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POSITIVE SOLUTIONS OF A NONLINEAR MULTIPLE POINT
FOR ONE DIMENSIONAL p-LAPLACIAN BOUNDARY VALUE

PROBLEMS ON TIME SCALES

AMIN BENAISSA CHERIF1∗ AND FATIMA ZOHRA LADRANI2

Abstract. In this paper, we study the existence of positive solutions to the
one-dimensional p−Laplacian differential equation on a time scale T(

φp
(
u∆(t)

))∆
+ h(t)f(t, u(t), u∆(t)) = 0,

subject to the boundary conditions:

u∆(a) = 0, u (b) =

k=m∑
k=1

αku(ξk)−
k=n∑
k=1

δku
∆(ηk),

where φp is p−Laplacian operator, i.e., φp(u) = |u|p−2
u, p > 1, for t ∈ [a, b] ⊂

T,m, n ∈ N, and ξk ∈ (a, b), 0 < αk < 1, for all k ∈ {1, 2, · · · ,m}, such that

0 <
∑k=m

k=1 αk < 1, and δk ≥ 0, ηk ∈ (a, b), for all k ∈ {1, 2, · · · , n}. We show
that it has at least one, two, or three positive solutions to the above boundary
value problem. We study the existence of the problem one three cases, the first
case: f dependence on u, the second case; f dependence on t and u, the last
case f dependence on t, u, and the first order delta derivative.

1. Introduction

The study of dynamic on time scales, which has been created in order to unify
of differential and difference equations, is an area of mathematics that has re-
cently received much attention, moreover, many results on this issue have bee
well documented in Ph.D. thesis of Hilger [8] and the monographs the Bohner
and Peterson, [2, 3]. In recent years, many authors have begun to pay attention
to the study of boundary-value problems or with p−Laplacian dynamic equations
on time scales (see: [12, 11, 14, 7, 13, 10]).

In this paper, we consider the existence of positive solutions to the equation
on time scales, (

φp
(
u∆(t)

))∆
+ h(t)f(t, u(t), u∆(t)) = 0, (1.1)

with the boundary condition

u∆(a) = 0, u(b) =
k=m∑
k=1

αku(ξk)−
k=n∑
k=1

δku
∆(ηk), (1.2)
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on a time scale T, where t ∈ [a, b]T := [a, b] ∩ T, φp (s) = |s|p−2 s, with φ−1
p = φq,

p > 1, 1
p

+ 1
q

= 1, and m,n ∈ N a < ξ1 < ξ2 < · · · < ξm < b, for k ∈ {1, 2, · · · ,m},
a < η1 < η2 < · · · < ηn < b, 0 < αk < 1, for k ∈ {1, 2, · · · , n}. Throughout, we
suppose that the following conditions are satisfied:

(C1) α :=
∑k=m

k=1 αk < 1, and 0 < αk < 1, for all k ∈ {1, 2, · · · ,m}, δk ≥ 0, for
all k ∈ {1, 2, · · · , n}.

(C2) f : D−→ [0,∞) is continuous, where D := {(t, x, y) ∈ R3 : t ∈ [a, b]T , x ∈
[0,∞) , y ∈ (−∞, 0]}.

(C3) h : [a, b]T−→ [0,∞) is continuous, and h is not identically zero. Further-

more h satisfies 0 <
∫ b
a
h(t)∆t <∞, and

∫ ξm
a

h(t)∆t > 0.

2. Preliminary

2.1. The fundamental theory of time scale. A time scale T is a nonempty
closed subset of the real numbers. If the time scale equals the real numbers or
integer numbers. On any time scale T, we define the forward and backward jump
operators by:

σ(t) := inf{s ∈ T : s > t}, ρ(t) := sup{s ∈ T : s < t}.

A point t ∈ T, t > inf T, is said to be left-dense if ρ(t) = t, right-dense if
t < supT and σ(t) = t, left-scattered if ρ(t) < t and right-scattered if σ(t) > t.
The graininess function µ for a time scale T is defined by µ(t) := σ(t)− t. If T has
a rights-scattered minimum m, define Tk := T−{m}; otherwise, set Tk := T. If T
has a left-scattered maximum M , defined Tk := T−{M}; otherwise, set Tk := T.

Definition 2.1. [2]Assume f : T→ R is a function and lets t ∈ Tk. Then we
define f∆ (t) to be the number (provided it exists) with the property that given
any ε > 0, there is a neighborhood U of t (i.e., U = (t− δ, t+ δ) ∩ T, for some
δ > 0) such that

|f(σ(t))− f(s)− f∆(t)(σ(t)− s)| < ε|σ(t)− s|, for all s ∈ U .

We call f∆(t) the delta (or Hilger) derivative of f at t.

Definition 2.2. [2]A function f : T→ R is called rd-continuous provided it is
continuous at right-dense points in T and its left-sided limits exist (finite) at left
dense points in T. The set of rd-continuous functions f : T→ R will be denoted
by Crd (T,R). The set of functions f : T→ R that are differentiable and whose
derivative is rd-continuous is denoted by C1

rd (T,R).

Lemma 2.3. [2] Let f ∈ Crd (T,R). Then there exists a function F , such that

F ∈ C1
rd (T,R) and F∆(t) = f(t) for each t ∈ Tk.

Definition 2.4. [2] Let f ∈ Crd (T,R), then we define the delta integral by:∫ t

a

f(s)∆s = F (t)− F (a),

where F is called antiderivative of f .
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Lemma 2.5. [4] Crd([a, b]T) is a space of Banach for the norm

‖f‖ := max
t∈[a,b]T

|f(t)| ,

where [a, b]T := [a, b] ∩ T.

