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A NOVEL NUMERICAL METHOD FOR SOLVING
FRACTIONAL DELAY INTEGRO-DIFFERENTIAL ALGEBRAIC

EQUATIONS
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Abstract. This paper introduces a new treatment of Least Squares Sup-
port Vector Machines (LS-SVMs) method for solving fractional order delay
integro-differential algebraic equations (FDIDAEs). LS-SVMs are utilized to
approximate solutions by transforming the FDIDAEs into a constrained opti-
mization problem. The solutions are represented by weighted shifted Legendre
polynomials with biases over the problem’s domain. The solution procedure
involves systematically determining the unknown weights and biases. Illustra-
tive examples are provided to demonstrate the effectiveness of the proposed
methodology. The study also presents a comparison with solutions obtained
via fractional Physics-Informed Neural Networks Method.
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1. Introduction

Over the past few decades, fractional calculus, which involves non-integer-
order derivatives and integrals of variable functions, has been demonstrated to
be highly useful across various disciplines, including physics, chemistry, biol-
ogy, economics, engineering, signal and image processing, and control theory
[1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11]. Fractional-order differential equations (FDEs),
fractional integral equations (FIEs), and fractional integro-differential equations
(FIDEs) have become prominent research topics. Given the difficulty in obtaining
analytical solutions for these equations, researchers focus on developing numerical
and approximate solution methods, see [12, 13, 14, 15].

Fractional-order integro-differential algebraic equations (FIDAEs) constitute
a subclass of fractional-order integro-differential equations, characterized by the
presence of at least one equation within the system that lacks terms involving
derivatives and integrals [16, 17].
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FIDAEs are extensively utilized in the modeling of dynamic processes over
time or spatial domains, with applications spanning electric circuits, hydraulic
systems, and chemical reaction dynamics [18].

When at least one term in a FIDAEs incorporates a fixed time delay τ > 0,
the equation is classified as a fractional-order delay integro-differential algebraic
equation (FDIDAEs).

Least Squares Support Vector Machines (LS-SVMs) were introduced by J.A.K.
Suykens in the late 1990s as a computationally efficient alternative to traditional
Support Vector Machines (SVMs), originally developed by Vladimir Vapnik and
colleagues in the early 1990s [19]. While SVMs brought significant advancements
to machine learning through their strong theoretical foundations and effectiveness
in classification and regression, their dependence on quadratic programming for
optimization presented computational challenges, LS-SVMs given by substituting
the hinge loss function in SVMs with a least squares loss, LS-SVMs reformulated
the optimization problem, reducing it to solving a linear system instead of a
quadratic one, training for regression and classification problems is subsequently
performed by solving a system of linear equations [20].

Although classical neural networks possess desirable properties like universal
approximation, they still face two persistent challenges. The first is the presence
of numerous local minima solutions, and the second is determining the appropri-
ate number of hidden units. SVMs are a strong tool for solving pattern recognition
and function estimation problems [20].

In recent years, LS-SVMs has been employed in various studies, demonstrating
its effectiveness in solving functional equations (see a timeline in [21]).

The structure of this paper is as follows: Section 2 presents preliminaries on
fractional calculus. In sections 3 and 4 we explain the least squares support
vector machines approach for solving FDIDAEs. Section 5 provides numerical
experiments, along with a discussion.

2. Preliminaries

This section provides essential background on fractional calculus, which plays
a crucial role in our work [12, 3, 11, 22, 23].

Definition 2.1. The left Riemann-Liouville fractional-order integral of order α
of a function u is defined as follows

0I
α
t u(t) =

1

Γ(α)

∫ t

0

(t− τ)α−1u(τ)dτ, t > 0, α ∈ R+

Definition 2.2. Let u ∈ C[α,m], α > 0, the fractional order derivative of order
α in the Caputo sense is

c
0D

α
t u(t) =


1

Γ(m− α)

∫ t
0

u(m)(s)

(t− s)α+1−mds,m− 1 < α < m, s > 0,m ∈ N
dm

dtm
u(t), α = m

Remark 2.3. The following are key properties of the Riemann-Liouville (R-L)
fractional integral and the Caputo fractional derivative.
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(1) 0I
α
t ct

µ = c
Γ(µ+ 1)

Γ(µ+ α + 1)
tα+µ , µ > −1 , α > 0, c ∈ R.

