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POSITIVE SOLUTIONS OF A NONLINEAR MULTIPLE POINT
FOR ONE DIMENSIONAL p-LAPLACIAN BOUNDARY VALUE
PROBLEMS ON TIME SCALES

AMIN BENAISSA CHERIF!* AND FATIMA ZOHRA LADRANI?

ABSTRACT. In this paper, we study the existence of positive solutions to the
one-dimensional p—Laplacian differential equation on a time scale T

(6p (u®(1))> + () F(t, u(t), u™ (1)) = 0,

subject to the boundary conditions:

x>

=m k=n
ub(a) =0,  w(d) = apul&)— Y dru(n),

k=1 k=1
where ¢, is p—Laplacian operator, i.e., ¢,(u) = \u|p_2 u, p>1, for t € [a,b] C
T,m,n € N, and & € (a,b), 0 < o < 1, for all k € {1,2,--- ,m}, such that
0< Zﬁzn ar < 1, and 6 > 0,n € (a,b), for all k € {1,2,--- ,n}. We show
that it has at least one, two, or three positive solutions to the above boundary
value problem. We study the existence of the problem one three cases, the first
case: f dependence on u, the second case; f dependence on t and w, the last
case f dependence on t, u, and the first order delta derivative.

1. INTRODUCTION

The study of dynamic on time scales, which has been created in order to unify
of differential and difference equations, is an area of mathematics that has re-
cently received much attention, moreover, many results on this issue have bee
well documented in Ph.D. thesis of Hilger [¢] and the monographs the Bohner

and Peterson, [2, 3]. In recent years, many authors have begun to pay attention
to the study of boundary-value problems or with p—Laplacian dynamic equations
on time scales (see: [12, 11, 14,7, 13, 10]).

In this paper, we consider the existence of positive solutions to the equation
on time scales,

(6 (W) + A F(E ult), u™(t) = 0, (1.1)
with the boundary condition
Ba) =0, ul) =3 apu(€) — 3 Gt (), (1.2)
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on a time scale T, where t € [a,b]y = [a,b] N'T, ¢, (s) = |s["* s, with o, = ¢,
p>1, %%—%:1, andm,neNa<&§ <&<-- <&, <bforke{l,2 - ,m},
a<m <M< <M <b0<a<l,forke{l2- - n} Throughout, we
suppose that the following conditions are satisfied:
(Ch) a:= Zzz’lnak <l,and 0 < o < 1, forall k € {1,2,--- ,m}, & >0, for
all k€ {1,2,--- ,n}.
(Cy) f:D—[0,00) is continuous, where D := {(¢t,z,y) € R*: ¢ € [a,b];,z €
[0,00),y € (=00, 0]}.
(Cs) h : [a,bly — [0,00) is continuous, and h is not identically zero. Further-
more h satisfies 0 < fab h(t)At < co, and ffm h(t)At > 0.

2. PRELIMINARY

2.1. The fundamental theory of time scale. A time scale T is a nonempty
closed subset of the real numbers. If the time scale equals the real numbers or
integer numbers. On any time scale T, we define the forward and backward jump
operators by:

o(t):=inf{s € T:s > t}, p(t) :=sup{s € T:s <t}

A point t € T,t > infT, is said to be left-dense if p(t) = ¢, right-dense if
t <supT and o(t) = t, left-scattered if p(t) < ¢t and right-scattered if o(t) > t.
The graininess function p for a time scale T is defined by pu(t) := o(t) —t. If T has
a rights-scattered minimum m, define Ty := T— {m}; otherwise, set Ty := T. If T
has a left-scattered maximum M, defined T* := T— {M}; otherwise, set T := T.

Definition 2.1. [2]Assume f : T — R is a function and lets ¢ € T*. Then we
define f2 (t) to be the number (provided it exists) with the property that given
any € > 0, there is a neighborhood U of t (i.e., U = (t — 0,t +0) N'T, for some
9 > 0) such that

1f(a(1) — f(s) — A ()(a(t) — s)| < elo(t) — s], for all s € U.
We call f2(t) the delta (or Hilger) derivative of f at t.

Definition 2.2. [2]A function f : T — R is called rd-continuous provided it is
continuous at right-dense points in T and its left-sided limits exist (finite) at left
dense points in T. The set of rd-continuous functions f : T — R will be denoted
by Crqa (T,R). The set of functions f : T — R that are differentiable and whose
derivative is rd-continuous is denoted by C}, (T, R).

