some y € (*(I)},
K(M) ={y e *(I): (y,0) € M}.
Finally, define
M =zl ={(y.9—zy) : (y,9) € M}
and
M ={(y.g) € (1) x (1) : {y, f) = (g,2),¥(, ) € M}.
Definition 3.1 ([21]). Let T be a subspace of X? = X x X.
(i): The adjoint of T is defined as

T°=(y,9) € X*: (y, ) = (g,x) Y(z,f)eT

A subspace T' C X? is called a Hermitian subspace if T C T*. Further-
more, 1" is said to be Hermitian if it is an operator.

(ii): The subspace T is said to be self-adjoint if T" = T*; it is called a
self-adjoint operator if it is an operator.

(iii): Let T be a Hermitian subspace. A subspace T} is called a self-adjoint
extension of T if T' C 17 and Tj is self-adjoint.

(iv): Let T be a Hermitian operator. An operator 7} is called a self-adjoint
operator extension of T"if T' C Ty and T is self-adjoint operator.

Thus, M C 2(I) x (*(I) is called a Hermitian subspace if M C M*.

Now define dim(R(M — 2I))* as the defect index of M — zI. Since R(M —
2I)+ = K(M* — 2I), the defect indices of M and its closure with respect to the
same z are equal. We will denote

defM = dlmi(/\/l) = dlmil(M) - (N+,N_)
respectively as positive and negative defect indices of M.
Now define
(1) ={y:y= (1) cC’}
and

LX) ={yell): ) Y)Y (t) < oo}
tel
with the semi-scalar product

(Y1, 92) ZY 1(t).

tel
Then it follows that ||y|| = ({y,y))2 for y € Ly (I). Since W (t) = diag(w(t),0,0)
in I, ||.|| is a semi-norm. One thus defines a quotient space.

LX) = £2(I)/{y € L2(I) = |yl = 0}
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It is, therefore, true that L?(I) is a Hilbert space with an inner product (.,.).
For a function y which is a solution of (2.2) and is summable, denote by g the
corresponding class in L*(I) and for any § € L?(I), by y € L£*(t) denote a
representative of §. It is evident that (J1,92) = (y1,y2) for any 4,9, € L*(I).
Now let m be a natural quotient map such that

7 L2(I) — L*(I), y— 7.

Then 7 is surjective and not injective in general. One defines the natural difference
map corresponding to (2.2), by (2.1).

L2(I) = {y € L2(I) : there exist two integers s,k € [ with s < k
such that y(t) =0 for t <sand t > k + 1}

and

H ={(§,§) € L*(I) x L*(I) : there exists y € § such that Ly(t) = g(t), t € I}.

Hyo = {(7,§) € H : there exists y € § such that y € £2(I) and Ly(t) = g(t), t € I}.

Then H and Hy are both linear subspaces in L?(I) x L*(I). H and Hy, are
called maximal and preminimal subspaces corresponding to £, the natural dif-
ference map generated by (2.2), respectively. Hy = Hg is the minimal subspace
corresponding to £ in L*(I) x L*(I).

It follows that Hyy C H C H{, and consequently Hy is a Hermitian subspace
in L?(I) x L*(I). Tt has been proved in [24] that the adjoint of the preminimal
subspace is the maximal subspace and thus Hj, = H = H.

In order to discuss the self-adjoint subspace extension for Hj, the definiteness
condition must hold.

Thus, if z € C, Ren and Y. Shi [241] have shown that the dimensions of the
defect spaces of Hy and Hyy are equal to the number of linearly independent
square summable solutions of (2.2). Equal deficiency indices can only be obtained
when the third order difference map fy(t) is defined on ¢*(Z). Otherwise for
defHy = (1,2) or (2,1) at limit point, Hj, has no self-adjoint subspace extension
by von Neumann theorem.

In order to determine the number of solutions of (2.2) that are square sum-
mable, we use asymptotic summation and that requires the difference map cor-
responding to (2.2) to be converted into its first order system. We convert the
third order difference equation

Cy(t) = y(t +3) — agy(t +2) — ay(t + 1) — apy(t) = zy(t) (3.2)

to it’s first order form. Because of spectral analysis, we solve the equation ¢y(t) =
zy(t), where z is spectral parameter.

Define vector valued function Y (t) = [y(¢), y(t + 1), y(t + 2)]"".

Then from (2.2) and (3.2) we obtain Y (¢ + 1, 2) = S(t, 2)Y (t) where

b1 q12 q13
S(t,z) = Q12 D2 23 ;
— |z + caapr + (g — 2)]  —[aops + a1qia] —[a2ges + a1 qus]

(3.3)



SYMMETRIC THIRD ORDER DIFFERENCE OPERATORS ON A HILBERT SPACE 131

The analysis of the first order system (3.3) is done using the asymptotic summa-
tion. Asymptotic summation is the discrete version of the asymptotic integration.
It is used to analyse and obtain the form of solutions of higher order difference
equations. The whole method is based on the discretized version of the Levinson’s
theorem which is now referred to as the Levinson-Benzaid-Lutz form (LBL) [3].
In its simplified version, it says that the solution of the form

Y(it+1)=C@)Y(t) (3.4)
if converted into the form
Y(t+1)=I[A(t)+ R(t)]Y(t) (3.5)
looks like the solutions of the diagonal system
Y(t+1)=AR)Y(t) (3.6)

if the diagonal elements A(t) satisfy the dichotomy conditions and R(t) is abso-
lutely summable (small). Here A(t) = diag(A\e(t)) & = 1,2,3 and R(t) is 3 x 3
matrix with Ry (t) = 0. Y (¢t + 1) and Y (¢) are 3—dimensional vectors. It is the
process of converting (3.4) into (3.5) and applying LBL theorem to obtain the
closed form of solutions of (3.4) that asymptotically behaves like the solutions of
(3.6) that is known as asymptotic summation. In the case of spectral theory, a
spectral parameter is attached to the difference equation in order to locate the
spectrum of the operator. The discretized version of Levinsons Theorem is stated
below as