Lemma 2.6. [2] Let f : R −→ R be continuously differentiable and suppose g :
T −→ R is delta differentiable. Then f ◦ g : T −→ R is delta differentiable and
the formula

(f ◦ g)∆ (t) =

{∫ 1

0

f
′
(hgσ(t) + (1− h)g(t)) dh

}
g∆(t). (2.1)

2.2. Fixed Point Theorem. The following fixed point theorem is fundamental
and important to the proofs of our main results.

Theorem 2.7 (Guo-Krasnoselskii’s). [12] Let E be a Banch space, and let K ⊂ E
be a cone. Assume Ω1,Ω2 are open subsets of with 0 ∈ Ω1,Ω1 ⊂ Ω2, and let
A : K ∩

(
Ω2\Ω1

)
−→ K, be a completely continuous operator such that

(i) ‖Au‖ ≤ ‖u‖, u ∈ K ∩ ∂Ω1, and ‖Au‖ ≥ ‖u‖, u ∈ K ∩ ∂Ω2; or
(ii) ‖Au‖ ≥ ‖u‖, u ∈ K ∩ ∂Ω1, and ‖Au‖ ≤ ‖u‖, u ∈ K ∩ ∂Ω2

Then A has a fixed point in K ∩
(
Ω2\Ω1

)
.

Notationally, the coneK has subsets of the formK (φ, r) := {u ∈ K : φ(u) < r}
for given functional φ.

Theorem 2.8 (Avery-Henderson). [1] Soit K be a cone in a real Banach space
E. If η and φ are increasing, nonnegative continuous on K; let θ be a nonnegative
continuous on K witch θ (0) = 0 such that, for some positive constants r and M ,

φ (u) ≤ θ (u) ≤ η (u) and ‖u‖ ≤Mφ (u) ,

for all u ∈ K (φ, r). Suppose that there exist positive numbers p < q < r such that

θ (λu) ≤ λθ (u) , for all 0 ≤ λ ≤ 1 and u ∈ ∂K (θ, q) ,

If A : K (φ, r) −→ K is a completely continuous operator satisfying

(i) φ (Au) > r for all u ∈ ∂K (φ, r)
(ii) θ (Au) < q for all u ∈ ∂K (θ, q)

(iii) K (η, p) 6= 0 and η (Au) > p for all u ∈ ∂K (η, p)

Then A has at least two fixed points u1 and u2 such that

p < η (u1) with θ (u1) < q and q < θ (u2) with φ (u2) < r.

Moreover, we take

Kr := {u ∈ K : ‖u‖ < r} , K (φ, p, q) := {u ∈ K : p ≤ φ(u), ‖u‖ ≤ q} .

Theorem 2.9 (Leggett-Williams). [1] Let Kr be a cone in the real Banach space
E,A : Kr −→ Kr be completely continuous and φ be a nonnegative concave
functional on K with φ(u) ≤ ‖u‖ for all u ∈ Kr. Suppose there exists 0 < p <
q < l ≤ r such that the following conditions hold:

(i) {u ∈ K (φ, q, l) : φ(u) > q} 6= ∅ and φ(Au) > q for all u ∈ K (φ, q, l),
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(ii) ‖Au‖ < p for all ‖u‖ ≤ p,
(iii) φ(Au) > q for u ∈ K (φ, q, r) with ‖Au‖ > l.

Then A has a least there fixed point u1, u2, and u3 in Kr satisfying:

‖u1‖ < p, φ(u2) > q, p < ‖u3‖ with φ(u3) < r.

Let γ and θ be nonnegative continuous convex functionals on a cone K, ν be a
nonnegative continuous concave functional on a cone K, and ψ be a nonnegative
continuous functional on a cone K. Then for positive real numbers a, b, c and d,
we define the following convex sets:

K (γ, d) := {u ∈ K : γ(u) < d} ,
K (γ, ν, b, d) := {u ∈ K : b ≤ ν(u), γ(u) ≤ d} ,
K (γ, θ, ν, b, c, d) := {u ∈ K : b ≤ ν(u), θ(u) ≤ c, γ(u) ≤ d} ,
R(γ, ψ, a, d) := {u ∈ K : a ≤ ψ(u), γ(u) ≤ d} .

Theorem 2.10. [1] Let K be a cone in a real Banach space E. Let γ and θ be
nonnegative continuous convex functionals on K, ν be a nonnegative continuous
concave functional on K, and ψ be a nonnegative continuous functional on K
satisfying ψ(λu) ≤ λψ(u) for 0 ≤ λ ≤ 1, such that for some positive numbers M
and d,

ν(u) ≤ ψ(u) and ‖u‖ ≤Mγ (u) ,

for all u ∈ K (γ, d). Suppose A : K (γ, d) −→ K (γ, d) is completely continuous
and there exist positive numbers a, b, c with a < d such that

(i) {u ∈ K (γ, θ, ν, b, c, d) : ν(u) > b} 6= ∅ and ν(Au) > b for u ∈ K (γ, θ, ν, b, c, d) ;
(ii) ν(Au) > b for u ∈ K (γ, ν, b, d) with θ (Au) > c;

(iii) 0 /∈ R(γ, ψ, a, d) and ψ (Au) < a for u ∈ R(γ, ψ, a, d) with ψ (u) = a.

Then A has at least three fixed points u1, u2, u3 ∈ K (γ, d), such that

γ(ui) ≤ d for i = 1, 2, 3, b < ν(u1),

a < ψ(u2), with ν(u2) < b ψ(u3) < a.

