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1. INTRODUCTION

The present work is devoted to existence results for nonlinear and noncoercive
parabolic problems with lower order terms. In particular, our main goal concerns
the proof of existence of a renormalized solution for problems

{ut —div [a(t, x,u, Vu) + ®(t,z,u)] + g(t,x,u, Vu) = pin Q := (0,T) x Q,

w(0,2) = up(z) in Q, wu(t,z) =0on (0,T) x 9, (1.1)

where € is a bounded domain of RY, N > 2, T >0, ( € RN — a(t,z,s,() € RY
is a monotone and coercive operator increases as |s|P7!, s € R — ®(t,2,5) € RY
increases as |s|P~1, while ¢ € RY — g(t, z,s,¢) € R increases as |(|P and satisfies
a sign condition with respect to s. Here, p is a given exponent greater than 1
and p’ its conjugate (i.e., %+I% =1), up € L'(Q) and p is a Radon measure with
bounded variation over () that do not charge the sets of zero parabolic p-capacity.
The combination of the noncoercive gradient-dependent term g(t,x,u, Vu) and
the non-divergence lower-order term ®(t,x,u) gives rise to significant analytical
difficulties. The lack of coercivity induced by g prevents the direct use of standard
energy estimates and monotonicity arguments typically employed in the Leray-
Lions setting. At the same time, the presence of ®(¢,x,u), which appears in the
divergence operator, destroys the natural variational structure of the problem
and complicates the formulation of weak solutions. These two effects interact in
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a nontrivial way, making it difficult to control the nonlinear terms simultaneously
in the absence of coercivity. Moreover, when the right-hand side p is a measure,
the low regularity of the data further aggravates these challenges, since standard
compactness and duality tools cannot be directly applied.

There is a clear connection between this problem and the possibility of find-
ing a sense to the solution when the forcing term is a measure. For instance, if
p € LP(Q) and uy € L*(R), problem (1.1) admits a unique solution in an ap-
propriate energy space and in C(0,T; L?(2)) (see [17, 16]); Furthermore, if u be
a bounded Radon measure on () vanishing on sets of zero parabolic p-capacity,
the concepts of entropy and renormalized solutions can be defined in order to
guarantee the existence and uniqueness of a solution (see [22, &, 20, 14] for more
details)'?. In our setting, let u € M(Q) (the space of Radon measures van-
ishing on sets with zero parabolic p-capacity) and uy € L'(Q), a measurable
function v is said to be a renormalized solution of problem (1.1) if there ex-
ists a decomposition u = f — div(F), with f € L*(Q) and F € L’ (Q)", such
that v € L4(0,T; Wy %(Q)) N L>(0,T; LY (Q)) for every ¢ < p — NLH, Ti(v) €
LP(0,T; Wy P(Q)) N L>(0,T; LY(Q)) for every k > 0, and for every S € W2>(R)
(S(0) = 0) such that S’ has compact support on R, we have for every ¢ €
LP(0,T; Wy P()) N L=(Q) such that ¢, € LP' (0, T; W= (Q)) with (T, z) =0
and S'(v)p € LP(0,T; W, (Q))

T
—/ S(uo)go(())d:p—/ <¢t,5(v))dt+/ S'(v)[a(t,z, Vv) + ®(t,x,v)] - Vipdzdt
Q 0 Q
+/ S"(v)[a(t, z,v, Vv) + ®(t, z,v)] - Vopdrdt +/ g(t,z,v,Vv)S' (v)pdrdt
Q Q

= /QS’(v)sodu

Moreover,

(1.2)

1
lim —/ |VolPdxdt = 0. (1.3)
{n<|v|<2n}

n—-+oon,

In fact, such a notion of solution turns out to be stronger than the distributional
one and it is very useful in order to face problems that involve irregular data.
Indeed, the peculiarity of such solutions is that they do not have finite energy, but
a priori estimates show that their truncations belong to the energy space; the idea
is then to focus the attention to a family of problems solved by such truncations.
Attempts to provide a formulation, different from the weak one, allowing for
both existence and uniqueness has been proposed in [, 12] where the notions of
entropy and renormalized solutions® has been respectively introduced. Both these

! According to [15], these two notions of solutions coincide.

21t should be noted that these solutions do not belong to the energy space while their
truncates Ty (u) are elements of LP(0,T; Wy () (here Ti(s) = max(—k, min(k, s))).

3Both these definitions ask for solutions in the energy space and use a weak formulation of
the equation where nonlinear test functions depending on u are used to the equation on the
subset where u is bounded.
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approaches are able to get uniqueness provided p belongs to M(Q) (the space of
Radon measures vanishing on the sets of zero parabolic p-capacity). With respect
to measures, this restriction is directly related to the notion of capacity, as it was
proved in [7]. The notion of entropy solution cannot be directly generalized to
the case of a general, possibly singular, measure in M(Q). However, through
the notion of renormalized solutions, initially introduced in [13] for first order
hyperbolic equations, and later developed in numerous papers (see [0, 18, &]),
extending this concept to general measure data, and some interesting partial
uniqueness results are also established under slightly stronger assumptions on
the equation. These results suggest that the behavior of the solution’s energy
on the set where it becomes large plays a key role in the notion of renormalized
solution®.

In the parabolic framework and under the general assumptions that p and g
are assumed to be bounded measures, the existence of a distributional solution
was established in [6]°. Unfortunately, as in the elliptic setting, the insufficient
regularity of the solution means that this distributional formulation cannot pro-
vide uniqueness [23, 21]°. In [14, 19, 1], existence and uniqueness results are
extended to a more general class of measures which does not charge the sets of
zero p-capacity and to singular measures. Precisely, in [14] the authors devel-
oped the theory of capacity related to parabolic operators and its relationship
with measures using the concept of renormalized solutions. The strategy we use
in order to prove our new existence results relies on the combination of both a
priori estimates and compactness results in suitable Sobolev spaces for solutions
of certain approximating problems; so we have to consider ”good” assumptions
on a, ® and g and to use test functions in a convenient way, we are also able
to prove uniqueness of the solution by assuming a strict monotonicity and inde-
pendence on the solution. The outline of the paper is as follows: After giving
the notations and some preliminary results we consider the assumptions on the
operator, the lower order term and the initial /right-hand side data. We study the
properties of renormalized solution, obtaining the so-called ”a priori estimates”,
and we investigate the convergence properties of the approximate solutions, and
in particular, the asymptotic behavior results. We finally give the main result
and its proof (referring to some already published papers for classical results).