Theorem 3.2. [8, Lemma 2.1] Let A(t, z) = diag{\1(t,2),..., Aan(t,2)} fort >
to. Assume

(1) Ni(t,z) #£0 for all1 <i<2n and t > tg

(i1) R(t,z) is a 2n X 2n matriz defined for all t > to, satisfying

| R(t, 2
Z()

k=0 /\z(t’z)
(iii) A(t,z) satisfies the following uniform dichotomy condition. For any pair

of indices i and j, such that i # j, assume there exists & with 0 < § < 1
such that [A\;(t)] > 9 or |\;(t)] <1 for a large t. Then either

Ai(t) ' (1)
>1 ——=| <1 for a large t.

Aj(t) Ai(t)

Then the linear system Y (t + 1,2) = [A(t, z) + R(t, 2)|Y (t, 2) has a fundamental

matriz satisfying, as t — oo

|R(t,2)|| < oo, foralli=1,2,...,2n

Y(t,z) =[I+ o(1)] 1:[ Al 2).

I=to

In the sequel, we have analyzed the spectral theory of the subspace H, o(H),
and its multiplicity. For this, we will determine the absolutely continuous spec-
trum via the M-function. This in turn requires the asymptotics of the solutions
of (2.2). Since it has been shown in [22] that the absolutely continuous spectrum
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and its spectral multiplicity are independent of the boundary conditions and the
left regular endpoints, we will pay little attention to the left regular endpoints.
To obtain the asymptotics of the eigenfunctions of (2.2), rewrite (3.2) in the
propagator form, where S(¢, z) is as defined in (3.3).

For the application of asymptotic summation, one needs the eigenvaalues of
S(t,z). This requires the characteristic polynomial of S(t,z) which is obtained
through the expansion of det(S(t,z) — I3.\) = P(t, A, z) where I3 is an identity
matrix.

The characteristic polynomial is given by

P(t, A 2) = =N+ (p1 + p2 — 1quz — Qagaz) N2

+ [ (P1qus — qr2q23) + a2 (P1ges — Qi3Giz) + |(J12\2 — pip2 — (o — 2)q13] A

+ (a0 — 2)[p2q13 — q12G23]-

(3.7)
The discriminant D(z) of P(t, A, z), viewed as a function of A, is itself a poly-
nomial in z. The zeros of D(z) correspond to spectral values where A = \(z)
possesses multiple roots. Considering both the resultant polynomial P(t, A, 2)
and its discriminant D(z), it follows that there exist only finitely many spectral
values z for which P(t, A, z) has repeated roots. Let w; < wy < ... < wy rep-
resent all real spectral values z leading to such multiplicities. Following [2], the
analysis is confined to small complex neighborhoods of points zy € (w;,w;y1) for
i=1,...,k, where wy = —o0 and w41 = 0o. For a fixed z € (w;,w;11), choose

e > 0 and a sufficiently large a so that P(t, A, z) has no multiple roots for any

2K =K(z)={{z:|z—20| <¢,Imz>0}.

In this setting, the roots of P(t, A, z) depend analytically on the matrix elements.
Therefore, by suitably choosing € > 0, one can find ¢, > 0 such that equation (3.7)
is a polynomial in A with three distinct roots \;(¢, z), i = 1,2, 3, whenever ¢t > t,
and e is sufficiently small.

Since we are interested in the limiting behaviours of the roots and the solutions,
the zeros of P(t, A, z) in (3.7) have similar asymptotics as t — oo as the zeros of

P(t, A, z) obtained when we take lim; o, 1 (t) = lim;_,o a2(t) = 0, (3.7) with

75(t, A, 2) = =N+ (p1+p2) N+ qra|> = pip2 — (0 — 2) @3] A+ (a0 — 2) [P2q13 — q12G23) -
(3.8)

Lemma 3.3. The zeros of P(t, A, z) have similar asymptotics as zeros of P(t, \, 2)
as t — oo.

Proof. Let A(t, z) and A (t, 2) be a zero of P(t, A, z) and P(t, \, z) respectively.
Suppose that

Pt N\, z) = P(t, A\ z) + o(n),
where 1 = n(t, A, z) with lim;_,., 7(¢, A, 2) = 0, then the map

P(t, A 2)

C Pl .

T()\k<t, Z)) = )\k(t, Z)
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provided that P'(Ax(t,2)) # 0 is a well defined map. Consider a small neigh-
borhood I around Ax(t,z). Since P(t, A, z) is smooth and P'(\(t,2)) # O,
for sufficiently small 6 > 0, P'(A\x(t,2)) remains bounded on the interval I =
[Ak(t, 2) — 8, M\(t, 2) + 6]. Moreover, because limy_,o n(t, A, 2) = 0, P(t, \, 2) is
close to P(t, A, z), and hence the change induced by T'(A\g(t, z)) is small. From
(3.9), we obtain

Pi(t,\, 2)
P'(A(t, 2))

At limit point, T"(\g(t,2)) — 0 as t — oo. It follows that P(t, ), z) is near
P(t, A, z) and there exists a constant My < 1 such that for all Ay, Ay € I, |T'(\y) —
T(X2)| < My|A — 2] and so the map T is a contraction from I onto I. By
the Banach fixed point theorem [30, Theorem 5.12.4], there exists a unique fixed
point A, € I such that T(\.) = A, implies that P(\.) = 0. Morover, if ¢ — 0,

_ PQ9)
P’(Ae)

point is A.. Therefore, it follows that lim; . Ax(¢, 2) = )\Nk(t, ). O

T' (it 2) = 1 —

then the map T converges uniformly to Ty(A;) = Ak

whose unique fixed

The deficiency index de fT is the pair of numbers de fT = (dim Np«_;, dim Np«;),
where A'= null space. T denotes the minimal operator while T* denotes the max-
imal operator. If the numbers agree, then T" has self-adjoint extensions denoted
by H. The spectrum o(H) of H and its components is the main object of this
study. In what follows, we obtain the deficiency indices for 1" under the deacy
and growth conditions.