3. Main Results

This section is devoted to prove the existence of a positive solution of the
nonlinear boundary value problem (1.1) and (1.2). Before starting the main
results, we begin with the following lemma.

Lemma 3.1. If α 6= 1, then for y ∈ Crd ([a, b]T) the boundary-value problem(
φp
(
u∆(t)

))∆
+ y(t) = 0, (3.1)

u∆(a) = 0, u(b) =
k=m∑
k=1

αku(ξk)−
k=n∑
k=1

δku
∆(ηk), (3.2)
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has the unique solution

u (t) = −
∫ t

a

φq

(∫ τ

a

y (s) ∆s

)
∆τ +

1

1− α

∫ b

a

φq

(∫ τ

a

y (s) ∆s

)
∆τ −

1

1− α

k=n∑
k=1

αk

∫ ξk

a

φq

(∫ τ

a

y (s) ∆s

)
∆τ +

1

1− α

k=n∑
k=1

δkφq

(∫ ηk

a

y (s) ∆s

)
. (3.3)

Proof. Let u be as in (3.3). Then the delta derivative of u is given by:

u∆ (t) = −φq
(∫ t

a

y (s) ∆s

)
, (3.4)

and [
φp
(
u∆ (t)

)]∆
= −y (t)

This completes the proof. �

Lemma 3.2. Let 0 < α < 1, If y ∈ Crd ([a, b]T), and y ≥ 0, then unique solution
u of (3.1), (3.2) satisfies

u(t) ≥ 0, t ∈ [a, b] .

Proof. Let 0 < α < 1, if y ∈ Crd ([a, b]T), and y ≥ 0, we have

u (t) ≥ α

1− α

∫ b

ξm

φq

(∫ τ

a

y (s) ∆s

)
∆τ +

1

1− α

k=n∑
k=1

δkφq

(∫ ηk

a

y (s) ∆s

)
.

This completes the proof. �

Lemma 3.3. Let 0 < α < 1, if y ∈ Crd ([a, b]T), and y ≥ 0, then unique solution
u of (3.1), (3.2) satisfies

u (b) ≥ αku (ξk) ≥ γk ‖u‖ , for all k ∈ {1, 2, · · · ,m} , (3.5)

and
u(ηk) ≥ βk ‖u‖ , for all k ∈ {1, 2, · · · , n} , (3.6)

where γk = αk
b−ξk
b−a , for all k ∈ {1, 2, · · · ,m}, and βk = b−ηk

b−a , for all k ∈
{1, 2, · · · , n}.

Proof. From that fact that
[
φp
(
u∆ (t)

)]∆
= −y (t) ≤ 0, by (2.1), we have[

φp
(
u∆ (t)

)]∆
= (p− 1)u∆∆(t)

∫ 1

0

{
−
(
hu∆(σ(t)) + (1− h)u∆(t)

)}p−2
dh ≤ 0.

We know the graph of u(t) is concave down on [a, b]T.

u(ξk) ≥
b− ξk
b− a

u(a), for all k ∈ {1, 2, · · · ,m} ,

and

u(ηk) ≥
b− ηk
b− a

u(a), for all k ∈ {1, 2, · · · , n} .
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Using (3.4) we get u(t) is strictly decreasing on [a, b]T, and by (3.2) we have

u(b) ≥ αku(ξk) ≥ αk
b− ξk
b− a

u(a) = γk ‖u‖ , for all k ∈ {1, 2, · · · ,m} ,

and
u(ηk) ≥ βk ‖u‖ , for all k ∈ {1, 2, · · · , n} .

The proof is complete. �

For simplification, we note

(1) Hq (τ) := φq
(∫ τ

a
h(s)∆s

)
and Rb

aH :=
∫ b
a
Hq (τ) ∆τ ,

(2) M1 := Rb
aH +

∑k=n
k=1 δkHq (ηk),

(3) M2 := αγRb
ξm
H +

∑k=n
k=1 δkβkHq (ηk),

(4) M3 := αRb
ξm
H +

∑k=n
k=1 δkHq (ηk),

(5) M4 := (2− α)Rb
aH∆τ +

∑k=n
k=1 δkHq (ηk).

3.1. f dependence on u.
Now, we use the following Guo-Krasnoselskii’s fixed point Theorem 2.7, for sim-
plification, we note

f0 := lim
|u|−→0

f(u)

|u|p−1 , f∞ := lim
|u|−→∞

f(u)

|u|p−1 .

Theorem 3.4. Assume (c1) , (c2) and (c3) hold. Then the problem boundary (1.1)
and (1.2), has at least one positive solution in one of the cases

(i) f0 = 0, and f∞ =∞,
(ii) f0 =∞, and f∞ = 0.

Proof. We wish to show the existence of a positive solution of (1.1) and (1.2).
New has a solution u = u(t) if and only if u solves the operator equation

Au (t) : = −
∫ t

a

φq

(∫ τ

a

h(s)f (u(s)) ∆s

)
∆τ

+
1

1− α

∫ b

a

φq

(∫ τ

a

h(s)f (u(s)) ∆s

)
∆τ

− 1

1− α

k=m∑
k=1

αk

∫ ξk

a

φq

(∫ τ

a

h(s)f (u(s)) ∆s

)
∆τ +

1

1− α

k=n∑
k=1

δkφq

(∫ ηk

a

h(s)f (u(s)) ∆s

)
.

(3.7)

Denote

K =

{
u ∈ Crd ([a, b]T) : u(t) ≥ 0, u is concave, strictly decreasing on [a, b] ⊂ T,
and u satisfies (3.5) , (3.6)

}
.