(2) c
0D

α
t ct

µ = c
Γ(µ+ 1)

Γ(µ− α + 1)
tµ−α , µ > −1 , α > 0, c ∈ R.

(3) c
0D

α
t (0I

α
t u(t)) = u(t).

(4) 0I
α
t (c0D

α
t u(t)) = u(t)−

∑n−1
k=0

u(k)(0)

k!
tk , t ≥ 0 , n− 1 < α < n.

2.1. Shifted Legendre Polynomials and Function Approximation. In the
interval [−1, 1], Legendre polynomials are given by the following general form

Pi+1(t) =
2i+ 1

i+ 1
tPi(t)−

i

i+ 1
Pi−1(t), i = 1, 2, ...

with P0(t) = 1 and P1(t) = t, [12].
The shifted Legendre polynomials P ∗ on the interval [a, b] are given by the

following relation

P ∗i (t) = Pi(
2t− a− b
b− a

)

On the interval [0, 1] the Legendre polynomial of degree i in analytic form is [24]:

P ∗i (t) =
i∑

k=0

(−1)i+k
(i+ k)!

(i− k)!(k!)2
tk

Any function u(t) ∈ L2[0, 1] can be written as a linear combination of the shifted
Legendre polynomials

u(t) =
∞∑
i=0

wiP
∗
i (t) where P ∗i (t) = Pi(2t− 1)

3. Least Squares Support Vector Machines

Least Squares Support Vector Machines [20] [25] is a machine learning-based
method with both advantages and disadvantages. In terms of convergence, it
exhibits exponential convergence for solving differential equations, regarding time
complexity, it involves solving a positive definite linear system and requires a few
to several parameters, in terms of scalability, it performs better than spectral
methods but is less scalable than neural networks [21]. Let {ti, ui}Ni=1 be a training
set with input and output ti ∈ R and ui ∈ R here is one-dimensional input
space, The objective of a regression problem is to construct a model in the form
of u(t) = wTϕ(t) + b.

The primal LS-SVMs regression model can be expressed as followsminw,b,e
1

2
wTw +

γ

2
eT e

s.t ui = wTϕ(ti) + b+ ei , i = 1, 2, ..., N
(3.1)
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where γ ∈ R+, b ∈ R, w ∈ Rh. ϕ(t) : R → Rh is the feature map and h is
the dimension of the feature space. The solution of problem (3.1) is given by the
following system [25] : [

Ω + IN/γ 1N
1TN 0

] [
α
b

]
=

[
u
0

]
(3.2)

where Ωij = K(ti, tj) = ϕ(ti)
Tϕ(tj), 1N = (1, 1, ..., 1)T ∈ RN , α = (α1, α2, ..., αN)T ,

u = (u1, u2, ..., uN)T and IN is N ×N identity matrix. The model in the alterna-

tive representation can be expressed as: u(t) =
∑N

i=1 αiK(t, ti) + b.

4. The Approach

Consider the following FDIDAE

c
0D

αi
t ui(t) =

∫ t

0

ki(t, s, U(s))ds+ ψi(U(t), U(t− τ)) + φi(t), (4.1)

0 < αi < 1, i = 1, 2, ..., n− 1
subject to

g(U(t)) + q(t) = 0, τ > 0, t > t0

with the initial conditions

ui(t) = Ψi(t), i = 1, 2, ..., n, t ∈ [t0 − τ, t0] (4.2)

where ui(t) ∈ L2[t0, t0 + τ ], i = 1, 2, ..., n , τ > 0 and U(t) is a vector function
defined by U(t) = (ui(t))

n
i=1.