Lemma 2.3. [2] Let f € C,q(T,R). Then there exists a function F, such that
FeCy(T,R) and F2(t)=f(t) foreachtc T"
Definition 2.4. [2] Let f € C,.q (T,R), then we define the delta integral by:

/ f(5)As = F(t) - F(a),

where F' is called antiderivative of f.
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Lemma 2.5. [1] C,q4([a,b]y) is a space of Banach for the norm
= t
I£1l:= max 1f(2)]

where [a,bly :=[a,b)N'T.

Lemma 2.6. [2] Let f : R — R be continuously differentiable and suppose g :
T — R s delta differentiable. Then fo g : T — R is delta differentiable and
the formula

(Fog)® (1) = { |1 o)+ 0= mygte) dh} A0 @)

2.2. Fixed Point Theorem. The following fixed point theorem is fundamental
and important to the proofs of our main results.

Theorem 2.7 (Guo-Krasnoselskii’s). [12] Let E be a Banch space, and let K C E
be a cone. Assume Qq,Qy are open subsets of with 0 € O, Q; C Qo, and let
A:KnN (52\91) — K, be a completely continuous operator such that

(1) ||Aul| < ||u|l, v € KNIy, and ||Au|| > ||lu||, v € K NIQy; or

(1) |Au|| > ||ul|, v € K NOQ, and ||Aul| < |Jul], u € K N0Qy

Then A has a fixed point in K N (52\91).

Notationally, the cone K has subsets of the form K (¢,r) :=={u € K : ¢(u) < r}
for given functional ¢.

Theorem 2.8 (Avery-Henderson). [1] Soit K be a cone in a real Banach space

E. If n and ¢ are increasing, nonnegative continuous on K; let 8 be a nonnegative

continuous on K witch 6 (0) = 0 such that, for some positive constants r and M,
¢(u) <O(u) <n(u)  and  |lul| <M¢(u),

for allu € K (¢,r). Suppose that there ezist positive numbers p < q < r such that
0 (Au) < N0 (u), forall0 < A<1 and  uwe€ 0K (0,q),

If A: K (¢,r) — K is a completely continuous operator satisfying

(i) ¢ (Au) > r for all u € OK (¢,r)

(i7) 0 (Au) < q for all u € OK (0, q)
(i13) K (n,p) # 0 and n(Au) > p for all u € OK (n,p)
Then A has at least two fized points u; and uy such that

p<n(u) with 0 (ur) <q and g <6 (uz) with ¢ (ug) < r.

Moreover, we take
Ko={ueK:|ull<r}, K(dpq)={ueKk:p<ou)lul <q}.

Theorem 2.9 (Leggett-Williams). [1] Let K, be a cone in the real Banach space
E, A : K, — K, be completely continuous and ¢ be a nonnegative concave
functional on K with ¢(u) < ||ul| for all u € K,. Suppose there exists 0 < p <
q <l < r such that the following conditions hold:

(i) {u € K (p,q,1): d(u) > q} #0 and ¢p(Au) > q for allu € K (¢,q,1),
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(ii) [[Aul| < p for all |lu] < p,
(7i1) ¢(Au) > q foru € K (¢,q,r) with ||Au| > 1.

Then A has a least there fixed point uy, us, and us in K, satisfying:

lu| <p. Plur) >q,  p<|usl|  with ¢(uz) <.

Let v and 6 be nonnegative continuous convex functionals on a cone K, v be a
nonnegative continuous concave functional on a cone K, and v be a nonnegative
continuous functional on a cone K. Then for positive real numbers a, b, ¢ and d,
we define the following convex sets:

K (y,d) :={ue K:v(u) <d},
(y,ybd)—{uEK b<v(u),y(u) <d
K (7,0,v,b,c,d):={ue K :b<wv(u),0(u)
Ry, a,d) = {u € K - a < (u).y(u) <

Theorem 2.10. [1] Let K be a cone in a real Banach space E. Let v and 6 be
nonnegative continuous conver functionals on K, v be a nonnegative continuous
concave functional on K, and ¢ be a nonnegative continuous functional on K
satisfying Y(Au) < Mp(u) for 0 < X <1, such that for some positive numbers M
and d,

}
<c,y(u) <d},
d} .