Notations: Throughout the paper, |||z denotes the norm in the Banach space
E, and the notation z,, — x stands for the weak convergence of the sequence

(Zn)nen to x in E. We denote, forany pe R, 1 <p < N, p' = 1% and p* = NN—_’;

4t should be noted that, in the linear case, the renormalized solution is unique for any
measure in the space of Radon measures, since it coincides with the corresponding duality
solution

Sthrough an approach involving problems with regular data combined with compactness
arguments

In the linear setting, one can overcome this difficulty by considering the solution in a
duality framework; Nonetheless, in the case of nonlinear operators the generalized concept
of renormalized and entropy solutions need to be defined to get a well-posed problem, this was
done independetntly in [8, 22] (see also [4]) where these two notions where introduced
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the conjugate and the Holder exponents. Moreover, we denote by W, *(Q), for
1 < p < 00, the usual Sobolev space, by W17 (Q) its dual; by (-, -) we mean either
the scalar product on RY of the duality between a Banach space and its dual (we
mean the duality between suitable spaces in which functions are involved). We
also denote by M (Q) the space of Radon measures on a class B(Q) of the Borel
subsets of () whose total variation is bounded in @ and by M?(Q) the subspace
of M,(Q) whose elements vanish on the sets of zero p-capacity, by M}y (Q) the
nonnegative elements of M} (Q). Besides, we shall denote by ¢,(s) the function
oa(s) = se™” that enjoys the following property

2

b
Vb = B(0) >0, Ya,c >0, YA > ek aph(s) — blea(s)| >1, VseR, (1.4)

for an increasing and continuous function g : [0,00) — [0,00) and any fixed
0 > 0, we notice that property (1.4) imply the following condition on ¢,:

A (5) — 2V (s)] > % Vs € R. (1.5)

The symbol Vu will denote the gradient of u which is understood, as in [5, Lemma
2.1], to be the measurable function v : @ — R uniquely defined, up to a set of
zero Lebesgue measure, by

UX{(t,)eQ:|u(t,z)|<k} = VTi(u) a.e. in @ for any k > 0,

where Tj(s) : R — R, with £ > 0, is the usual truncation function, and ox(s) is
an auxiliary function defined as
0 if 5| >k + 1,

s if |s| <k,
Ti(s) =19 -k ifs<—k, op(s):=(—|s|+k+1)V0=1q —s+k+1 f0<s<k+1,
k if s > k. s+k+1 if —k—1<s<0.

Tk(S) linear  constant Uk( S) linear
77777 }
K \‘ l k+1 / constant
—k i l
f k ° k-1 k+1 5
/[ —k
FiGure 1. The func- FIGURE 2. The func-
tion T(s) tion oy (s)

In what follows, we establish several technical lemmas, starting with a classical
embedding result that will be used later.

Lemma 1.1. Let H be a Hilbert space with dense embeddings V — H — V'.
Suppose that w € LP(0,T;V) and that its distributional derivative u; lies in
LP(0,T;V"). It then follows that u € C([0,T]; H).

Proof. See [13, Chapter XVIII, Theorem 1]. O
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As a consequence of this result, the integration by parts formula holds’

b b
/ (ur, o)t + / (1) = (u(b), 9(b)) — (u(a), p(a)) (1.6)

The lemma below extends the integration by parts formula to a more general
setting.

Lemma 1.2. Let' f: R — R be a continuous piecewise C'-function such that
f(0) =0 and f" is zero away from a compact set of R. If u € LP(0,T; Wy (Q))
is such that u; € LP (0, T; W= (Q)) + LY(Q) and if » € C=(Q), then we have’

T
| sy = | Famyurae - [ @) - /Q o F (u)dedt. (1.7)

Proof. For the proof, we refer the reader to [15] (see also [10]). O

2. ASSUMPTIONS AND STATEMENT OF INTERMEDIARY RESULTS

Throughout the paper we will consider the following model problem

{ut —div[a(t,z,u, Vu) + ®(t, z,u)] + g(t, z,u, Vu) = pin Q := (0,T) x Q, 2.1)

u(0,z) = up(z) in Q, wu(t,z) =0on (0,7) x 09,
where ug € L'(Q2) and p € M(Q) with'®

M(@Q) ={p:B(Q) = R: |u|(Q) < oo, |ul(E) =0, VE € B(Q) s.t. cap,(E) =0}
(2.2)
we recall that the p-capacity of an open set U C Q is defined by!!

cap,(U) = inf{|lullw : v €W, u > xy ae. in Q} (2.3)

where, as usual, we take inf () = +00. In [14], the authors introduce an alternative
notion of parabolic capacity that is equivalent to the original definition, this
notion of capacity can also be defined in terms of compact subsets K of Q as'?

cap(K) = inf{||ullw : ve CZ([0,T] x Q), u> xv}. (2.4)

Nevertheless, for 1 < p < o0, it is possible to provide the existence of a solution
of our problem by defining the following functional space

761’p(Q) = {u measurable such that Ty(u) € W for every k > 0} . (2.5)

Twhere (-,-) is the duality between V and V' and (-,-) the scalar product in H.

*Recall that F(s) = [ f(o)do.

9Here we have chosen the continuous representative of w.

OHere B(Q) is the Borel g-algebra, || is the total variation of u and cap,(E) is the usual
parabolic p-capacity of a set £ C @) with respect to Q.

Hhere W = {u € LP(0,T; WP (), uy € L' (0,T; W12 (Q)))}.