It is obvious that K is a cone in Crd ([a, b]T) and we have AK ⊂ K. It is also easy
to check that A : K −→ K is completely continuous.
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(i) Suppose then that f0 = 0 and f∞ =∞. New since f0 = 0, we choose H1 > 0,
such that f(u) ≤ [ε |u|]p−1, for 0 < u ≤ H1, where ε > 0, satisfies M1ε ≤ 1 − α.
Then for u ∈ K ∩ ∂Ω1, Ω1 = {u ∈ Crd ([a, b]T) : ‖u‖ < H1}, we have

Au (t) ≤ 1

1− α

∫ b

a

φq

(∫ τ

a

h(s)f1 (u(s)) ∆s

)
∆τ

+
1

1− α

k=n∑
k=1

δkφq

(∫ ηk

a

h(s)f1 (u(s)) ∆s

)
≤ 1

1− α

∫ b

a

φq

(∫ τ

a

[ε |u|]p−1 h(s)∆s

)
∆τ

+
1

1− α

k=n∑
k=1

δkφq

(∫ ηk

a

[ε |u|]p−1 h(s)∆s

)
≤ H1ε

1− α
M1 ≤ ‖u‖ .

Then ‖Au‖ ≤ ‖u‖, for all u ∈ K ∩ ∂Ω1.

On the other hand, by f∞ =∞, there exists H̃2 > 0, such that f1 (u) > [θ |u|]p−1

for u ≥ H̃2, where θ > 0 satisfies M2θ ≥ 1 − α. Set H2 = max
{

1
γ
H1,

1
γ
H̃2

}
,

Ω2 = {u ∈ Crd ([a, b]T) : ‖u‖ < H2}, then for u ∈ K ∩ ∂Ω2, we get

‖Au‖ ≥ α

1− α

∫ b

ξm

φq

(∫ τ

a

h(s)f (u(s)) ∆s

)
∆τ

+
1

1− α

k=n∑
k=1

δkφq

(∫ ηk

a

h(s)f (u(s)) ∆s

)
≥ αθ ‖u‖

1− α
γ

∫ b

ξm

φq

(∫ τ

a

h(s)∆s

)
∆τ

+
θ ‖u‖
1− α

k=n∑
k=1

δkβkφq

(∫ ηk

a

h(s)∆s

)
≥ θM2

1− α
‖u‖ ≥ ‖u‖ .

Therefore, by the first part of the Theorem 2.7, then A has a fixed point in
K ∩

(
Ω2\Ω1

)
, we conclude that problem (1.1) and (1.2) has at least one positive

solution u, such that
H1 ≤ ‖u‖ ≤ H2.

(ii) Suppose then that f0 = ∞ and f∞ = 0. New since f0 = ∞, we first choose
H3 > 0, such that f(u) > [λ |u|]p−1, for 0 < u < H3, satisfies M2λ ≥ 1− α,Ω3 =
{u ∈ Crd ([a, b]T) : ‖u‖ < H3}, then for u ∈ K ∩ ∂Ω3, we get

‖Au‖ ≥ M2λ

1− α
‖u‖ ≥ ‖u‖ .

Then ‖Au‖ ≥ ‖u‖, for all u ∈ K ∩ ∂Ω3.
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Now since f∞ = 0, there exists H̃4 > 0, such that f1(u) ≤ [$ |u|]p−1, for

u > H̃4, satisfies M$ ≤ 1− α.

Set H4 = max
{

1
γ
H3,

1
γ
H̃4

}
, Ω4 = {u ∈ Crd ([a, b]T) : ‖u‖ < H4}, then for u ∈

K ∩ ∂Ω4, we have

‖Au‖ ≤ H4$

1− α
M1 ≤ ‖u‖ .

By the second part of the Theorem 2.7, then A has a fixed point in K ∩
(
Ω4\Ω3

)
,

we conclude that problem (1.1) and (1.2) has at least one positive solution u,
such that

H3 ≤ ‖u‖ ≤ H4.

�

Corollary 3.5. Assume (c1) , (c2) and (c3) hold. Then the problem boundary
(1.1) and (1.2), has at least one positive solution in one of the cases

(i) f0 = r1 ∈ (0,∞), f∞ = r2 ∈ (0,∞), and M1r
q−1
1 < 1−α,M2r

q−1
2 > 1−α,

(ii) f0 = 0, f∞ = r2, and M2r
q−1
2 > 1− α,

(iii) f0 = r1 ∈ (0,∞), and f∞ = 0, and M2r
q−1
1 > 1− α,

(iv) f0 =∞, f∞ = r2 ∈ (0,∞), and M1r
q−1
2 < 1− α,

(v) f0 = r1 ∈ (0,∞), f∞ =∞, and M1r
q−1
1 < 1− α.

Proof. Suppose that f0 = r1, there existsH1 > 0, such that f (u) ≤ (r1 + ε) |u|p−1 , 0 <
u < H1, where ε > 0 satisfies M1 (ε+ r1)q−1 ≤ 1 − α. Then for u ∈ K ∩ ∂Ω1,
Ω1 = {u ∈ Crd ([a, b]T) : ‖u‖ < H1}, we have

Au (t) ≤ 1

1− α

∫ b

a

φq

(∫ τ

a

(ε+ r1) |u|p−1 h(s)∆s

)
∆τ

+
1

1− α

k=n∑
k=1

δkφq

(∫ ηk

a

(ε+ r1) |u|p−1 h(s)∆s

)
≤ H1 (ε+ r1)q−1

1− α
M1 ≤ ‖u‖ .