For the simplicity of the explanation of the methodology, let n = 3. To find
the solution on the interval [t0, t0 + τ ], substitute the initial conditions (4.2) into
(4.1), then the FDIDAE will be transformed into FIDAE as follows:

c
0D

αi
t ui(t) =

∫ t

0

ki(t, s, U(s))ds+ Fi(U(t)) + Φi(t), 0 < αi < 1, i = 1, 2 (4.3)

subject to

g(U(t)) + q(t) = 0 (4.4)

with initial conditions ui(t0) = Ψi(t0) = pi, pi ∈ R, i = 1, 2, 3. Now, let

ũ1(t) = wTϕ(t) + b1

ũ2(t) = vTϕ(t) + b2

ũ3(t) = rTϕ(t) + b3

(4.5)

be the solution to equations (4.3)–(4.4), where ϕ(t) is the h-dimensional vector of
shifted Legendre polynomials on the domain of the problem, i.e, ϕ(t) : [t0, t0+τ ] ⊂
R→ Rh.

Substituting equation (4.5) into equations (4.3)–(4.4), we can write the resid-
uals of equations (4.3)–(4.4) along with those associated to initial conditions as
follows:
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

R1 = D1(ũ1, ũ2, ũ3)− f1
R2 = D2(ũ1, ũ2, ũ3)− f2
R3 = D3(ũ1, ũ2, ũ3)− f3
R4 = D4(ũ1, ũ2, ũ3)− f4
R5 = D5(ũ1, ũ2, ũ3)− f5
R6 = D6(ũ1, ũ2, ũ3)− f6

(4.6)

where D1(ũ1, ũ2, ũ3) = c
0D

α1
t ũ1(t) −

∫ t
0
k1(t, s, Ũ(s))ds − F1(Ũ(t)), f1 = Φ1(t),

D2(ũ1, ũ2, ũ3) = c
0D

α2
t ũ2(t)−

∫ t
0
k2(t, s, Ũ(s))ds− F2(Ũ(t)), f2 = Φ2(t),

D3(ũ1, ũ2, ũ3) = g(Ũ(t)), f3 = −q(t), D4(ũ1, ũ2, ũ3) = ũ1(t0), f4 = p1, D5(ũ1, ũ2,
ũ3) = ũ2(t0), f5 = p2, D6(ũ1, ũ2, ũ3) = ũ3(t0), f6 = p3.

The LS-SVMs framework, applying the Galerkin technique [26], reformulates
the minimization problem (3.1) in terms of an inner product. The main idea of
the Galerkin method is to enforce the residuals (4.6) to be orthogonal to the basis
functions ϕ(t). The LS-SVMs framework, according to the Galerkin method, is
formulated as follows:

minw,v,r,e,b
1

2
wTw +

1

2
vTv +

1

2
rT r +

γ

2
eT e

s.t



< R1, ϕi(t) >= ei
< R2, ϕi(t) >= eh+i
< R3, ϕi(t) >= e2h+i
< R4, ϕi(t) >= e3h+i
< R5, ϕi(t) >= e4h+i
< R6, ϕi(t) >= e5h+i

(4.7)

, i = 1, 2, ..., h, where < ϕi(t), ϕj(t) >=
∫ t0+τ
t0

ϕi(t)ϕj(t)dt

Assuming that Di, for i = 1, 2, . . . , 6, are linear operators, the solution to (4.7)
is provided by the following theorem.