The deficiency index def T is defined as the pair of numbers

defT = (dim Np«_;, dim Np- ),

where N denotes the null space. Here, T represents the minimal operator, and T
represents the maximal operator. When these two numbers are equal, 7" admits
self-adjoint extensions, which are denoted by H. The primary focus of this study
is the spectrum o(H) of H and its components. In the following sections, we
determine the deficiency indices of T" under the decay and growth conditions.

3.1. |pa(t)| /00 as t — oo.

Assumption 3.4. Assume the following growth conditions

Ip2(t)| oo ast — o0, [pi(t)] <1, |Q12HCI23HP1_1‘a 2| ~ o(|aol|qs]),

3.10
where z = O(p,') VteN (3.10)
and the following decay conditions
Af
Af: ) f(Af> S €2
b2 (3.11)

(AF)?, A%f, fA’f, <%2eel.
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Suppose that |[py| 7 00 as t — oo, then, from (3.8) we obtain the eigenvalues
of S(t, z) as

A~ pr+pa+ O(py )

P1p2 QoP2q13 1
Ao X — + +- = aqiz —p1 +0O
’ P1+p2  P1+D2 ofis = Py (p2) (3.12)
- + o _ Q o -
Ag A 0P2413 T 1242300 +O(pyl) ~ — 0913 i 0912423P1 T
P1p2 b1 P2

Once the eigenvalues of S(t,z) have been obtained, the corresponding eigen-
vectors can be determined. Let A be an eigenvalue of S(t,z), and suppose the
corresponding eigenvector is v = [vy, ve, v3]"", such that (S(¢,z) — AI)v = 0. For
the eigenvalue A, the corresponding A—eigenvector v(\) is given by

1 (—CI13HQ12|2 —(p1 = NP2 = )] + qu2[q13012 — qe3(p1 — )\)])
(p1—A) |q12]% — (p1 = A)(p2 — A) ’
Q13012 — q23(p1 — A) o
- o)

‘%2\2 - (pl - )\)(ZJQ -

v() = |

(3.13)
Let D := |C112|2 — (1 = N2 —A), N := qi3qiz2 — q23(p1 — ). Then (3.13)
becomes

(Q12N—Q13D) N 1]tr

v(\) = { 0D D (3.14)

The vectors have to be normalized because ps is unbounded. The normalized
A—eigenvector is given by

ooy = ! [<q12N—qlgD> N 1]”
oML (m—=AND 7~ D’
where
N —q3D) >IN 1 (12N — q13D)?
U)\Qz(qu =] +1= +IN2+|D?).
b =[S+ [5] +1= o (=2 e 1o

With an expansion to the order p,* since A\; & p; + ps + O(p1) + O(py 1), we get

7__71

Q13D — Q12N) N o
pQD D '

—1/2
00 =~ a1 N -anD)P 4 PONPHDP) ) !
Since Ay(t) ~ —p1 + apqis + O(p, ') we obtain the normaloized 9()\s) as

~1/2
50%) ~ | D(2p1 — aogs)| <\<quzv 5DV + 291 — aous (NI + |D12>)

|:(Q12N - C]13D) _E ]tr
' (2P1 _OJOQB)D’ D’
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For As(t) ~= 2912 4 421950 + O(py 1) the normalized eigenvector ©()\;) is given by

p1p2
D p1— @0413 + 4129230
@(/\3) ~ | || ( p1 pP1p2 >|

1/2
(10X = a2+ (V24 D) 1 — (25 4 233z
[ (12N — q13D) _E 1 "
- (%5 + 2ED D

Then the matrix

T(t,z) = [0(A1) D(X2) D(A3)]

is a diagonalizing matrix for S(t, z). The matrix D(t, z) = T~(t, 2)S(t, 2)T(t, z) =
diag(\(t, z)) is obtained. Now one can transform

Y(t+1,2) =St 2)Y () (3.15)
by

Y(t,z)= T(t, 2)0(t, 2). (3.16)
This transformation leads to

Dt +1,2) =T Yt,2)S(t, 2)T(t, 2)v(t, z) = (A(t,2) + R(t, 2))v(t,z).  (3.17)
Here A(t,z) = T '(t,2)S(t,2)T(t,z) = diag(\(t,2)), i = 1,2,3 is the diag-
onal matrix formed with the eigenvalues of S(t,z) and R(t,z) = —T '(t +
1, 2)AT(t, z)A(t, z) consists of £' and £* terms. Apart from trivial cases, (3.17) is
not yet in LBL form. Thus this sytem has to be diagonalized again for the second
time. This is only possible when the the growth and decay conditions in (3.10)
and (3.11) are satisfied. By using (3.17), we obtain the second diagonalizaation.