Then ‖Au‖ ≤ ‖u‖, for all u ∈ K ∩ ∂Ω1.

On the other hand, by f∞ = r2, there exists H̃2 > 0, such that f1 (u) >

(r2 − θ) |u|p−1 for |u| ≥ H̃2, where θ > 0 satisfies M2 (r2 − θ)q−1 ≥ 1−α. Set H2 =

max
{

1
γ
H1,

1
γ
H̃2

}
, Ω2 = {u ∈ Crd ([a, b]T) : ‖u‖ < H2}, then for u ∈ K ∩ ∂Ω2, we

get

‖Au‖ ≥ αγ ‖u‖
1− α

∫ b

ξm

φq

(∫ τ

a

(r2 − θ)h(s)∆s

)
∆τ

+
‖u‖

1− α

k=n∑
k=1

βkδkφq

(∫ ηk

a

(r2 − θ)h(s)∆s

)
≥ (r2 − θ)q−1M2

1− α
‖u‖ ≥ ‖u‖ .
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Then ‖Au‖ ≥ ‖u‖, for all u ∈ K ∩ ∂Ω2. Therefore, by Theorem 2.7, we conclude
that problem (1.1) and (1.2) has at least one positive solution u, such that

H1 ≤ ‖u‖ ≤ H2.

The proof (ii), (iii), (iv), and (v) are similar to that in (i). �

3.2. f dependence on t and u.
Now, we apply the Avery-Henderson Theorem 2.8, to prove the existence of at
least two positive solutions of the boundary value problem (1.1) and (1.2).
Let the nonnegative, increasing, continuous functionals, φ, θ, and η be defined
on the cone K by:

θ(u) := u(ξk), for all k ∈ {1, 2, · · · ,m} ,
and

φ (u) := u(b), η(u) := u(a).

Observe that, for u ∈ K, the increasing of u, we get

φ (u) ≤ θ(u) ≤ η(u).

By (3.5), we have

‖u‖ = u(a) ≤ 1

γ
u(b) =

1

γ
φ (u) .

Theorem 3.6. Suppose there exists positive numbers 0 < p < q < r such that
the function f satisfies the following conditions:

(i) f (s, u) > φp

(
r(1−α)
M3

)
for s ∈ [a, ηn] ∪ [ξm, b] and u ∈

[
r, r

γ

]
,

(iii) f (s, u) < φp

(
q(1−α)
M1

)
for s ∈ [a, b] and u ∈

[
αkq,

αk

γk
q
]
,

(iv) f (s, u) > φp

(
p(1−α)
M3

)
for s ∈ [a, ηn] ∪ [ξm, b] and u ∈ [γp, p].

Then the problem boundary (1.1) and (1.2), has at least two positive solutions
u1 and u2 such that

p < u1(a) with u1 (ξk) < q,

q < u2(ξk) with u2 (b) < r.

Proof. We defined operator A by:

Au (t) = −
∫ t

a

φq

(∫ τ

a

h(s)f (s, u(s)) ∆s

)
∆τ

+
1

1− α

∫ b

a

φq

(∫ τ

a

h(s)f (s, u(s)) ∆s

)
∆τ −

1

1− α

k=m∑
k=1

αk

∫ ξk

a

φq

(∫ τ

a

h(s)f (s, u(s)) ∆s

)
∆τ

+
1

1− α

k=n∑
k=1

δkφq

(∫ ηk

a

h(s)f (s, u(s)) ∆s

)
. (3.8)
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For u ∈ K, we have AK ⊂ K. It is also easy to check that A : K −→ K is
completely continuous. For any u ∈ K, it is clear that θ(0) = 0, for all λ ∈ [0, 1]
we get θ(λu) = λθ(u), since 0 ∈ K and p > 0, K (η, p) 6= ∅. In the following
claim, we verify the remaining conditions of Theorem 2.8.
(i) for all u ∈ ∂K (φ, r), then φ (Au) > r, we have

r = u(b) ≤ u(s) ≤ u(a) ≤ r

γ
, for s ∈ [a, ηn] ∪ [ξm, b] .

Then

φ (Au) = Au(b) ≥ α

1− α

∫ b

ξm

φq

(∫ τ

a

h(s)f2 (s.u(s)) ∆s

)
∆τ

+
1

1− α

k=n∑
k=1

δkφq

(∫ ηk

a

h(s)f2(s, u(s)∆s

)
>

α

1− α

∫ b

ξm

φq

(∫ τ

a

φp

(
r (1− α)

M3

)
h(s)∆s

)
∆τ

+
1

1− α

k=n∑
k=1

δkφq

(∫ ηk

a

φp

(
r (1− α)

M3

)
h(s)∆s

)

≥ rα

M3

∫ b

ξm

φq

(∫ τ

a

h(s)∆s

)
∆τ +

r

M3

k=n∑
k=1

δkφq

(∫ ηk

a

h(s)∆s

)
= r.

(ii) for all u ∈ ∂K (θ, q), then θ (Au) < q, we have

αkq = αku(ξk) ≤ u(b) ≤ u(s) ≤ u(a) ≤ αk
γk
q, for s ∈ [a, b] .

Then

θ(Au) = Au(ξk) ≤
1

1− α

∫ b

a

φq

(∫ τ

a

h(s)f2(s, u(s)∆s

)
∆τ

+
1

1− α

k=n∑
k=1

δkφq

(∫ ηk

a

h(s)f2(s, u(s)∆s

)
<

1

1− α

∫ b

a

φq

(∫ τ

a

φp

(
q (1− α)

M1

)
h(s)∆s

)
∆τ

+
1

1− α

k=n∑
k=1

δkφq

(∫ ηk

a

φp

(
q (1− α)

M1

)
h(s)∆s

)

≤ q

M1

[∫ b

a

φq

(∫ τ

a

h(s)∆s

)
+

k=n∑
k=1

δkφq

(∫ ηk

a

h(s)∆s

)]
= q.