Theorem 4.1. Given ϕ(t) the vector of first h shifted Legendre polynomials on
[t0, t0 + τ ] and regularization constant γ ∈ R+, the solution to (4.7) is obtained
by solving the following dual problem[

Ω + I/γ β
βT 0

] [
λ
b

]
=

[
F
0

]
(4.8)

such that

w =
6∑
i=1

ATi λ
(i) , v =

6∑
i=1

BT
i λ

(i) , r =
6∑
i=1

CT
i λ

(i)

where Ω6×6 is given by Ωij = [Ai][A
T
j ]+[Bi][B

T
j ]+[Ci][C

T
j ] , [Ak]ij =< Dk(ϕj, 0, 0)

, ϕi > , [Bk]ij =< Dk(0, ϕj, 0), ϕi > , [Ck]ij =< Dk(0, 0, ϕj), ϕi > and β6×3 is
given by βi1 =< Di(1, 0, 0), ϕ > , βi2 =< Di(0, 1, 0), ϕ > , βi3 =< Di(0, 0, 1), ϕ >
, λ = (λ(1) = (λ1, ..., λh)

T , λ(2) = (λh+1, ..., λ2h)
T , ..., λ(6) = (λ5h+1, ..., λ6h)

T )T ,
b = (b1, b2, b3)

T , F = (F1, F2, ..., F6)
T , Fi =< fi, ϕ >.
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Proof. Making use of the linearity of Di , i = 1, 2, ..., 6 and the inner product,
we can rewrite the constraints of (4.7) as follows

A1w +B1v + C1r + b1β11 + b2β12 + b3β13 − F1 = E1

A2w +B2v + C2r + b1β21 + b2β22 + b3β23 − F2 = E2

A3w +B3v + C3r + b1β31 + b2β32 + b3β33 − F3 = E3

A4w +B4v + C4r + b1β41 + b2β42 + b3β43 − F4 = E4

A5w +B5v + C5r + b1β51 + b2β52 + b3β53 − F5 = E5

A6w +B6v + C6r + b1β61 + b2β62 + b3β63 − F6 = E6

(4.9)

where [Ak]ij =< Dk(ϕj, 0, 0), ϕi >, [Bk]ij =< Dk(0, ϕj, 0), ϕi >, [Ck]ij =<
Dk(0, 0, ϕj), ϕi >, βk1 =< Dk(1, 0, 0), ϕ >, βk2 =< Dk(0, 1, 0), ϕ >, βk3 =<
Dk(0, 0, 1), ϕ >, Fk =< fk, ϕ >, E = (E1 = (e1, e2, ..., eh)

T , E2 = (eh+1, eh+2, ...,
e2h)

T , ..., E6 = (e5h+1, e5h+2, ..., e6h)
T )T .

The Lagrangian function corresponding to equation (4.7), is formulated using
expression (4.9) as follows:

L(w, v, r, E, λ, b) =
1

2
wTw+

1

2
vTv+

1

2
rT r+

γ

2
ETE− (A1w+B1v+C1r+ b1β11 +

b2β12 + b3β13 − F1 −E1)
Tλ(1) − (A2w +B2v +C2r + b1β21 + b2β22 + b3β23 − F2 −

E2)
Tλ(2)−(A3w+B3v+C3r+b1β31+b2β32+b3β33−F3−E3)

Tλ(3)−(A4w+B4v+
C4r+ b1β41 + b2β42 + b3β43−F4−E4)

Tλ(4)− (A5w+B5v+C5r+ b1β51 + b2β52 +
b3β53−F5−E5)

Tλ(5)− (A6w+B6v+C6r+ b1β61 + b2β62 + b3β63−F6−E6)
Tλ(6)

The Karush-Khan-Tucker (KKT) optimality conditions are given by
∂L

∂w
= 0 →

w = AT1 λ
(1) + AT2 λ

(2) + AT3 λ
(3) + AT4 λ

(4) + AT5 λ
(5) + AT6 λ

(6) (4.10)

∂L

∂v
= 0 →

v = BT
1 λ

(1) +BT
2 λ

(2) +BT
3 λ

(3) +BT
4 λ

(4) +BT
5 λ

(5) +BT
6 λ

(6) (4.11)

∂L

∂r
= 0 →

r = CT
1 λ

(1) + CT
2 λ

(2) + CT
3 λ

(3) + CT
4 λ

(4) + CT
5 λ

(5) + CT
6 λ

(6) (4.12)