L6t us also recall that, if a function u belongs to W and y is a bounded Radon measure
such that p(E) = 0 for every £ C @ with cap,(E£) = 0, we have that u is measurable with
respect to x4 and if u is also bounded then u belongs to L>=(Q, ).
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Now, let a(t, z, s, () :]0, T[xQ x R x RY — RY be a Carathéodory™ function such
that there exist v € L'(Q) and ¢ € R such that

alt,,5,C) - ¢ > vt 2) + el (2.6)

for a.e. (t,2) € Q and every s € R* and ¢ € R, and there exist p € L” (Q) and
1,2 € RY such that

lalt, 5, Q)] <A(t,x) + s~ + eal¢f (2.7)

((a(t,z,s,() —a(t,x,s,m),{ —n) >0 (2.8)
for a.e. (t,7) in Q, for every s € R and all ¢, € RY such that ¢ # 7. Under
the above assumptions u +— —div(a(t, z,u, Vu)) turns out to be a Leray-Lions
operator acting from L(0,T; W, ?(Q)) into its dual, see [16]. As far the lower
order term is concerned we suppose that g(t,z,s,¢) : [0,T] x 2 x R x RY — RN
is a Carathéodory function such that there exist an increasing and continuous
function 3 : [0,00) — [0,00) and a nonregular function d € L'(Q) satisfying

|9(t, 2,5, Q)| < B(]s]) (€] + d(t, x)) (2.9)
for a.e. (t,7) in Q and all s € R and ¢ € RY, and there exists o € Rt such that
g(t,z,8,¢)-s>0 (2.10)

for a.e. (t,7) € Q, ¢ € RY and every s € R such that |s| > p. Moreover,
O(t, x, 5 ,€) :]0, T[xQ xR — R is a Carathéodory function such that there exists

be L1 (Q) for which
D (1,2, 9)] < b(t, )1+ |s7) (211)

for a.e. (t,z) in @ and every s € R. Let us introduce the following notion of
renormalized solution which is, by definition, the natural extension of the classical
one (see [3, 11]).

Definition 2.1. We say that a measurable function u € L*(0,T; L*(f2)), such
that, for every k > 0, Tp(u) € LP(0,T;W,7(Q)), is a renormalized solution
of problem (1.1) if both a(t,x,u, Vu) and ®(¢,z,u) belong to L*(0,T; L'(Q))V,
g(t, x,u, Vu) belongs to L'(0,T; L*(2)), and the following identity holds true

—/ gotl“k(u)dxdt—i—/ a(t,x,u,Vu)~(Vak(u)<p)d:cdt+/ D, (t,z,u) - V(og(u)p)dxdt
Q Q Q

—i—/Qg(t,x,u,Vu)ak(u)cpdxdt:/Qak(u)apd,u—i—/S]Fk(uo)(x)cp(O)da:

(2.12)
for every k € RT and all o € W N L>(Q) where I'y(s) = [; ox(7)d7. Moreover

k—o00 k‘

lim / a(t,,u, Vu) - Vusbdzdt = 0, Vi € CY([0,T] x Q). (2.13)
{k<|u|<2k}

131 e., it is continuous with respect to s and & for a.e. (t,z) € Q and measurable with respect
to (t, ) for every s € R and ¢ € RY.
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Remark 2.2. Note that the regularity required for the solution is such that any
term in (2.12) makes sense. In fact the above formulation is nothing that

/S uo)y (0, dx—/ (S (u),?/)t)dt—f—/ a(t,z,u, Vu) - VuS” (u)hdzdt
Q

/[ (t,z,u, Vu) + ®(t, z,u)] - VoS’ (u)dxdt + /Qg(t,x,u, Vu)S' (u)pdzdt

- /Q S/ (u)pdy
(2.14)

for every v € C}([0,T] x Q), and for any S € W?*°(R) such that S’ is compactly
supported on R because it is equivalent to consider S’(u) in place of oy (u) with
S" € WH**(R) having compact support'*, such a condition can be reformulated
in a suitable sense adapted to our case; more precisely

1
lim — |Vu|Pdzdt = 0. (2.15)
NN Jin<|u|<2n}
We are also interested in some regularity properties for renormalized solution of
(2.1). Thus, let us introduce, for any n € N, the following approximate problem

(un)y — divia(t, z, up, Vu,) + @ (t, 2, u,)] + gn(t, €, up, Vu,) = pa(t, z) in Q,
{un(t,x) =0on (0,7) x 02, u,(0,2) = uj(x) in £,

(2.16)
where p, = f, —div(F,) with f, is a sequence of smooth functions that converges
to f in LY(Q), F, is a sequence of smooth functions that converges to F in
LP(Q)N; and v is a sequence of regular functions that converges to ug in L(€2).
Moreover

®(t’x78) g(t’$787<)
q)n tv ) = ) n tv )9y = . 2.17
e T e T T s
Note that, thanks to the result of [I1] (see also [10]) there exists (at least)

]
a weak solution of (2.16), i.e., a function u, € LP(0,T;W,"()) such that
(un); € LP(0,T;W=1(Q)), both ®,(t,z,u,) and a(t,z,u,, Vu,) belongs to
LY0,T; LY Q)N and g, (¢, z,u,, Vu,) belong to L(0,T; L*(£2)), and the follow-
ing identity holds true

T
/ () 0+ / [a(t, 2, tn, Vi) + O(t, 7, w,)] - Vibdadt
0 Q (2.18)

+ / gn(t, 2, U, Vg pdadt = / by, Vb € LP(0,T; WP (Q)) N L(Q)
Q Q

The estimates presented in the following lemma are standard and, for instance,
coincide with those established in [3] (see also [1]).