(iii) for all u ∈ ∂K (η, p), then η (Au) > p, we have

γp = γu(a) ≤ u(b) ≤ u(s) ≤ u(a) = p, for s ∈ [a, ηn] ∪ [ξm, b] .
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Then

η (Au) >
α

1− α

∫ b

ξm

φq

(∫ τ

a

φp

(
p (1− α)

M3

)
h(s)∆s

)
∆τ

+
1

1− α

k=n∑
k=1

δkφq

(∫ ηk

a

φp

(
p (1− α)

M3

)
h(s)∆s

)
≥ pM3

M3

= p.

Therefore, the hypotheses of Theorem 2.8 are satisfied and there exist at least
two positive fixed points u1 and u2 of A in K (φ, r), we conclude that problem
(1.1) and (1.2) has at least two positive solutions u1 and u2, such that

p < η (u1) = u1(a) with u1(ξk) = θ(u1) < q,

q < θ(u2) = u2(ξk) with φ (u2) = u2(b) < r.

�

Corollary 3.7. If there exists q > 0 such that the function f satisfies the following
conditions:

(i) lim inf
u−→0+

f(s, u)

up−1
> φp

(
1− α)

γM3

)
, for all s ∈ [a, ηn] ∪ [ξm, b],

(ii) f (s, u) < φp

(
q(1−α)
M1

)
, for s ∈ [a, b] and u ∈

[
αkq,

αk

γk
q
]
,

(iii) lim inf
u−→∞

f(s, u)

up−1
> φp

(
1− α)

M3

)
, for all s ∈ [a, ηn] ∪ [ξm, b].

Then, the second-order triple-point boundary value problem (1.1) and (1.2), has
two positive solutions.

Proof. By (i) of the corollary, then exists p ∈ (0, q) such that

f(s, u)

up−1
> φp

(
1− α)

γM3

)
, for all u ∈ (0, p] , s ∈ [a, ηn] ∪ [ξm, b] .

Then, for all u ∈ [γp, p] , s ∈ [a, ηn] ∪ [ξm, b], we have

f(s, u) > φp

(
1− α)

γM3

u

)
≥ φp

(
1− α
M3

p

)
,

and (iii) of Theorem 3.6 holds, and by (iii) of the corollary, then exists r > q,
such that

f(s, u)

up−1
> φp

(
1− α)

M3

)
, for all u > r, s ∈ [a, ηn] ∪ [ξm, b] .

Then, for all u ∈
[
r, r

γ

]
, s ∈ [a, ηn] ∪ [ξm, b], we have

f(s, u) > φp

(
1− α
M3

u

)
≥ φp

(
(1− α)r

M3

)
,

and (i) of Theorem 3.6 holds, Then condition of Theorem 3.6 satisfies. �
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Using the ideas in the proof Theorem 3.6, we can establish the existence of an
arbitrary pair number of positive solution of (1.1) and (1.2).

Corollary 3.8. Suppose there exists positive numbers

0 < p1 < q1 < r1 < l1k < p2 < q2 < r2 < l2k < · · · < pd < qd < ldk, d ∈ N,

where lnk = max
{
αk

γk
qn,

rn
γk

}
, for all k ∈ {1, 2, · · · , n}, such that the function f

satisfies the following conditions:

(i) f (s, u) > φp

(
ri(1−α)
M3

)
for s ∈ [a, ξ] and u ∈

[
ri,

ri
γ

]
,

(ii) f (s, u) < φp

(
qi(1−α)
M1

)
for s ∈ [a, b] and u ∈

[
αqi,

α
γ
qi

]
,

(iii) f (s, u) > φp

(
pi(1−α)
M3

)
for s ∈ [a, ξ] and u ∈

[
γ
α
pi, pi

]
.

Then the problem boundary (1.1) and (1.2), has at least 2d positive solutions
ui, i = 1, 2d such that

pi ≤ ‖ui‖ ≤
αk
γk
qi, and αkqi ≤ ‖u2i‖ ≤

ri
γk
, for all i = 1, d.

Now, we apply the Leggett-Williams Theorem 2.9 to prove the existence of at
least three positive solutions of to boundary value problem (1.1) and (1.2).

Theorem 3.9. Suppose that there exists 0 < p < q < αk

γk
q < r such that

(i) f(s, u) > φp

(
(1−α)q
M3

)
, for s ∈ [a, ηn] ∪ [ξm, b] , u ∈

[
αkq,

αk

γk
q
]
,

(ii) f(s, u) < φp

(
p(1−α)
M1

)
, for s ∈ [a, b] , u ∈ [0, p],

(iii) f(s, u) < φp

(
r(1−α)
M1

)
, for s ∈ [a, b] , u ∈ [0, r].

Then the boundary-value problem (1.1) and (1.2) has at least three solutions
positive u1, u2, and u3 satisfying

‖u1‖ < p, q < u2(ξk), ‖u3‖ > p with u3(ξk) < r.