∂L

∂Ek
= γEk + λ(k) = 0 →

Ek = −λ
(k)

γ
, k = 1, 2, ..., 6 (4.13)

∂L

∂λ(k)
= 0 →

Akw +Bkv + Ckr + b1βk1 + b2βk2 + b3βk3 − Fk −Ek = 0 , k = 1, 2, ..., 6 (4.14)

∂L

∂b1
= 0 →

β11λ
(1) + β21λ

(2) + β31λ
(3) + β41λ

(4) + β51λ
(5) + β61λ

(6) = 0 (4.15)
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∂L

∂b2
= 0 →

β12λ
(1) + β22λ

(2) + β32λ
(3) + β42λ

(4) + β52λ
(5) + β62λ

(6) = 0 (4.16)

∂L

∂b3
= 0 →

β13λ
(1) + β23λ

(2) + β33λ
(3) + β43λ

(4) + β53λ
(5) + β63λ

(6) = 0 (4.17)

Substituting (4.10)–(4.13) into (4.14) in order to eliminate w, v, r and Ek, then,
the system (4.14)–(4.17) directly gives (4.8), this completes the proof.

5. Illustrative Examples

In this section, illustrative examples are presented in order to demonstrate
the efficiency of the method. All computations were performed using MATLAB
R2024a on a computer equipped with a 12th Gen Intel Core i9-12900H processor
and 20 CPUs.

Remark 5.1. It should be emphasized that, in contrast to the regression setting,
the absence of target values implies the absence of noise. Accordingly, a suffi-
ciently large regularization parameter γ is required to ensure that the error terms
ei, i = 1, 2, ..., 6h are effectively minimized, or equivalently, that the constraints
are stringently satisfied [20]. Therefore, in all examples, we set γ = 1015.

Example 5.2. Consider the following FDIDAE

c
0D

0.5
t u1(t) = u2(t) +

∫ t

0

u1(s)ds− sin(t)− u1(t− 1) + 1 +
√
tE1,1.5 (5.1)

subject to
u1(t) + u2(t)− et − sin(t) = 0 (5.2)

t ≥ 0, with initial conditions

u1(t) = et+1, t ∈ [−1, 0], u2(0) = 0 (5.3)

Where E1,1.5 is the Mittag-Leffler function. The closed form of the solution of the
problem (5.1)–(5.3) is given by u1(t) = et, u2(t) = sin(t).

In Example 5.2, we chose h = 8, i.e, the first eight shifted Legendre polynomials
on [0, 1], subsequently, the training for the regression problem is performed by
solving a linear system of thirty four equations, the elapsed time to obtain the
results was 5.304572 seconds.

Figure 1 illustrates a comparison between the exact and approximate solutions
in the t− u plane with the relative errors for both functions. Additionally, Table
1 provides a selection of results, including the exact and approximate solutions
for u1(t) and u2(t) along with their corresponding relative errors.

Table 2 represents a comparison between the proposed approach and the re-
sults obtained by using fractional Physics-Informed Neural Networks Method
(fPINNs).
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Table 1. The exact and approximate solutions u and ũ and the
relative error Ẽ for Example 5.2.

t u1 ũ1 Ẽ u2 ũ2 Ẽ

0.22222 1.2488 1.2488 3.74e-09 0.2204 0.2204 2.25 e-08
0.44444 1.5596 1.5596 3.76e-07 0.42996 0.42996 1.36e-06
0.61616 1.8518 1.8518 3.10e-06 0.57791 0.57791 9.94e-06
0.88889 2.4324 2.4324 3.08e-05 0.77637 0.77645 9.66e-05

1 2.7183 2.7181 6.32e-05 0.84147 0.84164 2.04e-04

Figure 1. A comparison between the exact and approximate so-
lutions with the relative errors |u − ũ|/|u| of u1(t) and u2(t) for
Example 5.2.