To obtain the second diagonalization, a matrix of the form [I 4+ B(t, z)] with
Bkk<t72) :07 Bkj(th) - ()‘j_)\k>_1Rkj7 k#tﬁ k7.]: 172737t2tt0

is required. This results into the situation where the correction terms are added
into the diagonal. The correction terms is given by

The remainder terms are approximated by O(p~!), this yields the solutions of
(2.2) in LBL form given by
t—1
Y(t,2) =T(t,2)[I + B(t, 2)|[E(t, z) + o(1)] HA(t, z). (3.18)
to
It should be noted that, the second diagonalization only gives summable terms.
The eigenfunctions are given by
t—1

yk(t,z) =T(t,z)[I + B(t, 2)|[ex(t, 2) + rex(t, 2)] H (s, 2)

s=to

(3.19)

t—1

= [ve(t, 2) + r(t, 2)] T] Me(s, 2),

s=to
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where A\, k = 1,2, 3 is the kth eigenvalue of S(¢, z) and vk is the normalized kth
eigenvector, ry(t, 2) € £Y(Z). T (t, z) tends to zero as t — oo.

The analysis of the deficiency indices is based on the values (3.12) of (3.8).
Assume that the growth conditions (3.10) and the decay conditions (3.11) in
(3.4) hold, then, in the sequel, we obtain results on the deficiency indices. The
self-adjoint extension and its spectral analysis of the third order difference map
(2.2) cannot be discussed on ¢?(N). For this, we define the operator on (?(Z)
but apply decomposition theorem techniques of two point interface discussed by
Behncke and Hinton [4] which has been applied in a number of publications see
[18]. The decomposition theorem is also useful in derivation of the spectral results
and the corresponding self-adjoint operator and (or) subspace. Define the third
order difference map (2.2) on ¢*(Z) and we write Z = I; U Iy where I; is the
integral domain within [0,00) and I is the integral domain within (—oo,0]. We
may assume as described in section 3, that H, is the minimal subspace generated
by (2.2) on (*(Z) . First, using the techniques of Behncke and Hinton, we can
write

P(Z) = (L) ® (L), (3.20)

On the other hand, assume that (2.2) defined on ¢*(I;) and ¢*(I,) generates Hy,
and Hy, as the respective minimal subspaces. It follows from (3.20) and subspace
theory that

Hy = Hy, ® H,, (3.21)
and hence detHy = def ffol +def I:IOQ. One therefore obtains the following results

Theorem 3.5. Suppose that all the growth and decay conditions in (3.10) and
(3.11) are satisfied and the third order difference map Cy(t) in (2.2) is defined on
(*(Z). Moreover, if the assumptions in Theorem 2./ are satisfied, then

(1): Suppose that |ao||gij||p1| ™ < 1, i = 1,2, j = 2,3, then def H, = (2,2),
Hy has self-adjoint subspace extension with discrete spectrum at most.
(ii): Suppose that |ao||qi;|lp1|™" ~ o(1), i = 1,2, j = 2,3 are absolutely
summable, then def H, = (2,2), Hy has self-adjoint subspace extension
with discrete spectrum.

(iii): If|aollgiil|lp1| ™t > 1,4 = 1,2, j = 2,3 is not absolutely summable, then
def Hy = (1,2) or (2,1) and the subspace Hy has no self-adjoint subspace
extension.

Proof. (i): Assume that the growth conditions (3.10) and the decay condi-
tions (3.11) in (3.4) are satisfied, then, the eigenvalues of (3.8) in their
simplest form are obtained in (3.12). The matrix S(¢, z) defined in (3.3) is
diagonalized twice to obtain a system in the discretized Levinson’s theo-
rem LBL 3.2 form given by (3.18). By applying the LBL 3.2, one obtains
the solutions of (2.2) as (3.18).

The eigenfunction resulting from \,—eigenvalue is given by

t—1

yi(t, 2) = [eo + r(t, 2)] [T Me(s, 2).

s=to
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We obtain
lyell* = (y1, 1) Z (B[ H [Ar(s, 2) (3.22)
s=tg s=to
where eq is the normalized eigenvectors. The term |y(t)| = |eo + i (¢, 2)|

is bounded and the asymptotics of (3.22) depends on HZ;O | Ak (s, 2)|?. By
expanding A, upto O(p; '), A1 leads to |Ai| =~ |p1 + p2 + O(py )| — o
as t — oo and this yields ||y1||* & oco. Thus off the real axis, y;(t, 2) is
a nonsquare summable eigenfunction. By expanding Ay upto O(py?2), Ao
leads to |Ao| & |apqiz — p1 + O(py?)| < 0o as t — oo, which implies that
|ly2]|* < oo. Thus off the real axis, \y(t,2) leads to a square summable
eigenfunction y,(t, z). By expanding A3 upto O(py?), A3 leads to |As] ~
| =+ aoqm;;spl Coy O(py?)|. Here, the summability of ||ys]|?> depends on
the value of |ao||gi;||p1|~p2]- Suppose that |agl|gij||p1 | p2| < 1,7 =1,2,
Jj = 2,3, then A3 yields a square summable eigenfunction. Hence, we have
that defHo = (2,2). Suppose that |ag||g;|l;] < 1,1 = 1,2, j = 2,3,
then A3 yields a square summable eigenfunction. Hence, we have that
def Hy = (2,2). Imposing boundary conditions at —oo and oo, there exist
two square matrices M and N of order 1 such that

rank(M,N) =1, M@ M* — N¢3N* =0

¢, and ¢, are invertible matrices of order 1 with square summable so-
lutions satisfying boundary conditions at —oo and oo respectively. The
self-adjoint extension subspace of Hy which we denote by H is now de-
scribed by

H= {(m) € H : M(g,y11)(—00)) — N (7, y21)(00)) = 0}

with y11 € ¢1 and ys1 € ¢o. Equivalently, using boundary conditiona one
constructs H as follows. Since the defect indices of Hy are equal, that is,
def Hy = (n,n), where 1 < n < 3, then H, has a self-adjoint subspace
extension in L?(I) x L*(I) and this we will denote by H. Just like in [29],
for the fundamental matrix of square summable solutions ®,, of (2.2),
there exist matrices oy, oy € C? such that

rank(ay, as) =3, @ o) = P oj.