Proof. We define the continuous concave functional φ : K −→ [0,∞) to be
φ(u) =: u(ξk), Let operator A defined by (3.8). For all u ∈ K, we have
φ(u) = u(ξk) ≤ ‖u‖. If u ∈ Kr, then ‖u‖ ≤ r and (iii) implies

f(s, u) < φp

(
r(1− α)

M

)
, for s ∈ [a, b] , u ∈ [0, r] ,

we have

‖Au‖ ≤ 1

1− α

∫ b

a

φq

(∫ τ

a

f (s, u(s))h(s)∆s

)
∆τ

+
1

1− α

k=n∑
k=1

δkφq

(∫ ηk

a

f (s, u(s))h(s)∆s

)

≤ r

M1

[∫ b

a

φq

(∫ τ

a

h(s)∆s

)
∆τ +

k=n∑
k=1

δkφq

(∫ ηK

a

h(s)∆s

)]
= r.
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This proves that A : Kr −→ Kr. Similarly, if ‖u‖ ≤ p, by (ii) we have ‖Au‖ < p,
it follows that condition (ii) of Theorem 2.9 is satisfied. We new consider condition
(i) of Theorem 2.9. Let v(t) = αk

γk
q, for all t ∈ [a, b], then v ∈ K(φ, q, αk

γk
q) and

φ(v) = αk

γk
q ≥ q. For all u ∈ K

(
φ, q, αk

γk
q
)

, then αkq ≤ u(s) ≤ αk

γk
q, for all

s ∈ [a, b], by (i) we have f(s, u) > φp

(
(1−α)q
M3

)
, for s ∈ [a, ηn]∪[ξm, b] , u ∈

[
q, αk

γk
q
]
,

then

φ (Au) ≥ α

1− α

∫ b

ξm

φq

(∫ τ

a

φp

(
(1− α)q

M3

)
h(s)∆s

)
∆τ

+
1

1− α

k=n∑
k=1

δkφq

(∫ ηk

a

h(s)φp

(
(1− α)q

M3

)
∆s

)
> q.

Hence

φ (Au) > q, for all u ∈ K
(
φ, q,

αk
γk
q

)
.

So that condition (i) of Theorem 2.9, show that condition (iii) Theorem 2.9, for
all u ∈ K (φ, q, r), with ‖Au‖ > αk

γk
q, and we have

φ (Au) = Au(ξk) ≥
γk
αk
‖Au‖ > q.

�

Using the ideas in the proof Theorem 3.9, we can establish the existence of an
arbitrary odd number of positive solution of (1.1) and (1.2).

Corollary 3.10. Suppose that there exists

0 < p1 < q1 <
αk
γk
q1 < p2 < q2 <

αk
γk
q2 < · · · < pd < qd <

αk
γk
qd < pd+1, d ∈ N,

such that

(i) f2(s, u) > φp

(
(1−α)qi
M3

)
, for s ∈ [a, ηn] ∪ [ξm, b] , u ∈

[
αkqi,

αk

γk
qi

]
,

(ii) f2(s, u) < φp

(
pi(1−α)
M1

)
, for s ∈ [a, b] , u ∈ [0, pi]

Then the boundary-value problem (1.1) and (1.2) has at least 2d + 1 positive
solutions.

3.3. f dependence on t, u, and u∆.
Now, we apply the Theorem 2.10 to prove the existence of at least three positive
solutions to the boundary value problem (1.1) and (1.2).

We define the cone K̃ ⊂ C1
rd (T,R) by:

K̃ :=
{
u ∈ C1

rd (T,R) ∩K : u∆ ≤ 0, u∆ strictly decreasing on [a, b]T
}
.

Let the nonnegative continuous concave functional ν, the nonnegative continuous
convex functional θ, ϕ and the nonnegative functional ψ be defined on the cone

K̃ by:
ϕ(u) = u(a)− u∆(b), ν(u) = u(b),
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and

θ(u) = u(ξk), ψ(u) = u(a).

Observe that, for u ∈ K̃, the increasing of u and u∆, we get

ϕ(u) = u(a)− u∆(b) ≥ |u| , and ν(u) = u(b) ≤ u(a) = ψ(u).

Theorem 3.11. Suppose there exists positive numbers 0 < r < L such that the
function f satisfies the following conditions:

(i) f (s, u, v) ≤ φp

(
(1−α)L
M4γk

)
, for all (s, u, v) ∈ [a, b]×

[
0, L

γk

]
×
[
− L
γk
, 0
]
,

(ii) f (s, u, v) > φp

(
(1−α)L
M3

)
, for all (s, u, v) ∈ [a, ηn] ∪ [ξm, b] ×

[
L, L

γk

]
×[

− L
γk
, 0
]
,

(iii) f (s, u, v) < φp

(
(1−α)r
M1

)
, for all (s, u, v) ∈ [a, b]× [0, r]×

[
− L
γk
, 0
]
.

Then the boundary-value problem (1.1) and (1.2) has at least three solutions
positive u1, u2, and u3 satisfying

‖ui‖ ≤
b

γk
,
∥∥u∆

i

∥∥ ≤ L

γk
, i = 1, 2, 3, u1(b) > L,

r < u2(a) with u2(b) < L, u3(a) < r.

Proof. Define the operator A by:

Au (t) = −
∫ t

a

φq

(∫ τ

a

h(s)f
(
s, u(s), u∆(s)

)
∆s

)
∆τ +

1

1− α

∫ b

a

φq

(∫ τ

a

h(s)f
(
s, u(s), u∆(s)

)
∆s

)
∆τ −

1

1− α

k=m∑
k=1

αk

∫ ξk

a

φq

(∫ τ

a

h(s)f3

(
s, u(s), u∆(s)

)
∆s

)
∆τ

+
1

1− α

k=n∑
k=1

δkφq

(∫ ηk

a

h(s)f
(
s, u(s), u∆(s)

)
∆s

)
.