v(u) <¢p(u)  and  lul] < My (u),

for allw € K (v,d). Suppose A : K (v,d) — K (v,d) is completely continuous
and there exist positive numbers a,b,c with a < d such that

(i) {u € K (v,0,v,b,¢,d) : v(u) > b} #0 andv(Au) > b foru € K (v,0,v,b,¢,d);
(17) v(Au) > b for u € K (v,v,b,d) with 0 (Au) > ¢;
(7i1) 0 ¢ R(7,v,a,d) and ¢ (Au) < a for u € R(v,v,a,d) with ¢ (u) =

Then A has at least three fived points uy,us, uz € K (v, d), such that
Y(ui) <d - for i=1,2,3, b <wv(u),

a < (ug), with v(uz) <b P(us) < a.

3. MAIN RESULTS

This section is devoted to prove the existence of a positive solution of the
nonlinear boundary value problem (1.1) and (1.2). Before starting the main
results, we begin with the following lemma.

Lemma 3.1. If o # 1, then for y € Crq([a, b]y) the boundary-value problem

(6p (ut(1)))" +y(t) =0, (3.1)

Aa) =0, ub) = Y (&) — 3 b (), (32
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has the unique solution

%a ; 506 < / "y (s) As) . (3.3)

Proof. Let u be as in (3.3). Then the delta derivative of u is given by:

0=, ([ vas), (3.4)

[6p (u ()] = =y (1)

This completes the proof. O

and

Lemma 3.2. Let 0 < a < 1, Ify € Crq([a,bly), and y > 0, then unique solution
u of (3.1), (3.2) satisfies

u(t) >0, t € [a,bl.
Proof. Let 0 < a < 1, if y € Crq ([a,b]p), and y > 0, we have

w(t) > 1fa/£:¢q (/aTy(s)As) m+$§5k¢q (/jky@ms).

This completes the proof. |

Lemma 3.3. Let 0 < a < 1, if y € Crq ([a,b]y), and y > 0, then unique solution
u of (3.1), (3.2) satisfies

w(b) > agu (&) > i ||ull, for all k € {1,2,--- ,m}, (3.5)
and
u(ne) = Bellull,  forallke{1,2,--- ,n}, (3.6)
where vy, = ozkbb E;, for all k € {1,2,--- ,m}, and B = =&, for all k €
{1,2,--- ,n}.
Proof. From that fact that [¢, (u® (t)) }A = —y(t) <0, by (2.1), we have
[y (4 (1)]° = (p— 1) u® (1) / [ (haP(o(8) + (1 — By u® ()Y 2 dh < 0.
We know the graph of u(t) is concave down on [a, b].
b—
u(&) = 5 §’“u(a), for all k € {1,2,--- ,m},
—a
and
b—
u(nx) u(a), forall k € {1,2,--- ,n}.
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Using (3.4) we get u(t) is strictly decreasing on [a, b]y, and by (3.2) we have

h—
u(b) > apu(éy) > ag 2 _’Sku(a) = ||ul , forall k € {1,2,--- ,m},
and
w(nk) > B [Jull, for all k € {1,2,--- ,n}.
The proof is complete. O

For simplification, we note

)
) My := REH 4 Y =" (]zk_Hq (k)
3) My :=ayRl H+ >~ 61BHy (n),
) My :=aRl H+ S 5=} 6pH, (n),

) My :=(2—a) RRHAT + V"6, H, (i)
3.1. f dependence on u.

Now, we use the following Guo-Krasnoselskii’s fixed point Theorem 2.7, for sim-
plification, we note

fo =

0y

f(u)

P

f(u)

i

foo := lim
Jul—00 |

Theorem 3.4. Assume (c1), (c2) and (c3) hold. Then the problem boundary (1.1)
and (1.2), has at least one positive solution in one of the cases

(1) fo=0, and fo = o0,
(i) fo =00, and fsx = 0.