Where ®;, = ([y1, 92, y3]) (to — 1)3x3 and P, defined in a similar way. ys
and y3 are square summable solutions of (2.2). Precisely, H is defined by

o) (o — 1) (,5)(50)
H= {(gg)eH ar [ Gro)to—1) | +an | (7 w)(o0) }
(g7y3)(t0 - 1) (g,yg)(OO)

For more details see [29, Theorem 5.9] and Section 5 of the same reference
in general. It therefore, follows that the spectrum of H is purely discrete
since all the solutions which are square summable are uniformly square
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summable. and H, has self-adjoint subspace extension with discrete spec-
trum at most.

(ii): Assume the growth and decay hypotheses (3.10)—(3.11) and that the
assumptions of Theorem 2.4 hold. Suppose further that

|C¥o(t)%j(t)p1(t)_l| =o(l) ast— oo,
and that the sequences
a(t) == |ao(t)q;; (t)pr (1), i=1,2, j =23,

are absolutely summable, that is, > ,°, ‘a(t) < oo. Under these hypothe-
ses, the diagonalization and discrete Levinson-Benzaid-Lutz (LBL) the-
orem [38] applied to (2.2) yield, for large ¢, a third eigenvalue of the form

ao(t)qis(t)  ao(t)qia(t)ges(t)
pi(t) p1(t)p2(t)

Let p3(t) :== —ao(t)qis(t)/p1(t) and write A3(t) = ps(t) (1 + 5(t)), where

e3(t) collects higher—order corrections. Since a(t) = o(1) and is absolutely

summable, e3(t) is uniformly small for large ¢ and » .7, ‘|e3()| < oo. The
LBL theorem then provides a corresponding solution of the form

As(t) = — +O0(p2(t)7?).

go() = () [] M) 2st) = o+ rn(0),

s=to

where ~5(t) is bounded and r33(t) — 0 as t — oo. Consider the product

P(t) = T s(s)] = T s (1 + 00)

where ) |os| < co. Taking logarithms gives

t—1 t—1
log P(t) = > log |us(s)| + Y _ log(1 + o).
s=to s=to

The second sum converges since » _|os| < oco. For the first term, note
that |u3(s)| = |ao(s)qis(s)p1(s)™!| < 1 and is absolutely summable for
large s. Writing |u3(s)| = 1 — n, with n, € (0,1) and Y ns < oo, the
inequality log(1 —n) < —n yields

t—1 t—1
> log |us(s)| < =D ne,

s=tgo s=to

so that the product P(t) admits an exponential bound. Hence, there exist
constants C' > 0 and p € (0, 1) such that for all large t,

P(t) < Cp'.
Since 73(t) is bounded, we obtain

lys())] < C'pf,  t >,
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for some C" > 0. Therefore, 377, |ys(t)]* < oo, and y3 is a square-
summable eigenfunction. From part (i), the second root A\y(t) also pro-
duces a square-summable solution y,, while \;(¢) yields a non—¢* solu-
tion. Hence, for nonreal z, there exist exactly two linearly independent
(?-solutions 1, and ys, so that

def HO = (2, 2)

Since the deficiency indices are equal, von Neumann’s extension theory
guarantees the existence of self-adjoint subspace extensions of Hy. Be-
cause the £>-solutions y» and ys decay uniformly (indeed, exponentially),
the resolvent of any such self-adjoint extension is compact. Consequently,
the spectrum of every self-adjoint subspace extension of Hy is purely dis-
crete, consisting of eigenvalues of finite multiplicity with no finite accu-
mulation point. This completes the proof of part (ii).

(iii): Suppose that |ao||g;jl|p1] > 1,7 = 1,2, j = 2,3, then )3 yields a non
square summable eigenfunction in either upper or lower half-plane. Hence,
we have that either def Hy = (1,2) or def Hy = (2,1) and the subspace
Hj has no self-adjoint subspace extension.

O

Remark 3.6. Theorem 3.5 provides a complete characterization of the deficiency
indices of the minimal subspace (or operator) Hy associated with the third—order
difference expression £y(t) under the given growth and decay conditions. In par-
ticular, the result establishes the precise relationship between the asymptotic
behavior of the coefficient ratios |apg;;jp;'| and the self-adjointness of Hy. When
these ratios are sufficiently small or absolutely summable, the operator is in the
limit—circle case at both endpoints, yielding equal deficiency indices (2,2) and
guaranteeing the existence of self-adjoint subspace extensions with discrete spec-
trum. In contrast, when the ratios exceed unity or fail to be summable, the
deficiency indices become unequal, placing Hy in the limit-point case and hence
leading to non existence of self-adjoint subspace extension.