It is well known that A : K̃ −→ K̃ is completely continuous and AK̃ ⊂ K̃, each

fixed point of in K̃ is a solution to the problem (1.1) and (1.2). In the following

claim, we verify the remaining conditions of Theorem 2.10. If u ∈ K̃
(
ϕ, L

γk

)
,

then

0 ≤ u(s) ≤ L

γk
, and − L

γk
≤ u(s) ≤ 0, for s ∈ [a, b] .
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By condition (i) of Theorem 3.11, we have

ϕ(Au) = Au(a)− Au∆(b)

≤ 2− α
1− α

∫ b

a

φq

(∫ τ

a

h(s)f3

(
s, u(s), u∆(s)

)
∆s

)
∆τ

+
1

1− α

k=n∑
k=1

δkφq

(∫ ηk

a

h(s)f3

(
s, u(s), u∆(s)

)
∆s

)
≤ 2− α

1− α

∫ b

a

φq

(∫ τ

a

φp

(
(1− α)L

M4γk

)
h(s)∆s

)
∆τ

+
1

1− α

k=n∑
k=1

δkφq

(∫ ηk

a

φp

(
(1− α)L

M4γk

)
h(s)∆s

)
≤ L

γk
.

This proves that A : K̃
(
ϕ, L

γk

)
−→ K̃

(
ϕ, L

γk

)
.

We show that consider condition (i) in Theorem 2.10, we take w(t) = L
γk

, for

t ∈ [a, b], then w ∈ K
(
ϕ, θ, ν, L, L

αk
, L
γk

)
, and ν (w) = L

γk
> L. Hence{

u ∈ K
(
ϕ, θ, ν, L,

L

αk
,
L

γk

)
: ν(u) > L

}
6= ∅.

Consequently, it u ∈ K
(
ϕ, θ, ν, L, L

αk
, L
γk

)
, then

L ≤ u(b) ≤ u(s) ≤ u(a) ≤ L

γk
, and − L

γk
≤ u∆(s) ≤ 0, for s ∈ [a, b] .

By condition (i) of Theorem 3.11, we have

f (s, u, v) > φp

(
(1−α)L
M1

)
for s ∈ [a, ηn] ∪ [ξm, b] .

Then

v (Au) = Au(b) ≥ α

1− α

∫ b

ξm

φq

(∫ τ

a

h(s)f3

(
s, u(s), u∆(s)

)
∆s

)
∆τ +

1

1− α

k=n∑
k=1

δkφq

(∫ ηk

a

h(s)f3

(
s, u(s), u∆(s)

)
∆s

)
≥ α

1− α

∫ b

ξm

φq

(∫ τ

a

φp

(
(1−α)L
M3

)
h(s)∆s

)
∆τ

+
1

1− α

k=n∑
k=1

δkφq

(∫ ηk

a

φp

(
(1−α)L
M3

)
h(s)∆s

)
= b.
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Therefore, we have

v (Au) > L, for all u ∈ K
(
ϕ, θ, ν, L,

L

αk
,
L

γk

)
,

we show that consider condition (ii) in Theorem 2.10, we suppose that u ∈
K
(
ϕ, ν, L, L

γk

)
, with

θ(Au) = Au (ξk) >
L

αk
,

then

v (Au) = Au(b) ≥ αkAu (ξk) > αk
L

αk
= L.

Thus, the condition (ii) of Theorem 2.10 is satisfied. Finally, we prove (iii) in
2.10 is also satisfied. Since ψ(0) = 0 < r, there holds that 0 /∈ R(ϕ, ψ, r, L

γk
).

Suppose that u ∈ R(ϕ, ψ, r, L
γk

), then

0 ≤ u(s) ≤ r, and − L

γk
≤ u∆(s) ≤ 0, for s ∈ [a, b] .

By condition (iii) of Theorem 3.11, we have f (s, u, v) < φp

(
(1−α)r
M1

)
, for all

s ∈ [a, b], we have

ψ (Au) = Au(a) <
1

1− α

∫ b

a

φq

(∫ τ

a

φp

(
(1−α)r
M1

)
h(s)∆s

)
∆τ

+
1

1− α

k=n∑
k=1

δkφq

(∫ ηk

a

φp

(
(1−α)r
M1

)
h(s)∆s

)
= b.

Hence, condition (iii) of Theorem 2.10 is satisfied. Thus, an application of The-
orem 2.10 imply the boundary value problem (1.1) and (1.2) has at least three
positive solutions u1, u2, and u3 satisfying

‖ui‖ ≤
L

γk
,
∥∥u∆

i

∥∥ ≤ L

γk
, i = 1, 2, 3, u1(b) > L,

r < u2(a) with u2(b) < L, u3(a) < r.

�

Using the ideas in the proof Theorem 3.11, we can establish the existence of
an arbitrary odd number of positive solution of (1.1) and (1.2).

Corollary 3.12. Suppose that there exists

0 < r1 < r2 < · · · < rd, d ∈ N,
such that

(i) f (s, u, v) < φp

(
(1−α)ri
M4

)
, for all (s, u, v) ∈ [a, b]×

[
0, ri

γk

]
×
[
− ri
γk
, 0
]
,

(ii) f (s, u, v) > φp

(
γk(1−α)ri

M3

)
, for all (s, u, v) ∈ [a, ηn] ∪ [ξm, b] ×

[
ri,

ri
γk

]
×[

− ri
γk
, 0
]
.
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Then the boundary-value problem (1.1) and (1.2) has at least 2d + 1 positive
solutions.
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