Proof. We wish to show the existence of a positive solution of (1.1) and (1.2).
New has a solution u = u(t) if and only if u solves the operator equation

Au(t) Z—/:cbq (/aTh(s)f(u(s))As) Ar
tr [ ([ 1o e as) a7

_1io¢ :ma’“/jk q (/GT h(S)f(u(S))As) AT+

(3.7)
Denote
o4 uc Cra ([a,b]p) = u(t) > 0,u is concave, strictly decreasing on [a,b] C T,
| and u satisfies (3.5),(3.6) '

It is obvious that K is a cone in C,q ([a, bly) and we have AK C K. It is also easy
to check that A : K — K is completely continuous.
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(7) Suppose then that fo = 0 and f,, = oco. New since fy = 0, we choose H; > 0,
such that f(u) < [e|u]]’”", for 0 < u < Hj, where € > 0, satisfies Mye < 1 — a.
Then for u e K N, O ={u € Crq(la,b]y) : |Ju|| < Hi}, we have

) < o [o ([ 095w as) ar

AN
—_
—_
Q
9\0‘
=
)
VR
m\]
o
=
=
L
>
©
B>
Va)
N——
g
\]

1 Mk 1
+T’;5k¢q (/ € Jull? h(s)As)
He

< 1_1 My < [[ul]

Then ||Aul| < [Jul], for all u € K N 0Q;.

On the other hand, by fs, = oo, there exists Hy > 0, such that fy (u) > [0 |ul]? ™
for u > ﬁg, where 6 > 0 satisfies My > 1 — a. Set Hy = max{%Hh%ﬁg},
Qy = {u € Crq([a,bly) : |Jul| < Ha}, then for u € K N 0Qy, we get

> 2 o ([T e as) as

e Zw ( / () f (u(s)) As)

af [|ull [ !
T ’y/gmgbq (/a h(s)As> AT

0 k=n Mk
+% ;5k6k¢q (/a h(S)AS)

OM,
1—a
Therefore, by the first part of the Theorem 2.7, then A has a fixed point in

KN (©2:\Q1), we conclude that problem (1.1) and (1.2) has at least one positive
solution u, such that

v

> [l = [l -

H; < ||u|]| < Hs.
(77) Suppose then that fo = oo and fo, = 0. New since fy = oo, we first choose
Hs > 0, such that f(u) > [A|ul]]’™", for 0 < u < Hs, satisfies MyA > 1 — a, Qg =
{u € Crq([a,bly) : ||u]| < Hs}, then for v € K N0Qs, we get
My
1—«a
Then ||Aul| > [Jul]], for all u € K N 0Qs.

[Au]| =

[l = [l -
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Now since fs, = 0, there exists Hy > 0, such that fi(u) < [w|ul]""", for
u > Hy, satisfies Mw <1 — a.

Set H, = max{%Hg, 5}14}, Qs = {u € Cra([a,bly) : [u]l < Hy}, then for u €
K N oSy, we have

By the second part of the Theorem 2.7, then A has a fixed point in K N (54\93),
we conclude that problem (1.1) and (1.2) has at least one positive solution wu,
such that

< lull -

Hj; < ||lu|| < Hy.
0J

Corollary 3.5. Assume (c1),(ca) and (c3) hold. Then the problem boundary
(1.1) and (1.2), has at least one positive solution in one of the cases

(i) fo=11 € (0,00), foo =12 € (0,00), and Myr?' < 1—o, Mord™' > 1—q,
(i) fo =0, foo =19, and Mor§ ™' >1 -«

(14i) fo =711 € (0,00), and fo =0, and My’f_l >1—a,

(iv) fo =100, fro =72 € (0,00), and Myr§ " < 1—a,

(v) f0—7’1€(0 00), foo = 00, and Myri~ L1 —a.

Proof. Suppose that fy = r1, there exists H; > 0, such that f (u) < (1, +¢) Jul’™",0 <
u < Hp, where ¢ > 0 satisfies M, (8+T1)q_1 < 1— a. Then for u € K N0y,
O ={ueCuq([a,bly) : ||ull < H1}, we have

Au(t) < 1ia/ab¢>q (/GT(6+T1)|u|p_1h(S)AS> AT

-1
My < ul]

Then ||Aul| < [Jul], for all u € K N 0Q;.

On the other hand, by fx = 72, there exists H, > 0, such that fi(u) >
(ry — 6) [ul"~" for [u| > H,, where 6 > 0 satisfies My (ry — 6)*" > 1—a. Set Hy =
max{%Hl, %HQ}, Qs = {u € Crq([a,bly) : |lu|]| < Ha}, then for u € K NoQy, we

get
b T
A Ll (/ (rg—&)h(s)As) Ar
1—05 Em a
Jul =
o > Brdidq ( / (ry — 0) h(s)As>
k=1 a
ro — )L M
> 2O M .
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Then || Au|| > |Jul|, for all u € K N 0Qy. Therefore, by Theorem 2.7, we conclude
that problem (1.1) and (1.2) has at least one positive solution u, such that

Hy < |lull < Ha.
The proof (i7), (iii), (iv), and (v) are similar to that in (7). O
3.2. f dependence on t and wu.
Now, we apply the Avery-Henderson Theorem 2.8, to prove the existence of at
least two positive solutions of the boundary value problem (1.1) and (1.2).