Example 3.7. Consider a third order difference map ly(t) in (2.2) with coeffi-
cients defined by

pl(t) = te_ta p?(t) = t_le_uta pS(t) = (1 + t_l)euta
and

qa(t) =t 7%, qu(t) =t gy(t) =t e,
where p > 0 is a real constant. Substituting these into (2.2), we obtain

fy(0) = y(t+8) + (117 — 17yt +2)
(3.23)

One easily verifies that the conditions of Theorem 2.4 are satisfied, so (3.23)
defines a third order symmetric map on ¢*(Z). Solving fy(t) = zy(t) leads to a
characteristic equation of the form (3.7), with coefficients

ag(t) =t 3e 2, oy (t) =t 3e 2 temHt ap(t) = (14t Hert —t e+t
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By taking the limit ¢ — oo, we have
lim a4 (t) =0, lim ay(t) = e — oo,
t—00 t—00

showing that the dominant term corresponds to a growing eigenmode, while the
other two modes will be decaying or bounded, depending on the smallness of the
coefficients in the asymptotic sense. The associated characteristic equation (3.8)
is therefore

Pt z) ==X+ (te™ + 17 le ) N2
+ [t_?’e‘z’” (e ) (te™t) — (17320 — et |n (3.24)
+ (P72 — )t e,
From these expressions, we obtain

lao(t)| =t qus(t)] =t %, |pi(t)] =te .
Hence
|a0<t)||6113(t)||p1_1(t)| — T~ Bu=1)t

Since p > 0, it follows that |ag(t)||q3(t)||p; ' (t)| = o(1) as t — oo, and the se-
quence is absolutely summable. Therefore, the hypotheses of Theorem 3.5(ii) are
satisfied. Applying the discrete Levinson—Benzaid—Lutz theorem [%], the funda-
mental system of solutions takes the form

yk(t) ek + Tk H )\k k’ = 1, 2,3,

s=to

where 71 (t) — 0 as t — oo. The first root Ai(t) grows exponentially and hence
yields a non-square-summable solution. The second and third roots, Ay(t) and
As(t), satisfy [Ag(t)| < Ca(t) for some absolutely summable sequence a(t); there-
fore, both corresponding solutions y(t) and ys(t) are square-summable. It follows
that exactly two linearly independent ¢?-solutions exist for nonreal z, implying

def Hy = (2,2).

Since the deficiency indices are equal, Hy admits a family of self-adjoint subspace
extensions. Because the ¢?-solutions ¥, and y3 decay exponentially, the resolvent
of each self-adjoint extension is compact. Hence, the spectrum of any such ex-
tension is purely discrete, consisting only of eigenvalues of finite multiplicity that
can accumulate only at infinity.

Theorem 3.8. Suppose that all the decay and growth conditions in Theorem
9.5 are satisfied and Cy is defined on (*(Z). Then the defHy = (3,3) and the
self-adjoint subspace of Hy exists with discrete spectrum. Moreover if (2.2) is
absolutely summable, then defHy = (4,4) with discrete spectrum. If (2.2) is not
absolutely summable, then defH, = (3,3) and Hy, the self-adjoint subspace of

Hy, has absolutely spectrum which is ((q,}, 00)) of spectral multiplicity 1.
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Proof. Let H, be the maximal subspace that is generated by the third order
difference equation ( map ) (2.2) on ¢*(Z) with the deficiency indices given by

defHo = def Hy, + defH,.
Suppose that |ag|qi3.|p1].|p2| 72 is absolutely summable, then the solutions associ-
ated to \y(t) and As(t) are uniformly square summable and hence defHy, = (2,2)
and similarly defHy, = (2,2) because [\3(t)| = 1 — ¢, € > 0 small, leading too
to a square summable solution. Therefore defH, = (4,4). Imposing boundary
conditions at —oco and oo, there exist two square matrices M and N of order 1
such that
rank(M,N) =1, M@ M* — N¢sN* =0

¢1 and ¢ are invertible matrices of order 1 with square summable solutions satis-
fying boundary conditions at —oo and oo respectively. The self-adjoint extension
subspace of Hy which we denote by H is now described by

1= {(0.9) € 15 M(3.)(—) N5 o) = 0}

with 11 € ¢1 and yo1 € @o. .

Equivalently, using boundary conditiona one constructs H as follows. Since
the defect indices of Hy are equal, that is, def Hy = (n,n), where 1 < n < 3, then
Hy has a self-adjoint subspace extension in L?(I) x L*(I) and this we will denote
by H. Just like in [29], for the fundamental matrix of square summable solutions
®,, of (2.2), there exist matrices oy, ay € C3 such that

rank(ayg, ag) =3, o @ o) = P 0}

Where @, = ([y1, Y2, y3]) (to — 1)3x3 and @, defined in a similar way. y; and yo
are square summable solutions of (2.2). Precisely, H is defined by

3 (Y, y1)(to — 1) (¥, y1)(00)
Hz{@,g)eﬂzal Go)to—1) | +as | (7 y)(o0) }
(G.9) (10 — 1) (5.99)(o0)

For more details see [29, Theorem 5.9] and Section 5 of the same reference in
general.

It therefore, follows that the spectrum of H is purely discrete since all the
solutions which are square summable are uniformly square summable.

On the other hand if |ao||qus]|p1 ||p2] ~2 is not absolutely summable, then def H,, =
(1,2) because the solution associated to A3() is not square summable in the upper
half plane but summable in the lower half plane. This behavior is reversed when
the map is defined on ¢2(Iy) ~ (*(Z_). Thus defH,, = (2,1) and defH, = (3,3).
However, the solution associated to A3(t) loses its square summability as e — 0"
and therefore contributes to absolutely continuous spectrum. Note that the map
is of finite order and thus there can be no accumulation of eigenvalues. The
self-adjoint extension subspace can be described as above. In order to locate
the absolutely continuous spectrum, we analyse the correction term to the Az(t)
which is given by approximates

(a0 — 2)qu3p1.p3 >
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Thus off the real axis we write z = 2y + € and therefore we get

oP . (oo — 26)Q13p1
A ~ ap — (29 + 1€ Sl
ax Ps(t)) = a0 = (20 +i€)qizpip; 2
Since po(t) is unbounded, it follows that this correction term tends to zero within
(¢, 00) where

¢ = limsup(ag(t)q13(t)p1(t)).