M The fact that S’ is compactly supported ensures that all both the first two terms in (2.14)
involve only a truncature of u on the set where it is large.
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Lemma 2.3. Let u, € LP(0,T;WyP(Q)) N L®(0,T;L'(Q)), 1 < p < oo, be
defined as before, then there exists a constant C € RT such that

sup / | (t, x)|dx +/ VT (u,)|Pdzdt < C(k), VYn €N, Vk > 0.
Q Q

te[0,T]

Proof. For any k > o (with ¢ > 0 fixed), let us choose in (2.18) the test function
Y = oA(T(un)) X (0,1), Where @y(s) = se” is defined in (1.4) (A > 0 will be fixed
later). Thus, we have

/((un)t,gm\(Tk(un))}dth/ /a(t,x,un,Vun)-VTk(un)gog\(Tk(un))dazdt
0 0 Ja
[ @uttiiun) - VL) @hlun)dods + [ [ ot T oa(Tiun) o
0 Ja 0 Ja
— [ | feor@tuded+ [ [ B V) (Ti) o,
0 Ja 0 Ja
(2.19)
Since

/ gn(tyxyUmvun)@)\(Tk(un))dxdt >0,
{lun|>0}

t
/0 ((um)es A (Te(uun)))dt = /Q Bt (t,2)) i — /Q B (tn(0, 7))
where 7, ,(s) =[5 @a(Th(7))dr with A,k > 0, it is easy to see that

[Pak(s)] < @als)ls], VseR

(k) /Q juldez < /Q P ()t 2)dz + ko (Kymeas (),

for all uw € L'(Q) and a.e. t €]0, T[; thus, we obtain

t
0

oa(h) / (1) e < / ((ttn)er 02 (Ti11)) )t + o2 (B |83 sy + Ko (k) meas(€).
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Hence, we can write
go,\(k:)/ |un (t)]|dx +/ a(t, z, un, VI (un)) - VT (un) o\ (T (uy))dzdt
Q Q

< /anSO,\(Tk(un))dxdt + /Q Fo - VT (un) o5\ (Tr(uy) ) dxdt + ox(B)|lug| L1 (o) + koa(k)meas(Q2)

_/ D (t, 2, up) - VTk(un)‘Pl/\(Tk(un))dxdt_/ gn(t, @, tn, Vug)ox(Ti (up))dzdt
Q {lun|<eo}
c

< k) sup || fn +/ YV, |Pdxdt + ¢ kp'Fp,,
©x( )neN I f HLl(Q) 3 {\un|<k}‘ ‘ X (k)7 || HLP @)

+ oAk |lugll L1 (o) + kex(k)meas(€2)

+ / b(L+ kP~ [V | oA (T (un)) dexdlt + B(e) / (IVunl? + d)|ox(Th (un))|dzdt
{lun| <k} {lun|<e}

c
< oa(k) sup [ fullzr @) + 4/ |Vuy, |Pdzdt
neN {lun|<k}

+ CARY P, ) + 7 (B30 + o (k)meas(©)

o 1
+ C(1+ EPHP o)\ (k)P ||b\| +5(Q)/ E[a(t,fﬁaumvun)'Vun+|V|)¢A(Tk(Un))d$dt
{unl<h)
+ Ble)pr(k)lldll L1 (q)
(2.20)
Moreover, we have
1
m(k)/ |un(t,m)|dw—|—/ (v + o|Vun|?)dadt
Q 2 J{jun| <k}
/ B(Q)
< a(t, T, Un, Vug) - Vg |3 (Tk(un)) — —=oa(Tk(un))|| dzdt
{unl <k} ¢
+ ox(B)|lugl L1 () + kea(k)meas(Q)
<5 [ uPds i) | sup (e + Ils) + meas(e)
{Jun|<k} neN
Blo ; '
+ 29 ) (W) + elldling) + O [0 I, o) + (0 + ) <(> ||b)|| ol
2.21

Note that both f,,v,d are bounded in L'(Q), u? is bounded in L'(Q) and F,b

are bounded in L” (Q), therefore we choose A > £ 2922 such that (1.4) holds and
we deduce that there exists a constant C'(k) > 0 (depending on k) such that

sup / ]un(t,m)]dx+/ |VTi(up)|Pdedt < C(k), Yk > 0. (2.22)
te[0,7] /Q Q

This implies that T} (u,) is bounded in LP(0, T; Wy *()) for every k > 0. There-
fore, possibly after extracting a subsequence (not relabeled), Ty (u,,) converges in

the weak sense to a function v, in L?(0,T; W, ?(Q)). Furthermore, the sequence
(u,) is bounded in L>°(0,T; L' (2)). O]

A useful consequence of Lemma 2.3 is the following.
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Lemma 2.4. Let u, € LP(0,T;Wy"(Q)) N L>2(0,T;L'(Q)), 1 < p < N, be
defined as before, then there exists a constant C € RT such that

om0, () + I+ [un ) oo rgprt o ey < CCk+1), V€N, ¥k >0,
(2.23)

Proof. Let us choose t(u,,), with ¢(s) = [7 de, as test function in (2.18) (it
is clear that ® is bounded and Lipschitz continuous, so the sequence (¥ (uy)), is
uniformly bounded in L?(0, T; W,*(2))), then by assumption (2.10) and Lemma
2.3 we deduce that

T
/ ((tn)es (i)t + / alt, 2ty Vi) -~ it
0 Q

(14 |up|)*
+ / gn(t,-T,Un,vun)@ZJ(un)dxdt
{‘un|>9}

_— (2.24)
+/ gn(t,x,un,Vun)¢(un)dmdt+/ @n(t,x,un)idxdt
{lunl(e} Q (1 + [un|)*

< C||fs Ful g, o 24t
<C|lf. ||L1(Q)+/Q| |(1+|un|)” ’

which implies that
T
[V [P / v(t, )
Up )t, Y (Up dt—|—c/ ———dxdt + —— " dxdt
| vt T [

Q L+ |up|P | |)P
<C B(0)(|Vuy|? + d)dadt +/ b(1 + |un|p—1)M
{lunl<e} Q (1 4 [un[)?
L Clifalliro +/ Bl gy,
Q (1 + [un|)P
First, we deal with the terms of the the right hand side, we have
C [ BoTuP +ddd < Cote) [+ lelr [ T e+ g
{lun|<e} @ (1+ |ua|)?
< CHEICE) + ol + T [ G
and, since (iﬂﬂ;—jl = (H‘xl')p r + (1J|f||;)p r <2, we get

/b(l—i—\un]pl) Vel dt</ o Lt un f NVl ot
Q (L4 |un|)P (L4 |un[ )P~ (1 + |un|)

<2/ |~ nl |v“”| T dt<(]/ ]b|pdxdt+/ 1XT”|
Un

observe that p’ = -5 < z% then, since b belongs to ij’ we have b € L (Q)

which implies that

, p
/|F |( Vil dt</|F| V] dtgo/ |F|pdxdt+%/dedt,
Q

Q (1 un])?