Table 2. Comparison of relative errors at selected points for Ex-
ample 5.2.

t fPINNs Ẽ1 LS-SVMs Ẽ1 fPINNs Ẽ2 LS-SVMs Ẽ2

0.44444 3.54e-05 3.76e-07 0.00214 1.3613e-06
0.67677 8.76e-05 5.63e-06 0.00066 1.7678e-05
0.86869 7.71e-05 2.6766e-05 0.00016 8.3569e-05

Example 5.3. Consider the following FIDAE

c
0D

0.5
t u1(t) = u3(t) +

∫ t

0

(t− s)u2(s)ds+
√
tE1,1.5 − sin(t)− t4

12
− cos(t) (5.4)

c
0D

0.5
t u2(t) =

∫ t

0

(t− s)u3(s)ds+
Γ(3)

Γ(2.5)
t1.5 − t− 1 + cos(t) + sin(t) (5.5)

subject to
u1(t) + u2(t) + u3(t)− et − t2 − cos(t)− sin(t) = 0 (5.6)

with t ∈ [0, 1], u1(0) = u3(0) = 1, u2(0) = 0, the exact solution of (5.4)–(5.6) is
given by u1(t) = et, u2(t) = t2, u3(t) = cos(t) + sin(t).
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In example 5.3, we chose h = 8, i.e, the first eight shifted Legendre polynomials
on [0, 1], subsequently, the training for the regression problem is performed by
solving a linear system of fifty one equations, the elapsed time to obtain the
results was 10.267354 seconds.

Figure 2 illustrates a comparison between the exact and approximate solutions
in the t− u plane with the relative errors for both functions. Additionally, Table
3 provides a selection of results, including the exact and approximate solutions
for u1(t), u2(t) and u3(t) along with their corresponding relative errors.

Table 4 represents a comparison between the proposed approach and the re-
sults obtained by using fractional Physics-Informed Neural Networks Method
(fPINNs).

Table 3. The exact and approximate solutions u and ũ and the
relative error Ẽ for Example 5.3.

t u1 ũ1 Ẽ u2 ũ2 Ẽ

0.22222 1.2488 1.2488 3.67e-09 0.049383 0.049383 8.53e-10
0.44444 1.5596 1.5596 3.72e-07 0.19753 0.19753 1.39e-09
0.66667 1.9477 1.9477 5.02e-06 0.44444 0.44444 3.61e-08
0.88889 2.4324 2.4324 3.00e-05 0.79012 0.79012 3.07e-07

1 2.7183 2.7181 6.13e-05 1 1 7.41e-07

u3 ũ3 Ẽ
1.1958 1.1958 4.43e-09
1.3328 1.3328 4.34e-07
1.4043 1.4043 6.96e-06
1.4066 1.4067 5.18e-05
1.3818 1.3819 1.20e-04

Table 4. Comparison of relative errors at selected points for Ex-
ample 5.3.

t fPINNs Ẽ1 LS-SVMs Ẽ1 fPINNs Ẽ2 LS-SVMs Ẽ2

0.44444 0.00022395 3.7232e-07 0.00080118 1.3992e-09
0.67677 0.00035811 5.524e-06 0.0011338 4.042e-08
0.86869 0.00027162 2.6087e-05 0.00030882 2.5844e-07

fPINNs Ẽ3 LS-SVMs Ẽ3

0.0022385 4.3414e-07
0.0011763 7.7191e-06
0.0028003 4.3985e-05

Example 5.4. Consider the following FIDAE

c
0D

0.5
t u1(t) =

∫ t

0

u2(s)ds−
1

2
(1− cos(t)) +

∞∑
k=0

Γ(k + 3)tk+1.5

k!Γ(k + 2.5)
(5.7)
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Figure 2. A comparison between the exact and approximate so-
lutions with the relative errors |u− ũ|/|u| of u1(t), u2(t) and u3(t)
for Example 5.3.

c
0D

0.5
t u3(t) =

∫ t

0

u1(s)ds+
Γ(2)

Γ(1.5)

√
t+

Γ(3)

Γ(2.5)
t
√
t− ((t2 − 2t+ 2)et − 2) (5.8)

subject to

u1(t) + u2(t) + u3(t)− t2et − t− t2 − tsin(t2) = 0 (5.9)

with t ∈ [0, 1], u1(0) = u2(0) = u3(0) = 0 and exact solution u1(t) = t2et,
u2(t) = tsin(t2), u3(t) = t+ t2.