Let the nonnegative, increasing, continuous functionals, ¢, 6, and 1 be defined
on the cone K by:

O(u) == u(&), for all k € {1,2,--- ,m},
and
¢ (u) :=u(b),  nu):=u(a).
Observe that, for u € K, the increasing of u, we get
¢ (u) < 0(u) < nlu).
By (3.5), we have

1 1
lull = ula) < Zu(b) = Zé (u).

Theorem 3.6. Suppose there exists positive numbers 0 < p < q < r such that
the function f satisfies the following conditions:

(1) f(s,u) > ¢, (MIT_SO‘» for s € [a,n,] U [&m, b] and u € [r, %] ,
(i13) f(s,u) < ¢y (q(szoo) for s € [a,b] and u € [ockq, %q} ,
(i) £ (s,u) > & (M572) for s € [a,m,] U6, b] and u € [yp,p).

Then the problem boundary (1.1) and (1.2), has at least two positive solutions
uy and uy such that

p < ui(a) with uy (&) < q,
q < us (&) with ug (b) < r.
Proof. We defined operator A by:

Au(t) = —/at% (/aTh(s)f(s,u(s))As> At

bl ab¢q ([ 1ot (sutsn ) a7 -
L ma / " 00 ([ 1615 (s uts) 85 ) e
k=n

S ([ Horr s.uton as). (38)
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For u € K, we have AK C K. It is also easy to check that A : K — K is
completely continuous. For any u € K, it is clear that 6(0) = 0, for all A € [0, 1]
we get (Au) = A(u), since 0 € K and p > 0,K (n,p) # 0. In the following
claim, we verify the remaining conditions of Theorem 2.8.

(1) for all u € OK (¢, 1), then ¢ (Au) > r, we have

r=ul®) Suls) Sul@) < =, fors € lam] Ul6n, b
Then
6 (Au) = Au(b) > fa /; &, ( / hs)fy (s.u(s))As) AT
- ZM) ([ 1) ts o))
Lo ([ (s
— Zémq ([" o ("5 ) moras)
> ;4—0; /{: &, (/ h(s)As) AT+ Mlg ZZj(smq (/nk h(s)As) =

() for all uw € OK (0,q), then 0 (Au) < ¢, we have
arq = apu(&e) < u(b) <u(s) <ula) < %q, for s € [a,b].
Tk
Then

O(Au) = Au(&) <

([ (5 o)
e[ (155 o)

L rs) - B ([0

(i77) for all uw € OK (n,p), then n (Au) > p, we have

vp = qu(a) < u(b) <u(s) <u(a) =p,  for s € [a,na] Ul&m,b].
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n(Au) > 1fa/;¢q </aT(j§p(p(1T_3a)) h(s)As)AT

ks B ([ (52 o)

Then

Therefore, the hypotheses of Theorem 2.8 are satisfied and there exist at least
two positive fixed points u; and uy of A in K (¢, ), we conclude that problem
(1.1) and (1.2) has at least two positive solutions u; and us, such that

p<n(uy) =ui(a) with w1 (&) = 0(ur) < g,
q < 0(uz) = ua(&) with ¢ (u2) = up(b) < 7.
O

Corollary 3.7. If there exists ¢ > 0 such that the function f satisfies the following
conditions:

(i) liminfM > ¢, (1 — a)); for all s € [a,n,] U [&m, 1],

u—s0+t uP~1 ’}/Mg
(it) f(s,u) < ¢y (q(]l\/;la)); for s € [a,b] and u € [ockq, %q} ,
(791) lim inff(s’u) > op <1;4_a))7 for all s € [a,n,] U [{m, b].
3

u—soo Pl
Then, the second-order triple-point boundary value problem (1.1) and (1.2), has
two positive solutions.