+ Junl)? + Junl)

xdt
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then

/o ((un)e, ¥ (un))dt + /62(1+|un|)pd dH'/Q (1+|un|)pd dt

< 0 (Ifalliriay + 1B, ) + 1B o) + CB@IC() + gl + 2 [ Vel dray
< nllL1(Q) nllre () 7 (Q) 0 LY(Q) (1+|un‘)p xat,
which implies that
T c |V, P v
Un)t, ¥ (un dt+/dwdt+/d$dt

<c (S‘é% 1 fallis @ 1E N o gy 181 o el g) .

To deal with the parabolic term, let us denote by v (the primitive function of )
defined by (s fo 7)dr, then by using the integration by parts formula we
obtain

T J— J—
/0 ((utn )1, (1))t = /Q () (T, )l — /Q B(un(0, 2))dz,

remark that S dr 1 1
¢@%=A @+7y:(p—n[1_ﬁjzﬁj}

Hence for s > 0 and p > 2 and by simple computations®, we get

[ vt = 5 [” T piz}

which implies that

ot
(r—1)/p-2)

0<

(pi 1>s < /Osw(T)dT—l—

thus
0<s<(p-—-1) / W(r)dr —I— —
As similar for s < 0, we finally obtain that

meas (Q)

p— (2.26)

T
lnllzm@rray < (0 — 1) / ((t)es ()t +

which concludes, by combining inequalities (2.25)-(2.26), the desired result. [

Our regularity result concerning the approximate solution is the following one.

15 A5 follows

gy [ e = ot e |6 J_HJ - " o (v Y]

1 [+ LV S 1]
T " T =2 (+sp? p—2
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Theorem 2.5. Assume that a,(t,z,s,(), ®,(t,z,s) and g,(t,x,s,() satisfy as-
sumptions (2.6)-(2.11) and (2.17) and let u,, uf and u, be defined as before, then
there exist two positive constants A, B such that

sup / |un|dx +/ \VTi(up)Pdedt < A+ kB, VneN, Vk>0. (2.27)

te[0,T)

Proof. Let us choose 0%(u,) = Ty(u,) — Th(uy,), with o < h k (o is given in

(2.10)), as test function in (2.18), and let us denote by @h f T)dT its
primitive function which satisfies
0 if |s| < k,
O(s) =  Lh” it h < |s| <,

ESE 4 (k= h)(|s| k) if |s| > K,

9;}; (8 ) linear constant

FIGURE 3. The function 0%(s)

we have

T
/ (n)e, 01 ()Yt + / a(t, 7, tn, Vi) - VO () dadlt + / Bt 2, 1) - VO (1) daedt
0 Q Q

+ / Gn(t, T, U, Vg )07 (uy ) dzdt = / Fn (uy ) dzdt + / E, - V07 (uy,)dxdt
Q Q Q

(2.28)
First, we deal with the parabolic term by using the following integration by parts
formula

/0 (), O ()t = /Q Ol () (t)dar — /Q Ol (ufi () dz, (2.29)

observe that
[etwiwir= [ e+ [ el =1+
Q {lun|<k} {lun|>k}

since

(k—h)* (k — h)?
I < /{un|<k} 5 dzx < 5 meas(€2) (2.30)

and

7> (k—h) { /{ . lup|dz — & meaS(Q)}
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then
1
Up|de < ——J + k meas(§2), 2.31
/{mw e (©) (2.31)

In addition, we have
| etz < koo (2.32)
then, since |O7(s) < k|s| and using inequalities (2.29)-(2.32), we obtain
1 t
[ tl@de < o | [ e Siw)de+ 1+ [ Obu)do 4 meas(@),
{lun |2k} k=h Lo 0

which implies that

1 t k—nh
/ [up|(t)dx < / ((un)t,eg(un»dt + ( )meas (Q) + ——|lugllz1 (o) + k meas(£2)
{lun|=k} k—=hJo 2

1 t
<
s

k
k—h

((un)t, 0% () dt + lug L) + Sk meas(Q)

k—h

t
thus, for a constant Cj > 0 satisfying / ((un)e, 07 (uy,))dt < Cy we have
0

/ tnlde < C (Co, by b, o] 11y, meas (€2))
{lun|>k}

and

/ |un|(t)de = / |u,|da +/ |un|dz < k meas(Q2) + C(Co, h, k,--+),
Q {lun|<k} {lun|>k}

on the other hand, by using assumptions (2.6)-(2.7), (2.9), (2.11) we get

/\un(tﬂd:c—l—C/ |Vun|pdxdt—|—/ vdxdt

Q {h<un|<k} {h<un|<k}

gk/ |fn]dxdt+/ Fn-Vund:zdt—i—/ b(1+|un|p1)|Vun|d:cdt+k/ |ufy|dz
Q Q {h<|un|<k} Q

<k (1)l oy + fnllza) +meas(@) + CUFIL, o,
C

+ - / IV uy[Pdzdt + C / W |uy, [Pdadt
4 Jin<funl<ky {h<un| <k}

+ [lbl?, )
LPA(Q)

’ / C
<ksup (lug)lziq) + || fullr +C|FIP.,, .+ b, +/ Vu,|Pdxdt
sup (198) 112+ lo@) + COFI g + )+ 5 [ 19

N
e ( / bp”fldxdt> ( / Vun [Pdadt + / |VTk(un)|pdxdt> ,
(h<lunl<h) {unl<h} {unlh}

(2.33)
Now, by means of Lemma 2.4, we have [{|u,| > h}| < W for every n € N

P

N
and all h > 0 and which implies, by choosing h > p s.t C (/ bpl) <
{lun|=h}

>0
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and using Lemma 2.3, that

/ (1) dz + / Vun Pdudt
0 (< funl <K}

<k (lugllzr) + 1 fallLr(q) + meas(2)) +

B
P P P
c (/Q pldedt + | FIZ,y o + 1017 + C(h)anLle)

A

(2.34)

— A+ kB,

where C'(h) is a constant depending on h, which gives, by Lemma 2.3, the desired
result. O

The following results are consequences of the previous theorem, we will use
them in the next but we give here their statements for completeness.