The self-adjoint extension subspace H has absolutely continuous spectrum con-

tained in (¢, 00) of spectral multiplicity 1. O
Below we present in Example 2.5

subspace self-adjoint extension.

a case where the difference map has no

Example 3.9. Consider a third order difference map ¢y(t) (2.2) with p;(t) = e™?,
pa(t) =t tek,

p3(t) = —[te@Tmt 4 2tz ™kt qo(t) = tter, qua(t) = t72 and qos(t) = t2e M.
We obtain

-

Cy(t) = y(t+3)+[(2+te Tt e M ]y (t+2)+[t 2 +tze” Ty (141) 4+t 2y(2),
(3.25)
where p > 0 is a real valued constant. One, can easily show that, the conditions
for Theorem 2.4 are satisfied and thus (3.25) generates a third order symmetric
map. Solving the equation fy(t) = zy(t), leads to the characteristic equation of
the form (3.7), where ag = t2, oy = [t2 4 tze~ (0 and
ay = [(24te~ (M) 21t —t=+]. By considering the limiting case, limy_,qo a1 (£) =
lim; o ag(t) = 0, the conditions that must be satisfied for the map to be sym-
metric, we obtain the characteristic equation of the form (3.8) given by

PN 2) = =N+ (e + 7 1eP)A2 4 [t72e20 — e _ (42 — 2)t2]\

S gt} (3.26)

From (3.25), one easily obtains that |ag(¢)] = t72, |qu3(t)] = ¢~2 and |py(t)] = e .
And so

lao ()] |qua(t)]Ipy H(t)| = t~tet. Tt therefore follows that the eigenvalues A; and Ao
for (3.26) take the form of (3.12) and results in square summable eigenfunctions
while A3 will result into a non-square summable eigenfunction and hence one
obtains that either def Hy = (1,2) or def Hy = (2,1) and hence the subspace H,

generated by the difference map (3.25) has no self-adjoint subspace extensions.
3.2. |p1(t)| /oo as t — oo.

Assumption 3.10. Assume the following growth conditions

Ip1(t)| oo ast — o0, |pat)] <1, |Q12||QQ3||p2_1|7 2| = o(]ao|qi3]),

. (3.27)
where x = O(p; ") VteN
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and the following decay conditions

A, B paper

D1
(3.28)
ape, ar, gy Alycp

/
Suppose that |p1| * 0o as t — oo, then, from (3.8) we obtain the eigenvalues
of S(t, z) as

A~ p1 4 p2+ O(p2) + O(pfl)

2
b1p2 QopP24qi13 b3 Gop2qis _9
Aoy R — + 4o —p+ =4+ —=4+0(p
2 p1+Dp2  P1+ Do ? D1 P1 (P17 (3.29)
—a + a B o o1 -
As A~ 0P2413 T 12923Q0 + O(p1 1) ~ 0413 i q124923P2 + O(p1 2).
bip2 y4! D1

Theorem 3.11. Suppose that all the growth and decay conditions in (3.27) and
(3.28) are satisfied and Cy(t) in (2.2) is defined on (*(Z). Moreover, if the as-
sumptions in Theorem 2./ are satisfied, then

(1): Suppose that |aol|qi;||lpr| Hp2| ™" < 1,4 =1,2, j = 2,3, then def Hy =
(2,2), Hy has self-adjoint subspace extension with discrete spectrum at
most.

(ii): Suppose that |col|gi;||p1] " Hp2| ™t = o(1), i = 1,2, j = 2,3 are absolutely
summable, then def H, = (2,2), Hy has self-adjoint subspace extension
with discrete spectrum.

(iii): If |ool|gijllp | Hp2) ™t > 1, i = 1,2, § = 2,3 is not absolutely summa-
ble, then def Hy = (1,2) or (2,1) and the subspace Hy has no self-adjoint
subspace extension.

Proof. (i): Assume that the growth conditions (3.27) and the decay condi-
tions (3.28) in (3.10) are satisfied, then, the eigenvalues of (3.8) in their
simplest form are obtain in (3.29). The matrix S(¢,z) defined in (3.3)
is diagonalized twice to obtain a system in the discretized Levinson’s
theorem LBL 3.2 form given by (3.18). By applying the LBL 3.2, one
obtains the solutions of (2.2) as (3.18). The eigenfunction resulting from
A —eigenvalue is given by

t—1
yi(t, 2) = [eo + riw(t, 2)] H Ak(s, 2).
s=to

We obtain

t—1 t—1
loell* = Cyr,y1) = D OF T als, 2)I7, (3.30)

s=tg s=to
where eq is the normalized eigenvectors. The term |y(t)| = |eg + rxx(t, 2)]
is bounded and the asymptotics of (3.30) depends on HZ;O |Ax(s, 2)|?. By
expanding A, upto O(p;'), A1 leads to [Ai| =~ |p1 + p2 + O(p;!)] — oo
as t — oo and this yields ||y1]|> ~ oo. Thus off the real axis, y(t, 2)
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is a nonsquare summable eigenfunction. By expanding Ao upto O(p;?),
Az leads to [Ap] & [S0E22 — py 4 i—% + O(p;?)] < 0o as t — oo, which
implies that |ly2]|> < oo. Thus off the real axis, \y(t,z) leads to a
square summable eigenfunction (¢, z). By expanding A3 upto O(p;?),
A3 leads to [Ag] ~ [=5282 + aoq”;l%p;l 4+ O(p;?)|. Here, the summabil-
ity of |lys||* depends on the value of |agl|qi;]p1|lp2|™'. Suppose that