Proof. By (i) of the corollary, then exists p € (0, ¢) such that
S, U 11—«
o, (10
U vM;
Then, for all u € [yp,p], s € [a,7n,] U [{m, b], we have

F(s,u) > 6, (17;\42‘)u) > 6, (1]\_43%) 7

and (i7i) of Theorem 3.6 holds, and by (iii) of the corollary, then exists r > g,
such that

>, for all w € (0,p], s € [a,n,] U [&En,b].

o) g, (152

up—l M3 > ) fOI' a’ll u > r,s € [a7 7771] U [gma b] .

Then, for all u € [r, ,—’;} , S € [a,n,] U [&n, b], we have

o) >0, (1) 2 0 (U5

and (i) of Theorem 3.6 holds, Then condition of Theorem 3.6 satisfies. O




POSITIVE SOLUTIONS OF A NONLINEAR MULTIPLE POINT 21

Using the ideas in the proof Theorem 3.6, we can establish the existence of an
arbitrary pair number of positive solution of (1.1) and (1.2).

Corollary 3.8. Suppose there exists positive numbers

O<pr<qp<n<b<p<@<rn<l<---<pi<qu<l}, deN,

where [} = max{%qn, 2—:}, for all k € {1,2,---  n}, such that the function f
satisfies the followmg conditions:

(13) f (s u) < ¢y <q1(1 a)) for s € [a,b] and u € [aqi, ;qi] ,

(i17) f(s,u) > oy <p1 (1~ o‘)) for s € [a,&] and u € [gpi,pi]
Then the problem boundary (1.1) and (1.2), has at least 2d positive solutions
w;,i = 1,2d such that

pi < llwll < g, and  ong < lluml < =, foralli=1,d.
Yk Vi

Now, we apply the Leggett-Williams Theorem 2.9 to prove the existence of at
least three positive solutions of to boundary value problem (1.1) and (1.2).

Theorem 3.9. Suppose that there exists 0 < p < q¢ < < q < r such that
(0) f(s,u) > & (U5722), for s € am] U, bl u € [ang, 24,
(17) f(s,u) < ¢y (T) for s € [a,b] ,u € 0,p],
(i13) f(s, u)<¢p< ) for s € [a,b] ,u € [0,7].
(

Then the boundary—value problem (1.1) and (1.2) has at least three solutions
positive uy, us, and usg satisfying

|ui]] < p, q < ua(&), |lus|| > p with uz(&p) <.

Proof. We define the continuous concave functional ¢ : K — [0,00) to be
¢(u) =: u(&), Let operator A defined by (3.8). For all u € K, we have
o(u) = u(&) < ||u||l. If uw e K,, then |Ju|| < r and (ii) implies

f(s,u) < ¢, <¥), for s € [a,b],u € [0,7],

we have

lAu| < 1ia/ab¢q (/an(s,u(s))h(s)As> Ar
L zw ( / " f(s,u(s)) h<s>As)
< o [/b s, </ h(s)As) Ar+ I;Zj5k¢q </am< h(s)As)

=T
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This proves that A : K, — K,. Similarly, if |ju|| < p, by (ii) we have || Au|| < p,
it follows that condition (i7) of Theorem 2.9 is satisfied. We new consider condition
(¢) of Theorem 2.9. Let v(t) = Skq, for all ¢ € [a,0], then v € K(¢, ¢, $Eq) and

o(v) = C“—’fq > ¢q. Forallu € K (qﬁ q, 3—:q), then arg < u(s) < 3—:q, for all
s € [a,b], by (i) we have f(s,u) > ¢, <T3)q>, for s € [a,n,|U[&m, ] ,u € [q, %q],

then
> g2 ([ (I o)
k=n. - .
éoz ;(skgbq (/a h(s)®yp (%) As)
> q.
Hence

¢ (Au) > q, for all ue K (gb, q, %q) .
k

So that condition (i) of Theorem 2.9, show that condition (ii7) Theorem 2.9, for
all u € K (¢,q,r), with [|Au[[ > ££¢, and we have

o (Au) = Au(&) > L& || Au|| > q.
ay
0

Using the ideas in the proof Theorem 3.9, we can establish the existence of an
arbitrary odd number of positive solution of (1.1) and (1.2).

Corollary 3.10. Suppose that there exists

07> 073 87>
O<pm < <—q<p<@p<—@E<-<pi<gs<—aq <P, d €N,
Vi Vi Yk

such that
(i) fols,w) > 0y (U524 ), for s € [a,ma] U f6m, 8] v € |angs, i),

(i1) fa(s,u) < ¢y <p1(1\14 a)> for s € [a,b] ,u € [0, p]

Then the boundary-value problem (1.1) and (1.2) has at least 2d + 1 positive
solutions.