Theorem 2.6. Let u,, € LP(0,T; W, ?(Q)) N L>(0,T; L*(Q)) be defined as before
such that the estimate (2.27) holds, then there exist a measurable function u €
ToP(Q), a subsequence of (uy,) (still denoted by (uy,)) and a function w € L"(Q)N

for every 1 <r < % such that

(i) up = u a.e. in Q and VTi(u,) = VTi(u) weakly in LP(Q)N for every
k>0,
(ii) a(t, =, wn, V) X {jun <k — WX{Jul<k) in LPI(Q)N;
(i) {(t,x) € Q : Jupy| > A} < ATV S (A+ B)% for every A > 1;
(iv) |[VulP™' € L™(Q) and a(t,z,u,, Vu,) — w weakly in LT(Q) for every

Np— N+
1<p<Ncmdalll§r<W.

Proof. The proof is analoguous to the one of [, Proposition 5.2] and to the one
n [2, Proposition 3.12]. O

The estimates presented in the following theorem are necessary in order to
prove our main existence result.

Theorem 2.7. Let u, € LP(0,T; WyP(Q))NL>(0,T; L*()) be defined as before,
then there exist a suitable constant C > 0 such that the following estimate holds

sup /\un (t x)\dw—i—/ |Vuy,|Pdxdt
te[0,T] {(k<un<2k}

%
/ (fuldwdt + < / prldscdt> (2.35)
unl24) {unl2h)

+c(uuuL1<Q>+uFuip, Bl )+c<k meas(€), [uol (@)

Lp— 110

< kC

Moreover, the limit function u of w, satisfies the following asymptotic estimate

lim — / |VulPdzdt = 0. (2.36)
koo ki Jep<iu)<ar)
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T2k(5) - Tk(s) linear constant

2% \‘

—2k —k /

/ ko2
R —2k

FIGURE 4. The function Tox(s) — Ti(s)
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Proof. Let k > o and let us choose ¢ = Tor(u,) — Ti(u,) as test function in
(2.18), see Figure 4. Thus, by following the same ideas of the previous estimate

in Theorem 2.5 we obtain

T
/ ((un)t, Tor(un) — The(un))dt + / (¢|Vun|P + v)dadt
0 {

k<|un|<2k}

T
< / ((un)t, Tor(up) — Ti(uy))dt +/ a(t, z, up, Vuy) - V[Tog(un) — Tk (up)]dxdt
0 Q

< 2k/ | fo|dxdt + C/ |V [Pddt + C’/ (|FI + o7 )dadt
{Jun| >k} 4 Jik< un| <2k} {Jun| >k}

N N N
+C (/ bdedt) (/ |T2k(un)|p* dajdt) dxdt
{lun|>k} Q

< 2k:/ | fo|ddt + <
{Jun|>k} k
N
+C (/ br—1 dxdt)
{Jun|>k}
< 2k/ | fuldwdt +
{Jun| >k}

N
+C ( / prldxdt> (A +2kB)
{Jun |2k}

—

|V |[Pdzdt + C (|FIP" + b )dxdt
k<[un|<2k} {lun| >k}

/ ]Vun]pdacdt>
{lun|<2k}

/ |V [Pdzdt + C (IF|P + o )dzdt
{k<[un|<2k} {Jun| >k}
P

2z}

>0

(2.37)

where the constants A, B are defined in (2.34). Thus, by using the integration by
parts formula and the same argument of the proof of Theorem 2.5

/o ((un)e, Tog(un) — T (uy)ydr < k meas(Q2) + C(Co, k, -+ -).
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Hence, by the equi-integrability of f,, Theorem 2.6 (iii) and the semicontinuity
of the norm we get for every k > k. (with a suitable choice k. € N)

1/ |VulPdzdt < lhm inf / |Vuy, [Pdzdt
K J k< unl <2k} koo Jik<un | <2k)

N N
(/ bp—ldrcdt)
{lun|=k}

+ C(CO? k, meaS(Q)a ||UOHL1(Q)7 T )a

<C |e+

C p/ p/
] + 5 [ Wlusie) + IFIEy gy + 100 g + 1017,

(2.38)
which concludes the proof of Theorem 2.7. O

The essential key in the proof of our main results is the following theorem.

Theorem 2.8. Let u,, € LP(0,T; W, ?(Q)) N L>(0,T; L*()) be defined as before
and let u be the limit of a subsequence of (uy,) (still denoted by u,,), then for every
k>0

Tio(un) — Ti(u) strongly in LP(0,T; W, P(Q)). (2.39)

Proof. Our aim is to prove the following asymptotic estimate

lim [a(t, z, up, Vuy) — a(t, z, up, Vu)] - V(up, — u)dxdt =0.  (2.40)
R0 J{lun|<k, Jul<k}

The result will readily follow by choosing v, ;(u,,) = ©x(Togr2(u,—u))j(uy)og ()
as test function in (2.18) where oy is defined in Figure 2, ,(s) in (1.4) with

A = MEED® and y(s) is defined by

1/1]' (S) constant
linear
inear ‘ } ‘ 1 if |s| < 7,
/ 3 YPi(s) =<0 | %f |3| > 27, gg-/ﬂ)
—2j PE SRR ==

FIGURE 5. The function v,(s)

Note that, by the definition of o, and thanks to the fact that ¢, j 1= o) (Togro(un—
Thor1 ()b (up) o (u) ae. in Q, we have ¢, ; € LP(0, T; Wy (Q)) and has the same
sign as u, in the set {(t,z) € Q : |u,| > k+ 1} N{(t,z) € Q : op(u) # 0} (with
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k > o); we fix j > 3k + 3 to obtain