P2 < 1, |ar2llgesllp '], 2] & oflaollqws|), where z = O(p,*) vt €
N, then A3 yields a square summable eigenfunction. Hence, we have that
def Hy = (2,2). Imposing boundary conditions at —oco and oo, there exist
two square matrices M and N of order 1 such that

rank(M,N) =1, M@ M* — N¢3N* =0

¢1 and ¢, are invertible matrices of order 1 with square summable so-
lutions satisfying boundary conditions at —oo and oo respectively. The
self-adjoint extension subspace of Hy which we denote by H is now de-

scribed by

1= { (.9 € 15 M3.)(—) N5 o) = 0}

with y11 € ¢1 and y21 € ¢. Equivalently, using boundary conditiona one
constructs H as follows. Since the defect indices of Hy are equal, that is,
def Hy = (n,n), where 1 < n < 3, then H, has a self-adjoint subspace
extension in L?(I) x L*(I) and this we will denote by H. Just like in [29],
for the fundamental matrix of square summable solutions ®;, of (2.2),
there exist matrices oy, oy € C? such that

rank(oq, @) =3, Py aj = Pl as.

Where @, = ([y1, Y2, y3]) (to — 1)3x3 and @, defined in a similar way. yo
and ys are square summable solutions of (2.2). Precisely, H is defined by

Gte—1) (5.5)(50)
HZ{(Q,Q)GH:al Golte—1) | +as | (7 us)(o0) }
Gyt — 1) (5.12)(c)

For more details see [29, Theorem 5.9] and Section 5 of the same reference
in general. It therefore, follows that the spectrum of H is purely discrete
since all the solutions which are square summable are uniformly square
summable. and H, has self-adjoint subspace extension with discrete spec-
trum at most.

(ii): Suppose that ||po(t)| < 1, |qu2||qes||ps ], || &~ o(Jao||qi3]), where z =

O(p;') Vt €N, , then); yields a square summable eigenfunction. Hence,
we have that defHy = (2,2), and H has self-adjoint subspace extension

Assume the growth and decay conditions (3.27) and (3.28) hold, the
operator fy(t) in (2.2) is defined on ¢*(Z), and the hypotheses of Theorem
2.4 are satisfied. Moreover, suppose

o] 1gi; ()| [p1.(8)|Hp2(8)] " = 0(1)  as t — oo,
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forv=1,2, j = 2,3, and that the sequences

a(t) = laol lgi; ()] Ipr (6)] " p2(8)|

are absolutely summable: > %, ‘a(t) < co. As in part (i), use the two
diagonalizations of the coefficient matrix S(¢,z) and apply the discrete
Levinson (LBL) theorem 3.2 [3] to obtain a fundamental system of solu-
tions of (2.2) of the form

—1

yr(t, z) = (ek + Tk(t,z)) H Ak(s, 2), k=1,2,3,

s=to
where e, are normalized eigenvectors, ri(t,z) — 0 as t — oo, and \g(t, 2)
are the eigenvalue factors from the diagonalization. The first solution
is not in £%: The expansion for \;(, z) shows that |\ (¢, 2)| grows for large

t. Hence,
t—1

H A1(s,2)| = 00 ast — oo,

s=to
S0 ||y1]|ee = co. The second solution g, is in ¢?: By the same analysis as
in part (i), A2(¢, z) remains bounded for large ¢, and the corresponding
solution y, satisfies ||yz|l;z < co. The third solution ys is in £* under the
summability hypothesis: The expansion of A3(¢, z) for large ¢ gives

—ao(t)qi3(t) | ao(t)qia(t)ges(t) —2
A3(t, z) = + O(py(t .
sl 2) pi(t) p1(t)pa(t) (1))
By hypothesis, |[A3(t,z)| < Ca(t) for some C' > 0, with a(t) absolutely
summable. Then for sufficiently large ¢,
t—1
|y3(t,2’)’ <y H ’)\3(8,2’)’ < 022_(t_T)

s=tg

for constants C,Cy > 0 and some T, showing 7%, [ys(t, 2)|* < oc.
Hence y3 € (2. Exactly two linearly independent ¢*-solutions exist for
nonreal z (namely y, and y3), so def Hy = (2,2). Since the deficiency
indices are equal, a family of self-adjoint subspace extensions exists. Using
the construction from part (i), let ®;, and ®,, denote the two-dimensional
spaces of square-summable solutions at ¢y and oo, and choose matrices
a1, ag of full rank satisfying
PP ot = Pl os.

Then the self-adjoint subspace H is defined by the corresponding bound-
ary conditions. By the uniform square-summability of yo and ys, the
resolvent of H is compact and its spectrum is purely discrete. This com-
pletes the proof of (ii).

(iii): Suppose that |ao||g;;|[p1| " pe| ™ > 1,7 =1,2, j = 2,3, then A3 yields
a non square summable eigenfunction in either upper or lower half-plane.

Hence, we have that either def Hy = (1,2) or def Hy = (2,1) and the
subspace Hj has no self-adjoint subspace extension.
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Remark 3.12. Theorem 3.11 provides a clear classification of the deficiency indices
and the existence of self-adjoint subspace extensions for Hy depending on the size
and summability of the perturbation terms |cl|g;;|[p1|~*p2|~*. This framework
naturally suggests several directions for further study. For instance, one could
investigate the stability of the discrete spectrum under varying perturbations,
analyze the asymptotic behavior of the eigenvalues in more detail, or extend
the results to higher-dimensional discrete systems or systems with more general
boundary conditions. Moreover, the interplay between summability conditions
and spectral properties could be explored further to identify sharp thresholds for
the existence of self-adjoint extensions, possibly leading to new insights in discrete
spectral theory and applications to difference equations with complex coefficients.
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