3.3. f dependence on t, u, and u”.
Now, we apply the Theorem 2.10 to prove the existence of at least three positive
solutions to the boundary value problem (1.1) and (1.2).

We define the cone K € CL, (T, R) by:
K= {ueCy(T,R)INK : u® <0, u® strictly decreasing on [a, blp} -

Let the nonnegative continuous concave functional v, the nonnegative continuous
convex functional 0, ¢ and the nonnegative functional ¥ be defined on the cone

K by:
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and
O(u) =u(é),  ¥(u) =ula).

Observe that, for u € K , the increasing of u and u®, we get

p(u) = u(a) —u(b) > |ul, and v(u) = u(b) < u(a) = P(u).

Theorem 3.11. Suppose there exists positive numbers 0 < r < L such that the
function f satisfies the following conditions:

(i) f(s,u,v) <o, (%?L) for all (s,u,v) € [a,b] X [0,%] X [—%,O],
(i1) f(s,u,v) > ¢, < - ag)L) for all (s,u,v) € [a,n,] U [En,b] X [L, %] X
2
(i13) f (s,u,v) < ¢y ((1 ar) for all (s,u,v) € [a,b] x [0,7] X [—%,O}.

Then the boundary-value problem (1.1) and (1.2) has at least three solutions
positive uy, ug, and usg satisfying

L
|| || < AH < —, 1=1,2,3 uy(b) > L,
Vk
r < ug(a) with — uy(b) < L, ug(a) <.

Proof. Define the operator A by:

It is well known that A : K — K is completely continuous and AK C K , each
fixed point of in K is a solution to the problem (1.1) and (1.2). In the following

claim, we verify the remaining conditions of Theorem 2.10. If u € K <g0, %),

then
L L
0<u(s) < —, and —— <u(s)<0, forsc€]la,b].
Tk Tk
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By condition (i) of Theorem 3.11, we have
o(Au) = Au(a) — Au®(b)

< 220 Lo ([ 0605 (u()0369) 85 a7
+1%Z§§5k¢q ( JRCIACTEREE) As)
([ (s
it ([ o (M o)
< =

This proves that A : K <go, %) — K (gp, %)
We show that consider condition (i) in Theorem 2.10, we take w(t) = %, for

te[a,b],thenweK(gp,G,uL L L) andu(w):%>L. Hence

Vg

{ueK(cp,euL Oi i) (u)>L}7£®.

Consequently, it u € K <<p,6 v, L, L L) then

g

L L
L<u() <u(s)<u(a) <=, and — — <u®(s)<0, forsel[a,b].
Tk Tk

By condition (i) of Theorem 3.11, we have

f(s,u,0) > 6, (U57E)  for s € [a,ma] U [6n, b
Then

v(Au) = Au(b)> -2 /é:gbq (/aTh(s)f;;(s,u(s),uA(s))As> Ar+

11—«

- 2 ity ( / " hs) s (s, u(s), u () As)

1?@/; N (/QT% (%> h(s)A5> AT

k=n

+ﬁ25k¢q (/ o (%55 )h(s)As)

v
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Therefore, we have
L L
v (Au) > L, foralluEK(gp,&yL ),
Vi
we show that consider condition (i7) in Theorem 2.10, we suppose that u €
K (go, v, L, %), with

0(Au) = Au (&) > £,
693

then I
v (Au) = Au(b) > apAu (&) > a— = L.
897

Thus, the condition (iz) of Theorem 2.10 is satisfied. Finally, we prove (ii7) in
2.10 is also satisfied. Since w( ) = 0 < r, there holds that 0 ¢ R(go,w,r,%).

Suppose that u € R(p, ¥, r, ) then
L
0<u(s)<r, and — — <u®(s)<0, forsé€l[a,b].
Yk
By condition (iii) of Theorem 3.11, we have f(s,u,v) < ¢, <(

s € [a,b], we have

b (Au) = Aua) < 1i ¢q</‘¢p(1fﬁ)h@gA{)AT
+ Ly ;m ([ on(t52) ras)

= b

Hence, condition (i7i) of Theorem 2.10 is satisfied. Thus, an application of The-
orem 2.10 imply the boundary value problem (1.1) and (1.2) has at least three
positive solutions uq, us, and ugz satisfying

1—a)r
Ml) ), for all

L L
ImHS%»WﬁHgﬁ, i=1,2,3,  w(b)>L,

r < ug(a) with  wug(b) < L, ug(a) <.
0J

Using the ideas in the proof Theorem 3.11, we can establish the existence of
an arbitrary odd number of positive solution of (1.1) and (1.2).