/ [a(t, z, un, Vug) — a(t, z, un, V)| - Vo (un — w)ph (Togro(un — u))og(uw)dzdt
Q

< /Q[a(t, T, U, V) — alt, ©, un, Vu)| - Vg io(un — w)@ (Topra(tn — )i (un)og(u)dzdt

+ / Gn(t, T, Un, Vuy)y, jdedt
{lun|>k+1}
= / a(t, z,un, Vuy) - Vipy, jdadt — / a(t, z,un, Vuy) - Vpj(un)or(u)ox(Togyo(un — u))dadt
Q Q

a(t, z, un, Vuy) - Vg io(un — )@ (Togt2(tn — w))j(up) ok (u)dzdt

|
S—~S—

Gn(t, T, Un, Vg )y jdzdt — / Gn(t, T, un, Vu, )y, jdzdt
{lun|<k-+1}
/ fntn jdxdt + / F, -V, jdxdt — / Gn(t, z, Uy, Vuy )y jdedt
Q Q {lun|<k+1}
a(t7 T, Un, vun) : v(% (un))ak(u)@)\(T2k+2 (Un - u))dwdt

a(t, z, up, Vuy) - VIogio(u, — u)go&(Tgk_,_Q(un — ) (up)og(u)dzdt

| |
S~

T
—/ @n(t,m,un)-vwn,jdazdt—/ ((wn)t, ¥, j)dt,
Q 0

(2.42)
we notice that assumptions (2.6) and (2.9) imply that
—/ gn(t, T, Un, Vg )by jdxdt
{lun|<k+1}
< Blk+1) /Q (0, 2)) o (Tog (1t — )| drdt + /{ oy TP Dol — )
un | <k+1

<Bk+1)] /Q A(t, 2)]o(Top 2t — )| dadt

1

+ - / [a(t, T, up, Vuy) - Vu, — V]|or(Togro(un — w))|ox(u)dzdt
€ J{lun|<k+1}

< B(k+1) [/Qd(t,x)|<p>\(T2k+2(un —u))|dxdt + % /Q [V or(Tokr2(un — u))|dzdt

1
+ - / [a(t, z, upn, Vuy) — a(t,x, un, Vu))] - V(up — u)|pr(Tort2(un — w))|og(u)dzdt
C J{|un—u|<2k+2}
1
+ - / a(t, z, up, Vi) - Vug|ox(Togso(un — u))|og(u)dzdt
¢ {lun‘gk‘i‘l}
1
+ - / a(t, z, up, Vu) - V(uy, — u)|er(Togro(uy — w))|og(u)dzdt |,
¢ {lun|<k+1}

(2.43)
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we first evaluate the term

/Qa(t, T, Un, V) - VY (U)o (0)ox(Togr2(un — u))dadt

1
< a2k +2)= / (v + cilunlP + ) [Vun [P~ [V, |dzdt
J J{<lun| <24}

1 , 1
< oa(2k+2) x [ / P ddt + ¢ (Vup [P dact
J J{|un|>3} J i< un <25}

11 P
+e1(25)P M {lun| > 537 = (/ \Vun\pdxdt> ]
J \J i< unl<25}

Using Theorem 2.6 (iii) we get the boundedness of the term (27)P'|{u,| >
1 1
j}]?(%)?, and recalling estimate (2.35) of Theorem 2.7 and the fact that the

measure of {|u,| > j} decreases with j uniformly with respect to h, it is possible
to choose j. € N such that

'/ (a(t, z,upn, Vuy,)) - Vb (Un) o (W) or(Tokt2(Uy — u))dxdt‘ <e VneN,
Q

on the other hand, by property (1.5) on ¢,(s) and the choice of j. we obtain

1
5 /Q[a(t, T, Up, Vuy) — alt, z, u, Vu)| - VIogio(un — w)og(u)dzdt

< / [a(t, z, up, Vuy,) — a(t,z, up, Vu)] - Vg io(u, — u)og(u)
Q

b(k+1
( - )|80/\(T2k+2(un—u))| dxdt

[ ATt =) -
< / Jnn,j dxdt + / F -V, j dxdt
Q Q
+e— / a(t, z, un, Vuy) - Vor(u); (un)ex(Tokro(un — u))dxdt
Q
— / a(t, z, up, Vuy) - VIogio(u, — u)gal)\(Tgk_Fg(un — )Y, (up)ok(u)dzdt
Q

+ Bk +1) [/Q dlox (o (tin — u))|dadt + i/@ wion (Tog s 2t — ) |dazdt

1
+ - / a(t, z, U, Vin)Vulor(Togt2(un — w))|og(u)dzdt
¢ {|un‘§k+1}
1
+ / a(t,z, un, Vu) - V(Ti1(un) — Trt1(w))|ox(Togro(un — u))|ak(u)d:cdt}
€ J{|un|<k+1}

-/ Db,y ) - 9 (1, — )i (Do (it — )0, 1 r ()l
{|un—u|<2k+2}

T
- / Bt 2, ) V5, o0 (10) o (1) (T2t — 10)) et + / ol — / (o)t .V
¢ ! ’ (2.44)
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Notice that, by definition of v, ; , we have
(¢n,j. )n is uniformly bounded and ), ;. — 0 a.e. in @,
in addition, we have
Vo, j. =5 (Tok+2(tn — 1)) (VT 3k45(n) = V41 ()X {up —ul <2h-+2) Vs (Un) ok ()
— oA Dapsain — ) - V(T () — T (1) 222 g, 1)

+ o (Tart2(un — ), (un) - Vor(u)