In Example 5.4, we chose h = 8, i.e, the first eight shifted Legendre polynomials
on [0, 1], subsequently, the training for the regression problem is performed by
solving a linear system of fifty one equations, the elapsed time to obtain the
results was 12.733701 seconds.

Figure 3 illustrates a comparison between the exact and approximate solutions
in the t− u plane with the relative errors for both functions. Additionally, Table
5 provides a selection of results, including the exact and approximate solutions
for u1(t), u2(t) and u3(t) along with their corresponding relative errors.

Table 6, represents a comparison between the proposed approach and the re-
sults obtained by using Fractional Physics-Informed Neural Networks Method
(fPINNs).

6. Conclusions

In this study, we have explored the application of Least Squares Support Vector
Machines to solve fractional order delay integro-differential algebraic equations, a
class of equations notorious for their mathematical complexity and computational
challenges. By taking advantage of the fundamental strengths of LS-SVMs and
its kernel-based framework, flexibility, and computational efficiency, we presented
a strong approach that successfully handles the combined challenges of fractional
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Table 5. The exact and approximate solutions u and ũ and the
relative error Ẽ for Example 5.4.

t u1 ũ1 Ẽ u2 ũ2 Ẽ

0.22222 0.061672 0.061666 8.50e-05 0.010969 0.010974 4.40e-04
0.44444 0.30807 0.30773 1.13e-03 0.087222 0.087571 4.00e-03
0.66667 0.86566 0.86157 4.73e-03 0.28664 0.29085 1.47e-02
0.88889 1.9219 1.8981 1.24e-02 0.6315 0.65629 3.93e-02

1 2.7183 2.6692 1.81e-02 0.84147 0.89298 6.12e-02

u3 ũ3 Ẽ
0.2716 0.2716 1.72e-07
0.64198 0.64197 8.07e-06
1.1111 1.111 1.01e-04
1.679 1.678 5.95e-04

2 1.9975 1.23e-03

Figure 3. A comparison between the exact and approximate so-
lutions with the relative errors |u− ũ|/|u| of u1(t), u2(t) and u3(t)
for Example 5.4.

derivatives, delay terms, integral operators, and algebraic constraints. The pro-
posed methodology make use of shifted Legendre polynomials to approximate the
unknown solutions and reformulates FDIDAEs into a constrained optimization
problem within the LS-SVMs framework. A linear system of unknown Lagrange
multipliers and biases is obtained, which is easy to solve by any method. Using
Galerkin technique decreases the number of Lagrange multipliers, subsequently
decreases the number of equations to solve, instead of the direct substitution
of the problem into the LS-SVMs framework with the collocation of the inter-
val which is increases the number of equations to solve. The proposed method
was tested and compared with the fractional Physics-Informed Neural Networks
method, and the results demonstrate high accuracy and efficiency, even for equa-
tions with strong algebraic constraints.
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Table 6. Comparison of relative errors at selected points for Ex-
ample 5.4.

t fPINNs Ẽ1 LS-SVMs Ẽ1 fPINNs Ẽ2 LS-SVMs Ẽ2

0.47475 0.0024379 0.0014284 0.019754 0.0049201
0.69697 0.0059882 0.0055031 0.019485 0.01699
0.87879 0.011942 0.011929 0.035277 0.037665

fPINNs Ẽ3 LS-SVMs Ẽ3

0.00014358 1.2183e-05
0.0001507 0.00013289
0.00050309 0.00055434
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