Corollary 3.12. Suppose that there exists
O<r <rg<---<ry, deN,
such that
(i) f(s,u,v) < o, (%) for all (s,u,v) € [a,b] X [O, ;—J X [—;—;,O},
(it) f(s,u,v) > ¢, (%) for all (s,u,v) € [a,n,] U [&n,b] X [rl,jﬂ X
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Then the boundary-value problem (1.1) and (1.2) has at least 2d + 1 positive
solutions.

Acknowledgement. The work of the author is supported by the Ministry of
Higher Education and Scientific Research, Algeria under number:
PRFU-COOL03CU460120180001. The author expresses their sincere gratitude
to the editors and referees for careful reading of the original manuscript and useful
comments.

REFERENCES

[1] D. R. Abderson, Nolinear triple point problemes on time scales, J. Ele. Diff. 47(2004), 1-12.
[2] M. Bohner, A.Peterson, Dynamic Equations on Time Scales, An Introduction with Appli-
cations. Birkauser, Boston, 2001.
[3] M. Bohner, A.Peterson, Advences in Dynamic Equations on Time Scales, Boston, 2003.
[4] A. Benaissa cherif, A. Hammoudi, F. Z. Ladrani, Density problems in Lﬁ (T, R) space, Ele.
J. Math. Ana. App, 1(2013), 178-187.
[5] B. Bendouma, A. Benaissa Cherif, A. Hammoud, Systems of first-order nabla dynamic
equations on time scales, Malaya. J. Matematik. 6(2018, 757-765.
[6] Z. He, X. Jiang, Triple positive solutions of boundary value problems for p-Laplacian dy-
namic equations on time scales, J. Math. Anal. Appl. 321(2006), 911-920.
[7] Z. He, L. Li, Multiple positive solutions for the one-dimensional p— Laplacian dynamic
equations on time scales, Math. Comp. Modelling. 45(2007), 68-79.
[8] S. Hilger, Ein MaBkettenakalkiil mit Anwendung auf Zentrumsmannigfaltigkeiten, Ph.D.
Thesis, Universitdt Wiirzburg, 1988 (in German).
[9] D. Jlang, X. Xu, Multiple Positive Solutions to a Class of Singular Boundary Value Prob-
lems for the One-Dimensional p-Laplacian, Comp. Math. Appli. 47(2004),667-681.
[10] 1. Y. Karacaa, F. T. Fenb, Multiple positive solutions for nonlinear second-order m-point
impulsive boundary value problems on time scales, Filomat. 29 (2015), 817-827.
[11] B. Liu, Positive Solutions of Singular Three-Point Boundary Value Problems for the One-
Dimensional p-Laplacian, Comp. Math. Appli. 48(2004), 913-925.
[12] R. Ma, Postive solutions of a nonlinear three-point boundary-value proble, J. Elec. Diff.
34(1998), 1-8.
[13] N.D. Merzaguia, Y. Tabetb, Ezistence of multiple positive solutions for a nonlocal boundary
value problem with sign changing nonlinearities, Filomat. 27(2013), 485-497.
[14] H. R. Sun, W. T. Li, Ezistence theory for positive solutions to one-dimensional p-Laplacian
boundary value problems on time scales, J. Diff. Equ. 240(2007), 217-248.

! DEPARTMENT OF MATHEMATICS, UNIVERSITY OF SCIENCE AND TECHNOLOGY OF ORAN,
”"MOHAMED-BOUDIAF” (USTOMB), ORAN, ALGERIA.

Email address: amine.banche@gmail.com

Email address: amin.benaissacherif@univ-usto.dz

2 DEPARTMENT OF MATHEMATICS, HIGHER TRAINING TEACHER’S SCHOOL OF ORNA
(ENSO), ORAN, ALGERIA.
Email address: f.z.ladrani@gmail.com



	1. Introduction
	2. Preliminary
	2.1. The fundamental theory of time scale.
	2.2. Fixed Point Theorem

	3. Main Results
	3.1. f dependence on u
	3.2. f dependence on t and u.
	3.3. f dependence on t, u, and u

	References