(2.45)
then

Vipn;. — 0 weakly in LP(Q)V, (2.46)
and

T
lim / ((un)e, Yn,j.)dt =0, lim / fnnj.dzdt =0 and lim / F, -V, j dxdt =0,
0 Q Q

n—oo n—oo n—oo

while from the weak convergence of a(t, x, u,, Vu,);, (u,) to wip; and the LP(Q)"N-
strong convergence of Vo (u)pa(Toxt2(un, — u)) to zero, we deduce that

nlggo ; a(t, z, un, Vuy) - Vog(w); (un)ox(Topt2(un — u))dzdt = 0. (2.47)
Now, since VTogio(ty — w)@h\ (Topto(u, — u))ok(u) weakly converges to zero in
LP(Q)N and a(t, z, u,, Vu)tj, (u,) strongly converges to a(t, z,u, Vu)i;, in L7 (Q)",
the fourth integrals in the right-hand side of (2.44) tends to zero as n goes to
infinity, while intergrals between square brackets tends to zero by dominated
convergence theorem. Finally, to avoid the integrals involving the function &,

remark that b € L1 @) and ® is a Carathéodory function) we have
( y

[D(t, @, un)|
+ |0t 2, un)|

‘(I)n(tax,un)q/}je(un” < 1 V5. (un) < b(1+ (2j6)p_1)a

1 ) (2.48)
Al ®at @ wn)l < 2b(1+ (25077 = 0,
n

and thus,
D, (t, x, un)Vj. (un) = (¢, z,u)), (u) a.e. in Q and in L%(Q)—norm, (2.49)

noticing that VThy 2 (u, —u)or(u) weakly converges to zero in LP(Q)", we obtain

lim D (t, 2, un) - V(tn — w)ph (Tonto(un — w))h;, () 0k (w)dzdt = 0,
700 J{un—u|<2k+2}
(2.50)
finally, can use the fact that ®,(t, z,un)or(Top+2(Un — U)X {jun|<2j.} CONVErges

to zero in LPle(Q)N and the fact that Vi, (u,)ok(u) + 9; (u,)Vo(u) weakly
converges to Vb (u)oy(u) + 1 (u)Vor(u) in LP(Q)™ to prove that the last term
in (2.44) tends to zero, which concludes the proof of Theorem 2.8. O

A useful consequence of Theorem 2.8 is the following one.
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Theorem 2.9. Let u, € LP(0,T; Wy P(Q))NL>®(0,T; L*(Q)) be defined as before
and let u be the limit of a subsequence of (uy,) (still denoted by u,,), then for every
k>0

{Vun — Vu a.e. in Q,

2.51
VT (un)Xqjul<ky = VTk(W)X{jul<ky strongly in P(Q)N, Vn,k>0. (2:51)

Proof. The proof of Theorem 2.9 follows exactly using the same steps of |1, Propo-
sition 5.2]. O

3. MAIN RESULT & PROOF

In this section we are going to prove the existence of a renormalized solutions of
problem (1.1). Let us emphasize that we would like to be able to get a uniqueness
of a solution of a renormalized type. In principle, according to our assumptions
we are not allowed to do that. Anyway, after suitably additional conditions, this
fact can be made rigorously by a not easy argument.

Theorem 3.1. Suppose that 2 — N+r1 < p < N, u € LYQ) and p belongs
to My(Q). Then, under assumptions (2.0)-(2.11) there exists a renormalized

solution u € 751’1’(@) of problem (1.1) in the sense of Definition 2.1.

Proof. Let us choose op410k(w)(uy,)®, with ¢p € W N L®(Q), as test function in
the approximate weak formulation (2.18), we get

T
/0 ()t O () ()b}t + /Q At s V) - V1 () ()l
+/ (I)n(tvxyun) 'V0k+1(un)0k(u)¢d(l}dt+/ gn(tvxaunvVun)o'kJrl(un)O’k(u)wdxdt
Q Q

:/ fnak+1(un)ak(u)¢dxdt—l—/ Fy, - Vo1 (up)or(u)pdxdt.
Q Q (3.1)

First, observe that, thanks to the fact that (f,,) converges to f weakly in L'(Q)
and (F,) converges to F weakly in L (Q)", the last two terms easily pass to
their limits as n tends to infinity; actually the only term that give some problems
are the others, we can write, thanks to Theorem?2.6 (ii) and Theorem 2.9, that

{a(t, 2, s Vi) X {un|<ht2y — @ty T, 1, VU)X {juj<ki2) in L (Q)Y, (3.2)

V(03 (u)or1(un)tp) = V(op(u)y) in LP(Q)Y,

thus,

nh_}rglo 0 a(t,x, un, V) - Vogi1(un)ox(u)pdedt = /Qa(t, z,u, Vu) - Vo (u)pdzdt

(3.3)

on the other hand

1D (£, 2, 1) X <hrzy] < B(L+ (b + 2771 € L@, -

3.4

1
< 1i — p—1y _
< nll)mookb(l +(k+2)P7) =0,

1
‘kq)n(ta z, un)X{‘uﬂSk-‘rQ}
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which imply that

N
O (2, Un ) X{jun <kr2y = P T Un) X{juj<hroy @€ in Q and in Li-T @Y, (3.5)
that is,

lim [ ®,(t z,uy) - Vor(u)pdedt = / O(t,x,u) - Vo (u)pdzdt. (3.6)
n—0o0 Q Q

Now, thanks to the growth assumptions on g and to the fact that g in a Carathéodory
function we readily have

|gn (t, 2, Uy VU)X fun|<it23 X{Jul<it1} < Bk +2)(d + [ VT2 (un)P) X {juj<k+1}5
(3.7

which is strongly convergent in L'(Q), that is

Gn(t, 5 Uny VU)X { i | <k+2) X{u|<k+1} — Gn(t; T, U, VU)X {ju|<k+1} @-€. in Q and in LYQ).
(3.8)
Therefore we deduce that
i [ gt Vin)owes (un)on(u)ideds = [ gt Vo)on(wdade, (39
Q Q

n—oo

and finally, since
T

T
i [ () 0p (o) dt = /0 (g, o (W), (3.10)

and
i [ fulw)onss(woridodt + | P Vo (um)on(u)bdade
Q Q

n—oo

:/ fcrk(u)v/)dxdt—i—/ F - Vo (u)ypdzdt,
Q Q

then u satisfies the renormalized formulation (2.12) of Definition 2.1; indeed, the
argument of Theorem 2.7 shows that u satisfies the asymptotic estimate (2.13)
which concludes the proof of Theorem 3.1. U

(3.11)
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